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RESOLVABILITY AND THE FINITE ELEMENT METHOD

FOR DEGENERATE ELLIPTIC EQUATIONS OF HIGH ORDER

A�D� Lyashko and M�R� Timerbayev

The present article is devoted to investigation of existence and uniqueness of generalized solution
of a linear degenerate elliptic equation of order �m for two cases� First� for the case where the
equation degenerates on a part of the domain�s boundary �in particular� on the whole boundary��
Second� when the degeneration occurs inside the domain� We analyze the problem�s statement in
dependence on equation coe�cients� degeneration degree by application of the embedding theorem
of the weight Sobolev spaces� For approximate solution we suggest the �nite element method
�FEM��

A series of works are dedicated to both the questions of resolvability of equations and the analysis
of the properties of their solutions provided that they degenerate on domain�s boundary �see� e� g��
�	
���
 and references therein�� Grid methods for second order equations degenerating on a part of
the boundary were considered� e� g�� in �

��	�
� The �nite element method for a quasilinear ��th
order equation degenerating on a part of the boundary was considered in �	

� In the present article
we shall follow the works �	�
����
�

�� Notation and auxiliary results� Let � � Rn be a bounded domain with a Lipschitz�continuous
boundary and S � �� a certain n�	�dimensional surface which is su�ciently smooth� We denote
by

��x� � inffjx� yj � y � Sg
the distance between the point x and the surface S� We introduce the weight Lebesgue and Sobolev
spaces

Lp����� � fu�x� � ��x��u�x� � Lp���g �p � 	��

jujLp����� � j��ujp�� �

�Z
�

j��x��u�x�jpdx
���p

�

Wm
p����� � fu�x� � L��loc��� � Diu�x� � Lp������ i � �i�� i�� � � � � in�� jij � i� � i� � � � � � in � mg�

kukWm
p�����

�

� X
jij�m

Z
�

j��Diujpdx
���p

�

For an arbitrary measurable set K � � we put

j��rmujp�K �

� X
jij�m

Z
K

j��Diujpdx
���p

�
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We denote by Cm
� ��� a weight space of m times di�erentiable functions on the domain �� kukCm

�
��� �

max
jij�m

max
x��

j��x��Diu�x�j�
Let us cite the embedding theorems for the weight Sobolev spaces� which will be of use in what

follows �see �	�
��

Theorem �� Let 	 � p � ��� � � m � k � n�p � �� k � m� �� 	 � �� If 	 � � � �� then
Wm

p����� is compactly embedded into Ck
���� and the estimate holds

kukCk
����

� c���kukWm
p��

����

where 
 � max��� � � 	��

Theorem �� Let 	 � p � q � ��� k � m� � � m� k�n�p�n�q � �� �� 	 � �� If 	 � �� ��
then Wm

p����� is continuously embedded into W k
q������ i� e��

kukWk
q�����

� ckukWm
p��

����

If 	 � � � �� then the embedding cited above is compact�

Theorem �� Let � be an n�	�dimensional smooth manifold� If � � m�k�	�p� then Wm
p�����

is compactly embedded into W k
p ����

�� Elliptic equation which degenerates on a part of boundary� Consider the equation

Au �
mX
k��

X
jij�jjj�k

��	�kDi�ai�j�x�Dju�x�� � f�x�� x � �� �	�

We shall suppose that 	� aij � aji and �� the following conditions are ful�lled�

cm�
���x�

X
jij�m

j�ij� �
X

jij�jjj�m

ai�j�x��i�j �cm����x�
X
jij�m

j�ij�� ���

cm � �� � � ��

� �
X

jij�jjj�k

ai�j�x��i�j �ck���k�x�
X
jij�k

j�ij� �x � �� � � Rn�� ���

�k � �� �k � ��m � k� ck � �� k � ��m� 	�Z
�

j����f�x�j�dx� ���

With � � � equation �	� degenerates on S�
We denote by V the closure in the norm Wm

������ of functions �nite in �� Everywhere in what
follows we denote by k � k the norm of this space� The solution of equation �	� will be sought in the
space V � We introduce on V a bilinear form a�u� v� and a linear functional F �v�� which are de�ned
by the coe�cients and the right�hand side of the equation

a�u� v� �

Z
�

X
jij�jjj�m

ai�j�x�Diu�x�Djv�x�dx�

F �v� �

Z
�

f�x�v�x�dx�

By a generalized solution of equation �	� in the space V we shall call a solution u � V of the
variational equation

a�u� v� � F �v� �v � V� ���

�� Boundary conditions and resolvability� Let us clarify how does the degeneration degree
of equation � a�ect the boundary values of the solution and its derivatives and discuss in this

��
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connection the statement of the boundary conditions� First of all let us note that by virtue of the
de�nition of the space V the function u � V vanishes on �� n S together with its derivatives up to
m�	�st order

