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�¢¥¤¥­¨¥

�§¢¥áâ­®, çâ® ¢ ¬¥â®¤¥ ª®­¥ç­ëå í«¥¬¥­â®¢ ç áâ® ¨á¯®«ì§ãîâáï ­¥áâëªãîé¨¥áï á¥âª¨. �¥-
®¡å®¤¨¬®áâì ¨á¯®«ì§®¢ ­¨ï ­¥áâëªãîé¨åáï á¥â®ª ç áâ® ¢®§­¨ª ¥â ¯à¨ «®ª «ì­®¬ á£ãé¥­¨¨
á¥âª¨, â. ª. ¯®áâà®¥­¨¥ «®ª «ì­® á£ãé¥­­®© áâëªãîé¥©áï á¥âª¨ ¢ë§ë¢ ¥â ¡®«ìè¨¥ âàã¤­®áâ¨.
�¥áâëªãîé¨¥áï á¥âª¨ ¢®§­¨ª îâ â ª¦¥ ¯à¨ à áç¥â¥ ¡®«ìè¨å ª®­áâàãªæ¨©, ­  à §­ëå ªãáª å
ª®â®àëå à ¡®â îâ à §­ë¥ ¯à®£à ¬¬¨áâë. �à¨ à áç¥â å â ª¨å ª®­áâàãªæ¨© ç áâ® ¨á¯®«ì§ã¥âáï
¬¥â®¤ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨, á¥âª¨ ­  à §­ëå ¯®¤®¡« áâïå ­¥®¡å®¤¨¬® áâëª®¢ âì. �§¢¥áâ­ë
á«¥¤ãîé¨¥ ®á­®¢­ë¥ ¬¥â®¤ë ¤«ï áâëª®¢ª¨ á¥â®ª.

1. �â¥à â¨¢­ë¥ ¯à®æ¥¤ãàë, ®¡¥á¯¥ç¨¢ îé¨¥ ­¥¯à¥àë¢­®áâì ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¨«¨
¥£® ­®à¬ «ì­ëå ¯à®¨§¢®¤­ëå ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ ¨­â¥àä¥©á. �â® ä®à¬¨àã¥â ¡ §¨á ¤«ï
 «ìâ¥à­¨àãîé¨å ¬¥â®¤®¢ �¢ àæ .

2. �àï¬ë¥ ¯à®æ¥¤ãàë, ¨á¯®«ì§ãîé¨¥ ¬¥â®¤ ¬­®¦¨â¥«¥© � £à ­¦ .
3. Mortar-¬¥â®¤ ¨ ¥£® ¬®¤¨ä¨ª æ¨¨.

�á­®¢­ë¥ ¨¤¥¨, «¥¦ é¨¥ ¢ ®á­®¢¥ ¬¥â®¤  � £à ­¦  ¨ mortar-¬¥â®¤ , ¨§«®¦¥­ë ¢ [1] ¨ [2],
£¤¥ íâ¨ ¬¥â®¤ë ¨á¯®«ì§®¢ «¨áì ¤«ï ã¤®¢«¥â¢®à¥­¨ï £« ¢­ë¬ ãá«®¢¨ï¬ ­  £à ­¨æ¥ ®¡« áâ¨ ¢
­¥ª®â®à®¬ á« ¡®¬ á¬ëá«¥. � ¡®«¥¥ ¯®§¤­¨å à ¡®â å ([3], [4]) íâ¨ ¨¤¥¨ ¡ë«¨ ¯¥à¥­¥á¥­ë ­  á«ãç ©
áâëª®¢ª¨ á¥â®ª.

�à¥¤«®¦¥­­ë© ¢ [5] ¨ [6] ¬¥â®¤ èâà ä  ¤«ï ¯à¨¡«¨¦¥­­®£® ã¤®¢«¥â¢®à¥­¨ï £« ¢­ë¬ ãá«®-
¢¨ï¬ ­  £à ­¨æ¥ ®¡« áâ¨, ­ áª®«ìª® ­ ¬ ¨§¢¥áâ­®, ¤«ï áâëª®¢ª¨ á¥â®ª ­¥ ¨á¯®«ì§®¢ «áï. �
¤ ­­®© à ¡®â¥ á¤¥« ­  ¯®¯ëâª  ¨á¯®«ì§®¢ âì ¬¥â®¤ èâà ä  ¤«ï áâëª®¢ª¨ á¥â®ª.

� à ¡®â¥ à áá¬®âà¥­ ¬¥â®¤ èâà ä  áâëª®¢ª¨ âà¥ã£®«ì­ëå á¥â®ª ¯® «¨­¨ï¬, ­ §ë¢ ¥¬ë¬ ¨­-
â¥àä¥©á ¬¨. �á­®¢­ ï ¨¤¥ï á®áâ®¨â ¢ ¯®áâà®¥­¨¨ ¢®§¬ãé¥­­®© § ¤ ç¨ á ¯ à ¬¥âà®¬, ª®â®àë©
¨£à ¥â à®«ì èâà ä . �®§¬ãé¥­­ ï § ¤ ç  áâà®¨âáï ¯ãâ¥¬ § ¬¥­ë £« ¢­®£® £à ­¨ç­®£® ãá«®¢¨ï
­  ¨­â¥àä¥©á¥ ¥áâ¥áâ¢¥­­ë¬, á®¤¥à¦ é¨¬ ¯ à ¬¥âà. �à®¢¥¤¥­  ¤¨áªà¥â¨§ æ¨ï ¢®§¬ãé¥­­®©
§ ¤ ç¨ ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢. �®«ãç¥­ë ®æ¥­ª¨ ¤«ï ­®à¬ë à §­®áâ¨ ¬¥¦¤ã à¥è¥­¨¥¬
¤¨áªà¥â­®© ¢®§¬ãé¥­­®© § ¤ ç¨ ¨ à¥è¥­¨¥¬ ¨áå®¤­®© § ¤ ç¨, § ¢¨áïé¨¥ ®â è £  ¨ èâà ä . � -
­ë à¥ª®¬¥­¤ æ¨¨ ¯® ¢ë¡®àã èâà ä  ¢ § ¢¨á¨¬®áâ¨ ®â è £ . �à®¢¥¤¥­ ç¨á«¥­­ë© íªá¯¥à¨¬¥­â,
¯®¤â¢¥à¦¤ îé¨© â¥®à¥â¨ç¥áª¨¥ ®æ¥­ª¨. � ¤¨ ¯à®áâ®âë ¨§«®¦¥­¨ï ¢á¥ ¢ëª« ¤ª¨ ¯à®¤¥« ­ë
¤«ï ¯à®áâ¥©è¥© ¬®¤¥«ì­®© § ¤ ç¨. �­¨ ¡¥§ âàã¤  ¯¥à¥­®áïâáï ­  «î¡ãî ªà ¥¢ãî § ¤ çã ¤«ï
í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  á ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬ ®¯¥à â®à®¬.

