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1. �¢¥¤¥­¨¥

�ãáâì Mn ¥áâì n-¬¥à­®¥ ¤¨ää¥à¥­æ¨àã¥¬®¥ ¬­®£®®¡à §¨¥ ª« áá  C1, ¨ ¯ãáâì T p
q (Mn),

p + q > 0, ¥áâì à áá«®¥­¨¥ â¥­§®à®¢ â¨¯  (p; q) ­  Mn. �¥«ì ¤ ­­®© áâ âì¨ | ¨§ãç¥­¨¥ £®à¨-
§®­â «ì­ëå «¨äâ®¢ â¥­§®à­ëå ¯®«¥© á ¬­®£®®¡à §¨ï Mn ­  ¥£® â¥­§®à­®¥ à áá«®¥­¨¥ T p

q (Mn),
à áá¬ âà¨¢ ¥¬ëå ¢¤®«ì á¥ç¥­¨© íâ®£® à áá«®¥­¨ï. �à¨¬¥­ï¥¬ë© ­ ¬¨ ¬¥â®¤ á ¨á¯®«ì§®¢ ­¨¥¬
®¯¥à â®à  �¨è­¥¢áª®£® ï¢«ï¥âáï ­®¢ë¬.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï.
1. � : T p

q (Mn)!Mn | ¯à®¥ªæ¨ï ¯à®áâà ­áâ¢  T p
q (Mn) ­  Mn.

2. �¡« áâì ¨§¬¥­¥­¨ï ¨­¤¥ªá®¢ i, j, k | 1; : : : ; n, ¨­¤¥ªá®¢ i, j, k | n + 1; : : : ; n + np+q,
¨­¤¥ªá®¢ I = (i; i), J = (j; j), K = (k; k) | 1; : : : ; n+ np+q.

3. F(Mn) | ª®«ìæ® ¢¥é¥áâ¢¥­­®§­ ç­ëå äã­ªæ¨© ª« áá  C1 ­  Mn. T p
q (Mn) | ¡¥áª®­¥ç-

­®¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ R â¥­§®à­ëå ¯®«¥© â¨¯  (p; q), ¨¬¥îé¨å ª« áá £« ¤ª®áâ¨
C1. �ë â ª¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì T p

q (Mn) ª ª ¬®¤ã«ì ­ ¤ ª®«ìæ®¬ F(Mn).
4. �¥ªâ®à­ë¥ ¯®«ï ­  Mn ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ V;W; : : : �¥­§®à­®¥ ¯®«¥ â¨¯  (1; 1) ¡ã¤¥¬

®¡®§­ ç âì ç¥à¥§ '.

2. �®à¨§®­â «ì­ë¥ «¨äâë ¢¥ªâ®à­ëå ¯®«¥© ­  á¥ç¥­¨ï

�¡®§­ ç¨¬ ç¥à¥§ xj «®ª «ì­ë¥ ª®®à¤¨­ âë, § ¤ ­­ë¥ ¢ ®ªà¥áâ­®áâ¨ U � Mn, ¨ ¯ãáâì xj def=
t
i1:::ip
j1:::jq

| ¨­¤ãæ¨à®¢ ­­ë¥ ª®®à¤¨­ âë ­  ��1(U) � T p
q (Mn).

�¥­§®à­®¥ ¯®«¥ � 2 T q
p (Mn) á ¯®¬®éìî á¢¥àâª¨ ®¯à¥¤¥«ï¥â äã­ªæ¨î ­  T p

q (Mn), ª®â®àãî
¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ i�. � «®ª «ì­ëå ª®®à¤¨­ â å, ¥á«¨ � = �

j1:::jq
i1:::ip

@j1 
� � �
@jq 
dx
i1 
� � �


dxip , â® i�(t) = �
j1:::jq
i1:::ip

t
i1:::ip
j1:::jq

¤«ï «î¡®£® t 2 T p
q (Mn).

