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� áâ âì¥ ãáâ  ¢«¨¢ îâáï ä®à¬ã«ë ¤¨ää¥à¥æ¨à®¢ ¨ï £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨©  ¤ ¥-
 ¡¥«¥¢®© ¡  å®¢®©  «£¥¡à®© ¨ ¢¨¤ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯¥à¢®£® ¯®-
àï¤ª  (���.1), à¥è¥¨ï¬¨ ª®â®àëå ï¢«ïîâáï íâ¨ äãªæ¨¨.

1. �®áâ ®¢ª  § ¤ ç¨. �ãáâì A | ¡  å®¢   «£¥¡à  á ¥¤¨¨æ¥© E  ¤ ¤¥©áâ¢¨â¥«ìë¬
ç¨á«®¢ë¬ ¯®«¥¬ R, â. ¥. ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®  ¤ R, ï¢«ïîé¥¥áï  áá®æ¨ â¨¢®©
 «£¥¡à®©, ¯à®¨§¢¥¤¥¨¥ í«¥¬¥â®¢ ª®â®à®© ¥¯à¥àë¢® ¯® ª ¦¤®¬ã ¨§ á®¬®¦¨â¥«¥© ([1], á. 346),
LN | N -¬¥à ï  «£¥¡à  �¨  ¤ A á ¡ §¨áë¬¨ í«¥¬¥â ¬¨ E� ¨ áâàãªâãàë¬¨ ª®áâ â ¬¨
C
�� (�; �;  = 1; N ). � áá¬®âà¨¬ £¨¯¥à¡®«¨ç¥áª¨¥ äãªæ¨¨ ¨§ A ¢ A:

shQ = (eQ � e�Q)=2; chQ = (eQ + e�Q)=2; (1)

thQ = shQ ch�1Q; cthQ = chQ sh�1Q; (2)

£¤¥ Q = Q(t) | ¥¯à¥àë¢ ï äãªæ¨ï ¨§ R ¢ A, äãªæ¨¨ (2) ®¯à¥¤¥«ïîâáï ¢ â®çª å áãé¥áâ¢®-
¢ ¨ï äãªæ¨©, ®¡à âëå ª äãªæ¨ï¬ (1),   eQ =

1P
n=0

1
n!
Qn.

�â ¢¨âáï § ¤ ç  ®¡ ®¯à¥¤¥«¥¨¨
1) ¯à ¢¨« ¤¨ää¥à¥æ¨à®¢ ¨ï äãªæ¨© (1), (2),
2) ¢¨¤  ¥«¨¥©ëå ���.1, à¥è¥¨ï¬¨ ª®â®àëå íâ¨ äãªæ¨¨ ¬®£ãâ ¡ëâì,
3) ãá«®¢¨© à §à¥è¨¬®áâ¨ ¢ ª¢ ¤à âãà å â ª¨å ãà ¢¥¨©.

2. �à®áâ¥©è¨¥ á¢®©áâ¢  £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© ãáâ  ¢«¨¢ îâáï   ®á®¢¥ ¨å
®¯à¥¤¥«¥¨©. �â¬¥â¨¬ à ¢®¬¥àãî áå®¤¨¬®áâì ¯® ®à¬¥ àï¤®¢, ®¯à¥¤¥«ïîé¨å chQ ¨ shQ,
ª®â®à ï á«¥¤ã¥â ¨§ áå®¤¨¬®áâ¨ § ¤ îé¨å ¨å íªá¯®¥â ([2], á. 92).

�à¥¤«®¦¥¨¥ 1. �á¥ £¨¯¥à¡®«¨ç¥áª¨¥ äãªæ¨¨ (1), (2) ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©.

�®ª § â¥«ìáâ¢®. � ª ª ª A ¥áâì  «£¥¡à   ¤ R, â® ¨§ ®¯à¥¤¥«¥¨ï íªá¯®¥æ¨ «ì®©

äãªæ¨¨ ¢ ¢¨¤¥ àï¤  á«¥¤ã¥â chQ =
1P
l=0

1
(2l)!

Q2l,   shQ =
1P
k=0

1
(2k+1)!

Q2k+1. �«¥¤®¢ â¥«ì®,

[shQ; chQ] � shQ chQ� chQ shQ =
1X
k=0

1
(2k + 1)!

1X
l=0

1
(2l)!

[Q2k+1; Q2l] � 0:

� á¨«ã ¨¬¯«¨ª æ¨¨ ([A; B] = 0) ) f([A; B�1] = 0) ^ ([A�1; B�1] = 0)g ¨§ ¯¥à¥áâ ®¢®ç®áâ¨
äãªæ¨© (1) ¢ëâ¥ª ¥â ª ª ¯¥à¥áâ ®¢®ç®áâì ¨å á äãªæ¨ï¬¨ (2), â ª ¨ ¯¥à¥áâ ®¢®ç®áâì
¯®á«¥¤¨å ¬¥¦¤ã á®¡®©.