1. �®áâà®¥­¨¥ ¨ ¨áá«¥¤®¢ ­¨¥ § ¤ ç¨ á ¨­â¥àä¥©á®¬

� ¤¢ã¬¥à­®© ¯®«¨£®­ «ì­®© ®¡« áâ¨ 
 á £à ­¨æ¥© @
 à áá¬®âà¨¬ § ¤ çã

�@
2u

@x2
� @2u

@y2
= f(x; y) ¢ 
; (1.1)
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uj@
0
= 0;

@u

@n

���
@
n@
0

= 0; (1.2)

£¤¥ @
0 | ç áâì £à ­¨æë @
 ­¥­ã«¥¢®© ¬¥àë.
� ¤¨¬ ¢ à¨ æ¨®­­ãî ä®à¬ã«¨à®¢ªã § ¤ ç¨ (1.1), (1.2) ¢ ¯à®áâà ­áâ¢¥

H1

 = fu 2 H1


; uj@
0
= 0g:

� ¤ ç  1.1. � ©â¨ äã­ªæ¨î u 2 H
1


, ã¤®¢«¥â¢®àïîéãî ¨­â¥£à «ì­®¬ã â®¦¤¥áâ¢ã

Z


gradT u � grad v dx dy =

Z


fv dx dy 8v 2 H

1


: (1.3)

�§¢¥áâ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ 1.1. �« ¤ª®áâì à¥è¥­¨ï
§ ¢¨á¨â ®â £« ¤ª®áâ¨ ¯à ¢®© ç áâ¨ ¨ ¢¥«¨ç¨­ë ã£«®¢ á ¢¥àè¨­ ¬¨ ¢ ã£«®¢ëå â®çª å £à ­¨æë
[7]. �à¥¤¯®«®¦¥­¨ï ® £« ¤ª®áâ¨ à¥è¥­¨ï ¡ã¤¥¬ ®£®¢ à¨¢ âì ®â¤¥«ì­®.

� §®¡ì¥¬ ®¡« áâì 
 ­  ¤¢¥ ­¥­ «¥£ îé¨¥ ¯®¤®¡« áâ¨: 
1 á £à ­¨æ¥© @
1 ¨ 
2 á £à ­¨æ¥©
@
2. �à¥¤¯®«®¦¨¬, çâ® @
0 ï¢«ï¥âáï ç áâìî £à ­¨æë @
1, @
12 ï¢«ï¥âáï ®¡é¥© ç áâìî £à ­¨æ
@
1 ¨ @
2 ¨ ­ §ë¢ ¥âáï ¨­â¥àä¥©á®¬. �à¥¤¯®«®¦¨¬, çâ® @
12 ï¢«ï¥âáï «®¬ ­®©.

�ãáâì u1 | á«¥¤ äã­ªæ¨¨ u ­  
1, u2 | á«¥¤ äã­ªæ¨¨ u ­  
2, f1 | á«¥¤ äã­ªæ¨¨ f ­  
1,
f2 | á«¥¤ äã­ªæ¨¨ f ­  
2.

�®£¤  § ¤ çã (1.1), (1.2) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

�@
2u1
@x2

� @2u1
@y2

= f1(x; y) ¢ 
1; (1.4)

�@
2u2
@x2

� @2u2
@y2

= f2(x; y) ¢ 
2; (1.5)

u1j@
0
= 0; (1.6)

@u1
@n

���
@
1n(@
0[@
12)

= 0;
@u2
@n

���
@
2n@
12

= 0; (1.7)

u1j@
12
= u2j@
12

;
@u1
@n1

���
@
12

= �@u2
@n2

���
@
12

: (1.8)

� áá¬®âà¨¬ ¯à®áâà ­áâ¢® E = H1

1
�H1


2
á ­®à¬®© k(u1; u2)k2E = ku1k2H1


1

+ ku2k2H1


2

. �¢¥¤¥¬

¯à®áâà ­áâ¢® U = f(u1; u2) 2 H
1


1
�H1


2
; u1 = u2 ­  @
12g, £¤¥ H1


1
= fu 2 H1


1
, uj@
0

= 0g.
�®¢¯ ¤¥­¨¥ u1 ¨ u2 ­  ¨­â¥àä¥©á¥ ¯®­¨¬ ¥âáï ª ª á®¢¯ ¤¥­¨¥ ­  @
12 á«¥¤®¢ äã­ªæ¨© ¨§

H
1


1
¨ H1


2
. �â¨ á«¥¤ë ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã H

1

2

@
12
.

U ï¢«ï¥âáï ¯®¤¯à®áâà ­áâ¢®¬ ¯à®áâà ­áâ¢  E. �«¥¤®¢ â¥«ì­®, ­  ¥£® í«¥¬¥­â å ®¯à¥¤¥«¥­ 
k � kE .

� ¤¨¬ ¢ à¨ æ¨®­­ãî ä®à¬ã«¨à®¢ªã § ¤ ç¨ (1.4){(1.8).

� ¤ ç  1.2. � ©â¨ (u1; u2) 2 U , çâ®¡ë

a[(u1; u2); (v1; v2)] = f(v1; v2) 8(v1; v2) 2 U;

£¤¥

a[(u1; u2); (v1; v2)] =
Z

1

(gradT u1 � grad v1)dx dy +
Z

2

(gradT u2 � grad v2)dx dy; (1.9)

f(v1; v2) =
Z

1

f1v1dx dy +
Z

2

f2v2dx dy:
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�¥¬¬  1.1. �à®áâà ­áâ¢® U ï¢«ï¥âáï § ¬ª­ãâë¬ ¯®¤¯à®áâà ­áâ¢®¬ ¯à®áâà ­áâ¢  E.

�¥¬¬  1.2. �â®¡à ¦¥­¨¥ (u1; u2)) k(u1; u2)kA, £¤¥

k(u1; u2)k2A = a[(u1; u2); (u1; u2)];

¥áâì ­®à¬  ­  ¯à®áâà ­áâ¢¥ U .

