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RESOLVABILITY AND THE FINITE ELEMENT METHOD
FOR DEGENERATE ELLIPTIC EQUATIONS OF HIGH ORDER

A.D. Lyashko and M.R. Timerbayev
L]

The present article is devoted to investigation of existence and uniqueness of generalized solution
of a linear degenerate elliptic equation of order 2m for two cases. First, for the case where the
equation degenerates on a part of the domain’s boundary (in particular, on the whole boundary).
Second, when the degeneration occurs inside the domain. We analyze the problem’s statement in
dependence on equation coefficients’ degeneration degree by application of the embedding theorem
of the weight Sobolev spaces. For approximate solution we suggest the finite element method

A series of works are dedicated to both the questions of resolvability of equations and the analysis
of the properties of their solutions provided that they degenerate on domain’s boundary (see, e. g.,
[1]-[7] and references therein). Grid methods for second order equations degenerating on a part of
the boundary were considered, e.g., in [8]-[17]. The finite element method for a quasilinear 4-th
order equation degenerating on a part of the boundary was considered in [18]. In the present article
we shall follow the works [15]-[20].

1. Notation and auziliary results. Let @ C R™ be a bounded domain with a Lipschitz-continuous
boundary and S C 0f2 a certain n—1-dimensional surface which is sufficiently smooth. We denote
by

p(z) = inf{lz —y|: y € S}
the distance between the point z and the surface S. We introduce the weight Lebesgue and Sobolev
spaces

Lya(2) = {u(z) : p(z)*u(z) € L,(Q)}  (p > 1),

1/p
|u|LP)a(Q) </|P |pdw> ;

WIT (Q) = {u(x) € Ll,loc(Q) : D'u ( ) € Lpa(Q)a 1= (1177'27 sl ) |l| =i+t +1, < m}7
p
il o= (3 [ 10oDurr)
li|<m

For an arbitrary measurable set K C © we put

"= (X [ Dupis)
|i]l=m

1/p
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We denote by C7*(£2) a weight space of mn times differentiable functions on the domain €, [|ul| cp@) =
max max |p(x)’ Diu(z)|.

li|l<m ze
Let us cite the embedding theorems for the weight Sobolev spaces, which will be of use in what
follows (see [19]).

Theorem 1. Let 1 <p < too,y=m—k—n/p>0,k<m, a,f>0. If 8 <a+, then
W5(2) is compactly embedded into CE(Q) and the estimate holds

lullex @) < cpallullwr, @),
where T = max (0, — 3).

Theorem 2. Let 1 <p<qg<+4oo, k<m,y=m—-k—n/p+n/qg>0,a,>0. If 6 <a+r,
then W]T,(€2) is continuously embedded into W" o), i e,

lullwg @ < cllullwm @)
If B < o+, then the embedding cited above is compact.

Theorem 3. Let I' be an n—1-dimensional smooth manifold. If o < m —k —1/p, then W), ()
is compactly embedded into W) (T).

2. Elliptic equation which degenerates on a part of boundary. Consider the equation
Ay = Z Z a”( r)Diu(z)) = f(z), x € Q. (1)
k=0 [i,|j|=k
We shall suppose that 1) a;; = a;; and 2) the following conditions are fulfilled:
Cnp (@) D 1E61P S D ai(@)&€s Scnp™ () Y LGP, (2)
li|=m lil,ljl=m lij=m
Cn >0, a>0,
0< Z aij(2)&& <cpp®™ (z) Z &P (€9, e R, (3)
lil,li]=k lil=F

ar, >0, >2a—m+k, ¢, >0, k=0,m—1;

| s (4

With o > 0 equation (1) degenerates on S.

We denote by V' the closure in the norm W (€2) of functions finite in (2. Everywhere in what
follows we denote by || - || the norm of this space. The solution of equation (1) will be sought in the
space V. We introduce on V' a bilinear form a(u,v) and a linear functional F'(v), which are defined
by the coeflicients and the right-hand side of the equation

a(u, v) /za” ) D'u(z) D () dz,

li],[j|<m

= /Qf(:r)v(x)da:

By a generalized solution of equation (1) in the space V' we shall call a solution u € V of the
variational equation

a(u,v) = F(v) Yv €eV. (5)

3. Boundary conditions and resolvability. Let us clarify how does the degeneration degree
of equation « affect the boundary values of the solution and its derivatives and discuss in this
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connection the statement of the boundary conditions. First of all let us note that by virtue of the
definition of the space V' the function u € V' vanishes on 02\ S together with its derivatives up to
m—1-st order

D'u(z) =0, z€dQ\S, |ij<m-1.

