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� à ¡®â¥ ¯à¨¬¥ï¥âáï ¬¥â®¤ ®¯¥à â®à®¢ ¯à¥®¡à §®¢ ¨© ¤«ï à¥è¥¨ï ¥ª®â®àëå ªà ¥¢ëå
§ ¤ ç ªãá®ç®-®¤®à®¤ëå áâàãªâãà. �®ª §   ¢®§¬®¦®áâì ¯à¨¬¥¥¨ï ¤ ®£® ¬¥â®¤  ¤«ï
à¥è¥¨ï ®¡®¡é¥ëå § ¤ ç �¨à¨å«¥ á ¥®¤®à®¤ë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¤«ï ãà ¢¥¨ï
� ¯« á , ãà ¢¥¨© â¥¯«®¯à®¢®¤®áâ¨ ¨ ª®«¥¡ ¨© ¤«ï ªãá®ç®-®¤®à®¤®© ¯®«ã¯«®áª®áâ¨.

�ªâã «ì®áâì ¬¥â®¤  ®¯¥à â®à®¢ ¯à¥®¡à §®¢ ¨ï ¢ â®¬, çâ® ® ¯®§¢®«ï¥â ¯®«ãç¨âì à¥è¥¨¥
¢ ã¤®¡®¬ ¢¨¤¥, ¤®¯ãáª îé¥¬ ¯à®áâãî ä¨§¨ç¥áªãî ¨â¥à¯à¥â æ¨î: ¯®á«¥¤®¢ â¥«ìë¥ ¯à¨¡«¨-
¦¥¨ï á ¯®¬®éìî ®âà ¦¥¨ï ®â ¤¢ãå íªà ®¢. �¨¤, ¢ ª®â®à®¬ ¯®«ãç¥® à¥è¥¨¥, ¯®§¢®«ï¥â
 ¯¨á âì ã¤®¡ë¥ ¢ëç¨á«¨â¥«ìë¥  «£®à¨â¬ë.

1. �¯¥à â®àë ¯à¥®¡à §®¢ ¨©

�ãáâì äãªæ¨ï bu = bu(x; y) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã �®¡®«¥¢  W k
2 (D) (¢ § ¤ ç å I, II, IV

k = 1, ¢ § ¤ ç¥ III k = 2),   äãªæ¨ï u = u(x; y) | ¯à®áâà áâ¢ã W 2
2 (D1), £¤¥ D = f(x; y) j x 2

(0;+1); y 2 (�1; +1)g, D1 = f(x; y) j x 2 (0; l) [ (l; +1); y 2 (�1; +1)g.
I. �ãáâì äãªæ¨ï u = u(x; y) ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®¢¨î

u(0; y) = bu(0; y)
¨ ãá«®¢¨ï¬ á®¯àï¦¥¨ï

u
�
(l; y) = u+(l; y); k

@u
�

@x
(l; y) =

@u+

@x
(l; y); k > 0;

£¤¥ u
�
(l; y), u+(l; y),

@u
�

@x
(l; y), @u+

@x
(l; y) | ¯à¥¤¥«ìë¥ § ç¥¨ï äãªæ¨¨ u = u(x; y) ¨ ¥¥ ¯à®¨§-

¢®¤ëå ¯à¨ x = l á«¥¢  ¨ á¯à ¢  á®®â¢¥âáâ¢¥® [1].
�à¥¤áâ ¢«¥¨¥ ¤«ï äãªæ¨¨ u = u(x; y) ¨é¥âáï ¢ ¢¨¤¥

u(x; y) =

(
abu(x; y) + bS[bu(x; y)]; 0 < x < l;

cbu(x; y); x > l;

£¤¥ S[bu(x; y)] = bu(2l � x; y) | ®¯¥à â®à ®âà ¦¥¨ï ®â®á¨â¥«ì® â®çª¨ á®¯àï¦¥¨ï, a, b, c |
®¯¥à â®àë, ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¨§ £à ¨çëå ãá«®¢¨© ¨ ãá«®¢¨© á®¯àï¦¥¨ï.