�¥¬¬  1.3. �®à¬ë k(u1; u2)kA ¨ k(u1; u2)kE íª¢¨¢ «¥­â­ë.

�®ª § â¥«ìáâ¢®. �¥à ¢¥­áâ¢®

k(u1; u2)kA � k(u1; u2)kE (1.10)

®ç¥¢¨¤­®.
�áâ ¥âáï ¯®ª § âì, çâ® áãé¥áâ¢ã¥â ª®­áâ ­â  C > 0 â ª ï, çâ®

k(u1; u2)kA � Ck(u1; u2)kE : (1.11)

�ç¥¢¨¤­®,

k(u1; u2)k2A + ku2k2L2;
2 � C2k(u1; u2)k2E: (1.12)

�à¥¤¯®«®¦¨¬, çâ® (1.11) ­¥ ¢ë¯®«­ï¥âáï. �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì
(u1k; u2k) 2 U , çâ®

(i) k(u1k; u2k)kE = 1 8k;
(ii) k(u1k; u2k)kA <

1
k
:

�§ (i) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ (u1k; u2k) (®¡®§­ -
ç¥­¨ï á®åà ­ï¥¬), ª®â®à ï á« ¡® áå®¤¨âáï ¢ U ¨ á¨«ì­® ¢ L2;
1

� L2;
2
. �â®â ¯à¥¤¥« ®¡®§­ ç¨¬

ç¥à¥§ (eu1; eu2). � á¨«ã á« ¡®© ¯®«ã­¥¯à¥àë¢­®áâ¨ á­¨§ã ®â®¡à ¦¥­¨ï (u1; u2) 2 U ! k(u1; u2)kA
(¤«ï â®¯®«®£¨¨, ¨­¤ãæ¨à®¢ ­­®© ­®à¬®© k � kE ) ¨§ (ii) á«¥¤ã¥â (eu1; eu2) = 0.

�á¯®«ì§ãï (1.12) ¨ (ii), ¯®«ãç¨¬

0 < C2 = C2k(u1k; u2k)k2E � k(u1k; u2k)k2A + ku2kk
2

L2;
2
<

1
k2

+ ku2kk2L2;
2 :

�à ¢ ï ç áâì ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  áâà¥¬¨âáï ª ­ã«î ¯à¨ k ! 1,   «¥¢ ï ï¢«ï¥âáï ¯®«®-
¦¨â¥«ì­®© ª®­áâ ­â®©. �à¨è«¨ ª ¯à®â¨¢®à¥ç¨î. �¥à ¢¥­áâ¢® (1.11) ¤®ª § ­®. �§ (1.10), (1.11)
á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ç áâ® ¨á¯®«ì§ãîâáï ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ ®¡ íª¢¨¢ «¥­â-
­ëå ­®à¬¨à®¢ª å ([8], á. 444{445).

�¥£ª® ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1.1. � ¤ ç¨ 1:1 ¨ 1:2 íª¢¨¢ «¥­â­ë.
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2. �®áâà®¥­¨¥ ¨ ¨áá«¥¤®¢ ­¨¥ ¢®§¬ãé¥­­®© § ¤ ç¨ (§ ¤ ç¨ á® èâà ä®¬)

�à¨ ¤¨áªà¥â¨§ æ¨¨ § ¤ ç¨ 1.2 ­  ­¥áâëªãîé¨åáï á¥âª å âàã¤­® ã¤®¢«¥â¢®à¨âì £« ¢­®¬ã
ãá«®¢¨î á®¢¯ ¤¥­¨ï äã­ªæ¨© u1 ¨ u2 ­  ¨­â¥àä¥©á¥. �®íâ®¬ã íâ® £« ¢­®¥ ãá«®¢¨¥ § ¬¥­ï¥âáï
¥áâ¥áâ¢¥­­ë¬ á ¯ à ¬¥âà®¬ �

@u1
@n1

���
@
12

= ��(u1 � u2)j@
12
:

�ç¥¢¨¤­®, íâ® ¥áâ¥áâ¢¥­­®¥ ãá«®¢¨¥  ¯¯à®ªá¨¬¨àã¥â ¯à¨ ¡®«ìè¨å � £« ¢­®¥ ãá«®¢¨¥ á®¢¯ ¤¥­¨ï
äã­ªæ¨© u1 ¨ u2 ­  ¨­â¥àä¥©á¥.

�®­áâ ­â  � > 0 ¨£à ¥â à®«ì èâà ä . �®£¤  ¢¬¥áâ® § ¤ ç¨ (1.4){(1.8) ¯®«ãç ¥¬ § ¤ çã

�@
2u�1
@x2

� @2u�1
@y2

= f1(x; y) ¢ 
1;

�@
2u�2
@x2

� @2u�2
@y2

= f2(x; y) ¢ 
2;

u�1 j@
0
= 0;

@u�1
@n

���
@
1n(@
0[@
12)

= 0;
@u�2
@n

���
@
2n@
12

= 0;

@u�1
@n1

���
@
12

= ��(u�1 � u�2 )j@
12
;

@u�1
@n1

���
@
12

= �@u
�
2

@n2

���
@
12

:

� ¤¨¬ â¥¯¥àì ¢ à¨ æ¨®­­ãî ä®à¬ã«¨à®¢ªã § ¤ ç¨ á® èâà ä®¬, ª®â®àãî ¬®¦­® ­ §¢ âì ¢®§-
¬ãé¥­­®©.