Diu�x� � �� x � �� n S� jij � m� 	�

Let k stand for the most integer satisfying the inequality k � m�	����� Then �see Theorem ��
the function u�x� and its derivatives up to the order k inclusively �if k � �� have the trace on S�
which vanishes

Diu�x� � �� x � S� jij � k�

For the derivatives Diu�x� of higher order jij � k the trace on S� generally speaking� is not de�ned�
and in this case �for a smooth solution� on S intrinsic boundary conditions arise� In particular�
with the strong degeneration �i� e�� for � � m � 	���� the trace operator on S of the functions of
the space V is inde�nite� and on S only intrinsic boundary conditions arise�

Thus� if m� k � ��� � � � m� k � 	��� then

V � fv �Wm
������ � Div�x� � �� x � S� jij � k�Div�x� � �� x � �� n S� jij � m� 	g�

In particular� if � � m� 	��� then

V � fv �Wm
������ � Div�x� � �� x � �� n S� jij � m� 	g�

If� in addition� S � ��� i� e�� S equals the whole boundary of the surface of degeneration of
equation�s coe�cients� then V � Wm

�������
Now let us discuss the resolvability of problem ���� First we note that from the inequalities

�r � ��m � r by virtue of Theorem � one has

kukW r
���r

��� � ckukWm
���

���� r � ��m� 	�

Using the conditions on the coe�cients and the right�hand side� one can easily establish the conti�
nuity of both the form a�u� v� and linear functional F �v� on the space V �below we write �m � ��

a�u� v� �
mX
r��

crj��rrruj��� j��rrrvj��� � ckuk kvk�

jF �v�j �

����
Z
�

f�x�v�x�dx

���� �j����f j��� j���vj��� � ckvk�

By supposing that at least one of the conditions

� � m� 	��� S 	� ��� a�� 	
 �� ���

is ful�lled� we shall have the V �ellipticity of the form a�u� v�

a�u� u� � cmj��rmuj���� �

Z
�
a���x�u��x�dx � ckuk��

Thus� by virtue of Lax�Milgram theorem� the following theorem takes place�

Theorem �� Problem ��� is uniquely resolvable in the space V �

�� Elliptic equation degenerating inside the domain� Let a certain n�	�dimensional� su�ciently
smooth surface S � � divide � into the two domains �� and ��� As above� ��x� stands for the
distance between x and S� Consider equation �	� with input data satisfying conditions ��������
Thus� coe�cients of the equation degenerate on the surface S� i� e�� inside the domain �� In order
to investigate such an equation and analyze its approximations by �nite elements� we de�ne on �
a space of functions Wm

������� which is a Sobolev space with the weight ���x�� annihilating on S�

��
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Let Qlu � uj�l be the operators of restriction to �l �l � 	� ��� k be the most integer satisfying the
inequality k � m� �� 	��� n be the normal exterior to ��� Then

Wm
������ �

�
v � L������ � Qlv �Wm

�����l�� l � 	� ��
�r

�nr
Q�v

���
S

�
�r

�nr
Q�v

���
S
� r � �� k

�

and
kvkWm

���
��� � kQ�vkWm

p������
� kQ�vkWm

���
����

�

Note that in case � � � the space de�ned above coincides with the classical �not weight� Sobolev
space� The space Wm

������ may be identi�ed with a subspace of the Cartesian product Wm
��������

Wm
�������� consisting of pairs of functions �v�� v�� �Wm

��������Wm
�������� which satisfy the conjugacy

conditions on S�
�r

�nr
v�
���
S

�
�r

�nr
v�
���
S
� r � �� k�

Further� as in case of degeneration of a part of domain�s boundary� we de�ne a space V as the
closure in the norm of the space Wm

������ of the set of functions which are �nite in �� Since by the
condition the intersection of S and �� has zero n�	�dimensional surface measure� we have

V �

�
v �Wm

������ �
�rv

�nr

���
��

� �� r � ��m� 	

�

�n is the exterior normal to ���� By a generalized solution of equation �	� in the space V � as in
Section �� we shall mean a solution of the variational problem ���� Since the weight function ��x�
degenerates on the common part of the boundaries �� and ��� for each of these subdomains the
embedding Theorems 	�� are valid� Consequently� arguing further as in Section �� we establish the
resolvability of the problem�

Theorem �� Problem ��� in the case of degenerating coe�cients under consideration has the

unique solution�

Further� let us clarify what are conditions� to which the solution of problem ��� satis�es at the
points of degeneration� By integrating by parts in each separate domain �l� combining results� and
denoting by �v
S the jump of v in transition over S� after some transformations we get

a�u� v� �

Z
�

� mX
k��

X
jij�jjj�k

��	�kDi�ai�jD
ju�

�
v dx �

�

Z
S

kX
r��

�q�m���r�u�
S
�rv

�nr
dx �

Z
S

m��X
r�k��

q�m���r�u�
�rv

�nr
dx�

where qr�u�� r � m� �m� 	� are di�erential expressions which arise on S within the integration by
parts �for m � �� below we give their explicit form� in the general case� we omit these expressions
since they are cumbersome�� Thus� we get the following conditions on the surface of degeneration S��

�ru

�nr

�
S

� �� �q�m���r�u�
S � �� r � �� 	� � � � � k� ���

qr�u�jS � �� r � m�m � 	� � � � � �m� k � �� �
�

Let us mark two extremal cases�

	� � � 	��� In this case� we have k � m� 	 and conditions ��� are ful�lled� conditions �
� are
absent�

�� � � m�	��� In this case� we have k � � and intrinsic conditions �
� are ful�lled� conditions
��� are absent� Therefore problem ��� in fact breaks up into two independent problems in
the subdomains �� and �� with intrinsic boundary conditions on S which is the common
part of these boundaries �see the de�nition of the spaces Wm

������ and V given above��

��
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We give the explicit form of the di�erential expressions qr�u�� where r � �� �� for equations of
fourth order �m � �� in a two�dimensional �n � �� domain� Write

Aj �
X
jij��

aijD
iu� jjj � ��

Then

q��u� � A�� cos��n� x�� � A�� cos�n� x�� cos�n� x�� � A�� cos��n� x���

q��u� �

�
A�� � �

�x�
A�� � �

�x�
A��

�
cos�n� x�� �

�
A�� � �

�x�
A�� � �

�x�
A��

�
cos�n� x���

� �

��
��A�� �A��� cos�n� x�� cos�n� x�� � A���cos��n� x��� cos��n� x����

�� is the tangent vector to S��

�� Finite element method� In what follows in description of FEM we use terminology and
notation adopted in ��	
� Here we restrict ourselves to consideration of degeneracy inside of a
two�dimensional domain for equation of fourth order� In what follows for the sake of simplicity
we shall assume that the domain � is a polygon� and the degeneracy line S is piecewise linear�
Let � be correctly regularly triangulated �divided into triangular or rectangular �nite elements��
Assume that its triangulation Th is such that S does not intersect the interiority of any �nite
element participating in the triangulation� Suppose that a �nite�dimensional space of approximate
solutions Vh satis�es the condition

Vh � C����
� o

W �
� ���

�examples of such �nite�dimensional spaces can be found in ��	
� pp� ��������� Under ful�llment
of these conditions the conformity of the method is ensured� i� e�� the inclusion Vh � V �

By an approximate solution of problem ���� as usual� we shall understand a function uh � Vh
which satis�es the integral identity

a�uh� vh� � F �vh� �vh � Vh� ���

Conditions ���� ��� ensure unique resolvability of problem ��� for any f � �W �
�������� �in particular�

for the right side f�x�� satisfying condition ���� and the validity of the estimate for the di�erence
between the exact and approximate solutions

ku � uhk � c inf
vh�Vh

ku � vhk �	��

�see� e� g�� ��	
� p� �	���
Now we turn to estimation of inf

vh�Vh
ku � vhk via ku ��huk� where �h is the operator of

Vh�interpolation� for some special forms of �nite elements� In its turn� the estimate of the quan�
tity �global estimate of interpolation error� ku��huk is a result of combining of errors of �nite
elements� �which participate in the interpolation process� interpolation� Thus� the analysis of the
FEM accuracy is reduced to the estimation of interpolation errors at weight norms on a typical
�nite element�

We introduce notation

�K � supf��x� � x � Kg� hK � diamK�

h � maxfhK � K � Thg� dk � supfdiamS � S � K� S is a circleg�
Obviously� dK � hK � The following regularity condition is assumed to be ful�lled hK � �dK �
Let �K�PK ��K� be a typical element of the triangulation Th� l be the maximal order of derivatives

��
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participating in the determination of the set of freedom degrees �K of the element K� �K � C l�K� �
PK being the operator of PK�interpolation� In the formulation of estimates we shall use notation

Wm��
p��

c�W r
q��

�
C l� �		�

which ensures the ful�llment of the following inequalities�

p � q� �� 	 � �� r � m � 	� � 
 m � 	� ��p� r � ��q � ��

	 � � � �� 	 � m � 	� ��p�

which ensure the compactness of the embedding �see Theorems 	� ��

Wm��
p�� �K�

c�W r
q���K�

�
C l�K�

for arbitrary K � Th� By using the technique of ���
� for a�ne families of �nite elements �either
Lagrangian or Hermitian� see ��	
� p� 