�®«ãç¥ ®¯¥à â®à ¯à¥¡à §®¢ ¨ï � : bu(x; y)! u(x; y)

u(x; y) =

8>>>><>>>>:

1X
i=0

�
1� k

1 + k

�i�bu(x+ 2li; y) � 1� k

1 + k
bu(2l � x+ 2li; y)

�
; 0 < x < l;

2k
1 + k

1X
i=0

�
1� k

1 + k

�ibu(x+ 2li; y); x > l:
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� ª ª ª bu = bu(x; y) | ®£à ¨ç¥ ï äãªæ¨ï, ¨
�� 1�k
1+k

�� < 1, â® ¯®«ãç¥ë¥ àï¤ë áå®¤ïâáï
 ¡á®«îâ®, à ¢®¬¥à®.

II. �ãáâì äãªæ¨ï u = u(x; y) ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®¢¨î

u(0; y) = 0

¨ ãá«®¢¨ï¬ á®¯àï¦¥¨ï

u
�
(l; y)� u+(l; y) = bu(0; y); k

@u
�

@x
(l; y) =

@u+

@x
(l; y);

£¤¥ k 2 (0; 1) [ (1;+1).
�®áâà®¥ ®¯¥à â®à ¯à¥®¡à §®¢ ¨ï � : bu(x; y)! u(x; y)

u(x; y) =

8>>>>>>>>><>>>>>>>>>:

1
1 + k

bu(l � x; y)� 1
1� k

1X
i=1

�
1� k

1 + k

�i

�

�
�bu(x� l + 2li; y)� 1� k

1 + k
bu(l � x+ 2li; y)

�
; 0 < x < l;

� k

1 + k
bu(x� l; y)� 2k

1� k2

1X
i=1

�
1� k

1 + k

�ibu(x� l + 2li; y); x > l:

� ª ª ª bu = bu(x; y) | ®£à ¨ç¥ ï äãªæ¨ï, ¨
�� 1�k
1+k

�� < 1, â® ¯®«ãç¥ë¥ àï¤ë áå®¤ïâáï
 ¡á®«îâ®, à ¢®¬¥à®.

III. �ãáâì äãªæ¨ï u = u(x; y) ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®¢¨î

u(0; y) = 0; (1)

¨ ãá«®¢¨ï¬ á®¯àï¦¥¨ï

u
�
(l; y) = u+(l; y); k

@u
�

@x
(l; y)� @u+

@x
(l; y) =

@bu
@x

(l; y); k > 0: (2)

�¯¥à â®à ¯à¥®¡à §®¢ ¨ï � : bu(x; y)! u(x; y) ¨¬¥¥â ¢¨¤

u(x; y) =

8>>>>>>>>><>>>>>>>>>:

� 1
1 + k

bu(2l � x; y) +
1

1� k

1X
i=1

�
1� k

1 + k

�i

�

�
�bu(x+ 2li; y)� 1� k

1 + k
bu(2l � x+ 2li; y)

�
; 0 < x < l;

� 1
1 + k

bu(x; y) + 2k
1� k2

1X
i=1

�
1� k

1 + k

�ibu(x+ 2li; y); x > l:

(3)

� ª ª ª bu = bu(x; y) | ®£à ¨ç¥ ï äãªæ¨ï, ¨
�� 1�k
1+k

�� < 1, â® ¯®«ãç¥ë¥ àï¤ë áå®¤ïâáï
 ¡á®«îâ®, à ¢®¬¥à®.

�ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® ®¯¥à â®à ¯à¥®¡à §®¢ ¨ï ��1, ®¡à âë© ®¯¥à â®àã (3), ¨¬¥¥â
¢¨¤

bu(x; y) = ��1[u(x; y)] =

8>>>><>>>>:
(1� k)

�
E � 2S � 1 + 3k

1 + k

1X
i=1

T i
2lS

��
E � 1� k

1 + k
T2l

�
u(x; y); 0 < x < l;

(k � 1)u(x; y) � 2k
1X
i=0

u(x+ 2li; y); x > l;

