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�¤­¨¬ ¨§ ¯¥à¢ëå ¨áá«¥¤®¢ â¥«¥©, ®¡à â¨¢è¨å ¢­¨¬ ­¨¥ ­  ¯¥àá¯¥ªâ¨¢ë ¨á¯®«ì§®¢ ­¨ï à¨-
¬ ­®¢ëå ¯®¢¥àå­®áâ¥© ¤«ï à¥è¥­¨ï § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨, ¡ë«  �.�.�¨¡à¨ª®¢ . � à ¡®â¥ [1]
¯ãâ¥¬ á¢¥¤¥­¨ï ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­  ­  à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ ¨§ãç îâáï ®á­®¢­ë¥ § ¤ ç¨
â¥®à¨¨ ã¯àã£®áâ¨ ¤«ï ®¡« áâ¥©, ®£à ­¨ç¥­­ëå  «£¥¡à ¨ç¥áª¨¬¨ ªà¨¢ë¬¨. � [2] ¬¥â®¤ à¨¬ ­®-
¢ëå ¯®¢¥àå­®áâ¥© ¯à¨¬¥­ï¥âáï ¤«ï à¥è¥­¨ï àï¤  ¯«®áª¨å ªà ¥¢ëå § ¤ ç â¥®à¨¨  ­ «¨â¨ç¥áª¨å
äã­ªæ¨© ¨ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, ª ª®â®àë¬ á¢®¤ïâáï ¬­®£¨¥ ¯à¨ª« ¤­ë¥ § -
¤ ç¨. � [3], [4] ãª § ­­ë¬ ¬¥â®¤®¬ à¥è¥­ë ®á­®¢­ë¥ § ¤ ç¨ â¥®à¨¨ ã¯àã£®áâ¨ ¤«ï ¯«®áª®áâ¨
á ª®­¥ç­ë¬ ç¨á«®¬ ª®««¨­¥ à­ëå à §à¥§®¢, ¢ª«îç ï ­ ¨¡®«¥¥ á«®¦­ãî ¨ ­ ¨¡®«¥¥ ¨­â¥à¥á-
­ãî ¤«ï ¯à¨«®¦¥­¨© á¬¥è ­­ãî § ¤ çã ¯à¨ ¯à®¨§¢®«ì­®¬ à á¯®«®¦¥­¨¨ â®ç¥ª á¬¥­ë â¨¯ 
£à ­¨ç­ëå ãá«®¢¨© ­  ¡¥à¥£ å à §à¥§®¢. � §«¨ç­ë¥ á«ãç ¨ ¯®á«¥¤­¥© § ¤ ç¨ â¥¬ ¦¥ ¬¥â®¤®¬
¨§ãç îâáï ¢ [5], [6]. �¥â®¤ á¢¥¤¥­¨ï àï¤  ª®­â ªâ­ëå § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨ ¤«ï á¨áâ¥¬ë ¯®«ã-
¯«®áª®áâ¥© ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­  ­  à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ ®¯¨á ­ ¢ [7]. � [8]{[11] à¨¬ ­®¢ 
¯®¢¥àå­®áâì ¨á¯®«ì§ã¥âáï ¤«ï à¥è¥­¨ï ®á­®¢­ëå § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨ ­¥¯®áà¥¤áâ¢¥­­® ­ 
à¨¬ ­®¢ëå ¯®¢¥àå­®áâïå á à §à¥§ ¬¨ ¨ ¤«ï ¨§ãç¥­¨ï à §«¨ç­ëå ¬®¤¥«¥© ã¯àã£®© ¢¨­â®¢®© ¯®-
¢¥àå­®áâ¨. �® ¢á¥å ¯¥à¥ç¨á«¥­­ëå à ¡®â å à áá¬ âà¨¢ îâáï § ¤ ç¨ ¤«ï ®¤­®à®¤­ëå ã¯àã£¨å
áà¥¤. � á«ãç ïå ­¥®¤­®à®¤­ëå áà¥¤ ¨ ª®­áâàãªæ¨© ¬¥â®¤ à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© ¤«ï à¥è¥­¨ï
à §«¨ç­ëå § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨ ¯à¨¬¥­ï¥âáï ¢ [12]{[14]. �à¨«®¦¥­¨ï ¤ ­­®£® ¬¥â®¤  ¤«ï
à¥è¥­¨ï ¤àã£¨å § ¤ ç ¬¥å ­¨ª¨ ¨ ä¨§¨ª¨ ®¯¨á ­ë ¢ [15] ¨ [16].

� ¤ ­­®© à ¡®â¥ ¬¥â®¤®¬ à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© à¥è ¥âáï ¯«®áª ï § ¤ ç  â¥®à¨¨ ã¯àã£®-
áâ¨ ® ­ ¯àï¦¥­­®¬ á®áâ®ï­¨¨ ªãá®ç­®-®¤­®à®¤­®© ¯«®áª®áâ¨ á á¨áâ¥¬®© ¬¥¦ä §­ëå âà¥é¨­ ¨
¯®«­®áâìî ®âá«®¨¢è¨åáï ®â áà¥¤ë â®­ª¨å ¦¥áâª¨å ®áâà®ã£®«ì­ëå ¬¥¦ä §­ëå ¢ª«îç¥­¨© ¯®¤
¤¥©áâ¢¨¥¬ § ¤ ­­ëå ­  ¡¥áª®­¥ç­®áâ¨ ­ ¯àï¦¥­¨© ¨ ª®­¥ç­®£® ç¨á«  á®áà¥¤®â®ç¥­­ëå á¨« ¨
¯ à á¨«, à á¯®«®¦¥­­ëå ª ª ¢ á ¬¨å áà¥¤ å, â ª ¨ ­  «¨­¨¨ à §¤¥«  áà¥¤. �à¥¤¯®« £ ¥âáï,
çâ® ­  ¯à®¤®«¦¥­¨ïå âà¥é¨­ (¢á¥å ¨«¨ ­¥ª®â®àëå) ¨¬¥îâáï «¨­¨¨ áª®«ì¦¥­¨ï ­¥¨§¢¥áâ­ëå
§ à ­¥¥ ¤«¨­. � ¯®¬®éìî ¢¨¤®¨§¬¥­¥­­ëå ä®à¬ã« �®«®á®¢ {�ãáå¥«¨è¢¨«¨ § ¤ ç  á¢®¤¨âáï
ª ¤¢ã¬ ®â¤¥«ì­ë¬ ªà ¥¢ë¬ § ¤ ç ¬ �¨¬ ­  ­  ¤¢ã«¨áâ­ëå, ¢®®¡é¥ £®¢®àï, à §­ëå à¨¬ ­®-
¢ëå ¯®¢¥àå­®áâïå. �¥è¥­¨ï ª ª íâ¨å § ¤ ç, â ª ¨ ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë á®áâ ¢­®© ã¯àã-
£®© ¯«®áª®áâ¨ ¢ëà ¦ îâáï ï¢­® ç¥à¥§ ®á­®¢­ë¥ äã­ªæ¨®­ «ë ¯®¢¥àå­®áâ¥© ¨ ç¥à¥§ à¥è¥­¨¥
¢¥é¥áâ¢¥­­®£®  ­ «®£  ¯à®¡«¥¬ë �ª®¡¨ ®¡à é¥­¨ï  ¡¥«¥¢ëå ¨­â¥£à «®¢ ¯¥à¢®£® à®¤  ­  ®¤-
­®© ¨§ ¯®¢¥àå­®áâ¥©. � å®¤ïâáï  á¨¬¯â®â¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥­¨ï ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ ¢
®ªà¥áâ­®áâïå ¢¥àè¨­ âà¥é¨­, ¢ª«îç¥­¨© ¨ ª®­æ®¢ «¨­¨© áª®«ì¦¥­¨ï, ­  ®á­®¢ ­¨¨ ª®â®àëå
¢ë¢®¤ïâáï ãà ¢­¥­¨ï ¤«ï ®¯à¥¤¥«¥­¨ï ¤«¨­ «¨­¨© áª®«ì¦¥­¨ï ¨  ­ «¨â¨ç¥áª¨¥ ä®à¬ã«ë ¤«ï
ª®íää¨æ¨¥­â®¢ ¨­â¥­á¨¢­®áâ¨ ­ ¯àï¦¥­¨©.

� §«¨ç­ë¥ ¬®¤¥«¨ ¬¥¦ä §­®© âà¥é¨­ë ¨ ¨å á¨áâ¥¬ë ¡ë«¨ ¯à¥¤¬¥â®¬ ¨áá«¥¤®¢ ­¨© ¬­®£¨å
 ¢â®à®¢, ®á­®¢­ë¥ à¥§ã«ìâ âë ª®â®àëå ®âà ¦¥­ë ¢ [17]{[19]. �®«­®áâìî ®âá«®¨¢è¥¥áï ®â áà¥¤ë
®â¤¥«ì­®¥ â®­ª®¥ ¦¥áâª®¥ ¬¥¦ä §­®¥ ¢ª«îç¥­¨¥ à áá¬ âà¨¢ ¥âáï ¢ ([20], á. 216{218). � §«¨ç­ë¥

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

¯à®¥ªâ 04-01-00160.
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ç áâ­ë¥ á«ãç ¨ ¯®áâ ¢«¥­­®© ¢ ¤ ­­®© à ¡®â¥ § ¤ ç¨ à¥è¥­ë ¬¥â®¤®¬ à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥©
¢ [21]{[24]. � ¤ ç  ® ¬¥¦ä §­ëå «¨­¥©­ëå á¨­£ã«ïà­®áâïå à §«¨ç­®© ¯à¨à®¤ë ¯à¨ ®âáãâáâ¢¨¨
á®áà¥¤®â®ç¥­­ëå á¨« ¨­ë¬ ¬¥â®¤®¬ à¥è¥­  ¢ [25].