�à®áâà ­áâ¢® U 0 = f(u1; u2) 2 H
1


1
� H1


2
g ï¢«ï¥âáï ¯®¤¯à®áâà ­áâ¢®¬ ¯à®áâà ­áâ¢  E, ­ 

¥£® í«¥¬¥­â å ®¯à¥¤¥«¥­  k � kE.
� ¤ ç  2.1. � ©â¨ (u1�; u2�) 2 U 0, ã¤®¢«¥â¢®àïîéãî ¢ à¨ æ¨®­­®¬ã ãà ¢­¥­¨î

a0[(u1�; u2�); (v1; v2)] � a[(u1�; u2�); (v1; v2)] + �b[(u1�; u2�); (v1; v2)] = f(v1; v2)

8(v1; v2) 2 U 0, £¤¥

a[(u1�; u2�); (v1; v2)] =
Z

1

(gradT u1� � grad v1)dx dy +
Z

2

(gradT u2� � grad v2)dx dy; (2.1)

b[(u1�; u2�); (v1; v2)] =
Z
@
12

(u1� � u2
�)(v1 � v2)ds; (2.2)

f(v1; v2) =
Z

1

f1v1dx dy +
Z

2

f2v2dx dy: (2.3)

�â¬¥â¨¬, çâ® ¢ ®¯à¥¤¥«¥­¨¨ ¯à®áâà ­áâ¢  U 0 ã¦¥ ­¥â âà¥¡®¢ ­¨ï á®¢¯ ¤¥­¨ï u1 ¨ u2 ­ 
¨­â¥àä¥©á¥. �â® ®ç¥­ì ¢ ¦­® ¤«ï ç¨á«¥­­®© à¥ «¨§ æ¨¨.

�¥¬¬  2.1. �â®¡à ¦¥­¨¥

(u1; u2)) k(u1; u2)kA0 ; (2.4)

£¤¥

k(u1; u2)k2A0 = a0[(u1; u2); (u1; u2)] (2.5)

¥áâì ­®à¬  ­  ¯à®áâà ­áâ¢¥ U 0.

�®  ­ «®£¨¨ á «¥¬¬®© 1.3 ¤®ª §ë¢ ¥âáï

�¥¬¬  2.2. �®à¬ë k(u1; u2)kA0 ¨ k(u1; u2)kE íª¢¨¢ «¥­â­ë.
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�¥®à¥¬  2.1. �ãáâì f 2 H�1

 . �®£¤  § ¤ ç  2:1 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ «¥¬¬ë � ªá {�¨«ì£à ¬  ([9], áá. 19,
20). �à¨ íâ®¬

R

i

fividx dy, i = 1; 2, á«¥¤ã¥â ¯®­¨¬ âì ª ª ®â­®è¥­¨¥ ¤¢®©áâ¢¥­­®câ¨ ¬¥¦¤ã H�1

i

¨ H1

i
.

3. �¨áªà¥â¨§ æ¨ï. �å®¤¨¬®áâì

�à®¢¥¤¥¬ âà¨ ­£ã«ïæ¨î c ¤¨ ¬¥âà®¬ h1 ®¡« áâ¨ 
1 ¨ âà¨ ­£ã«ïæ¨î á ¤¨ ¬¥âà®¬ h2 ®¡« -
áâ¨ 
2. �¡¥ âà¨ ­£ã«ïæ¨¨ ¯à¥¤¯®« £ îâáï à¥£ã«ïà­ë¬¨ ([9], áá. 48, 133). �  ¨­â¥àä¥©á¥ @
12

á¥âª¨ ­¥ áâëªãîâáï, â. ¥. ¥á«¨ ã§¥« ®¤­®© á¥âª¨ ¯à¨­ ¤«¥¦¨â ¨­â¥àä¥©áã, â® ®­ ­¥®¡ï§ â¥«ì­®
ï¢«ï¥âáï ã§«®¬ ¢â®à®© á¥âª¨. �¡®§­ ç¨¬ ¯®«ãç¥­­ãî á¥âªã ç¥à¥§ Th � Th1 �Th2 . �à¨¬¥à â ª®©
á¥âª¨ ¯à¨¢¥¤¥­ ­  à¨á. 2 ­¨¦¥.

� áá¬®âà¨¬ ª®­¥ç­®¬¥à­®¥ ¯à®áâà ­áâ¢® Sh � Sh1 � Sh2 « £à ­¦¥¢ëå á¯« ©­®¢ ¯¥à¢®© áâ¥-
¯¥­¨, ¯®áâà®¥­­ëå ­  á¥âª¥ Th. �ç¥¢¨¤­®, Sh � E. �ãáâì Sh � Sh1�Sh2 | ¯®¤¯à®áâà ­áâ¢® ¯à®-
áâà ­áâ¢  Sh â ª®¥, çâ® ¥£® í«¥¬¥­âë ¯à¨­¨¬ îâ ­ã«¥¢ë¥ §­ ç¥­¨ï ­  @
0. �ç¥¢¨¤­®, Sh 2 U 0.
�â¬¥â¨¬, çâ® í«¥¬¥­âë ¯à®áâà ­áâ¢  Sh â¥à¯ïâ à §àë¢ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ ¨­â¥àä¥©á.

�®áâà®¨¬ ¤¨áªà¥â­ãî § ¤ çã, á®®â¢¥âáâ¢ãîéãî § ¤ ç¥ 2.1.

� ¤ ç  3.1. � ©â¨ (u�1;h; u
�
2;h) 2 Sh â ª, çâ®

a0[(u�1;h; u
�
2;h); (v1;h; v2;h)] � a[(u�1;h; u

�
2;h); (v1;h; v2;h)] +

+ �b[(u�1;h; u
�
2;h); (v1;h; v2;h)] = f(v1;h; v2;h) (3.1)

8(v1;h; v2;h) 2 Sh, £¤¥ a, b ¨ f ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (2:1), (2:2), (2:3) á®®â¢¥âáâ¢¥­­®.

�ç¥¢¨¤­®, çâ® ¢ à¨ æ¨®­­®¥ ãà ¢­¥­¨¥ (3.1) íª¢¨¢ «¥­â­® á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢­¥-
­¨©. �§ à¥§ã«ìâ â®¢ ¯à¥¤ë¤ãé¥£® ¯ à £à ä  á«¥¤ã¥â, çâ® ¯à¨ � > 0 ¬ âà¨æ  á¨áâ¥¬ë ¯®«®¦¨-
â¥«ì­® ®¯à¥¤¥«¥­ , á«¥¤®¢ â¥«ì­®, á¨áâ¥¬  ®¤­®§­ ç­® à §à¥è¨¬ .

�¨¦¥ ¯®«ãç¨¬ ®æ¥­ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨. �à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ¬¥â®¤¨ª  [10].
�¡®§­ ç¨¬

(e1; e2) � (u1; u2)� (u�1;h; u
�
2;h); (3.2)

£¤¥ (u1; u2) | à¥è¥­¨¥ § ¤ ç¨ 1.2,   (u�1;h; u
�
2;h) | à¥è¥­¨¥ § ¤ ç¨ 3.1.

