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�­®£®ª®¬¯®­¥­â­ë¥ à §­®áâ­ë¥ áå¥¬ë ®â­®áïâáï ª ª« ááã íª®­®¬¨ç­ëå à §­®áâ­ëå áå¥¬ á
¯®«­®©  ¯¯à®ªá¨¬ æ¨¥©. �¯¥à¢ë¥ â ª¨¥ áå¥¬ë ¡ë«¨ ¯à¥¤«®¦¥­ë ¢ à ¡®â å �.�.�¡à è¨­  [1],
[2] ª ª áå¥¬ë ¯¥à¥¬¥­­ëå ­ ¯à ¢«¥­¨© ¤«ï à¥è¥­¨ï ¬­®£®¬¥à­ëå § ¤ ç. �áá«¥¤®¢ ­¨î ¬­®-
£®ª®¬¯®­¥­â­ëå à §­®áâ­ëå áå¥¬ ¤«ï «¨­¥©­ëå í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¨ á¨áâ¥¬,   â ª¦¥
¬­®£®ª®¬¯®­¥­â­ë¬ ¨â¥à æ¨®­­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© ¯®á¢ïé¥­ë à -
¡®âë [3]{[7] (á¬. â ª¦¥ ®¡§®à ¢ [8]). � [9] ¨áá«¥¤®¢ ­  ª®àà¥ªâ­®áâì ¬­®£®ª®¬¯®­¥­â­®£® ¬¥â®¤ 
¤«ï ­¥«¨­¥©­®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï.

� ¤ ­­®© à ¡®â¥ ¨áá«¥¤ã¥âáï ª®àà¥ªâ­®áâì á¨áâ¥¬ë ­¥«¨­¥©­ëå ¬­®£®ª®¬¯®­¥­â­ëå ¤¢ãå-
á«®©­ëå ®¯¥à â®à­®-à §­®áâ­ëå ãà ¢­¥­¨© ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¯à®áâà ­áâ¢¥­­ë© ®¯¥à â®à
¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë ®¯¥à â®à®¢, ¨¬¥îé¨å ¯®«ã®£à ­¨ç¥­­ãî ¢ à¨ æ¨î ¢ ®ªà¥áâ­®áâ¨ § -
¤ ­­®£® í«¥¬¥­â  ª®­¥ç­®¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ . �®ª § ­­ ï â¥®à¥¬  ® ª®àà¥ªâ­®áâ¨
®¯¥à â®à­®-à §­®áâ­ëå áå¥¬ (���) ¯à¨¬¥­ï¥âáï ¤«ï ¨áá«¥¤®¢ ­¨ï à §à¥è¨¬®áâ¨ ¨ áå®¤¨¬®áâ¨
¬­®£®ª®¬¯®­¥­â­®© à §­®áâ­®© áå¥¬ë ¤«ï ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï ª¢ §¨«¨­¥©­®£® £¨¯¥à-
¡®«¨ç¥áª®£® ãà ¢­¥­¨ï.

1. �®àà¥ªâ­®áâì ¬­®£®ª®¬¯®­¥­â­ëå ���

�ãáâì H = Hh | á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå ¥¢ª«¨¤®¢ëå ¯à®áâà ­áâ¢, § ¢¨áïé¨å ®â ¯ à ¬¥-
âà  h, í«¥¬¥­â  ª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢  á ­®à¬®© jhj > 0, !� = f0; �; 2�; : : : ; Tg | á¥âª 
­  ®âà¥§ª¥ [0; T ], Xp = Xp

�h = fv(t) = (v1(t); : : : ; vp(t)) 2 Hp, t 2 !�g | ¯à®áâà ­áâ¢® äã­ªæ¨©,
®¯à¥¤¥«¥­­ëå ­  á¥âª¥ !� , á §­ ç¥­¨ï¬¨ ¢ ¯à®áâà ­áâ¢¥ Hp, p � 1.