1. �®áâ ­®¢ª  ¬¥å ­¨ç¥áª®© § ¤ ç¨

�ãáâì ¢ ªãá®ç­®-®¤­®à®¤­®© ¯«®áª®áâ¨, á®áâ ¢«¥­­®© ¨§ à §­ëå ¯® ã¯àã£¨¬ á¢®©áâ¢ ¬ ¢¥àå-
­¥© ¨ ­¨¦­¥© ¯®«ã¯«®áª®áâ¥©, ­  «¨­¨¨ à §¤¥«  áà¥¤ Im z = 0 à á¯®«®¦¥­ë âà¥é¨­ë [ak; bk],
k = 1; 2; : : : ;m, ¨ ¯®«­®áâìî ®âá«®¨¢è¨¥áï ®â áà¥¤ë â®­ª¨¥ ¦¥áâª¨¥ ®áâà®ã£®«ì­ë¥ ¢ª«îç¥­¨ï
[ck; dk], k = 1; 2; : : : ; n. �¥àå­ïï ¯®«ã¯«®áª®áâì ¨¬¥¥â ¬®¤ã«ì á¤¢¨£  �1 ¨ ª®íää¨æ¨¥­â �ã áá®-
­  �1, ­¨¦­ïï | �2 ¨ �2 á®®â¢¥âáâ¢¥­­®. � á®áâ ¢­®© ¯«®áª®áâ¨, ¢­¥ âà¥é¨­ ¨ ¢ª«îç¥­¨©, ¢
â®çª å zk, k = 1; 2; : : : ; l, ¤¥©áâ¢ãîâ á®áà¥¤®â®ç¥­­ë¥ á¨«ë Xk + iYk ¨ ¯ àë á¨« á ¬®¬¥­â ¬¨
Mk ®â­®á¨â¥«ì­® â®ç¥ª zk. �à¥é¨­ë ¨ ¢ª«îç¥­¨ï à á¯®«®¦¥­ë ¤àã£ ®â­®á¨â¥«ì­® ¤àã£  ¯à®-
¨§¢®«ì­®. � á¯®«®¦¥­¨¥ â®ç¥ª zk â ª¦¥ ¬®¦¥â ¡ëâì «î¡ë¬, ¯à¨ç¥¬ ç áâì ¨§ ­¨å ¬®¦¥â ¡ëâì
à á¯®«®¦¥­  ­  «¨­¨¨ à §¤¥«  áà¥¤.

�®áª®«ìªã ¬®¤¥«ì ª« áá¨ç¥áª®© ¬¥¦ä §­®© âà¥é¨­ë ¯à¨ «î¡ëå ¢¨¤ å ­ £àã§®ª ¯à¨¢®¤¨â ª
ä¨§¨ç¥áª®¬ã ¯à®â¨¢®à¥ç¨î | ¯¥à¥å«¥áâã ¡¥à¥£®¢ âà¥é¨­ë ¢ ®ªà¥áâ­®áâïå ¥¥ ¢¥àè¨­ [26], [27],
â®, á«¥¤ãï [28], ¤«ï ãáâà ­¥­¨ï íâ®£® ¯à®â¨¢®à¥ç¨ï ¡ã¤¥¬ ¯®« £ âì ­ «¨ç¨¥ ­  ¯à®¤®«¦¥­¨ïå
âà¥é¨­ «¨­¨© áª®«ì¦¥­¨ï [ak � l0k; ak] ¨ [bk; bk + l00k ] á ­¥¨§¢¥áâ­ë¬¨ § à ­¥¥ ¤«¨­ ¬¨ l0k ¨ l00k ,
ª®â®àë¥ ­ å®¤ïâáï ¯®á«¥ à¥è¥­¨ï § ¤ ç¨ ¨§ ãá«®¢¨© ®£à ­¨ç¥­­®áâ¨ ­ ¯àï¦¥­¨© ¢ â®çª å ak,
bk. � ­¥ª®â®àëå á«ãç ïå, ¨áå®¤ï ¨§ ä¨§¨ç¥áª®© áãâ¨ § ¤ ç¨, ç áâì ç¨á¥« l0k, l

00
k ¬®¦­® § à ­¥¥

¡à âì à ¢­ë¬¨ ­ã«î. �ã¤¥¬ áç¨â âì, çâ® ¢á¥ ç¨á«  l0k, l
00
k ¨§¢¥áâ­ë, ¨ ®âà¥§ª¨ [ak � l0k; bk + l00k ],

k = 1; 2; : : : ;m ¨ [ck; dk], k = 1; 2; : : : ; n, ¬¥¦¤ã á®¡®© ®¡é¨å â®ç¥ª ­¥ ¨¬¥îâ.
�  ¡¥à¥£ å âà¥é¨­ áç¨â ¥¬ § ¤ ­­ë¬¨ §­ ç¥­¨ï ­®à¬ «ì­®£® �y ¨ ª á â¥«ì­®£® �xy ­ ¯àï-

¦¥­¨©

(�y � i�xy)
�(t) = p�(t); t 2 L1; L1 =

m[
k=1

(ak; bk); (1.1)

­  áâ®à®­ å ¢ª«îç¥­¨©| §­ ç¥­¨ï ª á â¥«ì­®£® ­ ¯àï¦¥­¨ï ¨ ¯à®¨§¢®¤­®© @v=@x ®â ­®à¬ «ì-
­®© ª®¬¯®­¥­âë ¢¥ªâ®à  á¬¥é¥­¨ï

��xy(t) = q�(t); (@v=@x)�(t) = s�(t); t 2 L2; L2 =
n[

k=1

(ck; dk); (1.2)

­  «¨­¨ïå áª®«ì¦¥­¨ï | §­ ç¥­¨ï ª á â¥«ì­®£® ­ ¯àï¦¥­¨ï ¨ ¯à¥¤¯®« £ ¥¬ ­¥¯à¥àë¢­®áâì
­®à¬ «ì­®£® ­ ¯àï¦¥­¨ï ¨ ­®à¬ «ì­®© ª®¬¯®­¥­âë ¢¥ªâ®à  á¬¥é¥­¨ï

��xy(t) = q�(t); �+y (t) = ��y (t); v+(t) = v�(t); t 2 L3; L3 =
m[
k=1

((ak � l0k; a) [ (bk; bk + l00k)):
(1.3)

�­¥ «¨­¨¨ L = L1 [L2 [ L3 ¯®«ã¯«®áª®áâ¨ ¦¥áâª® á®¥¤¨­¥­ë ¤àã£ á ¤àã£®¬, çâ® ¢ëà ¦ ¥âáï ¢
­¥¯à¥àë¢­®áâ¨ ¢¥ªâ®à  á¬¥é¥­¨© ¨ ¢¥ªâ®à  ­ ¯àï¦¥­¨©. �  ¡¥áª®­¥ç­®áâ¨ á®áâ ¢­®© ¯«®áª®áâ¨
áç¨â ¥¬ § ¤ ­­ë¬¨ §­ ç¥­¨ï ­®à¬ «ì­ëå �x, �y, ª á â¥«ì­®£® �xy ­ ¯àï¦¥­¨© ¨ ¢à é¥­¨ï ":

�1x1 = �1; �1x2 = �2; �1y1 = �1y2 = �; �1xy1 = �1xy2 = �; "11 = "1; "12 = "2;

¯®¤ç¨­¥­­ë¥ ãá«®¢¨ï¬ ­¥à §àë¢­®áâ¨ á¬¥é¥­¨© ­  ¡¥áª®­¥ç­®áâ¨ [29]

�2(1 + {1)�1 � �1(1 + {2)�2 = [�1{2 � �2{1 + 3(�2 � �1)]�;

2�1�2("1 � "2) = (�1 � �2)�:

�­¤¥ªá \1" §¤¥áì ¨ ¤ «¥¥ á®®â¢¥âáâ¢ã¥â ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨, ¨­¤¥ªá \2" | ­¨¦­¥©, ¨ {j =
3 � 4�j , j = 1; 2. �à®¬¥ â®£®, áç¨â ¥¬ § ¤ ­­ë¬¨ §­ ç¥­¨ï ­®à¬ «ì­ëå ª®¬¯®­¥­â Nk £« ¢­ëå
¢¥ªâ®à®¢ ¢­¥è­¨å á¨«, ¤¥©áâ¢ãîé¨å ­  ¢ª«îç¥­¨ï [ck; dk], k = 1; 2; : : : ; n.
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�à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨¨ (ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë), ç¥à¥§ ª®â®àë¥ ¢ëà ¦ îâáï ¬¥å -

­¨ç¥áª¨¥ ¯ à ¬¥âàë á®áâ ¢­®© ã¯àã£®© ¯«®áª®áâ¨ (­ ¯àï¦¥­¨ï, ¢à é¥­¨¥, á¬¥é¥­¨ï), ¨ ¨á-

á«¥¤®¢ âì ¨å ¯®¢¥¤¥­¨¥ ¢¡«¨§¨ ¢¥àè¨­ âà¥é¨­, ¢ª«îç¥­¨© ¨ ª®­æ®¢ «¨­¨© áª®«ì¦¥­¨ï.

2. �à ¥¢ ï § ¤ ç  ¤«ï ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢

�«ï ­ å®¦¤¥­¨ï ¬¥å ­¨ç¥áª¨å ¯ à ¬¥âà®¢ ¢®á¯®«ì§ã¥¬áï ¯à¥¤«®¦¥­­ë¬¨ �.�.�¥à¥¯ ­®-
¢ë¬ ([30], á. 37{38) ¢¨¤®¨§¬¥­¥­¨ï¬¨ ¨§¢¥áâ­ëå ä®à¬ã« �®«®á®¢ {�ãáå¥«¨è¢¨«¨. �®£« á­® ¨¬
­ ¯àï¦¥­¨ï �x, �y, �xy ¢à é¥­¨¥ " ¨ ç áâ­ ï ¯à®¨§¢®¤­ ï ¯® x ®â ¢¥ªâ®à  á¬¥é¥­¨ï u + iv ¢
â®çª¥ z = x+ iy á®áâ ¢­®© ¯«®áª®áâ¨ ­ å®¤ïâáï ¯® á«¥¤ãîé¨¬ ä®à¬ã« ¬:

¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ Im z > 0

�x + �y = 4Re�(z); 2�1" = (1 + {1) Im�(z);

�y � i�xy = �(z) + 
(z) + (z � z)�0(z); (2.1)

2�1(u+ iv)0x = {1�(z)�
(z)� (z � z)�0(z);

¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨ Im z < 0

�x + �y = 4ReF (z); 2�2" = (1 + {2) ImF (z);

�y � i�xy = F (z) + �3
(z) + �4�(z) + (z � z)F 0(z); (2.2)

2�2(u+ iv)0x = {2F (z) � �3
(z)� �4�(z)� (z � z)F 0(z);

F (z) = �1�(z) + �2
(z);

�1 =
�1 + �2{1

�1(1 + {2)
; �2 =

�1 � �2
�1(1 + {2)

; �3 =
�2 + �1{2

�1(1 + {2)
; �4 =

�1{2 � �2{1

�1(1 + {2)
;

£¤¥ �(z), 
(z) | ¨áª®¬ë¥ ªãá®ç­®-£®«®¬®àä­ë¥ äã­ªæ¨¨ ª« áá  h0(L) ([31], á. 256) á «¨­¨¥©
à §àë¢  L. �â¨ äã­ªæ¨¨ ¨ ¡ã¤¥¬ ¡à âì ¢ ª ç¥áâ¢¥ ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ á®áâ ¢­®© ã¯àã£®©
¯«®áª®áâ¨.

