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1. �¢¥¤¥¨¥

�§ãç ¥âáï ª« áá ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© âà¥âì¥£® ¯®àï¤ª , à §à¥è¥-
ëå ®â®á¨â¥«ì® áâ àè¥© ¯à®¨§¢®¤®©

y000 = f(x; y; y0; y00); (1)

ã ª®â®àëå ¯à ¢ ï ç áâì f ¯à¨ ¤«¥¦¨â ¥ª®â®à®¬ã § ¤ ®¬ã á¥¬¥©áâ¢ã äãªæ¨© F (f 2 F).
�®ç¥çë¥ ¯à¥®¡à §®¢ ¨ï ®¡é¥£® ¢¨¤ 

ex = ex(x; y); ey = ey(x; y) (2)

¯¥à¥¢®¤ïâ ãà ¢¥¨¥ (1) ¢ ®¢®¥ ãà ¢¥¨¥

ey000 = g(ex; ey; ey0; ey00): (3)

�á«¨ ¤«ï «î¡®© äãªæ¨¨ f 2 F ¯à ¢ ï ç áâì ¯à¥®¡à §®¢ ®£® ãà ¢¥¨ï (3) â ª¦¥ á®¤¥à-
¦¨âáï ¢ F : g 2 F, â® íâ®â ª« áá ãà ¢¥¨©  §ë¢ ¥âáïâ®ç¥ç®-¨¢ à¨ âë¬ ¨«¨ § ¬ªãâë¬
ª« áá®¬ ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© (2).

� ª ¯à ¢¨«®, ¨â¥à¥á ¢ë§ë¢ îâ á¯¥æ¨ «ìë¥ ª« ááë ãà ¢¥¨© (1), ¯à ¢ ï ç áâì ª®â®àëå
¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«¨®¬ ¨«¨ à æ¨® «ìãî äãªæ¨î ®â ¯à®¨§¢®¤ëå y0 ¨ y00.

� ¨¡®«¥¥ ¨§ãç¥ë© § ¬ªãâë© ª« áá ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£®
¯®àï¤ª  ¨¬¥¥â ¢¨¤

y00 = P (x; y) + 3Q(x; y)y0 + 3R(x; y)y02 + S(x; y)y03: (4)

�£® ¨§ãç¥¨¥ ¢®áå®¤¨â ª à ¡®â ¬ ª« áá¨ª®¢ ª®æ  XIX {  ç «  XX ¢¥ª®¢. � ¬ªãâ®áâì ª« áá 
ãà ¢¥¨© (4) ¯®§¢®«ï¥â áâà®¨âì ¤¨ää¥à¥æ¨ «ìë¥ ¨¢ à¨ âë ¨ ¯á¥¢¤®¨¢ à¨ âë, ¨áá«¥-
¤®¢ âì ¤®¯ãáª ¥¬ë¥ ¨¬¨ £àã¯¯ë ¯à¥®¡à §®¢ ¨©.

� ª®æ¥ XX ¢¥ª  ¢®§à®¤¨«áï ¨â¥à¥á ª â ª¨¬ ãà ¢¥¨ï¬. �â® á¢ï§ ® ¨ á à §¢¨â¨¥¬ ¬¥â®¤®¢
£àã¯¯®¢®£®   «¨§ , ¨ á ¯à¨«®¦¥¨ï¬¨ ãà ¢¥¨© â ª®£® ¢¨¤  ¢ â¥®à¨¨ ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬,
¨ á  ªâã «ì®áâìî ¨áá«¥¤®¢ ¨ï ãà ¢¥¨© �¥«¥¢¥. �®¢à¥¬¥®¥ á®áâ®ï¨¥ ¢ëç¨á«¨â¥«ì®©
â¥å¨ª¨ ¯®§¢®«¨«® ¯®áâà®¨âì ¯®«ãî ª« áá¨ä¨ª æ¨î ãà ¢¥¨© (4) ®â®á¨â¥«ì® â®ç¥çëå
¯à¥®¡à §®¢ ¨©, ª®â®àãî ¥«ì§ï ¡ë«® ¯®áâà®¨âì à ¥¥ ¨§-§  á«®¦ëå ¨ £à®¬®§¤ª¨å ¢ëç¨á«¥-
¨©.