� we establish the following basic estimate�

Theorem �� If Th is a�ne and inclusion �		� takes place� then a constant c exists� independent
of S� such that

ku��KukW r
q���K� � c����K h�K j��rm��ujp�K �

where � � m � 	� ��p� r � ��q�

Let us note that these estimates generalize to weight norms well�known �and turned classical�
estimates of �nite element interpolation in the non�weight Sobolev spaces �see� e� g�� ��	
��

Using these general results� we get estimates of interpolation error on some concrete �nite
elements�

	� Hermitian rectangular Bogner�Fox�Schmidt element �see ��	
� p� 
��� In this case� m � ��
� � �� ��p� r � ��q �r � ��� and with 	 � � ��� 	 � �� ��p we have W 	

p�� � C�� The following
estimate takes place

ku��KukW r
q���K� � ch

	�r���p���q
K ����K j��r	ujp�K � �	��

�� Hermitian triangle of the type ��� �see ��	
� p� ����� In this case� PK � P
�K�� dimPK � �	�
m � �� � � �� ��p� r � ��q �r � ��� 	 � � � ��p� and with 	 � � � � we have W �

p�� � C�� The
following estimate takes place

ku��KukW r
q���K� � ch

��r���p���q
K ����K j��r�ujp�K � �	��

Similar estimates can be found also for so�called almost a�ne families of �nite elements� which
are frequently used in solving fourth order equations�

Consider� for example� the Argyros triangle �see ��	
� p� ��
��

Theorem �� Let r � �� 	 � p � q � ��� � � �� ��p� r� ��q� 	 � ���� 	 � �� ��p� Then

ku��KukW r
q���K� � ch�K�

���
K j��r�ujp�K � �	��

Proof �cf� ��	
� p� ����� Let � � C��K� � P
�K� be interpolation operator on Hermitian
triangle of the type ���� By virtue of �	���

ku� �ukW r
q���K� � ch�K�

���
K j��r�ujp�K �

Let us estimate the function 
 � �Ku��u in the norm W r
q���K�� Obviously� 
�x� � � for x � �K�

because Di
�as� � � for jij � �� In addition�


��bs��as � bs� 
 r
�bs��as � bs� �
�

�n
�u� �u��bs��as � bs�ns

for s � 	� �� � �see ��	
� p� �����

�
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Let 
s be a basis function corresponding to the freedom degree v � v��bs��as � bs�� Then


 � �Ku� �u �
�X

s��


��bs��as � bs�
s �
�X

s��

�

�n
�u� �u��bs���as � bs�ns

s�

Since
��� ��n�u� �u��bs�

��� � p
�ku� �ukW �

�
�K�� by Theorem � with r � 	� q � �� m � ��

� � � � ��p� and � � � we get ku� �ukW �
�
�K� � ch


���p
K ���K j��r�ujp�K � Further� obviously�

for almost all x in K and for r � �� 	� � � � � r we have j���x�rr
s�x�j � ��K jrr
s�x�j� whence

j��rr
s�x�jq�K � ��K jrr
s�x�jq�K � Since �see ��	
� p� ��	� jrr
s�x�jq�K � h
����q�r
K jrrb
sjq�bK � with

regard for the estimate j�as � bs� � nsj � hK we shall �nally have

k�Ku� �ukW r
q���K� � ch


���p
K ���K hKh

��q�r
K ��K j��r�ujp�K � ch

����p���q�r
K ����K j��r�ujp�K � �

Estimates �	����	�� show that the interpolation error on an element depends on both the ele�
ment�s diameter and the distance between the element and the degeneration set S� Therefore� in
estimation of errors in the whole domain it seems natural to make the quantities �K and hK consis�
tent� Namely� in following ���
� �	�
��	�
� we shall say that a family of triangulations concentrates
near the set S with the concentration degree � � 	 if positive constants ��� �� exist� independent
of h� such that for all �nite elements of the triangulation the inequality holds�

��h
� � hK � ��h�

�����
K � �	��

Condition �	�� means that a �nite element� situated on a distance O�	� from S� has the diameter
O�h�� and for elements which lie near S� we have hK � O�h��� In case � � 	 condition �	�� means
quasi�uniformity of the triangulation�

Now� by assuming that the solution of problem ��� satis�es the corresponding conditions of
smoothness and using estimates �	��� �	����	��� one can get �in just the same way as in �	�
��	�
�
estimates of FEM accuracy in using a concrete �nite element� Let us formulate� for example� the
corresponding result for the Argyros triangle�

Theorem �� Let u be a solution of problem ���� such that its restriction to each of the subdo�

mains �l� l � 	� �� belongs to the class W �
�����l�� Assume that the conditions of Theorem � are

ful�lled for r � �� p � q � �� as well as conditions ���� ��� and the inequality �	��� Then

ku� uhkW �

���
��� � ch�j��r�uj����

where � � min��� ��� � �� 	���
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