�§ (1.1){(1.3) ­  ®á­®¢ ­¨¨ ä®à¬ã« (2.1), (2.2) ¯à¨ ãá«®¢¨ïå

lim
z!t�i0

(z � z)�0(z) = 0; lim
z!t�i0

(z � z)
0(z) = 0; t 2 L; (2.3)

¯®«ãç¨¬ ªà ¥¢ë¥ ãá«®¢¨ï

�+(t) + 
�(t) = p+(t);

�1��(t) + �2
�(t) + �3
+(t) + �4�+(t) = p�(t); t 2 L1;

Im[{1�+(t)� 
�(t)] = 2�1s+(t);

Im[{2�1��(t) + {2�2
�(t)� �3
+(t)� �4�+(t)] = 2�2s�(t); t 2 L2;

Re[�+(t) + 
�(t)] = Re[�1��(t) + �2
�(t) + �3
+(t) + �4�+(t)];

�2 Im[{1�+(t)� 
�(t)] = �1 Im[{2�1��(t) + {2�2
�(t)� �3
+(t)� �4�+(t)]; t 2 L3;

Im[�+(t) + 
�(t)] = �q+(t);
Im[�1��(t) + �2
�(t) + �3
+(t) + �4�+(t)] = �q�(t); t 2 L2 [ L3:

(2.4)

�ã­ªæ¨¨ �(z), 
(z) ¢ëà ¦ îâáï ç¥à¥§ á®®â¢¥âáâ¢ãîé¨¥ ¢¥àå­¥© ¨ ­¨¦­¥© ¯®«ã¯«®áª®áâï¬
ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë �ãáå¥«¨è¢¨«¨ �1(z), 	1(z) ¨ �2(z), 	2(z) ¯® ä®à¬ã« ¬ [30]: ¯à¨
Im z>0

�(z) = �1(z); 
(z) =
1
�3
[�2(z) + z�02(z) + 	2(z)]� �4

�3
�1(z)
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¨ ¯à¨ Im z < 0

�(z) =
1
�1
�2(z)� �2

�1
[�1(z) + z�01(z) + 	1(z)]; 
(z) = �1(z) + z�01(z) + 	1(z):

�§ íâ¨å ä®à¬ã« ¨ ¨§¢¥áâ­ëå ¯à¥¤áâ ¢«¥­¨© ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ �ãáå¥«¨è¢¨«¨ ¢ ®ªà¥áâ-
­®áâïå â®ç¥ª ¯à¨«®¦¥­¨ï á®áà¥¤®â®ç¥­­ëå á¨« ¨ ¯ à á¨« ([32], á. 195{200) ¯®«ãç îâáï á«¥¤ãî-
é¨¥ ¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨© �(z), 
(z) ¢¡«¨§¨ â®ç¥ª zk ¨ zk.

�á«¨ Im zk > 0, â®

�(z) = � Xk + iYk
2�(1 + {1)(z � zk)

+O(1); 
(z) � ��4
�3
�(z) ¯à¨ z ! zk; (2.5)


(z) =
{1(Xk + iYk)

2�(1 + {1)(z � zk)
+
(zk � zk)(Xk � iYk) + i(1 + {1)Mk

2�(1 + {1)(z � zk)2
+O(1);

�(z) � �(�2=�1)
(z) ¯à¨ z ! zk:

�á«¨ Im zk < 0, â®

�(z) = � Xk + iYk
2��1(1 + {2)(z � zk)

+O(1); 
(z) ®£à ­¨ç¥­  ¯à¨ z ! zk; (2.6)


(z) =
{2(Xk + iYk)

2��3(1 + {2)(z � zk)
+
(zk � zk)(Xk � iYk) + i(1 + {2)Mk

2��3(1 + {2)(z � zk)2
+O(1);

�(z) ®£à ­¨ç¥­  ¯à¨ z ! zk:

�á«¨ Im zk = 0, â®

�(z) = � Xk + iYk
2��1(1 + {2)(z � zk)

+O(1); (2.7)


(z) =
{2(Xk + iYk)

2��3(1 + {2)(z � zk)
+
i(Mk � zkYk)
2��3(z � zk)2

+O(1) ¯à¨ z ! zk:

�à¥¤áâ ¢«¥­¨ï (2.5), (2.6) ¯®«ãç¥­ë ¯à¨ ãá«®¢¨¨, çâ® â®çª  zk ­¥ á®¢¯ ¤ ¥â ­¨ á ®¤­®© ¨§
®áâ «ì­ëå â®ç¥ª zj (j 6= k). �á«¨ ª ª¨¥-â® ¤¢¥ â®çª¨ zk ¨ zj á®¢¯ ¤ îâ, â® ¢ â®çª å zk = zj ¨
zj = zk ¯à®¨áå®¤¨â ­ «®¦¥­¨¥ ®á®¡¥­­®áâ¥© äã­ªæ¨© �(z) ¨ 
(z), çâ® ¢ëà ¦ ¥âáï ¢ áã¬¬¨à®-
¢ ­¨¨ á®®â¢¥âáâ¢ãîé¨å ¯à¥¤áâ ¢«¥­¨© íâ¨å äã­ªæ¨© ¯à¨ z ! zk ¨ z ! zk.

� ®ªà¥áâ­®áâ¨ ¡¥áª®­¥ç­®áâ¨ ¨¬¥îâ ¬¥áâ® ¯à¥¤áâ ¢«¥­¨ï

�(z) = �1 + �3z�1 +O(z�2); 
(z) = �2 + �4z�1 +O(z�2); (2.8)

�1 =
1
4
(�1 + �) + 2i�1(1 + {1)�1"1; �2 = � � i� � �1;

�3 = � �1
�1 + �2{1

X + iY

2�
; �4 =

�1{2

�2 + �1{2

X + iY

2�
;

£¤¥

X + iY = i

Z
L1

[p+(t)� p�(t)]dt+
Z
L2

[q+(t)� q�(t)]dt+
mX
k=1

Nk +
lX

k=1

(Xk + iYk)

| £« ¢­ë© ¢¥ªâ®à ¢­¥è­¨å á¨«, ¤¥©áâ¢ãîé¨å ­  âà¥é¨­ å, ¢ª«îç¥­¨ïå ¨ ¢ â®çª å zk.
� ª¨¬ ®¡à §®¬, ¤«ï ­ å®¦¤¥­¨ï ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ �(z), 
(z) á®áâ ¢­®© ã¯àã£®©

¯«®áª®áâ¨ ¨¬¥¥¬ ªà ¥¢ãî § ¤ çã (2.4) ¢ ª« áá¥ äã­ªæ¨© h0(L), ¨¬¥îé¨å ¢ ®ªà¥áâ­®áâïå â®ç¥ª
zk, zk, k = 1; 2; : : : ; l, ¨ ¡¥áª®­¥ç­®áâ¨ ¯à¥¤áâ ¢«¥­¨ï (2.5){(2.8).
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3. �¥à¥å®¤ ­  à¨¬ ­®¢ã ¯®¢¥àå­®áâì

�§ ãá«®¢¨© (2.4) ¯ãâ¥¬ ­¥á«®¦­ëå  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨© ¤«ï ­ å®¦¤¥­¨ï ­®¢ëå ­¥¨§-
¢¥áâ­ëå äã­ªæ¨©

F1(z) = �1�(z)� �3
(z); F2(z) = �(z) + 
(z) (3.1)

¯®«ãç¨¬ ¤¢¥ ®â¤¥«ì­ë¥ ªà ¥¢ë¥ § ¤ ç¨

F+
1 (t)� F�1 (t) = 2g1(t); t 2 L1 [ L3; (3.2)

ImF�1 (t) = h�1 (t); t 2 L2;

2g1(t) =

(
p+(t)� p�(t); t 2 L1;

i[q�(t)� q+(t)]; t 2 L3;

h+1 (t) = [2�1s
+(t)� q+(t)](1 + {1)

�1 + [2�2s
�(t) + {2q

�(t)](1 + {2)
�1;

h�1 (t) = [2�1s
+(t) + {1q

+(t)](1 + {1)
�1 + [2�2s

�(t)� q�(t)](1 + {2)
�1; t 2 L2;

¨

F+
2 (t) + �F�2 (t) = 2g2(t); � = �1=�3; t 2 L1; (3.3)

ImF�2 (t) = h�2 (t); t 2 L2 [ L3;

2g2(t) = [�2(1 + {1)p
+(t) + �1(1 + {2)p

�(t)](�2 + �1{2)
�1; t 2 L1;

h+2 (t) =

(
[2�1�2(s+(t)� s�(t))� �2q

+(t)� �1{2q
�(t)](�2 + �1{2)�1; t 2 L2;

�[�2q+(t) + �1{2q
�(t)](�2 + �1{2)�1; t 2 L3;

h�2 (t) =

(
[2�1�2(s�(t)� s+(t))� �2{1q

+(t)� �1q
�(t)](�1 + �2{1)�1; t 2 L2;

�[�2{1q
+(t) + �1q

�(t)](�1 + �2{1)�1; t 2 L3;

¢ ª« áá¥ äã­ªæ¨© h0. � ®ªà¥áâ­®áâïå â®ç¥ª 1 ¨ zk, zk äã­ªæ¨¨ F1(z), F2(z) á®£« á­® (2.5){(2.8)
¯à¨ Im zk > 0 ¤®«¦­ë ¨¬¥âì ¯à¥¤áâ ¢«¥­¨ï

F1(z) = �1�1 � �3�2 � X + iY

2�z
+O(z�2); F2(z) = � � i� + �5

X + iY

2�z
+O(z�2); z !1;

(3.4)

�5 = �1�2({1{2 � 1)[(�1 + �2{1)(�2 + �1{2)]
�1

¨

F1(z) = � Xk + iYk
2�(1 + {1)(z � zk)