£¤¥ T2l[bu(x; y)] = bu(2 + 2l; y) | ®¯¥à â®à á¤¢¨£ , E | â®¦¤¥áâ¢¥ë© ®¯¥à â®à.
IV. �ãáâì äãªæ¨ï u = u(x; y) ã¤®¢«¥â¢®àï¥â £à ¨ç®¬ã ãá«®¢¨î

u(0; y) + au
�
(l; y) = bu(0; y); 0 < a < 1;
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¨ ãá«®¢¨ï¬ á®¯àï¦¥¨ï

bu
�
(l; y) = u+(l; y); c

@u

@x
(0; y) + d

@u
�

@x
(l; y) =

@u+

@x
(l; y);

£¤¥ b; c; d > 0, ¯à¨ç¥¬ c+ ad < min(b; d + ac) [2].
�®«ãç¥® ¯à¥¤áâ ¢«¥¨¥ ¤«ï ®¯¥à â®à  ¯à¥®¡à §®¢ ¨ï � : bu(x; y)! u(x; y)

u(x; y) =

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

1X
i;j=0

(i+ j + 1)!
i!j!

�
� 2(c + ad)

b+ d+ ac

�i+1�
b� d� ac

b+ d+ ac

�j

�

�(cbu(x+ l(i+ 1) + 2lj; y) + (b+ d)bu(x+ li+ 2lj; y)+

+cbu(l � x+ li+ 2lj; y) + (d� b)bu(2l � x+ li+ 2lj; y)); 0 < x < l;
1X

i;j=0

(i+ j + 1)!
i!j!

�
� 2(c + ad)

b+ d+ ac

�i+1�
b� d� ac

b+ d+ ac

�j

�

�(bcbu(x+ l(i+ 1) + 2lj; y) + 2bdbu(x+ li+ 2lj; y)�
�bcbu(x� l + li+ 2lj; y)); x > l:

� ª ª ª bu = bu(x; y) | ®£à ¨ç¥ ï äãªæ¨ï, ¨ c + ad < min(b; d + ac), â® ¯®«ãç¥ë¥ àï¤ë
áå®¤ïâáï  ¡á®«îâ®, à ¢®¬¥à®.

�«ï ¢á¥å ®¯¥à â®à®¢ ¯à¥®¡à §®¢ ¨ï, ¯à¨¢¥¤¥ëå ¢ëè¥, ¯®áâà®¥ë ®¡à âë¥ ®¯¥à â®àë.

�¥®à¥¬ . �¯¥à â®à ¯à¥®¡à §®¢ ¨ï �, ®¯à¥¤¥«ï¥¬ë© ¢ § ¤ ç å I, II, IV, ®áãé¥áâ¢«ï¥â ¨§®-

¬®àä¨§¬ ¯à®áâà áâ¢ W 1
2
(D) ¨ W 2

2
(D1); ®¯¥à â®à ¯à¥®¡à §®¢ ¨ï �, ®¯à¥¤¥«ï¥¬ë© ¢ § ¤ ç¥

III, ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¯à®áâà áâ¢ W 2
2
(D) ¨ W 2

2
(D1).

2. �à¨¬¥¥¨¥ ®¯¥à â®à®¢ ¯à¥®¡à §®¢ ¨©
ª à¥è¥¨î § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨

�¯à¥¤¥«¥ë¥ ¢ëè¥ ®¯¥à â®àë ¯à¥®¡à §®¢ ¨ï ¯®§¢®«ïîâ à¥è âì ¥ª®â®àë¥ § ¤ ç¨ ¬ -
â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ªãá®ç®-®¤®à®¤ëå áà¥¤. � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã ¤«ï
ãà ¢¥¨ï � ¯« á  ¨ § ¤ çã ® áâàãªâãà¥ â¥¬¯¥à âãà®£® ¯®«ï ¢ ªãá®ç®-®¤®à®¤®© ®¡« áâ¨.