Let & stand for the most integer satisfying the inequality & < m —1/2—a. Then (see Theorem 3)
the function u(z) and its derivatives up to the order k inclusively (if ¥ > 0) have the trace on S,
which vanishes

D'u(z) =0, z€S8, |[i<k.

For the derivatives D'u(z) of higher order |i| > k the trace on S, generally speaking, is not defined,
and in this case (for a smooth solution) on S intrinsic boundary conditions arise. In particular,
with the strong degeneration (i.e., for &« > m — 1/2), the trace operator on S of the functions of
the space V is indefinite, and on S only intrinsic boundary conditions arise.

Thus, if m —k —3/2 <o <m—k—1/2, then

V={veW" (Q):Dv(x)=0, z€8, |i| <kDv(x)=0, zcd\S, i <m-—1}.
In particular, if & > m — 1/2, then
V={veW" (Q):Dv(z)=0, z€dQ\S, [i| <m—1}.

If, in addition, S = 01, i.e., S equals the whole boundary of the surface of degeneration of
equation’s coefficients, then V' = W (Q2).

Now let us discuss the resolvability of problem (5). First we note that from the inequalities
«, > o —m ~+r by virtue of Theorem 2 one has

lullw; ., < cllullwg, @, r=0,m—1.

Using the conditions on the coefficients and the right-hand side, one can easily establish the conti-
nuity of both the form a(u,v) and linear functional F(v) on the space V' (below we write «,, = «)

m
a(u,v) <Y ¢ |p* VTula [p" Vvl < cllull o],

£ = | [ f@os

<lp™*flag lp*vl20 < cllv].
By supposing that at least one of the conditions
a<m-—1/2, S#0Q, agp Z0, (6)
is fulfilled, we shall have the V-ellipticity of the form a(u,v)
a(u,u) > Cp|p* V™ ul3 o + /Q ago(7)u? (x)dx > cljul|®.
Thus, by virtue of Lax—Milgram theorem, the following theorem takes place.

Theorem 4. Problem (5) is uniquely resolvable in the space V.

4. Elliptic equation degenerating inside the domain. Let a certain n—1-dimensional, sufficiently
smooth surface S C Q divide 2 into the two domains ; and €,. As above, p(z) stands for the
distance between z and S. Consider equation (1) with input data satisfying conditions (2)-(4).
Thus, coefficients of the equation degenerate on the surface S, i.e., inside the domain 2. In order
to investigate such an equation and analyze its approximations by finite elements, we define on €2
a space of functions Wj% (€2), which is a Sobolev space with the weight p*(z), annihilating on S.
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Let Qu = u|g, be the operators of restriction to €; (I = 1,2), k be the most integer satisfying the
inequality k¥ < m — «a —1/2, n be the normal exterior to €2;. Then
=0
s

" 0
Wi @) = {v € Lol Que Wp ), 1=1% 55| -
on" s 0

and
||U||W;:»Q(Q) = [1Quvllwy (o, + ||Q2U||W;:»Q(QZ)'

Note that in case @ = 0 the space defined above coincides with the classical (not weight) Sobolev
space. The space W3" (€2) may be identified with a subspace of the Cartesian product Wy" (£2;) x
W3, (£2;), consisting of pairs of functions (vy,v,) € W3, (1) x W3, (€,), which satisfy the conjugacy
conditions on S, 5 5
%vl‘szﬁ S, 7":0,]{?.

Further, as in case of degeneration of a part of domain’s boundary, we define a space V as the
closure in the norm of the space WJ" (€2) of the set of functions which are finite in {2. Since by the
condition the intersection of S and 0f2 has zero n—1-dimensional surface measure, we have

o"v
on’ lpo

(n is the exterior normal to 9Q). By a generalized solution of equation (1) in the space V, as in
Section 2, we shall mean a solution of the variational problem (5). Since the weight function p(x)
degenerates on the common part of the boundaries 2; and €5, for each of these subdomains the
embedding Theorems 1-3 are valid. Consequently, arguing further as in Section 2, we establish the
resolvability of the problem.

V2

V= {v e Wi () :

=0, rzO,m—l}

Theorem 5. Problem (5) in the case of degenerating coefficients under consideration has the
unique solution.