� áá¬®âà¨¬ ¤¢ãåá«®©­ãî ¬­®£®ª®¬¯®­¥­â­ãî ���

wt +
pX

�=1

A�y� = b'(t);
y�t + ��(A0;�y�)t�w(�) = 0; t 2 !� = !� n fTg; � > 0;

(1)

y�(0) = u0; � = 1; p; w(0) = u1; (2)

£¤¥ A� | ­¥«¨­¥©­ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ¯à®áâà ­áâ¢¥ H, A� = A0;�+A1;�, A =
pP

�=1
A�,

� � 0;5 | ç¨á«®¢®© ¯ à ¬¥âà.
�ãáâì v, u| § ¤ ­­ë¥ í«¥¬¥­âë ¯à®áâà ­áâ¢  X ¨ u = (v; u; : : : ; u) 2 X(p+1), � = �(�; jhj) > 0

| § ¤ ­­ ï äã­ªæ¨ï. � §®¢¥¬ ¯®£à¥è­®áâìî  ¯¯à®ªá¨¬ æ¨¨ ��� (1), (2) í«¥¬¥­â 	(u) ¯à®-
áâà ­áâ¢  X(p+1) â ª®©, çâ® 	0(u)(bt ) = b'(t)�vt�Au, 	�(u)(bt ) = 	�

�(u)(bt )+	0
�(u)(bt ), 	0

�(u)(bt ) =
v(�)�ut, 	�

�(u)(bt ) = ��(A0;�bu�A0;�u), t 2 !� , 	0(u)(0) = u1�w(0), 	�(u)(0) = y0�u(0), � = 1; p.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­âë òò04-01-00821, 06-01-00633.
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�áî¤ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¯à¨­ïâë¬¨ ®¡®§­ ç¥­¨ï¬¨ ¨§ [10], [11]. �®áâ®ï­-
­ë¥, ­¥ § ¢¨áïé¨¥ ®â ¯ à ¬¥âà®¢ � , h, ¥á«¨ ­¥ ®£®¢®à¥­® ®á®¡®, ¡ã¤¥¬ ®¡®§­ ç âì ¡ãª¢ ¬¨ c, d,
¢®§¬®¦­® á ¨­¤¥ªá ¬¨; ç¥à¥§ h0 ¨ �0 ¡ã¤¥¬ ®¡®§­ ç âì ¤®áâ â®ç­® ¬ «ë¥ ¢¥«¨ç¨­ë.

�áá«¥¤®¢ ­¨¥ ��� (1) ¯à®¢¥¤¥¬, ¨á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­®áâ¨ ¨§ [12].

�¯à¥¤¥«¥­¨¥. ��� (1) ­ §®¢¥¬ (u; �)-ª®àà¥ªâ­®©, ¥á«¨ áãé¥áâ¢ãîâ � = �(�; h) > 0, ­¥¯à¥-
àë¢­ ï äã­ªæ¨ï J(�) : J(0) = 0 ¨ ­®à¬  k � k(1) â ª¨¥, çâ® ª ª â®«ìª® J(	(u)) � �, â® ��� (1)
¨¬¥¥â à¥è¥­¨¥ y : ky(t)� u(t)k(1) � � ¨ ¢¥à­  ®æ¥­ª  (­¥à ¢¥­áâ¢® ª®àà¥ªâ­®áâ¨)

ky(t)� u(t)k(1) � J(	(u)):

�¥¬¬  1 ([13], á. 20). �ãáâì V | ª®­¥ç­®¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®, k�k| ­¥ª®â®à ï

­®à¬  ¢ ­¥¬, B | ®â®¡à ¦¥­¨¥ V ¢ V â ª®¥, çâ® ¯à¨ ­¥ª®â®àëå � > 0, � 2 V ¨ «î¡ëå

v : kvk = �

(B(v + �)�B(�); v) > 0 (3)

�ãáâì P (v) | â ª®¥ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ V ¢ á¥¡ï, çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

(B(v + �)�B(�); P (v)) � 0: (4)

�®£¤  ­ ©¤¥âáï í«¥¬¥­â y 2 V : kyk � � â ª®©, çâ® P (y) = 0.

� ¬¥â¨¬, çâ® ¢ «¥¬¬¥ 1 áâà®£¨¬ ¤®«¦­® ¡ëâì «¨èì ®¤­® ¨§ ­¥à ¢¥­áâ¢ (3) ¨«¨ (4).

�ãáâì k � k�, � = 1; p, | ­¥ª®â®àë¥ ­®à¬ë ¢ H ¨ k � kH(p+1) =
� pP
�=0

k � k2�

�1=2
, k � k0 = k � k.

�ã¤¥¬ ¯®« £ âì, çâ® ®¯¥à â®à A0;� ¤¢ ¦¤ë ¨ ®¯¥à â®à A1;a ®¤¨­ à § ¤¨ää¥à¥­æ¨àã¥¬ë ¯®
�à¥è¥ ¢ ®ªà¥áâ­®áâ¨ O�;�(u(�)(t)) ¯à¨ ª ¦¤®¬ t 2 !� ¨ ¯à¨ «î¡ëå � 2 [0; 1], £¤¥ O�;�(v) = f� 2
H : k� � vk� � �g.

�ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì, çâ® ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ®¯¥à â®à®¢ A0;�(v) ï¢«ïîâáï á ¬®á®-
¯àï¦¥­­ë¬¨ ®¯¥à â®à ¬¨ ¨ ¯à¨ «î¡ëå v 2 O�;�(u(�)(t)), vi 2 H, i = 1; 3, ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

(A0

0;�(v)v1; v1) � d0kv1k
2
�; d0 > 0; (5)

j(A0

0;�(v)v1; v2)j � d1kv1k�kv2k�; d1 � 0; (6)

j(A(2)
0;�(v)utv1; v2)j � d2kv1k�kv2k�; d2 � 0; (7)

j(A0

1;�(v)v1; v2)j � d3kv1k�kv2k; d3 � 0; (8)

j(A(2)
0;�(v)v1v2; v3)j � d4kv1k�kv2k�kv3k�; dd = d4(h; �) � 0; (9)

�¥¬¬  2. �ãáâì ®¯¥à â®àë A� ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (5){(9),   â ª¦¥ ¢ë¯®«­¥­ë ­¥-

à ¢¥­áâ¢ 

� > 0;

d0 > 3d4(h; �)�=2
(10)

¨ ��� (1) ¨¬¥¥â à¥è¥­¨¥ y 2 U�(u), y0 = w, U�(u) = fw : kw(t)�u(t)kH(p+1) � �, t 2 !�g. �®£¤ 
¯à¨ «î¡®¬ t 2 !� á¯à ¢¥¤«¨¢  ®æ¥­ª 

c0

�
kz0(t)k2 +

pX
�=1

ky�(t)� u(t)k2�

�
� Q(z(t)) � r2(t� �); (11)

51



£¤¥ z = y � u,

r2(t) =
exp[(c1 + c2)t=(1 � c2�)]

(1� c1�)

�
(1 + c2�)Q(z(0)) +

tX
t0=0

�
d21

pX
�=1

k b �(t
0)k2� + k b 0(t0)k2

��
;

c0 = minf1; d0g; c1 = 3 + p��1; c2 = 1 + pd23;
b � � 	�(u)(bt );

Q(v(t)) = kv0(t)k2 +
pX

�=1

[2��(v�) + ��kA0;�(u+ v�)�A0;�uk
2];

��(v) =
ZZ 1

0

(A0

0;�(u+ ��v)�v; v)d� d�:

�®ª § â¥«ìáâ¢®. �«ï z� = y� � u ¨¬¥¥¬ (¤«ï á®ªà é¥­¨ï § ¯¨á¨ ¡ã¤¥¬ áç¨â âì � = 1)

z0;t +
pX

�=1

(A�y� �A�u)t = b 0;
z�;t + ��(A0;�y� �A0;�u)t � z

(�)
0 = b �;

z(0) =  0 � 	(u)(0):

�¬­®¦¨¬ áª «ïà­® ¯¥à¢®¥ ¨§ ãà ¢­¥­¨© ­  2�z(�), á«®¦¨¬ á® ¢â®àë¬ ãà ¢­¥­¨¥¬, ã¬­®¦¥­-
­ë¬ ¯à¥¦¤¥ ­  2�(A0;�by� �A0;�bu) ¨ ¯à®áã¬¬¨à®¢ ­­ë¬ ¯® ¢á¥¬ � = 1; : : : ; p. �®«ãç¨¬

2�(z0;t; bz0) + 2�
pX

�=1

[(A0;�y� �A0;�u; bz0) + (A1;�y� �A1;�u; bz0) +
+ (z�;t; A0;�by� �A0;�bu) + ��((A0;�y� �A0;�u)t; A0;�by� �A0;�bu)�

� (bz0; A0;�by� �A0;�bu)] = 2�( b 0; bz0) + 2�
pX

�=1

(bz0; A0;�by� �A0;�bu): (12)

�à¥®¡à §ã¥¬ á« £ ¥¬ë¥ ¢ (12) ¨ ¯®«ãç¨¬ ¤«ï ­¨å ®æ¥­ª¨. � ¬¥â¨¬ ¯à¥¦¤¥, çâ®

I = 2�(z0;tbz0) = kbz0k2 � kz0k
2 + � 2kz0;tk

2; (13)

II1;5 = (A0;�y� �A0;�u; bz0)� (bz0; A0;�by� �A0;�bu) = ��(bz0; (A0;�y� �A0;�u)t); (14)

II4 = 2�((A0;�y� �A0;�u)t; A0;�by� �A0;�bu) = kA0;�by� �A0;�buk2 �
� kA0;�y� �A0;�uk