�ãáâì A 2 T p
q (Mn). � ¤ ¤¨¬ ¢¥àâ¨ª «ì­ë© «¨äâ VA 2 T 1

0 (T
p
q (Mn)) ¯®«ï A ­  T p

q (Mn) (á¬.
[1]) ãá«®¢¨¥¬ VA(i�) = �(A) � � = V (�(A)), £¤¥ V (�(A)) | ¢¥àâ¨ª «ì­ë© «¨äâ äã­ªæ¨¨ �(A) 2
F(Mn). � ª àâ¥ (xj ; xj) ¢¥àâ¨ª «ì­ë© «¨äâ VA ¯®«ï A ­  T p

q (Mn) ¨¬¥¥â ª®®à¤¨­ âë

VA =

 
VAj

VAj

!
=

 
0

A
i1:::ip
j1:::jq

!
:

�ãáâì ­ Mn § ¤ ­   ää¨­­ ï á¢ï§­®áâì r ¡¥§ ªàãç¥­¨ï. �ãáâì rV | ª®¢ à¨ ­â­®¥ ¤¨ää¥-
à¥­æ¨à®¢ ­¨¥ ¢ ­ ¯à ¢«¥­¨¨ V 2 T 1

0 (Mn). � ¤ ¤¨¬ £®à¨§®­â «ì­ë© «¨äâ HV = rX ¢¥ªâ®à­®£®
¯®«ï V ­  T p

q (Mn) [1] ãá«®¢¨¥¬ HV (i�) = i(rV �), � 2 T q
p (Mn). � ª àâ¥ (xk; xk) ª®¬¯®­¥­âë HV

¨¬¥îâ ¢¨¤

HV k = V k; HV k = V m

� qX
�=1

�smk�
t
l1:::lp
k1:::s:::kq

�
pX

�=1

�l�mst
l1:::s:::lp
k1:::kq

�
;

£¤¥ �kij | ª®¬¯®­¥­âë á¢ï§­®áâ¨ r ®â­®á¨â¥«ì­® «®ª «ì­ëå ª®®à¤¨­ â ­  U �Mn.
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�ãáâì § ¤ ­® â¥­§®à­®¥ ¯®«¥ � 2 T p
q (Mn). �®£¤  á®®â¢¥âáâ¢¨¥ X ! �X , £¤¥ �X ¥áâì §­ ç¥­¨¥

� ¢ X 2Mn, ®¯à¥¤¥«ï¥â ®â®¡à ¦¥­¨¥ �� :Mn ! T p
q (Mn) â ª®¥, çâ® � ��� = idMn

, ¨ n-¬¥à­®¥ ¯®¤-
¬­®£®®¡à §¨¥ ��(Mn) ­ §ë¢ ¥âáï á¥ç¥­¨¥¬, § ¤ ­­ë¬ á ¯®¬®éìî �. �á«¨ â¥­§®à­®¥ ¯®«¥ � ¨¬¥¥â
«®ª «ì­ë¥ ª®¬¯®­¥­âë �

l1:::lp
k1:::kq

(xk), â® á¥ç¥­¨¥ ��(Mn) «®ª «ì­® § ¤ ¥âáï ãà ¢­¥­¨ï¬¨ xk = xk,

xk = �
l1:::lp
k1:::kq

(xk) ¢ á¨áâ¥¬¥ ª®®à¤¨­ â (xk; xk) ¢ T p
q (Mn). �á­®, çâ® n ¢¥ªâ®à®¢ Bj , ª á â¥«ì­ëå ª

��(Mn), ¨¬¥îâ ª®®à¤¨­ âë

(BK
j ) =

 
@xK

@xj

!
=

 
�kj
@j�

l1:::lp
k1:::kq

!
®â­®á¨â¥«ì­® ­ âãà «ì­®£® à¥¯¥à  (@k; @k) ¢ T

p
q (Mn).