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ INTAS (ª®¤ ¯à®¥ªâ  03-51-5007), �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ì-
ëå ¨áá«¥¤®¢ ¨© (£à âë òò05-01-00515, 05-01-97914) ¨ �¥¤¥à «ì®£®  £¥âáâ¢  ¯®  ãª¥ ¨ ¨®¢ æ¨ï¬
(£à â ò��-111/001/027).
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�®ç¥ç®-¨¢ à¨ âë© ª« áá ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© âà¥âì¥£® ¯®àï¤-
ª  ¡ë«  ©¤¥ ¢ [1]. �«ï â®£® çâ®¡ë á«¥¤ãîé¨¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï

y000 = [B(x; y)y002 + [P (x; y)y02 +Q(x; y)y0 +R(x; y)]y00 + S(x; y)y05 +

+ L(x; y)y04 +K(x; y)y03 +M(x; y)y02 +N(x; y)y0 + T (x; y)]=[Y (x; y)�X(x; y)y0] (5)

¯®¤ ¤¥©áâ¢¨¥¬ ¥¢ëà®¦¤¥ëå â®ç¥çëå ¯à¥®¡à §®¢ ¨© (2) á®åà ï«¨ á¢®© ¢¨¤, ¥®¡å®¤¨¬® ¨
¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥

B(x; y) = �3X(x; y):

� §®¢¥¬ ª« áá (5) ¬¨¨¬ «ìë¬ § ¬ªãâë¬ ª« áá®¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© âà¥âì¥£® ¯®àï¤ª . �â®â ª« áá ãà ¢¥¨© § ¬¥ç â¥«¥ â ª¦¥ â¥¬, çâ® ¥¬ã ¯à¨ ¤«¥-
¦ â ¢á¥ âà¨ ¤æ âì ãà ¢¥¨© �¥«¥¢¥ âà¥âì¥£® ¯®àï¤ª , ¨§¢¥áâëå ª ª ãà ¢¥¨ï � §¨.

�¤ ª® ®ª § «®áì, çâ® ãà ¢¥¨¥, ¢®§¨ª îé¥¥ ¯à¨ ¨áá«¥¤®¢ ¨¨ â®çëå à¥è¥¨© ¥«¨¥©-
®£® ãà ¢¥¨ï �à¥¤¨£¥à  [2]{[4],

y000 =
y002

2y0
� 2

y02

x2
+

1
C2

�
C1y

0 �
x

4C2
(xy0 � y)

�
+
(xy0 � y)2

8C4y0
(6)

¥ ¯à¨ ¤«¥¦¨â ª« ááã (5). � á¢ï§¨ á íâ¨¬ ¯®ï¢¨« áì ¥®¡å®¤¨¬®áâì ¢ à áè¨à¥¨¨ ¬¨¨¬ «ì-
®£® ª« áá  ãà ¢¥¨©.

2. �®à¬ã«ë ¯à¥®¡à §®¢ ¨ï ¯à®¨§¢®¤ëå

�¡®§ ç¨¬ (i + j)-î ¯à®¨§¢®¤ãî äãªæ¨¨ �(x; y) ç¥à¥§ �i:j = @i+j�=@xi@yj . �®£¤  ¯àï¬ ï
¨ ®¡à â ï ¬ âà¨æë ¯à¥®¡à §®¢ ¨ï ¯«®áª®áâ¨ (2) ¯à¨¬ãâ ¢¨¤

S =
�
x1:0 x0:1
y1:0 y0:1

�
; T =

�ex1:0 ex0:1ey1:0 ey0:1
�
;

¯à¨ç¥¬ detS 6= 0.
� ª®ë ¯à¥®¡à §®¢ ¨ï ¯à®¨§¢®¤ëå y0, y00 y000 ¯®¤ ¤¥©áâ¢¨¥¬ â®ç¥çëå ¯à¥®¡à §®¢ ¨© (2)

§ ¯¨èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:

y0 =
y1:0 + y0:1 ey0

x1:0 + x0:1 ey0
; (7)

y00 =
b0ey00 + b1ey03 + b2ey02 + b3ey0 + b4

(x1:0 + x0:1 ey0)3
; (8)

£¤¥ b0 = detS, b1 = x0:1y0:2 � y0:1x0:2, b2 = x1:0y0:2 � y1:0x0:2 + 2x0:1y1:1 � 2x1:1y0:1, b3 = x0:1y2:0 �
x2:0y0:1 + 2x1:0y1:1 � 2x1:1y1:0, b4 = x1:0y2:0 � y1:0x2:0,

y000 = [a0ey000ey0 + a1ey000 + a2ey002 + a3ey00ey02 + a4ey00 ey0 + a5ey00 +

+ a6ey05 + a7ey04 + a8ey03 + a9ey02 + a10ey0 + a11]=[(x1:0 + x0:1 ey0)5]; (9)

£¤¥ a0 = x0:1 � detS, a1 = x1:0 � detS, ª®íää¨æ¨¥âë a0; : : : ; a11 ¥ § ¢¨áïâ ®â y0, y00.
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3. �¥à¢®¥ à áè¨à¥¨¥ ¬¨¨¬ «ì®£® § ¬ªãâ®£® ª« áá  ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©