2 + � 2k(A0;�y� �A0;�u)tk
2: (15)

�à¥âì¥ á« £ ¥¬®¥ ¢ ª¢ ¤à â­ëå áª®¡ª å (12) á â®ç­®áâìî ¤® ®¡®§­ ç¥­¨© á®¢¯ ¤ ¥â á® á« -
£ ¥¬ë¬ (17) ¢ [12] á m = 1, l1 = 1, �1 = 1. �®á¯®«ì§ã¥¬áï ¯à¨¢¥¤¥­­®© â ¬ ¤«ï ­¥£® ®æ¥­ª®© (22),
ª®â®à ï ¯®«ãç¥­  ¯à¨  ­ «®£¨ç­ëå ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ®¯¥à â®à  A0. � ¯à¨­ïâëå
¢ ¤ ­­®© à ¡®â¥ ®¡®§­ ç¥­¨ïå ®æ¥­ª  á« £ ¥¬®£® ¯à¨¬¥â ¢¨¤

II3 � 2�
pX

�=1

(��(z�))t � 3d2�
pX

�=1

(kbz�k2� + kz�k
2
�): (16)

�®«ãç¨¬ ®æ¥­ª¨ ¤«ï á« £ ¥¬®£® II1;5 (11),   â ª¦¥ ®áâ «ì­ëå á« £ ¥¬ëå ¢ (12), ¯®«ì§ãïáì
(5), (6), (8):

jII1;5j = 2� 2j(bz0; (A0;�y� �A0;�u)t)j � p��1�kbz0k2 + �� 3
pX

�=1

k(A0;�y� �A0;�u)tk2; (17)
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jII2j = 2�
����
� pX

�=1

(A1;�y� �A1;�u); bz0
����� � �kbz0k2 + �pd23

pX
�=1

kz�k
2
�; (18)

jIII1j = 2� j( b 0; bz0)j � �kbz0k2 + �k b 0k2; (19)

jIII2j = 2�
����

pX
�=1

(A0;�by� �A0;�bu); b �

���� � �d21

pX
�=1

kb��k2� + �
pX

�=1

kbz�k2�: (20)

�®¤áâ ¢«ïï (13), (15){(20) ¢ (12) ¨ ãç¨âë¢ ï á«¥¤áâ¢¨¥ (5) kz�k2� � 2d�10 ��(z�) ¡ã¤¥¬ ¨¬¥âì

bQ(z)�Q(z) � �c1 bQ(z) + �c2Q(z) + �

�
k b 0k2 + d21

pX
�=1

k b �k
2
�

�
:

� §à¥è ï ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢®, ¯à¨¤¥¬ ª (11).

�¥®à¥¬ . �ãáâì ¯à¨ � � �0, jhj � h0 ®¯¥à â®àë A� ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (5){(9),  
â ª¦¥ ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  (10). �®£¤  ��� (1) (u; �)-ª®àà¥ªâ­ , ¯à¨ íâ®¬ ­¥à ¢¥­áâ¢®

ª®àà¥ªâ­®áâ¨ ¨¬¥¥â ¢¨¤

kw(t) � v(t)k2 +
pX

�=1

ky�(t)� u(t)k2� � J2(	(u)); (21)

£¤¥

J2(	(u)) =
exp[(c1 + c2)T=(1 � c1�0)]

c0(1� c1�0)

�
(1 + c2�0)Q(z(0)) +

T��X
t0=0

�
d21

pX
�=1

k b �(t
0)k2� + k b 0(t0)k2

��
:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢¥¤¥¬ ¨­¤ãªæ¨¥© ¯® t 2 !� . �ãáâì J(	(u)) � �. �á­®, çâ® ¢
íâ®¬ á«ãç ¥ y�(0) 2 O�;�(u(0)), � = 1; p.

�à¥¤¯®«®¦¨¬, çâ® ¤«ï ¢á¥å t � t� ¢ O�;�(u(t)) áãé¥áâ¢ã¥â à¥è¥­¨¥ by�(t). �ãáâì z(t) = y(t)�
u(t) ¯à¨ t � t� ¨ bz(t�) = bv � bu(t�), bv� 2 O�;�(bu(t�)).

� ¬¥â¨¬, çâ® ¢ á¨«ã «¥¬¬ë 2 ¯à¨ t � t� ¢¥à­  ®æ¥­ª  kz�(t)k2 � r2(t� �)=c0 < J2(	(u)) � �2.