� ¤àã£®© áâ®à®­ë, á«®© «®ª «ì­® § ¤ ¥âáï ãà ¢­¥­¨ï¬¨ xk = const, tl1:::lpk1:::kq
= u

l1:::lp
k1:::kq

, £¤¥

u
l1:::lp
k1:::kq

| ¯ à ¬¥âàë. �®íâ®¬ã, ¤¨ää¥à¥­æ¨àãï ¯® xj = t
i1:::ip
j1:::jq

, ¯®«ãç ¥¬ ª®®à¤¨­ âë

(CK

j
) =

 
@xK

@xj

!
=

 
0
�l1i1 � � � �

lp
ip
�
j1
k1
� � � �

jq
kq

!

np+q ¢¥ªâ®à®¢ Cj , ª á â¥«ì­ëå ª á«®î, ®â­®á¨â¥«ì­® ­ âãà «ì­®£® à¥¯¥à  f@k; @kg ¢ T
p
q (Mn).

�¥¯¥àì ¬®¦­® ¢§ïâì n+ np+q ¢¥ªâ®à­ëå ¯®«¥© Bj , Cj ¢¤®«ì á¥ç¥­¨ï ��(Mn). �­¨ ®¡à §ãîâ
«®ª «ì­®¥ ¯®«¥ à¥¯¥à , ª®â®àë© ­ §ë¢ ¥âáï (B;C)-à¥¯¥à®¬ ­  ��(Mn) ¢ ��1(U). � íâ®¬ à¥¯¥à¥
¢¥ªâ®à­®¥ ¯®«¥ HV , ®£à ­¨ç¥­­®¥ ­  ��(Mn), ¨¬¥¥â ª®®à¤¨­ âë

HV =

 
H eV j

H eV j

!
=

 
V j

�rV �
i1:::ip
j1:::jq

!
:

3. �®à¨§®­â «ì­ë¥ «¨äâë  ää¨­®à­ëå ¯®«¥© ­  á¥ç¥­¨ï

�«ï ' 2 T 1
1 (Mn) ®¯à¥¤¥«¨¬ â¥­§®à­®¥ ¯®«¥ H' 2 T 1

1 (T
p
q (Mn)), p+q � 1, ¢¤®«ì á¥ç¥­¨ï ��(Mn)

ãá«®¢¨ï¬¨ (
H'(HV ) = H('(V )) 8V 2 T 1

0 (Mn);
H'(VA) = V ('(A)) 8A 2 T p

q (Mn);

£¤¥ '(A) = C(' 
 A) 2 T p
q (Mn), ¨ ­ §®¢¥¬ H' £®à¨§®­â «ì­ë¬ «¨äâ®¬ ¯®«ï ' 2 T 1

0 (Mn) ­ 
T p
q (Mn) ¢¤®«ì á¥ç¥­¨ï ��(Mn).
�ãáâì � 2 T p

q (Mn). � áá¬®âà¨¬ ®¯¥à â®à �¨è­¥¢áª®£®

(�'�)
l1:::lp
lk1:::kq

= 'ml rm�
l1:::lp
k1:::kq

�

(
'l1mrl�

ml2:::lp
k1:::kq

; p � 1;

'mk1rl�
l1:::lp
mk2:::kq

; q � 1:

� ¬¥ç ­¨¥. �ãáâì ' | ¨­â¥£à¨àã¥¬ ï '-áâàãªâãà  ­  Mn, ¨ r' = 0. �á«¨ � 2 T p
q (Mn)

| ç¨áâ®¥ â¥­§®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® '-áâàãªâãàë, â® ãà ¢­¥­¨¥ �'� = 0 § ¤ ¥â ãá«®¢¨¥
£®«®¬®àä­®áâ¨ � ([2], á. 184).