�¥®à¥¬  3.1. �à¥¤¯®«®¦¨¬, çâ® à¥è¥­¨¥ § ¤ ç¨ 1:1 u 2 H
1




T
H2




T
H2
@
12

, á«¥¤®¢ â¥«ì­®,

à¥è¥­¨¥ § ¤ ç¨ 1:2 (u1; u2) 2 H � U
T
H2


1
�H2


2

T
H2
@
12

�H2
@
12

. �®£¤ 

k(e1; e2)kA0 � C((��
1

2 + h)k(u1; u2)kH2


1
�H2


2

+ �
1

2h2k(u1; u2)kH2

@
12
�H2

@
12

); (3.3)

ku�1;h � u�2;hkL2;@
12 = ke1 � e2kL2;@
12 �
� C((��1 + ��

1

2h)k(u1; u2)kH2


1
�H2


2

+ h2k(u1; u2)kH2

@
12
�H2

@
12

); (3.4)

£¤¥ h = max(h1; h2).

�®ª § â¥«ìáâ¢®. �§¢¥áâ­®, çâ® ¤«ï ª ¦¤®£® (u1; u2) 2 H áãé¥áâ¢ã¥â ¨­â¥à¯®«ï­â � £à ­-
¦  (Lh1u1; Lh2u2) â ª®©, çâ®

kui � LhiuikH1


i

� ChikuikH2


i

; (3.5.1)

kui � LhiuikL2;@
12 � Ch2i kuikH2

@
12

; (3.5.2)

kui � LhiuikL2;@
12 � Ch
3

2

i kuik
3

2

H@
12
� Ch

3

2

i kuikH2


i

: (3.5.3)

� ¬¥â¨¬, çâ® Lh1u1 ¨ Lh2u2 ­  ¨­â¥àä¥©á¥ @
12 ­¥ á®¢¯ ¤ îâ.
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O¡®§­ ç¨¬

("1; "2) � (u1; u2)� (Lh1u1; Lh2u2); (3.6)

£¤¥ (u1; u2) | à¥è¥­¨¥ § ¤ ç¨ 1.2.
�§ (3.2) ¨ (3.6)

(�1;�2) = (e1; e2)� ("1; "2) = (Lh1u1; Lh2u2)� (u�1;h; u
�
2;h) 2 Sh: (3.7)

�§ (3.7) á«¥¤ã¥â

a0((�1;�2); (�1;h; �2;h))=a0((e1; e2); (�1;h; �2;h))�a0(("1; "2); (�1;h; �2;h)) 8(�1;h; �2;h) 2 Sh: (3.8)

�§ (3.1) ¨ (3.2) á«¥¤ã¥â

a0((e1; e2); (�1;h; �2;h)) = a0((u1; u2); (�1;h; �2;h))� a0((u�1;h; u
�
2;h); (�1;h; �2;h)) =

= a0((u1; u2); (�1;h; �2;h))� f(�1;h; �2;h): (3.9)

�§ (3.9) ¯®«ãç ¥¬

ja0((u1; u2); (�1;h; �2;h))j �
�



@u1@n1






L2;@
12

+




@u2@n2






L2;@
12

�
k(�1;h; �2;h)kL2;@
12�L2;@
12 �

� ��
1

2 k(u1; u2)kH2


1
�H2


2

k(�1;h; �2;h)kA0 : (3.10)

�§ (3.5.1), (3.5.2) ¨ (3.6) á«¥¤ã¥â

k("1; "2)kA0 � (k("1; "2)kH1


1
�H1


2

+ �
1

2 k("1; "2)kL2;@
12�L2;@
12 ) �
� C(hk(u1; u2)kH2


1
�H2


2

+ �
1

2h2k(u1; u2)kH2

@
12
�H2

@
12

): (3.11)

�§ (3.8), (3.10), (3.11) ¨¬¥¥¬

k(�1;�2)kA0 � C((��
1

2 + h)k(u1; u2)kH2


1
�H2


2

+ �
1

2h2k(u1; u2)kH2

@
12
�H2

@
12

): (3.12)

�§ (3.7), (3.11), (3.12) á«¥¤ã¥â (3.3).
�á¯®«ì§ãï (3.3), ¯®«ãç¨¬

ke1 � e2kL2;
12 � C��
1

2 k(e1; e2)kA0 �
� C((��1 + ��

1

2h)k(u1; u2)kH2


1
�H2


2

+ h2k(u1; u2)kH2

@
12
�H2

@
12

): (3.13)

�§ (3.13) á«¥¤ã¥â (3.4).

�«¥¤áâ¢¨¥. �à¨ � = h�2 (3.3) ¤ ¥â

k(e1; e2)kA0 � Ch(k(u1; u2)kH2


1
�H2


2

+ k(u1; u2)kH2

@
12
�H2

@
12

):

�§ (3.4) ¯à¨ � = h�2 á«¥¤ã¥â

ku�1;h � u�2;hkL2;@
12 = ke1 � e2kL2;@
12 � Ch2(k(u1; u2)kH2


1
�H2


2

+ k(u1; u2)kH2

@
12
�H2

@
12

): (3.14)

�ë¡à ¢ ¢ (3.3) � = h�
3

2 , ¨¬¥¥¬

k(e1; e2)kA0 � Ch
3

4 (k(u1; u2)kH2


1
�H2


2

+ k(u1; u2)kH2

@
12
�H2

@
12

):

�®«ãç¨¬ â¥¯¥àì ®æ¥­ªã ¯®£à¥è­®áâ¨ (e1; e2) ¢ ­®à¬¥ ¯à®áâà ­áâ¢  L2;
1
� L2;
2

.

�¥®à¥¬  3.2. �ãáâì à¥è¥­¨¥ § ¤ ç¨ 1:2 (u1; u2) 2 U
T
H2


1
�H2


2
. �®£¤ 

k(e1; e2)kL2;
1�L2;
2 � C(��1 + ��
1

2h+ h
3

2 + h2 + �
1

2h
5

2 + �h3)k(u1; u2)kH2


1
�H2


2

: (3.15)
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�®ª § â¥«ìáâ¢®. �à¨ ¯®«ãç¥­¨¨ ®æ¥­®ª ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¬¥â®¤®¬ �¡í­ {�¨âè¥ ([9],
á. 138-141).