� áá¬®âà¨¬ ¯à¨ t = t� ¢ëà ¦¥­¨¥ G = (P (bz); B(bv) � B(bu)) = pP
�=0

(P�(bz); B�(bv) � B�(bu)), £¤¥
(¤«ï ã¤®¡áâ¢  ¯à¨¬¥¬ ®¡®§­ ç¥­¨¥ by� = bv�(t))

P0(bz) = z0;t +
pX

�=1

(A�y� �A�u)�  0(t);

P�(bz) = z�;t + ��(A0;�y� �A0;�u)t � bz0 �  �(t); � = 1; p;

B0(bv) = 2� by0; B�(bv) = 2�A0;�by�; � = 1; p:

�¬¥¥¬

G � 2�(z0;t; bz0) + 2�
pX

�=1

[(A0;�y� �A0;�u; bz0) + (A1;�y� �A1;�u; bz0) +
+ (z�;t; A0;�by� �A0;�bu) + ��((A0;�y� �A0;�u)t; A0;�by� �A0;�bu)�

� (bz0; A0;�by� �A0;�bu)] = 2�( b 0; bz0) + 2�
pX

�=1

(bz0; A0;�by� �A0;�bu):
�« £ ¥¬ë¥ ¢ G á â®ç­®áâìî ¤® ®¡®§­ ç¥­¨© á®¢¯ ¤ îâ á® á« £ ¥¬ë¬¨ ¢ (12). �à®¢®¤ï ¤«ï ­¨å
®æ¥­ª¨, ª ª ¢ «¥¬¬¥ 2, ¯®«ãç¨¬

G � (1� �c1) bQ(z) � (1 + �c2)Q(z) � �

�
k b 0k2 + d21

pX
�=1

k b �k
2
�

�
: (22)
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�¥à¢®¥ á« £ ¥¬®¥ ¢ (22) ®æ¥­¨¬ á­¨§ã, ¨á¯®«ì§ãï (5), ¢â®à®¥ ¦¥ á« £ ¥¬®¥ ®æ¥­¨¬ á¢¥àåã, ¢®á-
¯®«ì§®¢ ¢è¨áì (11). �ã¤¥¬ ¨¬¥âì G � c0(1� �c1)(kbzk2Hp+1 � �2), �2 = r2(t)=c0.

�á­®, çâ® � � J(	(u)) � �,   ¯®â®¬ã ­  £à ­¨æ¥ è à  kbzkHp+1 = kbv� bu(t)kHp+1 = � ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® G > 0. �®£¤  ¢ á¨«ã «¥¬¬ë 1 ¢ ãª § ­­®¬ è à¥ áãé¥áâ¢ã¥â í«¥¬¥­â bz, ­  ª®â®à®¬
¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® P (bz) = 0. �à¨ íâ®¬ í«¥¬¥­â by = bu+bz, ª ª ­¥âàã¤­® ¢¨¤¥âì, ã¤®¢«¥â¢®àï¥â
à ¢¥­áâ¢ ¬ (1).

�á¯®«ì§ãï á¨«ì­ãî ¬®­®â®­­®áâì ®¯¥à â®à®¢ ��1E +A� ¢ �-®ªà¥áâ­®áâ¨ í«¥¬¥­â  u, á«¥¤ã-
îéãî ¨§ (5), (6) ¨ ¬ «®áâ¨ � , ­¥âàã¤­® ãáâ ­®¢¨âì ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï by(t�) ��� (1), ¤«ï
ª®â®à®£® ¯à¨ ¢á¥å � = 1; : : : ; p ¢¥à­® ¢ª«îç¥­¨¥ y�(t�) 2 O�;�(u(t�)). �

� ¬¥ç ­¨¥. �¥âàã¤­® ãáâ ­®¢¨âì  ­ «®£¨ç­ë© à¥§ã«ìâ â ®¡ (u; �)-ª®àà¥ªâ­®áâ¨ ¤«ï ���
¢¨¤ 

wt +
pX

�=1

A�y� = b'(t);
y�t + ��(R�y�)t � w(�) = 0; t 2 !� = !� n T; � > 0;

y�(0) = u0; w(0) = u1; (23)

£¤¥ R� = A0;� +A1;� ¨ ®¯¥à â®àë A1;� ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (8).