�®«¥ H' ¨¬¥¥â ¢¤®«ì á¥ç¥­¨ï ��(Mn) ª®¬¯®­¥­âë8>>><>>>:
H e'kl = 'kl ;

H e'k
l
= 0; H e'kl = �(�'�)

l1:::lp
lk1:::kq

;

H e'k
l
=

(
'l1s1�

l2
s2
: : : �lpsp�

r1
k1
: : : �

rq
kq
; p � 1;

�l1s1 : : : �
lp
sp
'r1k1�

r2
k2
: : : �

rq
kq
; q � 1;

®â­®á¨â¥«ì­® (B;C)-à¥¯¥à  ¢¤®«ì ��(Mn), £¤¥ �'� | ®¯¥à â®à �¨è­¥¢áª®£®,

xl = ts1:::spr1:::rq
; xk = t

l1:::lp
k1:::kq

:
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� ­ âãà «ì­®¬ à¥¯¥à¥ f@k; @kg, § ¤ ­­®¬ ­  ��1(U) � T p
q (Mn), ¯®«¥ H' ¨¬¥¥â ¢¤®«ì á¥ç¥­¨ï

��(Mn) ª®¬¯®­¥­âë8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

H'kl = 'kl ;
H'k

l
= 0; H'k

l
=

(
'l1s1�

l2
s2
: : : �lpsp�

r1
k1
: : : �

rq
kq
; p � 1;

�l1s1 : : : �
lp
sp
'r1k1�

r2
k2
: : : �

rq
kq
; q � 1;

H'kl = 'ml

�
�

pX
�=1

�l�ms�
l1:::s:::lp
(k) +

qX
�=1

�smk�
�
(l)
k1:::s:::kq

�
+ 'l1m

�
�

qX
�=1

�slk��
ml2:::lp
k1:::s:::kq

+

+
pX

�=2

�l�ls�
ml2:::s:::lp
(k) + �mls�

s:::lp
(k)

�
; p � 1;

H'kl = 'ml

�
�

pX
�=1

�l�ms�
l1:::s:::lp
(k) +

qX
�=1

�smk�
�
(l)
k1:::s:::kq

�
+ 'mk1

� pX
�=1

�l�ls�
l1:::s:::lp
mk2:::s:::kq

�

�
qX

�=2

�slk��
(l)
mk2:::s:::kq

� �slm�
(l)
m:::kq

�
; q � 1:

(1)

�¥®à¥¬  1. �®à¨§®­â «ì­ë© «¨äâ H : EndMn ! EndT p
q (Mn) ¢¤®«ì á¥ç¥­¨ï ��(Mn) ¥áâì

¬®­®¬®àä¨§¬.

�ãáâì Um |  áá®æ¨ â¨¢­ ï ª®¬¬ãâ â¨¢­ ï ã­¨â «ì­ ï  «£¥¡à  ª®­¥ç­®© à §¬¥à­®áâ¨ m

­ ¤ R. �«£¥¡à ¨ç¥áª ï �-áâàãªâãà  ­ Mn | íâ® ­ ¡®à � = f'
�

g, � = 1; : : : ;m, â¥­§®à­ëå ¯®«¥©

â¨¯  (1; 1) â ª®©, çâ® '
�

� '
�

= C


��'




, £¤¥ C

�� | áâàãªâãà­ë¥ ª®­áâ ­âë  «£¥¡àë Um.

�¥®à¥¬  2. �á«¨ � = f'
�

g, � = 1; : : : ;m, ®¯à¥¤¥«ï¥â  «£¥¡à ¨ç¥áªãî �-áâàãªâãàã ­  Mn,

â® ­ ¡®à H� = fH'
�

g â ª¦¥ ®¯à¥¤¥«ï¥â  «£¥¡à ¨ç¥áªãî �-áâàãªâãàã ¢¤®«ì á¥ç¥­¨ï ��(Mn).