�ã¤¥¬ ¨áª âì ª« áá ãà ¢¥¨©, § ¬ªãâë© ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© (2), ª®â®àë© á®-
¤¥à¦¨â ¢ á¥¡¥ ãà ¢¥¨¥ (6). �«ï íâ®£® ¤®¡ ¢¨¬ ¢ ç¨á«¨â¥«ì ãà ¢¥¨ï (5) áâ àè¨© ç«¥
U(x; y)y002y0. �à¥®¡à §ã¥¬ ¯®«ãç¥®¥ ãà ¢¥¨¥, ¨á¯®«ì§ãï ä®à¬ã«ë (7){(9):

y000 = f[U(x; y)y0 +B(x; y)]y002 + [W (x; y)y03 + P (x; y)y02 +

+Q(x; y)y0 +R(x; y)]y00 + V (x; y)y06 + S(x; y)y05 + L(x; y)y04 +K(x; y)y03 +

+M(x; y)y02 +N(x; y)y0 + T (x; y)g=[Y (x; y) +X(x; y)y0 + Z(x; y)y02]: (10)

�à¥®¡à §ã¥¬ â¥¯¥àì ãà ¢¥¨¥ (10) á ãç¥â®¬ ä®à¬ã« (7){(9):

ey000 = f[ eU1ey02 + eU ey0 + eB]ey002 + [fW1ey04 + fW ey03 + eP ey02 + eQey0 + eR]ey00 +

+ eV1ey07 + eV ey06 + eSey05 + eLey04 + fKey03 + fM ey02 + eN ey0 + eTg=[(eY + eXey0 + eZey02)(x1:0 + x0:1ey0)]: (11)

�¢¥¤¥¬ âà¨ äãªæ¨¨,  áá®æ¨¨à®¢ ë¥ á ãà ¢¥¨¥¬ (11),

f(z) =
eU1z

2 + eUz + eB
x1:0 + x0:1z

; (12)

g(z) =
fW1z

4 + fWz3 + ePz2 + eQz + eR
x1:0 + x0:1z

; (13)

h(z) =
eV1z7 + eV z6 + eSz5 + eLz4 + fKz3 + fMz2 + eNz + eT

x1:0 + x0:1z
: (14)

�¨ ¨¬¥îâ ¯®«îáë ¯¥à¢®£® ¯®àï¤ª  ¢ â®çª¥ z0 = �x1:0=x0:1. �«ï â®£® çâ®¡ë ª« áá ãà ¢¥¨©
(10) ¡ë« § ¬ªãâ ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© (2), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ëç¥âë
äãªæ¨© f(z), g(z) ¨ h(z) ¢ â®çª¥ z0 ¡ë«¨ à ¢ë ã«î [1]. �¥¯®áà¥¤áâ¢¥ë¬ ¯®¤áç¥â®¬  ©¤¥¬
íâ¨ ¢ëç¥âë

Re zz=z0f(z) = (detS)3(U � 3Z)=x20:1;

Re zz=z0g(z) = 2(det S)3(U � 3Z)(x2:0x20:1 � 2x1:1x1:0x0:1 + x0:2x
2

1:0)=x
5

0:1;

Re zz=z0h(z) = (detS)3(U � 3Z)(x2:0x20:1 � 2x1:1x1:0x0:1 + x0:2x
2

1:0)
2=x80:1:

�«ï â®£® çâ®¡ë ¢á¥ âà¨ ¢ëç¥â  äãªæ¨© f(z), g(z) ¨ h(z) ¢ â®çª¥ z0 ¡ë«¨ à ¢ë ã«î,
¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥

U(x; y) = 3Z(x; y):

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬ . �«¥¤ãîé¨© ª« áá ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

y000 = [y002(q0 + 3k2y0) + y00(r0 + r1y
0 + r2y

02 + r3y
03)+

+p0 + p1y
0 + p2y

02 + p3y
03 + p4y

04 + p5y
05 + p6y

06]=[k0 + k1y
0 + k2y

02] (15)

£¤¥ ª®íää¨æ¨¥âë q0, r0, r1, r2, p0; p1; : : : ; p6, k0, k1, k2 § ¢¨áïâ ®â x, y ¨ ¥ § ¢¨áïâ ®â y0, y00,

§ ¬ªãâ ®â®á¨â¥«ì® â®ç¥çëå ¯à¥®¡à §®¢ ¨© (2).

� §®¢¥¬ § ¬ªãâë© ª« áá ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (15) ¯¥à¢ë¬ à áè¨à¥¨¥¬ ª« áá 

(5). �à ¢¥¨¥ (6) ¯à¨ ¤«¥¦¨â ª« ááã (15).
�¢â®à ¡« £®¤ à¨â ¯à®ä¥áá®à®¢ �.�. �¥à¥é £¨  ¨ �.�.�®¢®ªè¥®¢  §  ®¡áã¦¤¥¨ï ¨ æ¥-

ë¥ § ¬¥ç ¨ï.
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