2. �áá«¥¤®¢ ­¨¥ à §­®áâ­®© áå¥¬ë ¤«ï ª¢ §¨«¨­¥©­®£® £¨¯¥à¡®«¨ç¥áª®£®
ãà ¢­¥­¨ï

� ®¡« áâ¨ QT = 
� (0; T ), 
 = f0 < xi < 1, i = 1; : : : ; pg á £à ­¨æ¥© � à áá¬®âà¨¬ ãà ¢­¥­¨¥

@2u

@t2
�

pX
i=1

�
@

@xi

�
ki

�
x; u

@u

@xi

��
� qi

�
x; u;

@u

@xi

��
= f(x; t) (24)

á £à ­¨ç­ë¬¨ ¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

uj� = 0; u(x; 0) = u0(x);
@u(x; 0)
@t

= u1(x); x 2 
: (25)

�ã¤¥¬ ¯à¥¤¯®« £ âì ¤®áâ â®ç­ãî £« ¤ª®áâì ¨áå®¤­ëå ¤ ­­ëå § ¤ ç¨ (24){(25),   â ª¦¥ â®,
çâ® ®­  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¤®áâ â®ç­® £« ¤ª®¥ à¥è¥­¨¥. �ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì, çâ® ª®-
íää¨æ¨¥­âë qi ãà ¢­¥­¨ï (24) ¤®¯ãáª îâ ¯à¥¤áâ ¢«¥­¨¥ qi(�0; �i) = k0;i(�0; �i) + q1;i(�0; �i) á
ª®íää¨æ¨¥­â ¬¨ k0;i, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨ï¬ á¨¬¬¥âà¨¨

@ki(�0; �i)
@�0

=
@k0;i(�0; �i)

@�i
;

  â ª¦¥ ¯à¥¤¯®« £ âì, çâ® ­  à¥è¥­¨¨ u ¢ë¯®«­¥­® á®®â­®è¥­¨¥ (ãá«®¢¨¥ £¨¯¥à¡®«¨ç­®áâ¨)

@

@�i
ki

�
u;
@u

@xi

�
< �0 > 0; (x; t) 2 QT : (26)

� ®¡« áâ¨ 
 ¯®áâà®¨¬ à ¢­®¬¥à­ãî ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î á¥âªã !h = f(x1;i1 ; : : : ; xp;ip),
ik = 1; Nk, k = 1; pg. �ãáâì 
 = !h \ � | ¬­®¦¥áâ¢® £à ­¨ç­ëå â®ç¥ª á¥âª¨, !h = !h n 
 ¨

jhj =
�P

h2i
�1=2

. �¥à¥§ H ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  á¥âª¥ !h, ç¥à¥§
�

H
| ¯à®áâà ­áâ¢® äã­ªæ¨© ¨§ H, à ¢­ëå ­ã«î ­  £à ­¨æ¥ 
.

�«ï  ¯¯à®ªá¨¬ æ¨¨ ãà ¢­¥­¨ï (24) ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ ¢®á¯®«ì§ã¥¬áï ¬¥â®-
¤®¬ áã¬¬ â®à­ëå â®¦¤¥áâ¢ [11] (¤«ï à §­®áâ­ëå ®â­®è¥­¨© ¨ ª¢ ¤à âãà­ëå áã¬¬ ¢®á¯®«ì§ã-
¥¬áï ¯à¨­ïâë¬¨ â ¬ ®¡®§­ ç¥­¨ï¬¨).
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�¯à¥¤¥«¨¬ á¥â®ç­ë¥ ®¯¥à â®àë Ri, Ai, Al;i ä®à¬ ¬¨ (�; v 2
�

H)

[Ri�; v] =
1
2p
X
�

(ki(�; @�i
�); @�i

v)�; � = (�1; : : : ;�1) 2 Rp;

[Ai�; v] = [Ri�; v] +
1
2p
X

�(qi(�; @�i
�); v)�;

[A0;i�; v] = [Ri�; v] +
1
2p
X
�

(k0;i(�; @�i
�); v)� + �[�; v]; � > 0;

[A1;i�; v] =
1
2�

X
�

(q1;i(�; @�i
�); v)� � �[�; v]; � > 0:

�¥è¥­¨¥ à §­®áâ­®© áå¥¬ë ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ (23). �à ¢ë¥ ç áâ¨ ', u0 ¯à¨ íâ®¬ ¡ã¤¥¬
¢ëç¨á«ïâì ª ª §­ ç¥­¨ï á®®â¢¥âáâ¢¥­­® äã­ªæ¨© f(x; t) ¨ u0(x) ¢ â®çª å á¥âª¨ !h � !� .