+O(1); F2(z) � �3 � �4
�3

F1(z); z ! zk; (3.5)

F1(z) = � {1(Xk + iYk)
2�(1 + {1)(z � zk)

+
(zk � zk)(Xk � iYk)� i(1 + {1)Mk

2�(1 + {1)(z � zk)2
+O(1);

F2(z) � (��11 �2 � 1)F1(z); z ! zk;

¯à¨ Im zk < 0

F1(z) = � Xk + iYk
2�(1 + {2)(z � zk)

+O(1); F2(z) � 1
�1
F1(z); z ! zk; (3.6)

F1(z) = � {2(Xk + iYk)
2�(1 + {2)(z � zk)

+
(zk � zk)(Xk � iYk)� i(1 + {2)Mk

2�(1 + {2)(z � zk)2
+O(1);

F2(z) � ���13 F1(z); z ! zk;
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¯à¨ Im zk = 0

F1(z) = � Xk + iYk
2�(z � zk)

+
i(zkYk �Mk)
2�(z � zk)2

+O(1); (3.7)

F2(z) = �5
Xk + iYk
2�(z � zk)

+
i(Mk � zkYk)
2��3(z � zk)2

+O(1); z ! zk:

�¡¥ § ¤ ç¨ (3.2) ¨ (3.3) ¯à¥¤áâ ¢«ïîâ á®¡®© ª®¬¡¨­ æ¨î ªà ¥¢®© § ¤ ç¨ �¨¬ ­  ¨ ç áâ­®£®
á«ãç ï ªà ¥¢®© § ¤ ç¨ �¨«ì¡¥àâ  | § ¤ ç¨ �¢ àæ . �å à¥è¥­¨ï ¡ã¤¥¬ áâà®¨âì ¬¥â®¤®¬ á¨¬-
¬¥âà¨¨ ¯ãâ¥¬ á¢¥¤¥­¨ï ¨å ª ªà ¥¢®© § ¤ ç¥ �¨¬ ­  ­  ¤¢ã«¨áâ­®© à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ [3].
�­ë¥ ¬¥â®¤ë à¥è¥­¨ï íâ¨å § ¤ ç ¨¬¥îâáï ¢ [25], [33].

� áá¬®âà¨¬ á­ ç «  § ¤ çã (3.3). �¡®§­ ç¨¬ ª®­æë «¨­¨© L2, L3, à á¯®«®¦¥­­ë¥ ¢ ¯®àï¤ª¥
¨å ¢®§à áâ ­¨ï, ¥¤¨­®®¡à §­® ç¥à¥§ r0; r1; : : : ; r2�+1, £¤¥ � + 1 (n � 1 � � � 2m + n � 1) ¥áâì
®¡é¥¥ ç¨á«® ¢ª«îç¥­¨© ¨ «¨­¨© áª®«ì¦¥­¨ï. � ¬¥â¨¬, çâ® ç¨á«® �� n+ 1 «¨­¨© áª®«ì¦¥­¨ï
­¥ ®¡ï§ â¥«ì­® à ¢­® 2m. �  ¯à®¤®«¦¥­¨ïå ­¥ª®â®àëå âà¥é¨­ ¨å ¬®¦¥â ¨ ­¥ ¡ëâì. �¥ª®â®àë¥
¨§ ª®­æ®¢ «¨­¨¨ L1 á®¢¯ ¤ îâ á ª®­æ ¬¨ «¨­¨¨ L3. �¨á«® â ª¨å á®¢¯ ¤¥­¨© à ¢­® � � n + 1.
�¡®§­ ç¨¬ ¢á¥ íâ¨ ª®­æë ç¥à¥§ r01; r

0
2; : : : ; r

0
��n+1. �áâ «ì­ë¥ ª®­æë «¨­¨© L2, L3 (¨å ç¨á«® à ¢­®

�+ n+ 1) ®¡®§­ ç¨¬ ç¥à¥§ r001 ; r
00
2 ; : : : ; r

00
�+n+1. �á­®, çâ® fr0jg��n+1j=1 [ fr00j g�+n+1j=1 = frjg2�+1j=0 .

�ãáâì R | ¤¢ã«¨áâ­ ï à¨¬ ­®¢  ¯®¢¥àå­®áâì  «£¥¡à ¨ç¥áª®© äã­ªæ¨¨ w = w(z), ®¯à¥¤¥-
«ï¥¬®© ¨§ ãà ¢­¥­¨ï

w2 = f(z); f(z) = (z � r0)(z � r1) � � � (z � r2�+1);

®¡à §®¢ ­­ ï ¨§ ¤¢ãå íª§¥¬¯«ïà®¢ C1 ¨ C2 à áè¨à¥­­®© ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ á à §à¥§ ¬¨

¢¤®«ì «¨­¨© L2 ¨ L3 (L2[L3 =
�[

j=0
[r2j ; r2j+1]) ¯ãâ¥¬ áª«¥¨¢ ­¨ï ¡¥à¥£®¢ à §à¥§®¢ \ªà¥áâ-­ ªà¥áâ".

�  íâ®© ¯®¢¥àå­®áâ¨

w(z) =

( p
f(z); z 2 C1;

�pf(z); z 2 C2;
(3.8)

£¤¥ ®¤­®§­ ç­ ï ¢ C n (L2 [ L3) ¢¥â¢ì äã­ªæ¨¨
p
f(z) ä¨ªá¨àã¥âáï ãá«®¢¨¥¬

p
f(z) � z�+1 ¯à¨

z !1.
�  ¯®¢¥àå­®áâ¨ R ¢¢¥¤¥¬ äã­ªæ¨î

F(z; w) =
(
F2(z); (z; w) 2 C1;

F2(z); (z; w) 2 C2;
(3.9)

ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î á¨¬¬¥âà¨¨

F(z;�w) = F(z; w): (3.10)

�®£¤  ¨§ ªà ¥¢ëå ãá«®¢¨© (3.3) ¯®«ãç¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã �¨¬ ­  ­  ¯®¢¥àå­®áâ¨ R:
F+(t; �) + �F�(t; �) = 2g(t; �); (t; �) 2 L1; L1 � C1;

F+(t; �) + ��1F�(t; �) = 2��1g(t; �); (t; �) 2 L�1; L�1 = L1 � C2; (3.11)

F+(t; �)�F�(t; �) = 2ih(t; �); (t; �) 2 L; L = L+
2 [ L+

3 [ L�2 [ L�3 ;

g(t; �) = g2(t); (t; �) 2 L1 [ L�1; h(t; �) =

(
h+2 (t); (t; �) 2 L+

2 [ L+
3 ;

h�2 (t); (t; �) 2 L�2 [ L�3 ;
(3.12)

£¤¥ ç¥à¥§ L�1 ®¡®§­ ç¥­  «¨­¨ï L1 ­  «¨áâ¥ C2,   ç¥à¥§ L | «¨­¨ï á®¥¤¨­¥­¨ï «¨áâ®¢ ¯®¢¥àå-
­®áâ¨, á®áâ®ïé ï ¨§ ¢¥àå­¨å ¨ ­¨¦­¨å ¡¥à¥£®¢ à §à¥§®¢ [r2j ; r2j+1], j = 0; 1; : : : ; �, ®¡å®¤¨¬ëå
â ª, çâ® «¨áâ C1 ®áâ ¥âáï á«¥¢ . �  ª®­æ å ãª § ­­ëå à §à¥§®¢ äã­ªæ¨ï F(z; w) ¬®¦¥â ¨¬¥âì
¨­â¥£à¨àã¥¬ë¥ ®á®¡¥­­®áâ¨,   ¢ â®çª å (zk; wk) 2 C1, (zk; wk) 2 C1 (wk =

p
f(zk), k = 1; 2; : : : ; l)
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¨ á¨¬¬¥âà¨ç­ëå ¨¬ â®çª å (zk; wk) 2 C2, (zk;�wk) 2 C2 ¨¬¥¥â ¯®«îá , ®¯à¥¤¥«ï¥¬ë¥ ­  ®á­®-
¢ ­¨¨ à ¢¥­áâ¢ (3.5){(3.7) ¨ (3.9).

�à ¥¢ ï § ¤ ç  �¨¬ ­ {�¨«ì¡¥àâ  (3.3) ­  ¯«®áª®áâ¨ ¨ ªà ¥¢ ï § ¤ ç  �¨¬ ­  (3.10), (3.11)
­  ¯®¢¥àå­®áâ¨ R íª¢¨¢ «¥­â­ë ¬¥¦¤ã á®¡®© ¢ â®¬ á¬ëá«¥, çâ® ¨å à¥è¥­¨ï á¢ï§ ­ë ¤àã£ á
¤àã£®¬ à ¢¥­áâ¢®¬ (3.9). �­ «®£¨ç­®, § ¤ ç  (3.2) íª¢¨¢ «¥­â­  § ¤ ç¥ �¨¬ ­  (3.10), (3.11)
¯à¨ � = �1, L = L+

2 [ L�2 ¨

g(t; �) = g1(t); t 2 L1 [ L3 [ L�1 [ L�3; h(t; �) =

(
h+1 (t); (t; �) 2 L+

2 ;

h�1 (t); (t; �) 2 L�2 ;
(3.13)

ª®â®àãî, ¢ ®â«¨ç¨¥ ®â ¯¥à¢®£® á«ãç ï, ­ ¤® à áá¬ âà¨¢ âì ­  à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ äã­ªæ¨¨

!(z) =
q
(z � c1)(z � d1)(z � c2)(z � d2) � � � (z � cn)(z � dn) (3.14)

á «¨­¨ï¬¨ áª«¥¨¢ ­¨ï «¨áâ®¢ ¯® ¡¥à¥£ ¬ à §à¥§®¢ [ck; dk], k = 1; 2; : : : ; n. �¤­®§­ ç­ ï ¢¥â¢ì
äã­ªæ¨¨ !(z) ­  «¨áâ¥ C1 á à §à¥§ ¬¨ ¯® ãª § ­­ë¬ ®âà¥§ª ¬ ä¨ªá¨àã¥âáï ãá«®¢¨¥¬ !(z) � zn

¯à¨ z ! 1. � ¬¥â¨¬, çâ® äã­ªæ¨¨ w(z) ¨ !(z) á®¢¯ ¤ îâ «¨èì ¢ á«ãç ¥ ®âáãâáâ¢¨ï «¨­¨©
áª®«ì¦¥­¨ï, â. ¥. ª®£¤  L3 = ;.