�®ª § ®¥ á¢®©áâ¢® ¯à¥¤®¯à¥¤¥«ï¥â  «¨ç¨¥ ã £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨©  ¤ A ¢§ ¨¬®-
á¢ï§¥©,   «®£¨çëå â¥¬, çâ® áãé¥áâ¢ãîâ ¢ áª «ïà®¬ á«ãç ¥.
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�à¥¤«®¦¥¨¥ 2. �ãªæ¨¨ (1), (2) ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬

ch2Q� sh2Q = E; (3)

2 shQ chQ = sh 2Q; ch2Q+ sh2Q = ch 2Q;

th2Q = E � ch�2Q; cth2Q = E + sh�2Q; (4)

ch(�Q) = chQ; sh(�Q) = � shQ:

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ¯à®¨§¢®¤¨âáï ª ª ¢ áª «ïà®© â¥®à¨¨ á ãç¥â®¬ ¯à¥¤«®-
¦¥¨ï 1 ¨ á¢®©áâ¢ íªá¯®¥âë  ¤  áá®æ¨ â¨¢®©  «£¥¡à®© (eQ)n = enQ, eQe�Q = E.

�à¥¤«®¦¥¨¥ 3. �á®¢ë¥ £¨¯¥à¡®«¨ç¥áª¨¥ ¨ âà¨£®®¬¥âà¨ç¥áª¨¥ äãªæ¨¨ á¢ï§ ë á®-

®â®è¥¨ï¬¨ shQ = �i sin(iQ), chQ = cos(iQ), £¤¥ i =
p�1,

sinS =
1X
k=0

(�1)k 1
(2k + 1)!

S2k+1; cosS =
1X
l=0

(�1)l 1
(2l)!

S2l:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ª®¬¯«¥ªá®¥ à áè¨à¥¨¥A, â. ¥. ¡  å®¢ã  «£¥¡àã B  ¤ ª®¬-
¯«¥ªáë¬ ç¨á«®¢ë¬ ¯®«¥¬ C, ¯à¨¢ëç® ®¡®§ ç ï X = ReZ ¨ Y = ImZ ¤«ï Z = X + iY , £¤¥
Z 2 B, (X;Y ) � A. � ª ª ª B ï¢«ï¥âáï  «£¥¡à®©, â® ¤«ï ¥¥ í«¥¬¥â®¢ á¯à ¢¥¤«¨¢  ä®à¬ã«  �©-
«¥à  exp(iQ) = cosQ+ i sinQ. �®¤áâ ¢«ïï S = iQ ¢ àï¤ë, ®¯à¥¤¥«ïîé¨¥ sinS ¨ cosS, ¯®«ãç ¥¬
àï¤ë, § ¤ îé¨¥ äãªæ¨¨ (1).

3. �®à¬ã«ë ¤¨ää¥à¥æ¨à®¢ ¨ï £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨©  ¤ A ¬®£ãâ ¡ëâì ãáâ -
®¢«¥ë á ¯®¬®éìî ¯à ¢¨« ¤¨ää¥à¥æ¨à®¢ ¨ï íªá¯®¥â  ¤  áá®æ¨ â¨¢®©  «£¥¡à®©. �¯à¥-
¤¥«ï¥â ¨å

�¥®à¥¬  1. �á«¨ Q(t) | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë© ¯® t í«¥¬¥â A, â® £¨¯¥à¡®«¨ç¥-
áª¨¥ äãªæ¨¨ (1), (2) ¨¬¥îâ á«¥¤ãîé¨¥ ¯à®¨§¢®¤ë¥:

sh0Q = chQU � shQV; (5)

ch0Q = shQU � chQV; (6)

th0Q = ch�1QU ch�1Q; (7)

cth0Q = � sh�1QU sh�1Q; (8)

£¤¥

U =
1X
n=0

1
(2n+ 1)!

ad2nQ Q0; V =
1X
n=1

1
(2n)!

ad2n�1
Q Q0; (9)

Q0 � d

dt
Q, adQ | ®¯¥à â®à ¯à¨á®¥¤¨¥®£® ®â®¡à ¦¥¨ï, adkQQ

0 =
�
Q; [Q; : : : ; [Q;Q0 ]; : : :

�| {z }
k

.