�áá«¥¤ã¥¬ à §à¥è¨¬®áâì ¨ áå®¤¨¬®áâì ¯®áâà®¥­­®© â ª¨¬ ®¡à §®¬ à §­®áâ­®© áå¥¬ë. �«ï

íâ®£® ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© ¨ § ¬¥ç ­¨¥¬ ª ­¥©. �«ï v 2
�

H ®¯à¥¤¥«¨¬ ­®à¬ë kvk2i =
1
2p

P
�
(@�i

v; @�i
v)�, ¨ ¯®«®¦¨¬ � = ch{p , {p = p=2 + {, { 2 (0; 2 � p=2). �®á¯®«ì§®¢ ¢è¨áì â¥-

®à¥¬ ¬¨ ¢«®¦¥­¨ï á¥â®ç­ëå ¯à®áâà ­áâ¢
�

W 1
2(!h) ¢ L2(!h) ¨ L2(!h) ¢ C(!h) (­ ¯à. [14], á. 289),

­¥âàã¤­® ¯®ª § âì, çâ® ¥á«¨ kv � u(t)ki � �, â® ¢ ª ¦¤®© â®çª¥ x 2 !h ¢¥à­ë ­¥à ¢¥­áâ¢ 

jv(x)� u(x; t)j � ch{ ; j@�i
v(x)� @u(x; t)=@xij � ch{ ; c = 2p=2c: (27)

�®ª ¦¥¬, çâ® ãá«®¢¨ï (5){(9) ¢ë¯®«­¥­ë. �«ï íâ®£® ¢ëç¨á«¨¬ ¯à®¨§¢®¤­ë¥ ®¯¥à â®à®¢ A0;i,
A1;i, Bi = A0;i �Ri. �¬¥¥¬

[R0

i(v)v1; v2] =
1
2p
X
�

��
@ki(v; @�i

v)
@�0

v1; @�i
v2

�
�

+
�
@ki(v; @�i

v)
@�1

@�i
v1; @�i

v2

�
�

�
;

[R(2)
i (v)v1v2; v3] =

1
2p
X
�

��
@2ki(v; @�i

v)
@�20

v1v2; @�i
v3

�
�

+

+
�
@2ki(v; @�i

v)
@�0@�1

(v1; @�i
v2 + @�0@�1v2@v1); @�i

v3

�
�

+

+
�
@2ki(v; @�i

v)
@�21

@�i
v1@�i

v2; @�i
v3

�
�

�
;

[A0

0;i(v)v1; v2] = [R0

i(v)v1; v2] +
1
2p
X
�

��
@k0;i(v; @�i

v)
@�0

v1; v2

�
�

+

+
�
@k0;i(v; @�i

v)
@�1

@�i
v1; v2

�
�

�
+ �[v1 + v2];

[A(2)
0;i (v)v1v2; v3] = [R(2)

i (v)v1v2; v3] +
1
2p
X
�

��
@k0;i(v; @�i

v)
@�0

@�i
v2; v3 +

+
�
@2k0;i(v; @�i

v)
@�0@�1

(v1@�i
v2 + v2@�i

v1)v3

�
�

+
�
@2k0;i(v; @�i

v)
@�21

@�i
v1@�i

v2; v3

�
�

�
;

[A0

1;i(v)v1; v2] =
1
2p
X
�

��
@k1;i(v; @�i

v)
@�0

v1; v2

�
�

+
�
@k1;i(v; @�i

v)
@�1

@�i
v1; v2

�
�

�
� �[v1; v2];

[B0

i(v)v1; v2] = [A0

0;i(v)v1; v2]� [R0

i(v)v1; v2]:

�¨¬¬¥âà¨ï ¯à®¨§¢®¤­®© ®¯¥à â®à  A0;i ®ç¥¢¨¤­ . �á­®, çâ® ¢ á¨«ã £« ¤ª®áâ¨ ª®íää¨æ¨¥­-
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â®¢ ki, ãá«®¢¨© (26), (27) ¯à¨ ¬ «ëå è £ å ¯à®áâà ­áâ¢¥­­®© á¥âª¨ hi ¨¬¥¥â ¬¥áâ®

@

@�1
ki(v; @�i

v) � �0 > 0:

�­®¢ì, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (27) ¨ ¨á¯®«ì§ãï ¯à¥¤¯®«®¦¥­¨¥ ® £« ¤ª®áâ¨ ¨áå®¤­ëå ¤ ­­ëå
¨ à¥è¥­¨ï u, ¨¬¥¥¬ à ¢­®¬¥à­ãî ®£à ­¨ç¥­­®áâì ®â­®á¨â¥«ì­® hi, � ¢® ¢á¥å â®çª å á¥âª¨ ¢¥«¨-
ç¨­ jvj, j@�i

vj,   â ª¦¥ ¯à®¨§¢®¤­ëå ®â ª®íää¨æ¨¥­â®¢ ki, k0;i c  à£ã¬¥­â ¬¨ (v; @�i
v). �ç¨âë¢ ï