Further, let us clarify what are conditions, to which the solution of problem (5) satisfies at the
points of degeneration. By integrating by parts in each separate domain €2;, combining results, and
denoting by [v]s the jump of v in transition over S, after some transformations we get

m

a(u,v)=/9<2 ) (—1)’“Di(ai,iju)>Ud:v+

k=0 [il,|j=F

87‘
+/Zqzmlr Sardx+/ZQZmlr a,,,d

r=k+1

where ¢,.(u), 7 = m,2m — 1, are differential expressions which arise on S within the integration by
parts (for m = 2, below we give their explicit form; in the general case, we omit these expressions
since they are cumbersome). Thus, we get the following conditions on the surface of degeneration S:

o0"u
anr]s = 07 [Qmelfr(u)]S = 07 = 07 17 et 7k7 (7)
¢ (u)|lg =0, r=m,m+1,...,2m -k —2. (8)

Let us mark two extremal cases.

1. a < 1/2. In this case, we have k = m — 1 and conditions (7) are fulfilled; conditions (8) are
absent.

2. o > m—1/2. In this case, we have ¥ < 0 and intrinsic conditions (8) are fulfilled; conditions
(7) are absent. Therefore problem (5) in fact breaks up into two independent problems in
the subdomains €2, and {2, with intrinsic boundary conditions on S which is the common
part of these boundaries (see the definition of the spaces W, (€2) and V' given above).
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We give the explicit form of the differential expressions ¢,.(u), where r = 2,3, for equations of
fourth order (m = 2) in a two-dimensional (n = 2) domain. Write

li|<2
Then
g2 (1) = Ayg cos®(n, z1) + Ay cos(n, z1) cos(n, ;) + Ag, cos?(n, z5),
0 0 0 0
g3(u) = (AIO - 8—331A20 - 8—332A11> cos(n, ) + <A01 - 8—:132A02 - 8—331A11> cos(n, xz) —
0

—((Agp — Ag2) cos(n, ;) cos(n, x5) + Ay (cos?(n, z;) — cos®(n, z,)))

orT

(7 is the tangent vector to S).

5. Finite element method. In what follows in description of FEM we use terminology and
notation adopted in [21]. Here we restrict ourselves to consideration of degeneracy inside of a
two-dimensional domain for equation of fourth order. In what follows for the sake of simplicity
we shall assume that the domain €2 is a polygon, and the degeneracy line S is piecewise linear.
Let €2 be correctly regularly triangulated (divided into triangular or rectangular finite elements).
Assume that its triangulation T} is such that S does not intersect the interiority of any finite
element participating in the triangulation. Suppose that a finite-dimensional space of approximate
solutions V), satisfies the condition

Vi € CHQ) \WE(Q)

(examples of such finite-dimensional spaces can be found in [21], pp.325-347). Under fulfillment
of these conditions the conformity of the method is ensured, i.e., the inclusion V;, C V.

By an approximate solution of problem (5), as usual, we shall understand a function u, € Vj
which satisfies the integral identity

a(up,vy) = F(v,) Yo, € Vp,. (9)

Conditions (2), (3) ensure unique resolvability of problem (9) for any f € (W3 ,(€2))* (in particular,
for the right side f(z), satisfying condition (4)) and the validity of the estimate for the difference
between the exact and approximate solutions

— <c inf — 10
o —will < e inf flu v (10)

(see, e.g., [21], p. 315).

Now we turn to estimation of v:rel‘f/hHu —vg|| via ||lu — yul|, where II, is the operator of
Vi, -interpolation, for some special forms of finite elements. In its turn, the estimate of the quan-
tity (global estimate of interpolation error) ||u — IT,u|| is a result of combining of errors of finite
elements’ (which participate in the interpolation process) interpolation. Thus, the analysis of the
FEM accuracy is reduced to the estimation of interpolation errors at weight norms on a typical
finite element.

We introduce notation

pr =sup{p(z):z € K}, hgx =diamK,
h =max{hk : K € T}, dj =sup{diamS:S C K, S is a circle}.

Obviously, dx < hg. The following regularity condition is assumed to be fulfilled hx < odg.
Let (K, Pk, X k) be a typical element of the triangulation T}, [ be the maximal order of derivatives
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participating in the determination of the set of freedom degrees X of the element K, Il : C'(K) —
Py being the operator of Py-interpolation. In the formulation of estimates we shall use notation

Wt Cwr, ¢ (11)
which ensures the fulfillment of the following inequalities:
p<q, a,f>0, r<m+1, y=m+1-2/p—r+2/q¢>0,
B<a+vy, B<m+1-2/p,
which ensure the compactness of the embedding (see Theorems 1, 2)
W (K) C WL (K) () CH(K
for arbitrary K € Tj,. By using the technique of [20], for affine families of finite elements (either

Lagrangian or Hermitian, see [21], p.88) we establish the following basic estimate.