4. �¥è¥­¨¥ § ¤ ç¨

� æ¥«ìî ã¤®¢«¥â¢®à¥­¨ï ãá«®¢¨î á¨¬¬¥âà¨¨ (3.10) ¢®§ì¬¥¬ ª ­®­¨ç¥áªãî äã­ªæ¨î ®¤­®-
à®¤­®© § ¤ ç¨, á®®â¢¥âáâ¢ãîé¥© § ¤ ç¥ (3.11), ¢ ¢¨¤¥

X(z; w) = (z � r0)
�

� mY
k=1

(z � bk)
��1

�(z)X0(z; w)X0(z;�w); (4.1)

£¤¥ �(z) = 1 ¯à¨ 2� � m, �(z) =
2��mQ
j=1

(z � �j)�1 ¯à¨ 2� > m, �j | ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­ë¥

â®çª¨ ¤¥©áâ¢¨â¥«ì­®© ®á¨, ­¥ «¥¦ é¨¥ ­  «¨­¨ïå L1, L2, L3 ¨ X0(z; w) | ç áâ­®¥ à¥è¥­¨¥
\¯®«®¢¨­­®©" ®¤­®à®¤­®© § ¤ ç¨

X+
0 (t; �) + �X�0 (t; �) = 0; (t; �) 2 L1 � C1; (4.2)

®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®©

X0(z; w) = exp

2
64 ln(��)

2�i

Z
L1

dW +
�X

j=1

0
B@

(sj ;�j)Z
(r0;0)

dW +mj

I
aj

dW + nj

I
bj

dW

1
CA
3
75 ; (4.3)

dW =
w + �

2�
dt

t� z
; w = w(z); � = w(t); (4.4)

á ­¥¨§¢¥áâ­ë¬¨ ¯®ª  â®çª ¬¨ (sj; �j) 2 R (�j = w(sj), j = 1; 2; : : : ; �) ¨ æ¥«ë¬¨ ç¨á« ¬¨ mj , nj,
j = 1; 2; : : : ; �. � ä®à¬ã«¥ (4.3) ç¥à¥§ aj , bj ®¡®§­ ç¥­ë ª ­®­¨ç¥áª¨¥ á¥ç¥­¨ï ¯®¢¥àå­®áâ¨ R,
¢ë¡à ­­ë¥ ª ª ¢ [3], ¨ ¨­â¥£à « ®â (r0; 0) ¤® (sj ; �j) ¡¥à¥âáï ¯® «î¡®¬ã ¯ãâ¨, ­¥ ¯¥à¥á¥ª îé¥¬ã
íâ¨ á¥ç¥­¨ï. � ¬¥â¨¬, çâ® á¥ç¥­¨¥ aj á®áâ®¨â ¨§ ¡¥à¥£®¢ à §à¥§  [r2j ; r2j+1] � C1, ®¡å®¤¨¬ëå
¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �­®¦¨â¥«ì �(t) ¢ (4.1) ¢§ïâ ¤«ï ¤®áâ¨¦¥­¨ï \­ã¦­®£®" ã¡ë¢ ­¨ï
äã­ªæ¨¨ X(z; w) ¯à¨ z !1.

� á¨«ã á¢®¥© áâàãªâãàë äã­ªæ¨ï X(z; w) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (3.10) ¨ ï¢«ï¥âáï à¥-
è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ (3.11). �¥©áâ¢¨â¥«ì­®, äã­ªæ¨ï X1(z; w) = X0(z;�w) ¢ á¨«ã à -
¢¥­áâ¢ X�1 (t; �) = X�0 (t;��), (t; �) 2 L�1, (t;��) 2 L1, ¨ (4.2) ã¤®¢«¥â¢®àï¥â ªà ¥¢®¬ã ãá«®¢¨î
X+
1 (t; �) + ��1X�1 (t; �) = 0, (t; �) 2 L�1. �®íâ®¬ã X(z; w) ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ (3.11)

¯à¨ g(t; �) = 0, h(t; �) = 0.
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�§ ä®à¬ã« (4.1), (4.3) á ãç¥â®¬ ¯®«®¦¨â¥«ì­®áâ¨ ª®íää¨æ¨¥­â  � ¨ à ¢¥­áâ¢  w�(t) =
�w+(t), t 2 [r2j ; r2j+1] � C1 ¯®«ãç¨¬

X(z; w) =
� mY

k=1

1p
(z � ak)(z � bk)

�Y
j=1

q
(z � sj)(z � sj)

�
�(z)ew(z)�(z); (4.5)

�(z) = �i�
Z
L1

dt

w(t)(t � z)
+

�X
j=1

0
BB@12

(sj ;�j)Z
(sj ;�j)

dt

w(t)(t� z)
+ 2mj

r2j+1Z
r2j

dt

w+(t)(t� z)

1
CCA ; � =

ln(�)
2�

;

£¤¥ ¨­â¥£à « ®â (sj ; �j) ¤® (sj ; �j) ¡¥à¥âáï ¯® ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­®¬ã £« ¤ª®¬ã ¯ãâ¨,
à á¯®«®¦¥­­®¬ã á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ¤¥©áâ¢¨â¥«ì­®© ®á¨ ­  C1 n [r0; r2�+1]; ã äã­ªæ¨¨p
(z � ak)(z � bk) ¡¥à¥âáï ¢¥â¢ì, ®¤­®§­ ç­ ï ¢ ¯«®áª®áâ¨ á à §à¥§®¬ ¯® ®âà¥§ªã [ak; bk],   ã äã­ª-

æ¨¨
q
(z � sj)(z � sj) | ¢¥â¢ì, ®¤­®§­ ç­ ï ¢ ¯«®áª®áâ¨ á à §à¥§®¬ ¯® â®¬ã ¯ãâ¨, ¯® ª®â®à®¬ã

¡¥à¥âáï ¨­â¥£à «. �¡¥ äã­ªæ¨¨ íª¢¨¢ «¥­â­ë z ¯à¨ z ! 1. �­ «¨§ äã­ªæ¨¨ w(z)�(z) ¯à¨
z ! 1 ¯®ª §ë¢ ¥â, çâ® ¤«ï ¥¥ ®£à ­¨ç¥­­®áâ¨ ­  ¡¥áª®­¥ç­®áâ¨,   §­ ç¨â, ¨ ®£à ­¨ç¥­­®áâ¨
äã­ªæ¨¨ X(z; w) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ ãá«®¢¨©

Im

0
B@ �X

j=1

(sj ;�j)Z
(r0;0)

tk�1dt

w(t)
+ 2mj

r2j+1Z
r2j

tk�1dt

w+(t)

1
CA = �

Z
L1

tk�1dt

w(t)
; k = 1; 2; : : : ; �; (4.6)

¯à¥¤áâ ¢«ïîé¨å á®¡®© ¢¥é¥áâ¢¥­­ë©  ­ «®£ ¯à®¡«¥¬ë �ª®¡¨ ®¡à é¥­¨ï  ¡¥«¥¢ëå ¨­â¥£à «®¢
¯¥à¢®£® à®¤  ­  ¯®¢¥àå­®áâ¨ R. � á¨«ã à ¢¥­áâ¢ 

Im

(sj ;�j)Z
(r0;0)

tk�1dt

w(t)
= Im

(sj ;��j)Z
(r0;0)

tk�1dt

w(t)

§ ¬¥­  â®çª¨ (sj ; �j) ­  â®çªã (sj ;��j) ¯à®¡«¥¬ã (4.6) ­¥ ¬¥­ï¥â, ¯®íâ®¬ã ¤«ï à¥è¥­¨ï ¯à®¡«¥¬ë
¬®¦­® ¯à¨­ïâì á«¥¤ãîéãî áå¥¬ã.

� ¬¥­¨¬ ¯à®¡«¥¬ã (4.6) ª« áá¨ç¥áª®© ¯à®¡«¥¬®© �ª®¡¨ ([34], á. 309; [35], á. 314{320)

�X
j=1

(sj ;�j)Z
(r0;0)

tk�1dt

w(t)
+mj

I
aj

tk�1dt

w(t)
+ nj

I
bj

tk�1dt

w(t)
= �k + i�

Z
L1

tk�1dt

w(t)
; k = 1; 2; : : : ; �; (4.7)

á ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­ë¬¨ ¤¥©áâ¢¨â¥«ì­ë¬¨ ç¨á« ¬¨ �k, ¨ ­ ©¤¥¬ ¥¥ à¥è¥­¨¥ (â. ¥. â®çª¨
(sj ; �j) 2 R ¨ æ¥«ë¥ ç¨á«  mj , nj) ¤«ï ª ª¨å-­¨¡ã¤ì §­ ç¥­¨© �k, ­ ¯à¨¬¥à, ¬¥â®¤ ¬¨, ®¯¨-
á ­­ë¬¨ ¢ ([3]; [34], á. 309-322; [36]). �á«¨ ¯à¨ íâ®¬ ª ª ï-­¨¡ã¤ì â®çª  (sj ; �j) «¥¦¨â ¢ C2,
â® § ¬¥­¨¬ ¥¥ â®çª®© (sj ;��j) 2 C1. �®âï ¯à®¡«¥¬  (4.7) ¤«ï ª ¦¤®£® ä¨ªá¨à®¢ ­­®£® ­ ¡®à 
ç¨á¥« �k à §à¥è¨¬  ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬, â¥¬ ­¥ ¬¥­¥¥ ¯à®¡«¥¬  (4.6) ¨¬¥¥â ¡¥áª®­¥ç­®¥ ¬­®-
¦¥áâ¢® à¥è¥­¨©, § ¢¨áïé¨å ®â � ¤¥©áâ¢¨â¥«ì­ëå ¯ à ¬¥âà®¢ �k. �®á¯®«ì§ãïáì ¯à®¨§¢®«®¬ íâ¨å
¯ à ¬¥âà®¢, ¤®¡ì¥¬áï, çâ®¡ë â®çª¨ (sj ; �j) «¥¦ «¨ ­  C1 ¢­¥ «¨­¨¨ L1 ¨ ¢­¥ ®âà¥§ª  [r0; r2�+1].