4. �®¢ë© ª« áá ª¢ §¨-Um-£®«®¬®àä­ëå â¥­§®à­ëå ¯®«¥©

�ãáâì Mn ¨ Nm | ¬­®£®®¡à §¨ï, ­ ¤¥«¥­­ë¥  «£¥¡à ¨ç¥áª¨¬¨ áâàãªâãà ¬¨ � = f'
�

g ¨ e� =

f 
�

g, � = 1; : : : ;m, á®®â¢¥âáâ¢¥­­®. �¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à ¦¥­¨¥ f : Mn ! Nm ­ §ë¢ ¥âáï

ª¢ §¨-U-£®«®¬®àä­ë¬ ®â­®á¨â¥«ì­® (�; e�) [3], ¥á«¨ ¢ ª ¦¤®© â®çª¥ P 2Mn

dfP � '
�
P =  

�
f(P ) � dfP ; � = 1; : : : ;m:

�¥¯¥àì ¯ãáâì Nk = T p
q (Mn), ¨ à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ ��� :Mn ! T p

q (Mn), ®¯à¥¤¥«ï¥¬®¥ ç¨áâë¬
®â­®á¨â¥«ì­® �-áâàãªâãàë â¥­§®à­ë¬ ¯®«¥¬ � 2 T p

q (Mn). �á«¨ e� = f 
�

g |  «£¥¡à ¨ç¥áª ï
H�-áâàãªâãà , ®¯à¥¤¥«¥­­ ï ¢ ¯. 3, â® ç¨áâ®¥ á¥ç¥­¨¥ ��� : Mn ! T p

q (Mn) ï¢«ï¥âáï ª¢ §¨-U-
£®«®¬®àä­ë¬ ®â­®á¨â¥«ì­® (�;H�) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ «®ª «ì­ëå ª®®à¤¨­ â å

'
�

m
l @mx

K = H'
�

K
M @lx

M ; � = 1; : : : ;m; (2)

£¤¥ H'
�

K
M | ª®¬¯®­¥­âë ¯®«ï H'

�

, § ¤ ­­®£® ¢¤®«ì ��� (Mn), ¢ ­ âãà «ì­®¬ à¥¯¥à¥ f@k; @kg (á¬.

(1)). �á«®¢¨¥ (2) ¯à¨¢®¤¨âáï ª ¢¨¤ã

'
�

m
l rm�

l1:::lp
k1:::kq

�

8><>:
'
�

l1
mrl�

ml2:::lp
k1:::kq

; p � 1;

'
�

m
k1
rl�

l1:::lp
mk2:::kq

; q � 1;
= 0: (3)

� ª¨¬ ®¡à §®¬, ª¢ §¨-U-£®«®¬®àä­®¥ â¥­§®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® (�;H�) § ¤ ¥âáï (3).
�ãáâì �-áâàãªâãà  ï¢«ï¥âáï ¯®çâ¨ ¨­â¥£à¨àã¥¬®© ®â­®á¨â¥«ì­® á¢ï§­®áâ¨ r ¡¥§ ªàãç¥­¨ï,

â. ¥. r' = 0 ¤«ï «î¡®£® ' 2 �. �®£¤  ¯®«ãç ¥¬ [4] �'� = e�'�, £¤¥ e�'� | ®¯¥à â®à � â¨¡ ­ë
[5]. �à ¢­¥­¨¥ e�'� = 0 å à ªâ¥à¨§ã¥â ®¡ëç­ë¥ ¯®çâ¨ £®«®¬®àä­ë¥ â¥­§®à­ë¥ ¯®«ï [5], [6].
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� ª¨¬ ®¡à §®¬, ¥á«¨ �-áâàãªâãà  ¯®çâ¨ ¨­â¥£à¨àã¥¬ , â® ­ è¥ ª¢ §¨-U-£®«®¬®àä­®¥ â¥­§®à­®¥
¯®«¥ ®â­®á¨â¥«ì­® (�;H�) ¥áâì ®¡ëç­®¥ ¯®çâ¨ £®«®¬®àä­®¥ â¥­§®à­®¥ ¯®«¥. �®®¡é¥ £®¢®àï,
ª¢ §¨-U-£®«®¬®àä­®¥ â¥­§®à­®¥ ¯®«¥ ®â­®á¨â¥«ì­® (�;H�), ã¤®¢«¥â¢®àïîé¥¥ (3), ­¥ ®¡ï§ ­®
ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î e�'� = 0.
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