íâ®, ­¥âàã¤­® ãª § âì §­ ç¥­¨¥ ¯ à ¬¥âà  �, ®¡¥á¯¥ç¨¢ îé¥£® ¯®«®¦¨â¥«ì­ãî ®¯à¥¤¥«¥­­®áâì
®¯¥à â®à  A0

0(v) ¨ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢  (5) á d0 = �0=2. �­ «®£¨ç­ë¥ á®®¡à ¦¥­¨ï, ¨á¯®«ì-
§ãîé¨¥ â ª¦¥ £« ¤ª®áâì ª®íää¨æ¨¥­â®¢ k1;i ¯®§¢®«ïîâ ®¯à¥¤¥«¨âì ¯®áâ®ï­­ë¥ d1, d2, d3, ¯à¨
ª®â®àëå ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  (6){(8).

�à®¢¥àªã ãá«®¢¨ï (9) ¯à®¢¥¤¥¬ á ¨á¯®«ì§®¢ ­¨¥¬ ­¥à ¢¥­áâ¢  �®è¨{�ã­ïª®¢áª®£® ¨ â¥®-
à¥¬ ¢«®¦¥­¨ï á¥â®ç­ëå ¯à®áâà ­áâ¢ L2(!h) ¢ C(!h). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ §­ ç¥­¨¥ d4(h; �) =
h�p=2d4 á ¯®áâ®ï­­®© d4 > 0, ®¯à¥¤¥«ï¥¬®© ¬ ªá¨¬ «ì­ë¬¨ §­ ç¥­¨ï¬¨ ¢â®àëå ¯à®¨§¢®¤­ëå
ª®íää¨æ¨¥­â®¢ ki, k0;i ãà ¢­¥­¨ï (24) ¢ ch{-®ªà¥áâ­®áâ¨  à£ã¬¥­â®¢ ¢¨¤  (u; @u=@xi).

�ç¨âë¢ ï ¯®«ãç¥­­ãî ¢ëè¥ § ¢¨á¨¬®áâì d4(h; �) ®â h,   â ª¦¥ ¢ë¡®à äã­ªæ¨¨ �(h; �), ¨¬¥¥¬
�d4(h; �) � h{. �âáî¤  § ª«îç ¥¬, çâ® ¯à¨ ¤®áâ â®ç­® ¬ «ëå è £ å á¥âª¨ ¢â®à®¥ ¨§ ãá«®¢¨© (10)
¢ë¯®«­¥­®. � ª¨¬ ®¡à §®¬, ¯à¨ � > 0 ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«­¥­ë, ¨ á«¥¤®¢ â¥«ì­®, à §­®áâ­ ï
áå¥¬  (23) (u; �)-ª®àà¥ªâ­ .

�à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ® £« ¤ª®áâ¨ à¥è¥­¨ï ¨ ¨áå®¤­ëå ¤ ­­ëå § ¤ ç¨ (24), (25)
ª®¬¯®­¥­âë ¯®£à¥è­®áâ¨  ¯¯à®ªá¨¬ æ¨¨  � ãà ¢­¥­¨© ¢ á®®â¢¥âáâ¢ãîé¨å á¥â®ç­ëå ­®à¬ å
k � k� ¨¬¥îâ ¯®àï¤®ª ¬ «®áâ¨ O(� + jhj2). � ª¨¬ ®¡à §®¬, äã­ªæ¨®­ « J(	(u)) â ª¦¥ ¨¬¥¥â
¯®àï¤®ª ¬ «®áâ¨ O(� + jhj2).

�®« £ ï � � c1jh
�j á c1 = const > 0 ¨ � > {p, ¯à¨ ¤®áâ â®ç­® ¬ «®¬ h0 ¨ jhj � h0 ¨¬¥¥¬

J(	(u)) � �. �âáî¤  ¢ á¨«ã (u; �)-ª®àà¥ªâ­®áâ¨ à §­®áâ­®© áå¥¬ë (23) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥
¨ ¥¤¨­áâ¢¥­­®áâì ¥¥ à¥è¥­¨ï ¢ �-®ªà¥áâ­®áâ¨ u, à¥è¥­¨ï ¨áå®¤­®© ¤¨ää¥à¥­æ¨ «ì­®© § ¤ ç¨,
  ¢ á¨«ã (21) ¨ á¯à ¢¥¤«¨¢®áâì ®æ¥­ª¨ ¯®£à¥è­®áâ¨

max
t2!�

kw(t) � v(t)k+max
t2!�

max
�=1;p

ky�(t)� u(t)k� = O(� + jhj2):
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