�®áâà®¥­­ ï äã­ªæ¨ï X(z; w) ­  ª®­æ å «¨­¨¨ L1 ¨¬¥¥â ®á®¡¥­­®áâ¨ ¨­â¥£à¨àã¥¬®£® å à ª-
â¥à  ¨ ®£à ­¨ç¥­  ­  ª®­æ å «¨­¨© L2 ¨ L3, ­¥ á®¢¯ ¤ îé¨å á ª®­æ ¬¨ «¨­¨¨ L1. � â®çª å
(sj ; �j) 2 C1 ¨ (sj ;��j) 2 C2, j = 1; 2; : : : ; �, ®­  ¨¬¥¥â ¯à®áâë¥ ­ã«¨,   ¯à¨ (z; w) ! (1;�1)
ã¡ë¢ ¥â ª ª äã­ªæ¨ï �z��m ¯à¨ 2� � m ¨ ª ª �z�� ¯à¨ 2� > m. �à®¬¥ â®£®, ¯à¨ 2� > m
®­  ¨¬¥¥â ¥é¥ ¯à®áâë¥ ¯®«îá  ¢ â®çª å á  ää¨ªá ¬¨ �j , j = 1; 2; : : : ; 2� �m, ­  ®¡®¨å «¨áâ å
¯®¢¥àå­®áâ¨. �® ¢á¥å ®áâ «ì­ëå â®çª å ¯®¢¥àå­®áâ¨ R äã­ªæ¨ï X(z; w) ®£à ­¨ç¥­  ¨ ®â«¨ç­ 
®â ­ã«ï.

85



�á¯®«ì§ãï äã­ªæ¨î X(z; w), ¯® ®¯¨á ­­®© ¢ ([37], á. 136{155) ¯à®æ¥¤ãà¥ ¯®áâà®¥­¨ï \á¨¬¬¥-
âà¨ç­®£®" à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ �¨¬ ­  ­ ©¤¥¬ ®¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ (3.10), (3.11) á âà¥¡ã-
¥¬ë¬¨ ¯®«îá ¬¨ ¨ á ¨­â¥£à¨àã¥¬ë¬¨ ®á®¡¥­­®áâï¬¨ ­  ª®­æ å «¨­¨© L1, L2, L3:

F(z; w) = X(z; w)[�(z; w) + �(z;�w) +  (z; w) + P (z) � iw(z)Q(z)]; (4.8)

�(z; w) =
1
�i

Z
L1

g(t; �)
X+(t; �)

dW;  (z; w) =
1
�

Z
L

h(t; �)
X+(t; �)

dW;

P (z) =
�X

j=0

Ajz
j +

�X
j=1

�
Cj�j
z � sj

+
Cj�j
z � sj

�
+

lX
j=1

�
Dj

z � zj
+

Dj

z � zj
+

Ej

(z � zj)2
+

Ej

(z � zj)2

�
;

Q(z) =
� �+n+1Y

k=1

(z � r00k)
��1 �+nX

j=0

Bjz
j + i

�X
j=1

�
Cj

z � sj
� Cj

z � sj

�
+

+i
lX

j=1

�
Gj

z � zj
� Gj

z � zj
+

Hj

(z � zj)2
� Hj

(z � zj)2

�
;

£¤¥ � = maxf�;m � �g, �j = w(sj); äã­ªæ¨¨ g(t; �), h(t; �) ¨ ï¤à® �¥©¥àèâà áá  dW ¤ îâáï
ä®à¬ã« ¬¨ (3.12) ¨ (4.4) á®®â¢¥âáâ¢¥­­®; Aj , Bj | ¤¥©áâ¢¨â¥«ì­ë¥ ¨ Cj , Dj , Ej , Gj, Hj |
ª®¬¯«¥ªá­ë¥ ¯®áâ®ï­­ë¥; r00k | ª®­æë «¨­¨© L2 ¨ L3, ­¥ á®¢¯ ¤ îé¨¥ á ª®­æ ¬¨ «¨­¨¨ L1.
� á«ãç ¥ 2� > m, â. ª. äã­ªæ¨ï X(z; w) ¢ â®çª å ¯®¢¥àå­®áâ¨ á  ää¨ªá ¬¨ �j ¨¬¥¥â ¯à®áâë¥
¯®«îá , ¤«ï ®£à ­¨ç¥­­®áâ¨ F(z; w) ¢ íâ¨å â®çª å ¤®«¦­ë ¢ë¯®«­ïâìáï 2� �m ª®¬¯«¥ªá­ëå
ãá«®¢¨©

�(�j ; �j) + �(�j ;��j) +  (�j ; �j) + P (�j)� i�jQ(�j) = 0; �j =
q
f(�j); j = 1; 2; : : : ; 2��m:

(4.9)

�¥¯¥àì ¤«ï ­ å®¦¤¥­¨ï äã­ªæ¨¨ F2(z) á®£« á­® (3.8), (3.9) ­ ¤® ¢ ä®à¬ã« å (4.5), (4.8)
¯®«®¦¨âì w =

p
f(z) (z 2 C1) ¨ ¢§ïâì F2(z) = F(z; w). �®£¤  ¯®«ãç¨¬

F2(z) = X2(z)[F2�(z) + P (z)� iw(z)Q(z)]; (4.10)

F2�(z) =
1
�

Z
L1

�
Im

g2(t)
X+
2 (t)

�
dt

t� z
+
w(z)
�i

Z
L1

�
Re

g2(t)
X+
2 (t)

�
dt

w(t)(t � z)
+

+
1
2�

Z
L2[L3

�
h+2 (t)
X+
2 (t)

� h�2 (t)
X�2 (t)

�
dt

t� z
+
w(z)
2�

Z
L2[L3

�
h+2 (t)
X+
2 (t)

+
h�2 (t)
X�2 (t)

�
dt

w+(t)(t� z)
;

£¤¥ X2(z) = X(z; w) á w =
p
f(z). �«ï ­ å®¦¤¥­¨ï ¯®áâ®ï­­ëå Dk, Ek, Gk, Hk à §«®¦¨¬ äã­ª-

æ¨î F2(z) ¢ àï¤ë �®à ­  ¢ ®ªà¥áâ­®áâïå â®ç¥ª zk, zk ¨ áà ¢­¨¬ ¨å á ¯à¥¤áâ ¢«¥­¨ï¬¨ (3.5){(3.7).
� à¥§ã«ìâ â¥ ¯à¨ ª ¦¤®¬ ª®­ªà¥â­®¬ §­ ç¥­¨¨ k = 1; 2; : : : ; l ¯®«ãç¨¬ ç¥âëà¥ «¨­¥©­ëå ãà ¢-
­¥­¨ï ®â­®á¨â¥«ì­® ãª § ­­ëå ¯®áâ®ï­­ëå. � ¯à¨¬¥à, ¢ á«ãç ¥ Im zk > 0 íâ¨ ãà ¢­¥­¨ï ¨¬¥îâ
¢¨¤

Ek + wkHk = 0;

X2(zk)[Dk + wkGk + w0kHk] =
(�4 � �3)(Xk + iYk)

2��3(1 + {1)
;

X2(zk)[Ek � wkHk] =
(�2 � �1)[(zk � zk)(Xk + iYk) + i(1 + {1)Mk]

2��1(1 + {1)
;

X2(zk)[Dk � wkGk � w0kHk] + X02(zk)[Ek � wkHk] =
(�2 � �1){1(Xk � iYk)

2��1(1 + {1)
;
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£¤¥ wk = w(zk), w0k = w0(zk). �®á«¥ ­ å®¦¤¥­¨ï ¯®áâ®ï­­ëå Dk, Ek, Gk, Hk ¨ ã¤®¢«¥â¢®à¥-
­¨ï ãá«®¢¨ï¬ (4.9) äã­ªæ¨ï F2(z) ¡ã¤¥â á®¤¥à¦ âì 2m + n + 2 ­¥¨§¢¥áâ­ëå ¤¥©áâ¢¨â¥«ì­ëå
¯®áâ®ï­­ëå Aj , Bj , ReCj , ImCj .

�«ï ­ å®¦¤¥­¨ï äã­ªæ¨¨ F1(z) á æ¥«ìî ¯®«ãç¥­¨ï ®£à ­¨ç¥­­®£® ­  ¡¥áª®­¥ç­®áâ¨ à¥è¥-
­¨ï ¢ ä®à¬ã« å (4.8) ¢®§ì¬¥¬ X(z; w) = [(z � �1)(z � �2 � � � (z � �n�1)]�1, ¯®«®¦¨¬ L = L+

2 [ L�2 ,
®¯à¥¤¥«¨¬ äã­ªæ¨¨ g(t; �), h(t; �) ¯® ä®à¬ã« ¬ (3.13) ¨ § ¬¥­¨¬ w(z) ­  äã­ªæ¨î !(z), ®¯à¥¤¥-
«ï¥¬ãî ä®à¬ã«®© (3.14). �®£¤  ¯®«ãç¨¬

F1(z) = X1(z)
�
F1�(z) +R(z)� i

S(z)
!(z)

�
; X1(z) =

n�1Y
j=1

(z � �j)
�1; (4.11)

F1�(z) =
1
�

Z
L1[L3

Im g1(t)
X1(t)

dt

t� z
+
!(z)
�i

Z
L1

Re g1(t)
X1(t)

dt

!(t)(t� z)
+

+
1
2�

Z
L2

h+1 (t)� h�1 (t)
X1(t)

dt

t� z
+
!(z)
2�

Z
L2

h+1 (t) + h�1 (t)
X1(t)

dt

!+(t)(t� z)
;

R(z) =
n�1X
j=0

A0jz
j +

lX
j=1

�
D0

j

z � zj
+

D0
j

z � zj
+

E0j
(z � zj)2

+
E0j

(z � zj)2

�
;

S(z) =
2n�1X
j=0

B0jz
j +

lX
j=1

�
G0j

z � zj
� G0j
z � zj

+
H 0

j

(z � zj)2
� H 0

j

(z � zj)2

�
;

£¤¥ �j 2 Rn(L1[L2[L3),   A0j , B
0
j |¤¥©áâ¢¨â¥«ì­ë¥ ¨D0

j , E
0
j , G

0
j,H

0
j |ª®¬¯«¥ªá­ë¥ ¯®áâ®ï­­ë¥.