Theorem 6. If T}, is affine and inclusion (11) takes place, then a constant c exists, independent

of S, such that
lu — Tullw, ., k) < epi hiclp” V™"l x,

where y =m+1—-2/p—r+2/q.

Let us note that these estimates generalize to weight norms well-known (and turned classical)
estimates of finite element interpolation in the non-weight Sobolev spaces (see, e.g., [21]).

Using these general results, we get estimates of interpolation error on some concrete finite
elements.

1) Hermitian rectangular Bogner—Fox—Schmidt element (see [21], p.82). In this case, m = 3,
y=4-2/p—r+2/q (r <4), and with § <y +a, f <2—2/p we have W' ; C C?. The followmg
estimate takes place

lu = Tcullwy, ) < chic" ™75 1PVl (12)

2) Hermitian triangle of the type (5) (see [21], p.329). In this case, Px = Ps(K), dim Py = 21,
m=5,v7=6-2/p—r+2/q(r<6), 8 <4—-2/p, and with § < v+ « we have WS ; C C>. The
following estimate takes place

e = Trcullwy, ) < b =751 0PV oul . (13)

Similar estimates can be found also for so-called almost affine families of finite elements, which
are frequently used in solving fourth order equations.
Consider, for example, the Argyros triangle (see [21], p. 328).

Theorem 7. Letr < 6,1 <p<qg<+4o00,7v=6—-2/p—r+2/q, 6<~v+a, f<4-2/p. Then
lu = Myullwy, ) < chiepi 10" Vouly k- (14)

Proof (cf. [21], p.330). Let A : C*(K) — Ps(K) be interpolation operator on Hermitian
triangle of the type (5). By virtue of (13),

lu — AUHW;,Q(K) < chipyx B|P5V6U|

Let us estimate the function 7 = IIxu — Au in the norm W/  (K). Obviously, n(x) = 0 for z € 0K,
because D'n(a,) = 0 for |i| < 2. In addition,

nl(bS)(as - bS) = Vn(bS)(as - bS) = %(u - Au)(bS)(as - bs)ns

for s = 1,2,3 (see [21], p. 330).
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Let 7, be a basis function corresponding to the freedom degree v — v'(b,)(as — by). Then

3 3
n=Ilgu — Au = an(bs)(as - bs)ns = Z

s=1 s=1

%w = Aw)(b,)[(a5 — by)ns]ns.

Since ‘%(u — Au)(by)

v =5-2/p, and o = 0 we get |Ju — Aullwr (k) < ch’*"? P19 Voul, . Further, obviously,
for almost all z in K and for » = 0,1,...,r we have |p*(z)V'ns(z)] < p%|V'ns(x)|, whence
0V ()i < %IV ()] 1. Since (see [21], p.331) [Vnu(@)],x < b "IV &, with
regard for the estimate |(a, — b,) - ns| < hx we shall finally have

< \/§||u—Au||W§O(K), by Theorem 6 with r = 1, ¢ = oo, m = 5,

ITxu — Aullw, ) < chi > pi ekl pS pPVouly i = chis P07 o8 0P Voul, . O

Estimates (12)—(14) show that the interpolation error on an element depends on both the ele-
ment’s diameter and the distance between the element and the degeneration set S. Therefore, in
estimation of errors in the whole domain it seems natural to make the quantities px and hx consis-
tent. Namely, in following [20], [15]-[17], we shall say that a family of triangulations concentrates
near the set .S with the concentration degree p > 1 if positive constants o;, o, exist, independent
of h, such that for all finite elements of the triangulation the inequality holds:

o1 h* < hy < aahpi P (15)

Condition (15) means that a finite element, situated on a distance O(1) from S, has the diameter
O(h), and for elements which lie near S, we have hx = O(h*). In case g = 1 condition (15) means
quasi-uniformity of the triangulation.

Now, by assuming that the solution of problem (5) satisfies the corresponding conditions of
smoothness and using estimates (10), (12)-(14), one can get (in just the same way as in [15]-[17])
estimates of FEM accuracy in using a concrete finite element. Let us formulate, for example, the
corresponding result for the Argyros triangle.

Theorem 8. Let u be a solution of problem (5), such that its restriction to each of the subdo-
mains Y, | = 1,2, belongs to the class Wfﬁ(ﬂl). Assume that the conditions of Theorem T are
fulfilled for r =2, p=q =2, as well as conditions (2), (3) and the inequality (15). Then

lu —unllwz (2) < ch’|p"Voulyq,

where ¥ = min(y, u(y + a — F)).
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