�«ï ª ¦¤®© äã­ªæ¨¨ (u1; u2) 2 U
T
H2


1
�H2


2
áãé¥áâ¢ã¥â ¨­â¥à¯®«ï­â � £à ­¦  (Lh1u1; Lh2u2)

â ª®©, çâ® ¤«ï ­¥£® á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (3.5.1), (3.5.3).
�®­ ¤®¡ïâáï ®æ¥­ª¨, ¯®å®¦¨¥ ­  (3.11), (3.13), (3.14), ­® ¡®«¥¥ £àã¡ë¥. �­¨ ¯®«ãç îâáï

 ­ «®£¨ç­®, ­® á ¨á¯®«ì§®¢ ­¨¥¬ (3.5.3) ¢¬¥áâ® (3.5.2). �â¨ ®æ¥­ª¨ â ª®¢ë

k("1; "2)kA0 � C(h+ �
1

2h
3

2 )k(u1; u2)kH2


2
�H2


2

; (3.11.1)

k(e1; e2)kA0 � C(��
1

2 + h+ �
1

2h
3

2 )k(u1; u2)kH2


2
�H2


2

; (3.13.1)

ke1 � e2kL2;
12 � C(��1 + ��
1

2h+ h
3

2 )k(u1; u2)kH2


2
�H2


2

; (3.14.1)

k"1 � "2kL2;@
12 � Ch
3

2 k(u1; u2)kH2


2
�H2


2

: (3.16)

� § ¤ ç¥ 1.2 ¢ë¡¥à¥¬

f(v1; v2) =
Z

1

e1v1dx dy +
Z

2

e2v2dx dy:

�¡®§­ ç¨¬ à¥è¥­¨¥ § ¤ ç¨ á â ª®© ¯à ¢®© ç áâìî ç¥à¥§ (w1; w2). �ç¥¢¨¤­®, ¢ ãá«®¢¨ïå â¥®-
à¥¬ë (w1; w2) 2 U

T
H2


1
�H2


2
. �®£¤  [7]

k(w1; w2)kH2


1
�H2


2

� Ck(e1; e2)kL2;
1�L2;
2 : (3.17)

�¡®§­ ç¨¬

N((e1; e2); (w1; w2)) = a0((e1; e2); (w1; w2))� ((e1; e2); A(w1; w2)); (3.18)

N((e1; e2); (w1; w2)) =
Z
@
12

@w1

@n1
e1ds+

Z
@
12

@w2

@n2
e2ds =

Z
@
12

@w1

@n1
(e1 � e2)ds:

�á¯®«ì§ãï (3.14.1) ¨ (3.17), ¨¬¥¥¬

jN((e1; e2); (w1; w2))j =




@w1

@n1






L2;@
12

ke1 � e2kL2;@
12 �

� Ck(w1; w2)kH2


1
�H2


2

(��1 + ��
1

2h+ h
3

2 )k(u1; u2)kH2


1
�H2


2

�
� Ck(e1; e2)kL2;
1�L2;
2 (��1 + ��

1

2h+ h
3

2 )k(u1; u2)kH2


1
�H2


2

: (3.19)

�§ (3.17), (3.18) ¯®«ãç¨¬

k(e1; e2)k2L2;
1�L2;
2 = a0((v1; v2); (w1; w2))�N((e1; e2); (w1; w2)): (3.20)

� áá¬®âà¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (3.20)

a0((v1; v2); (w1; w2)) = a0((v1; v2); (w1; w2)� (Lh1w1; Lh2w2)) + a0((v1; v2); (Lh1w1; Lh2w2)): (3.21)

�æ¥­¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (3.21), ¨á¯®«ì§ãï (3.11.1) (¢ íâ®© ä®à¬ã«¥ (u1; u2)
á«¥¤ã¥â ¯®«®¦¨âì à ¢­ë¬ (w1; w2)), (3.17), (3.13.1),

ja0((v1; v2); (w1; w2)� (Lh1w1; Lh2w2))j � k(e1; e2)kA0k(w1; w2)� (Lh1w1; Lh2w2)kA0 �
� Ck(e1; e2)kA0(h+ �

1

2h
3

2 )k(w1; w2)kH2


1
�H2


2

� C(h+ �
1

2h
3

2 )k(e1; e2)kA0k(e1; e2)kL2;
1�L2;
2

�
� C(��

1

2h+ h
3

2 + h2 + �
1

2h
5

2 + �h3)k(u1; u2)kH2


1
�H2


2

k(e1; e2)kL2;
1�L2;
2 : (3.22)
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�æ¥­¨¬ ¢â®à®¥ á« £ ¥¬®¥   ¯à ¢®© ç áâ¨ (3.21)

a0((e1; e2); (Lh1w1; Lh2w2)) = a0((u1; u2); (Lh1w1; Lh2w2))�
� a0((u�1h; u

�
2h); (Lh1w1; Lh2w2)) = a0((u1; u2); (Lh1w1; Lh2w2)� (w1; w2)) + a0((u1; u2); (w1; w2))�
� f(Lh1w1; Lh2w2) = a0((u1; u2); (Lh1w1; Lh2w2)� (w1; w2)) + f(w1; w2)�

� f(Lh1w1; Lh2w2) = (A(u1; u2); (Lh1w1; Lh2w2)� (w1; w2)) + f(w1; w2)� f(Lh1w1; Lh2w2) +

+
Z
@
12

@u1
@n1

(Lh1w1 � w1)ds+
Z
@
12

@u2
@n2

(Lh2w2 � w2)ds =

=
Z
@
12

@u1
@n1

(Lh1w1 � w1)ds+
Z
@
12

@u2
@n2

(Lh2w2 �w2)ds: (3.23)

�  ®á­®¢ ­¨¨ (3.23) ¨¬¥¥¬

ja0((e1; e2); (Lh1w1; Lh2w2))j � k(u1; u2)kH2


1
�H2


2

h
3

2 k(w1; w2)kH2

@
12
�H2

@
12

�
� Ch

3

2 k(e1; e2)kL2;
1�L2;
2k(u1; u2)kH2


1
�H2


2

: (3.24)

�§ (3.19){(3.24) á«¥¤ã¥â (3.15).

�«¥¤áâ¢¨¥. �ë¡à ¢ ¢ (3.15) � = h�2, ¯®«ãç¨¬

k(e1; e2)kL2;
1�L2;
2 � Chk(u1; u2)kH2


1
�H2


2

;

â. ¥. ¯à¨ â ª®¬ � áª®à®áâì áå®¤¨¬®áâ¨ ¢ ­®à¬¥ L2;
1
� L2;
2

â ª ï ¦¥, ª ª ¨ ¢ ­®à¬¥ H1

1
�H1


2
.