 ) � ©â¨ à¥è¥¨¥ ãà ¢¥¨ï � ¯« á 

�u(x; y) = 0

¢ ®¡« áâ¨ D1 = f(x; y) j x 2 (0; l) [ (l; +1); y 2 (�1; +1)g ¯® £à ¨ç®¬ã ãá«®¢¨î
u(0; y) = v1(y)

¨ ãá«®¢¨ï¬ á®¯àï¦¥¨ï

u
�
(l; y)� u+(l; y) = v2(y); k

@u
�

@x
(l; y) =

@u+

@x
(l; y); k 2 (0; 1) [ (1;+1);

£¤¥ v1(y); v2(y) 2 L2(�1;+1). �¥è¥¨¥ ¯®áâ ¢«¥®© § ¤ ç¨ ¨¬¥¥â ¢¨¤

u(x; y) = �[P (v1)] + L[P (v2)];

£¤¥ P (v) | ¨â¥£à « �ã áá® , � | ®¯¥à â®à ¯à¥®¡à §®¢ ¨ï, ®¯à¥¤¥«ï¥¬ë© ¢ § ¤ ç¥ I, L |
®¯¥à â®à ¯à¥®¡à §®¢ ¨ï, á®®â¢¥âáâ¢ãîé¨© § ¤ ç¥ II.

¡) �à¥¡ã¥âáï  ©â¨ ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨

@u

@t
=

@2u

@x2

¢ ®¡« áâ¨ 
1
T = f(x; t) j x 2 (0; l) [ (l;+1); t 2 (0; T )g ¯® £à ¨ç®¬ã ãá«®¢¨î

u(0; t) = g(t);
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ãá«®¢¨ï¬ á®¯àï¦¥¨ï

u
�
(l; t) = u+(l; t); k

@u
�

@x
(l; t)� @u+

@x
(l; t) =

@h

@x
(l; t); k > 0;

¨ ¯®  ç «ì®¬ã ãá«®¢¨î
u(x; 0) = f(x);

£¤¥ u(x; t) 2 W
2; 0
2 (
1

T ), h(x; t) 2 W
2; 0
2 (
T ), g(t) 2 L2(0; T ), f(x) 2 L2(I

+

1 ), £¤¥ 
T = f(x; t) j x 2
(0;+1); t 2 (0; T )g, I+1 = fx j x 2 (0; l) [ (l;+1)g.

�¥è¥¨¥ § ¤ ç¨ ¯®«ãç¨¬ á ¯®¬®éìî ®¯¥à â®à®¢ ¯à¥®¡à §®¢ ¨© � ¨ ��1, á®®â¢¥âáâ¢ãîé¨å
§ ¤ ç¥ (1){(2). �à¨¬¥¨¢ ®¯¥à â®àë ��1 ª ¯®áâ ¢«¥®© § ¤ ç¥, ¯à¨¢¥¤¥¬ ¥¥ ª § ¤ ç¥ ¤«ï ®¤-
®à®¤®© ®¡« áâ¨ 
:  ©â¨ ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨

@h

@t
=

@2h

@x2

¢ ®¡« áâ¨ 
 ¯® £à ¨ç®¬ã ãá«®¢¨î h(0; t) = g(t) ¨ ¯®  ç «ì®¬ã ãá«®¢¨î

h(x; 0) = ��1[f(x)] = bf(x):
�¥è¥¨¥ § ¤ ç¨ ¨¬¥¥â ¢¨¤ ([3], á. 234):

h(x; t) =
1

2
p
�

� Z
1

0

1p
t

�
e�

(x��)2

4t � e�
(x+�)2

4t

� bf(�)d� + Z t

0

x

(t� �)3=2
e�

x2

4(t��) g(�)d�
�
:

�à¨¬¥¨¬ ª h = h(x; t) ®¯¥à â®à �:

u(x; t) = �[h(x; t)];

u(x; t) = �x

�
1

2
p
�

�Z
1

0

1p
t

�
e�

(x��)2

4t � e�
(x+�)2

4t

�
��1� [f(�)]d� +

Z t

0

x

(t� �)3=2
e�

x2

4(t��) g(�)d�
��

:

� à¥§ã«ìâ â¥ ®¯à¥¤¥«¥  áâàãªâãà  ¥áâ æ¨® à®£® â¥¬¯¥à âãà®£® ¯®«ï ¢ 
1
T .

�¯¥à â®àë ¯à¥®¡à §®¢ ¨ï, ¯®«ãç¥ë¥ ¢ à ¡®â¥, ¯®§¢®«ïîâ â ª¦¥ à¥è âì § ¤ ç¨ ® áâàãª-
âãà¥ ¢®«®¢®£® ¯®«ï ¢ ªãá®ç®-®¤®à®¤®¬ ¯®«ã¯à®áâà áâ¢¥.
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