�§-§  ¯®«îá®¢ �j äã­ªæ¨¨ X1(z) ¤«ï ®£à ­¨ç¥­­®áâ¨ F1(z) ¢ â®çª å �j ¤®«¦­ë ¢ë¯®«­ïâìáï
n� 1 ª®¬¯«¥ªá­ëå ãá«®¢¨©

F1�(�j) +R(�j)� iS(�j)=!(�j) = 0; j = 1; 2; : : : ; n� 1: (4.12)

� ¤ ­­®¬ á«ãç ¥ ¯®áâ®ï­­ë¥ D0
j , E

0
j , G

0
j, H

0
j, ­ å®¤ïâáï â ª ¦¥, ª ª ¢ á«ãç ¥ äã­ªæ¨¨ F2(z).

�®á«¥ ¨å ­ å®¦¤¥­¨ï ¨ ã¤®¢«¥â¢®à¥­¨ï ãá«®¢¨ï¬ (4.12) äã­ªæ¨ï F1(z) ¡ã¤¥â á®¤¥à¦ âì n+ 2
¯à®¨§¢®«ì­ëå ¤¥©áâ¢¨â¥«ì­ëå ¯®áâ®ï­­ëå. � ¨â®£¥ äã­ªæ¨¨ F1(z), F2(z), á«¥¤®¢ â¥«ì­®, ¨ ª®¬-
¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë �(z), 
(z) á®¤¥à¦ â 2m+2n+4 ¯à®¨§¢®«ì­ëå ¤¥©áâ¢¨â¥«ì­ëå ¯®áâ®ï­-
­ëå. �«ï ¨å ­ å®¦¤¥­¨ï ¨¬¥¥¬ á¥¬ì ­¥§ ¢¨á¨¬ëå ¤¥©áâ¢¨â¥«ì­ëå ãá«®¢¨© (3.4) ­  ¡¥áª®­¥ç­®-
áâ¨, m� 1 ª®¬¯«¥ªá­ëå ãá«®¢¨© ®¤­®§­ ç­®áâ¨ á¬¥é¥­¨© ¯à¨ ®¡å®¤¥ âà¥é¨­ ¢¬¥áâ¥ á «¨­¨ï¬¨
áª®«ì¦¥­¨ï ­  ¨å ¯à®¤®«¦¥­¨ïå, n ¤¥©áâ¢¨â¥«ì­ëå ãá«®¢¨© ®¤­®§­ ç­®áâ¨ £®à¨§®­â «ì­ëå
á¬¥é¥­¨© ¯à¨ ®¡å®¤¥ ¢ª«îç¥­¨© ¨ n� 1 ¤¥©áâ¢¨â¥«ì­ëå ãá«®¢¨© § ¤ ­­ëå §­ ç¥­¨© ­®à¬ «ì-
­ëå ª®¬¯®­¥­â Nk ¢­¥è­¨å á¨«, ¤¥©áâ¢ãîé¨å ­  ¢ª«îç¥­¨ï. �¥¬ á ¬ë¬ ç¨á«® ¤¥©áâ¢¨â¥«ì­ëå
ãá«®¢¨© â ª¦¥ à ¢­® 2m+2n+4. �å «¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì ¨ ®¤­®§­ ç­ ï à §à¥è¨¬®áâì á¨áâ¥-
¬ë ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­ëå ¯®áâ®ï­­ëå Aj , Bj , ReCj , ImCj, A0j , B

0
j ¤®ª §ë¢ ¥âáï

 ­ «®£¨ç­® [32].
�¥è¥­¨ï (4.10), (4.11) ¯®«ãç¥­ë ¢ ¯à¥¤¯®«®¦¥­¨¨ áãé¥áâ¢®¢ ­¨ï ¢á¥å ¨­â¥£à «®¢, ç¥à¥§

ª®â®àë¥ ®­¨ § ¯¨á ­ë. � ª ¤ ­­®¥ ¯à¥¤¯®«®¦¥­¨¥, â ª ¨ ¯à¥¤¯®«®¦¥­¨¥ ¢ë¯®«­¥­¨ï ãá«®¢¨©
(2.3) ¨¬¥îâ á¨«ã, ­ ¯à¨¬¥à, ¥á«¨ ¨áå®¤­ë¥ £à ­¨ç­ë¥ ¤ ­­ë¥ § ¤ ç¨ p�(t), q�(t), s�(t) ï¢«ïîâáï
H-­¥¯à¥àë¢­ë¬¨ ­  á®®â¢¥âáâ¢ãîé¨å «¨­¨ïå, ¢ª«îç ï ª®­æë.

�­ ï äã­ªæ¨¨ F1(z), F2(z), ­  ®á­®¢ ­¨¨ à ¢¥­áâ¢ (3.1) ­¥á«®¦­® ¢ëà §¨âì ç¥à¥§ ­¨å ¨áª®-
¬ë¥ ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë

�(z) =
1

�1 + �3
F1(z) +

1
1 + �

F2(z); 
(z) = � 1
�1 + �3

F1(z) +
�

1 + �
F2(z) (4.13)

¨ § â¥¬ ­  ®á­®¢ ­¨¨ ä®à¬ã« (2.1), (2.2) ¢ëà §¨âì ¬¥å ­¨ç¥áª¨¥ ¯ à ¬¥âàë ã¯àã£®© áà¥¤ë
­¥¯®áà¥¤áâ¢¥­­® ç¥à¥§ F1(z), F2(z), ª®â®àë¥ ¬®¦­® ¯à¨­ïâì ¢ ª ç¥áâ¢¥ ­®¢ëå ª®¬¯«¥ªá­ëå
¯®â¥­æ¨ «®¢ á®áâ ¢­®© ã¯àã£®© ¯«®áª®áâ¨.
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� ¬¥â¨¬, çâ® ¤«ï à¥è¥­¨ï § ¤ ç (3.2) ¨ (3.3) ¬®£ãâ ¨á¯®«ì§®¢ âìáï ¨ ¤àã£¨¥ ª ­®­¨ç¥áª¨¥
äã­ªæ¨¨ X1(z), X2(z). � ¯à¨¬¥à, ¬®¦­® ¢§ïâì X1(z) � 1. �®£¤  ãá«®¢¨ï (4.12) ­ ¤® § ¬¥­¨âì
­  ãá«®¢¨ï

lim
z!1

zkF1(z) = 0; k = 1; 2; : : : ; n� 1;

ª®â®àë¥ ¯à¥¤áâ ¢«ïîâáï ­ ¬ ¬¥­¥¥ ã¤®¡­ë¬¨.

5. �®¢¥¤¥­¨¥ ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢

�® á¨å ¯®à ¬ë ¯à¥¤¯®« £ «¨ ¨§¢¥áâ­ë¬¨ ¤«¨­ë ¢á¥å «¨­¨© áª®«ì¦¥­¨ï, ç¨á«® ª®â®àëå
à ¢­® �� n+ 1. �«ï ¨å ­ å®¦¤¥­¨ï ¯®âà¥¡ã¥¬ ®£à ­¨ç¥­­®áâ¨ ­ ¯àï¦¥­¨© ¢ â®çª å ¯¥à¥å®¤ 
®â âà¥é¨­ ª «¨­¨ï¬ áª®«ì¦¥­¨ï. � ª ª ª á®£« á­® (2.1), (2.2) ­ ¯àï¦¥­¨ï ¢ëà ¦ îâáï ç¥à¥§
ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë �(z), 
(z), â® ¯à¥¦¤¥ ¨§ãç¨¬ ¯®¢¥¤¥­¨¥ ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢
¢ ®ªà¥áâ­®áâïå ãª § ­­ëå â®ç¥ª ¨ ®¤­®¢à¥¬¥­­® ¢ ®ªà¥áâ­®áâïå ®áâ «ì­ëå ª®­æ®¢ âà¥é¨­,
¢ª«îç¥­¨© ¨ «¨­¨© áª®«ì¦¥­¨ï.

�ãáâì r� = ak ¨«¨ r� = bk | ¢¥àè¨­  âà¥é¨­ë, ­  ¯à®¤®«¦¥­¨¨ ª®â®à®© ¨¬¥¥âáï «¨-
­¨ï áª®«ì¦¥­¨ï, â. ¥. r� | ®¡é¨© ª®­¥æ «¨­¨© L1 ¨ L3. � ¯. 3 â ª¨¥ â®çª¨ ¬ë ®¡®§­ ç¨«¨
r01; r

0
2; : : : ; r

0
��n+1. �§ ä®à¬ã« (4.10), (4.11), £¤¥ äã­ªæ¨¨ g1;2(t), h

�
1;2(t) ­ å®¤ïâáï ¯® ä®à¬ã« ¬

(3.2), (3.3), á«¥¤ã¥â, çâ® äã­ªæ¨¨ F1(z), F2(z) ¢ ®ªà¥áâ­®áâ¨ â®çª¨ r� ¨¬¥îâ ¢¨¤ [31], [33]:

F1(z) = A� ln jz � r�j+O(1); F2(z) = B�� (z � r�)
�1=2 +O(1); z ! r� � i0; (5.1)

A� = � 1
2�

�
i[p+(r�)� p�(r�)]� q+(r�) + q�(r�)

�
;

B�� = N�[F2�(r�) + P (r�)]; N� = lim
z!r��i0

(z � r�)1=2X2(z);

£¤¥ ã ª®íää¨æ¨¥­â  A� ¡¥à¥âáï §­ ª \+" ¢ á«ãç ¥ r� = ak ¨ §­ ª \�" ¢ á«ãç ¥ r� = bk. �­ «¨§
­ ¯àï¦¥­¨© ­  ®á­®¢¥ ä®à¬ã« (2.1), (2.2), (4.13) ¯®ª §ë¢ ¥â, çâ® «®£ à¨ä¬¨ç¥áª ï ®á®¡¥­­®áâì
äã­ªæ¨¨ F1(z) ¢«¨ï¥â â®«ìª® ­  ­¥®£à ­¨ç¥­­®áâì ­ ¯àï¦¥­¨ï �x ¢ â®çª¥ z = r�, ¯à¨ç¥¬ â®«ìª®
¢ á«ãç ¥, ª®£¤  ReA� 6= 0. �®íâ®¬ã ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï ReA� = 0 ­ ¯àï¦¥­¨ï ¢¡«¨§¨
â®çª¨ r� ¡ã¤ãâ ¨¬¥âì â®«ìª® ®á®¡¥­­®áâì, ®¯à¥¤¥«ï¥¬ãî áâ¥¯¥­­®© äã­ªæ¨¥© B�� (z � r�)�1=2.
� ª¨¬ ®¡à §®¬, ¤«ï ®£à ­¨ç¥­­®áâ¨ ­ ¯àï¦¥­¨© ¢ â®çª¥ r� ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
ReA� = 0, B�� = 0. �¥à¢®¥ ãá«®¢¨¥ à ¢­®á¨«ì­® ãá«®¢¨î

Im[p+(r�)� p�(r�)] + q+(r�)� q�(r�) = 0: (5.2)

�ã¤¥¬ áç¨â âì, çâ® ®­® ¢ë¯®«­¥­®  ¯à¨®à¨. �¥©áâ¢¨â¥«ì­®, ¨áå®¤ï ¨§ ä¨§¨ç¥áª®© áãâ¨ § ¤ -
ç¨, ¥áâ¥áâ¢¥­­® ¯à¥¤¯®«®¦¨âì ­¥¯à¥àë¢­®áâì ª á â¥«ì­ëå ­ ¯àï¦¥­¨© �xy ¢ â®çª å r� � i0,
à á¯®«®¦¥­­ëå ­  ¡¥à¥£ å âà¥é¨­ë ¨ «¨­¨¨ áª®«ì¦¥­¨ï ­  ¨å áâëª¥. �â® ®§­ ç ¥â, çâ®
Im p+(r�) + q+(r�) = 0, Im p�(r�) + q�(r�) = 0, ®âªã¤  á«¥¤ã¥â à ¢¥­áâ¢® (5.2).