�ë¡à ¢ ¢ (3.15) � = h�
3

2 , ¯®«ãç¨¬

k(e1; e2)kL2;
1�L2;
2 � Ch
3

2 k(u1; u2)kH2


1
�H2


2

;

â. ¥. ¢ íâ®¬ á«ãç ¥ áª®à®áâì áå®¤¨¬®áâ¨ ¢ ­®à¬¥ L2;
1
� L2;
2

¡®«ìè¥, ç¥¬ ¢ ­®à¬¥ H1

1
�H1


2
.

4. �¨á«¥­­ë© íªá¯¥à¨¬¥­â

M¥â®¤ ®¯à®¡®¢ «áï ­  ¬®¤¥«ì­ëå § ¤ ç å. � áá¬®âà¨¬ ®¤­ã ¨§ ­¨å. � ®¡« áâ¨ 
, ¨§®¡à -
¦¥­­®© ­  à¨á. 1, ¨é¥âáï à¥è¥­¨¥ ãà ¢­¥­¨ï

�@
2u

@x2
� @2u

@y2
= f(x; y);

ã¤®¢«¥â¢®àïîé¥£® £à ­¨ç­ë¬ ãá«®¢¨ï¬

ujI = g1(y);

ujII = g2(x);

@u

@x
jIII = g3(y);�

@u

@y
+ u

����
IV
= g4(x);�

@u

@x
+ u

����
V
= g5(y);�

@u

@y
+ u

����
VI
= g6(x):

�®áâà®¨¬ ¨­â¥àä¥©á @
12, ª ª ¯®ª § ­® ­  à¨á. 1.
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�¨á. 1. �¡« áâì 
 á ¨­â¥àä¥©á®¬.

�¡®§­ ç¨¬ ç¥à¥§ u1 á«¥¤ u ­  
1, ç¥à¥§ u2 | á«¥¤ u ­  
2. �á«®¢¨ï ­  ¨­â¥àä¥©á¥ ¨¬¥îâ ¢¨¤

@u1
@n1

j@
12
= ��(u2 � u1)j@
12

;
@u1
@n1

j@
12
= �@u2

@n2
j@
12

;

£¤¥ � > 0 | èâà ä.

�®£¤  ¢ à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª  § ¤ ç¨ á® èâà ä®¬ ¨¬¥¥â ¢¨¤

­ ©â¨

(u1; u2) 2 U = f(u1; u2) 2 H1

1
�H1


2
; u2jI1 = g1(y); u1jII = g2(x); u1jI2 = g1(y)g;

ã¤®¢«¥â¢®àïîéãî á«¥¤ãîé¥¬ã ¨­â¥£à «ì­®¬ã â®¦¤¥áâ¢ã

a0((u1; u2); (v1; v2)) =
Z

1

�
@u1
@x

@v1
@x

+
@u1
@y

@v1
@y

�
dx dy +

Z

2

�
@u2
@x

@v2
@x

+
@u2
@y

@v2
@y

�
dx dy +

+
Z 2

1

u1v1jy=1dx+
Z 2

1

u2v2jx=1dy +
Z 1

0

u2v2jy=2dx+ �

Z 1

0

(u1 � u2)(v1 � v2)jy=1dx =
Z

1

f1v1dx dy +

+
Z

2

f2v2dx dy +
Z 1

0
g3(y)v1jx=2dy +

Z 2

1
g4(x)v1jy=1dx+

Z 2

1
g5(y)v2jx=1dy +

Z 1

0
g6(x)v2jy=2dx = f(v)

8(v1; v2) 2 U = f(u1; u2) 2 H1

1
�H1


2
; u2jI1 = 0; u1jII = 0; u1jI2 = 0g:

� ¯à¥¤¯®«®¦¥­¨¨ f(x; y) 2 H�1

 ¯à®¢¥àï¥âáï ¢ë¯®«­¨¬®áâì ãá«®¢¨© «¥¬¬ë � ªá {�¨«ì£à ¬ 

([7], á.19{20), ¨§ ª®â®à®© á«¥¤ã¥â ®¤­®§­ ç­ ï à §à¥è¨¬®áâì à áá¬ âà¨¢ ¥¬®© § ¤ ç¨.

� «¥¥ ¯à®¨§¢®¤¨âáï âà¨ ­£ã«ïæ¨ï ®¡« áâ¨ á ¨á¯®«ì§®¢ ­¨¥¬ ­¥áâëªãîé¥©áï á¥âª¨, ª ª ¯®-
ª § ­® ­  à¨á. 2.

41



�¨á. 2. �à¨ ­£ã«ïæ¨ï ®¡« áâ¨ á ¨á¯®«ì§®¢ ­¨¥¬ ­¥áâëªãîé¥©áï á¥âª¨.

� £ ¢ ®¡« áâ¨ 
2 ®¡®§­ ç¨¬ ç¥à¥§ h, ®­ ¢ ¤¢  à §  ¬¥­ìè¥ è £  ¢ ®¡« áâ¨ 
1. �¥áâëª®¢ª 
¨¬¥¥â ¬¥áâ® ­  ¨­â¥àä¥©á¥ ¢ â®çª å, ï¢«ïîé¨åáï á¥à¥¤¨­ ¬¨ áâ®à®­ ¡®«ìè¨å âà¥ã£®«ì­¨ª®¢.

�à¨¡«¨¦¥­¨¥ ª à¥è¥­¨î ¨é¥âáï ¢ ¢¨¤¥ « £à ­¦¥¢ëå á¯« ©­®¢ ¯¥à¢®© áâ¥¯¥­¨. �â¬¥â¨¬,
çâ® íâ®â á¯« ©­ à §àë¢¥­ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ ¨­â¥àä¥©á.

�à¨ ä®à¬¨à®¢ ­¨¨ ¬ âà¨æë á¨áâ¥¬ë ¨á¯®«ì§ã¥âáï áâ ­¤ àâ­ ï â¥å­®«®£¨ï á¡®àª¨ ¬ âà¨æë
¯® í«¥¬¥­â ¬ ([11], á. 75{94).

�à¨ ¢ëç¨á«¥­¨¨ ¯à ¢ëå ç áâ¥© ¯à¨¬¥­ïîâáï ä®à¬ã«ë ç¨á«¥­­®£® ¨­â¥£à¨à®¢ ­¨ï � ãáá 
([12], c. 202{204).

�«ï à¥è¥­¨ï ¯®«ãç¥­­®© á¨áâ¥¬ë ¨á¯®«ì§ãîâáï áâ ­¤ àâ­ë¥ ¯à®æ¥¤ãàë ¯ ª¥â  MATLAB.

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ à¥§ã«ìâ âë ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢. �ç¥â ¢¥«áï ¤«ï § ¤ ç á ¨§¢¥áâ-
­ë¬ â®ç­ë¬ à¥è¥­¨¥¬. � ª ç¥áâ¢¥ â®ç­®£® à¥è¥­¨ï ¢ë¡¨à «¨áì äã­ªæ¨¨ u = x2 + y2 + 1,
u = x+ 1=(y + 1), u = sinx+ cos y + 1, u = exp(xy) ¨ ¤àã£¨¥.

�®£à¥è­®áâ¨ ¢ëç¨á«ï«¨áì ¢ ­®à¬¥ H1

1
� H1


2
, ¬ ªá¨¬ã¬-­®à¬¥, ¥¢ª«¨¤®¢®© ­®à¬¥ ¨ ¯®â®-

ç¥ç­®. � ç¥áâ¢¥­­ ï ª àâ¨­  ¯®¢¥¤¥­¨ï ®â­®á¨â¥«ì­ëå ¯®£à¥è­®áâ¥© ¢ § ¢¨á¨¬®áâ¨ ®â è £ 
¨ èâà ä  ¤«ï ¢á¥å ­®à¬ ®¤­  ¨ â  ¦¥. �à¨ ä¨ªá¨à®¢ ­­®¬ è £¥ ¨ ã¢¥«¨ç¥­¨¨ èâà ä  ®â­®-
á¨â¥«ì­ ï ¯®£à¥è­®áâì á­ ç «  ¤®¢®«ì­® ¡ëáâà® ã¬¥­ìè ¥âáï (íâ® ¯à®¨áå®¤¨â ¢ ¯à®¬¥¦ãâª¥
§­ ç¥­¨© � ®â 2 ¤® 102{104). � â¥¬ ¯®£à¥è­®áâì ®áâ ¥âáï ¬ «®© ¨ ¯®çâ¨ ¯®áâ®ï­­®© (¯à®¬¥¦ãâ®ª
¯à¨¬¥à­® ®â 104 ¤® 1011{1014), § â¥¬ ¯®£à¥è­®áâì ­ ç¨­ ¥â à áâ¨. �â® á¢ï§ ­® á à®áâ®¬ ç¨á« 
®¡ãá«®¢«¥­­®áâ¨ ¬ âà¨æë á¨áâ¥¬ë §  áç¥â à®áâ  �. �®íâ®¬ã ¢ë¡®à èâà ä  � ­¥ ¯à¥¤áâ ¢«ï-
¥â ¡®«ìè®£® âàã¤ , â ª ª ª ¯à®¬¥¦ãâ®ª ¤«ï �, ¯à¨ ª®â®à®¬ ¯®£à¥è­®áâì ¬ «  ¨ ¯à ªâ¨ç¥áª¨
¯®áâ®ï­­ , ¤®áâ â®ç­® ¢¥«¨ª.

� ¨¡®«ìè ï ¯®â®ç¥ç­ ï ¯®£à¥è­®áâì ¤®áâ¨£ ¥âáï ­  ¨­â¥àä¥©á¥.

�­ «®£¨ç­® ¢¥¤¥â á¥¡ï ¯®£à¥è­®áâì ¤«ï ä¨ªá¨à®¢ ­®£® � ¯à¨ ã¬¥­ìè¥­¨¨ h.

�  à¨á. 3 ¨ 4 ¯à¨¢¥¤¥­ë £à ä¨ª¨ § ¢¨á¨¬®áâ¨ ®â­®á¨â¥«ì­®© ¯®£à¥è­®áâ¨ ¢ ­®à¬¥ H1

1
�H1


2

®â ç¨á«  n = 1=(2h), ª®â®à®¥ ¬®¦­® ­ §¢ âì £ãáâ®â®© á¥âª¨. �à¨ íâ®¬ ¢ ¯¥à¢®¬ á«ãç ¥ ¬ë
¯®«®¦¨«¨ � = 4n2,   ¢® ¢â®à®¬ � = 2n. �®£« á­® ®æ¥­ª ¬ à §¤¥«  3 áª®à®áâì áå®¤¨¬®áâ¨
¢ ­®à¬¥ H1


1
� H1


2
¢ ¯¥à¢®¬ á«ãç ¥ à ¢­  O(h),   ¢® ¢â®à®¬ O(

p
h). �à¨¢¥¤¥­­ë¥ £à ä¨ª¨

á®£« áãîâáï á íâ¨¬¨ ®æ¥­ª ¬¨.
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�¨á. 3. �à ä¨ª § ¢¨á¨¬®áâ¨ ®â n ®â­®á¨â¥«ì-
­®© ¯®£à¥è­®áâ¨ ¢ ¯à®æ¥­â å ¢ ­®à¬¥ H1


1
�

H1

2

¯à¨ £ãáâ®â¥ á¥âª¨ n = 1:20 ¨ èâà ä¥
� = 4n2.

�¨á. 4. �à ä¨ª § ¢¨á¨¬®áâ¨ ®â n ®â­®á¨â¥«ì-
­®© ¯®£à¥è­®áâ¨ ¢ ¯à®æ¥­â å ¢ ­®à¬¥ H1


1
�

H1

2

¯à¨ £ãáâ®â¥ á¥âª¨ n = 1:20 ¨ èâà ä¥
� = 2n.

�à®¢¥¤¥­­ë¥ â¥®à¥â¨ç¥áª¨¥ ¨ ç¨á«¥­­ë¥ ¨áá«¥¤®¢ ­¨ï ¯®§¢®«ïîâ á¤¥« âì ¢ë¢®¤, çâ® ¬¥-
â®¤ èâà ä  ï¢«ï¥âáï íää¥ªâ¨¢­ë¬ ¬¥â®¤®¬ áâëª®¢ª¨ á¥â®ª. �­ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­ ¯à¨
à¥è¥­¨¨ ¬­®£¨å § ¤ ç ¬¥â®¤®¬ ª®­¥ç­ëå í«¥¬¥­â®¢.
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