�¥á«®¦­® § ¬¥â¨âì, çâ® ã ç¨á¥« B�� ¯¥à¢ë¥ ¬­®¦¨â¥«¨ N� 6= 0, ¯à¨ç¥¬ N+ = ��N�, a
¢â®à®© ¬­®¦¨â¥«ì ®¤¨­ ¨ â®â ¦¥, ¯à¨ç¥¬ ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­ë¬. �«¥¤®¢ â¥«ì­®, ãá«®¢¨ï
B�� = 0 à ¢­®á¨«ì­ë ®¤­®¬ã ¤¥©áâ¢¨â¥«ì­®¬ã ãá«®¢¨î F2�(r�) + P (r�) = 0. �¥¬ á ¬ë¬ ¤«ï
­ å®¦¤¥­¨ï ��n+1 ¤«¨­ «¨­¨© áª®«ì¦¥­¨ï ¨¬¥¥¬ ��n+1 ¤¥©áâ¢¨â¥«ì­ëå âà ­áæ¥­¤¥­â­ëå
ãà ¢­¥­¨©

F2�(r
0
j) + P (r0j) = 0; j = 1; 2; : : : ; �� n+ 1:

�áá«¥¤®¢ ­¨¥ íâ®© á¨áâ¥¬ë ¢ ¯« ­ë ¤ ­­®© áâ âì¨ ­¥ ¢å®¤¨â.
�á«¨ ª®­æë ­¥ª®â®àëå «¨­¨© áª®«ì¦¥­¨ï ¨§¢¥áâ­ë § à ­¥¥ ¨ âà¥¡ã¥âáï ­ ©â¨ ª®¬¯«¥ªá­ë¥

¯®â¥­æ¨ «ë, ¤®¯ãáª îé¨¥ ¨­â¥£à¨àã¥¬ë¥ ®á®¡¥­­®áâ¨ ¢ ­¥ª®â®àëå â®çª å r� = r0j ¯¥à¥å®¤ 
®â âà¥é¨­ ª «¨­¨ï¬ áª®«ì¦¥­¨ï, â® ¨å ¯®¢¥¤¥­¨¥ ¢¡«¨§¨ íâ¨å â®ç¥ª ®¯à¥¤¥«ï¥âáï ­  ®á­®¢¥
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ä®à¬ã« (4.13), £¤¥ äã­ªæ¨¨ F1(z), F2(z) ¨¬¥îâ ¯à¥¤áâ ¢«¥­¨ï (5.1). �âáî¤  ­ å®¤¨¬

�(z) =
K�

I � iK�
II

2
p
2��

(�(r0j)(z � r0j))
�1=2 +O(ln jz � r�j); z ! r0j � 0;

K+
I � iK+

II = [F2�(r0j) + P (r0j)] lim
z!r0

j
�0
(�(r0j)(z � r0j))

1=2X2(z); K�
I � iK�

II = ���1(K+
I � iK+

II);

£¤¥ �(r0j) = �1, ¥á«¨ r0j | ­ ç «® ­¥ª®â®à®© âà¥é¨­ë, ¨ �(r0j) = 1, ¥á«¨ r0j | ª®­¥æ âà¥é¨­ë.
� äã­ªæ¨¨ (�(r0j)(z � r0j))1=2 ¡¥à¥âáï ¢¥â¢ì, ®¤­®§­ ç­ ï ¢ ¯«®áª®áâ¨ á à §à¥§®¬ ¯® «ãçã [rj ;1],
á®¤¥à¦ é¥¬ã á®®â¢¥âáâ¢ãîéãî âà¥é¨­ã, ¨ ª®â®à ï ­  ¯à®¤®«¦¥­¨¨ íâ®£® «ãç  ¢¡«¨§¨ â®çª¨
r0j ¯à¨­¨¬ ¥â ¤¥©áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï. �­®¦¨â¥«ì 2

p
2�� ¢ §­ ¬¥­ â¥«¥ ¢§ïâ ¤«ï â®£®, çâ®¡ë

¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  K�
I , K

�
II ¢ ç¨á«¨â¥«¥ á®¢¯ «¨ á ¯à¨­ïâë¬¨ ¢ ¬¥å ­¨ª¥ à §àãè¥­¨ï ¯ -

à ¬¥âà ¬¨ ([38], á. 17; [39]), ­ §ë¢ ¥¬ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨­â¥­á¨¢­®áâ¨ ­ ¯àï¦¥­¨© (���).
� ¬¥â¨¬, çâ® ¢ ¢¥àå­¥© ¨ ­¨¦­¥© ¯®«ã¯«®áª®áâïå ¢¡«¨§¨ â®çª¨ r0j ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë
¨¬¥îâ, ¢®®¡é¥ £®¢®àï, à §­ë¥ ¯à¥¤áâ ¢«¥­¨ï. � ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ ¨å ¯®¢¥¤¥­¨¥ ¢¡«¨§¨
â®çª¨ r0j ®¯à¥¤¥«ï¥âáï ª®íää¨æ¨¥­â ¬¨ K+

I , K
+
II ,   ¢ ­¨¦­¥© | ª®íää¨æ¨¥­â ¬¨ K�

I , K
�
II .

� ª ª ª F2�(r0j) + P (r0j) | ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®, â® K+

I

K+

II

= K�

I

K+

II

= N+

I

N+

II

, £¤¥ N+
I � iN+

II = N+.

�«¥¤®¢ â¥«ì­®, ¢á¥ ��� K�
I , K

�
II ¢ëà ¦ îâáï ç¥à¥§ ®¤¨­ ¨§ ­¨å (­ ¯à., K

+
I ) «¨­¥©­® á ª®íä-

ä¨æ¨¥­â ¬¨, § ¢¨áïé¨¬¨ â®«ìª® ®â £¥®¬¥âà¨ç¥áª¨å ¯ à ¬¥âà®¢ ¨ ã¯àã£¨å ¯®áâ®ï­­ëå áà¥¤ë,
¨ ­¥ § ¢¨áïé¨¬¨ ®â ¬¥å ­¨ç¥áª¨å ¯ à ¬¥âà®¢ § ¤ ç¨.

�á«¨ r� = ak ¨«¨ r� = bk | ¢¥àè¨­  âà¥é¨­ë, ­  ¯à®¤®«¦¥­¨¨ ª®â®à®© ­¥â «¨­¨¨ áª®«ì¦¥-
­¨ï, â® F1(z) á­®¢  ¨¬¥¥â ¢ â®çª¥ r� «¨èì «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì, a F2(z) | áâ¥¯¥­­ãî
®á®¡¥­­®áâì. � ¤ ­­®¬ á«ãç ¥

�(z) =
KI � iKII

2
p
2��

(�(z � r�))
� 1

2
�i� +O(ln jz � r�j); z ! r�;

KI � iKII =
2
p
2��

1 + �
[F2�(r�) + P (r�)� iw(r�)Q(r�)] lim

z!r�
(�(z � r�))

1
2
�i�X2(z);

£¤¥ ¢á¥ ¢¥àå­¨¥ §­ ª¨ ¡¥àãâáï ¢ á«ãç ¥ r� = ak,   ­¨¦­¨¥ | ¢ á«ãç ¥ r� = bk.
�á«¨ r� = ak� l0k ¨«¨ r� = bk+ l00k | ª®­¥æ «¨­¨¨ áª®«ì¦¥­¨ï, â. ¥. á®¢¯ ¤ ¥â á ®¤­®© ¨§ â®ç¥ª

r00j , j = 1; 2; : : : ; �+ n� 1, â®

�(z) = � iKII

(1 + �)
p
2�

(�(z � r�))�1=2 +O(ln jz � r�j); z ! r�; (5.3)

KII =
p
2�X2(z) lim

z!r�
(�(z � r�))1=2w(z)Q(z);

£¤¥ ¢¥àå­¨¥ §­ ª¨ \�" ¡¥àãâáï ¢ á«ãç ¥ r� = ak � l0k,   ­¨¦­¨¥ \+" | ¢ á«ãç ¥ r� = bk +
l00k . � ª ª ª X2(r�) | ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®, â® ç¨á«® KII , ­ §ë¢ ¥¬®¥ ��� [30], | â ª¦¥
¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®. �­ «®£¨ç­®, ¥á«¨ r� = ck ¨«¨ r� = dk | ¢¥àè¨­  ¢ª«îç¥­¨ï, â® ¢ ¥¥
®ªà¥áâ­®áâ¨ á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ (5.3) á ­®¢ë¬ ¤¥©áâ¢¨â¥«ì­ë¬ ���

KII =
p
2�X1(r�) lim

z!r�
(�(z � r�))1=2

S(z)
!(z)

+
p
2�X2(r�) lim

z!r�
(�(z � r�))1=2w(z)Q(z);

£¤¥ á­®¢  ¢¥àå­¨¥ §­ ª¨ \�" ¡¥àãâáï ¢ á«ãç ¥ r� = ck,   ­¨¦­¨¥ \+" | ¢ á«ãç ¥ r� = dk.
�®£« á­® (4.13) ¢® ¢á¥å á«ãç ïå 
(z) � ��(z) ¯à¨ z ! r�.
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