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© ¤¨ää¥à¥æ¨à®¢ ¨ï íªá¯®¥âë  ¤  áá®æ¨ -
â¨¢®©  «£¥¡à®© ([3], á. 964)

@

@�
e��H = �

Z �

0

e�(��u)H @H

@�
e�uHdu;

£¤¥ H = H(�) | § ¢¨áïé¨© ®â ç¨á«®¢®£® ¯ à ¬¥âà  � í«¥¬¥â  «£¥¡àë,   � ¨ u | ¯®áâ®ïë¥
ç¨á« . �à¨ � = 1 ¨ H = Q(t) íâ  ä®à¬ã«  ¯à¨¨¬ ¥â ¢¨¤

d

dt
e�Q = �e�Q

Z 1

0
euQQ0e�uQdt:
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�á«¨ ¯®¤ § ª®¬ ¨â¥£à «  ¯à ¢®© ç áâ¨ ¯®«ãç¥®£® à ¢¥áâ¢  ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®©
�¥©ª¥à {� ãá¤®àä  ([4], á. 655)

expAB exp(�A) =
1X
n=0

1
n!
adnAB;

  § â¥¬ ¯à®¨â¥£à¨à®¢ âì ¯®«ãç¥ë© àï¤, â® ®® § ¯¨è¥âáï ª ª

d

dt
e�Q = �e�Q

1X
n=0

1
(n+ 1)!

adnQQ
0:

�®á«¥ § ¬¥ë Q! �Q ¯®«ãç ¥¬

d

dt
eQ = eQ

1X
n=0

(�1)n+1 1
(n+ 1)!

adnQQ
0:

�«¥¤®¢ â¥«ì®, ¨§ ®¯à¥¤¥«¥¨ï £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© (1) ¢ëâ¥ª ¥â

ch0Q =
1
2

�
eQ

1X
n=0

(�1)n+1 1
(n+ 1)!

adnQQ
0 � e�Q

1X
n=0

1
(n+ 1)!

adnQQ
0

�
=

= shQ
1X
k=0

1
(2k + 1)!

ad2kQ Q0 � chQ
1X
l=1

1
(2l)!

ad2l�1
Q Q0 def= shQU � chQV

¨

sh0Q =
1
2

�
eQ

1X
n=0

(�1)n+1 1
(n+ 1)!

adnQQ
0 + e�Q

1X
n=0

1
(n+ 1)!

adnQQ
0

�
= chQU � shQV;

çâ® ¨ ãª § ® ¢ (5) ¨ (6).
�®à¬ã«  (7) ¤®ª §ë¢ ¥âáï ¥¯®áà¥¤áâ¢¥ë¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¯¥à¢®£® ¨§ à ¢¥áâ¢ (2):

th0Q = (shQ ch�1Q)0 = sh0Q ch�1Q� shQ ch�1Q ch0Q ch�1Q =

= (chQU � shQV ) ch�1Q� shQ ch�1Q(shQU � chQV ) ch�1Q � chQU ch�1Q�
� shQ ch�1Q(shQU � chQV ) ch�1Q � ch�1Q(ch2Q� chQ shQ ch�1Q shQ)U ch�1Q:

� á¨«ã ¯à¥¤«®¦¥¨ï 1 ¢ëç¨â ¥¬®¥ ¢ áª®¡ª å à ¢® sh2Q. �«¥¤®¢ â¥«ì®, á®£« á® ¯à¥¤«®¦¥-
¨î 2 íâ  à §®áâì à ¢  ¥¤¨¨æ¥ A, çâ® ¨ ¤ ¥â ¯à ¢ãî ç áâì ä®à¬ã«ë (7).

�à®¨§¢®¤ ï ¦¥ cthQ «¥£ª® ¯®«ãç ¥âáï «¨¡®   «®£¨çë¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ¢â®à®©
äãªæ¨¨ (2), «¨¡® ¨§ â®¦¤¥áâ¢  cthQ � (thQ)�1, ¨§ ª®â®à®£® á«¥¤ã¥â

cth0Q = � th�1Q th0Q th�1Q = � chQ sh�1Q ch�1QU ch�1Q chQ sh�1Q � � sh�1QU sh�1Q:

�â®¡ë á¢ï§ âì ä®à¬ã«ë ¤¨ää¥à¥æ¨à®¢ ¨ï £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© á  «£¥¡à ¨ç¥áª®© áâàãª-
âãà®© A, à áá¬®âà¨¬  ¤ ¥© N -¬¥àãî  «£¥¡àã �¨ LN á ã¬®¦¥¨¥¬, § ¤ ¢ ¥¬ë¬ ª®¬¬ã-
â â®à®¬ í«¥¬¥â®¢ A. �ãáâì E� | ¥¥ ¡ §¨áë¥ í«¥¬¥âë,   C

�� { áâàãªâãàë¥ ª®áâ âë:
[E�; E�] = C

��E, £¤¥ E� 2 LN , C

�� 2 R, �; �;  = 1; N ,   ¯® ¯®¢â®àïîé¨¬áï ¢¥àå¨¬ ¨ ¨¦¨¬

¨¤¥ªá ¬, ª ª ®¡ëç®, ¯à®¨§¢®¤¨âáï â¥§®à®¥ áã¬¬¨à®¢ ¨¥. � íâ®¬ á«ãç ¥ ª®¬¬ãâ æ¨®ë¥
àï¤ë (9), ®¯à¥¤¥«ïîé¨¥ ¯à®¨§¢®¤ë¥ £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© (5){(8), ¬®£ãâ ¡ëâì ¢ëà ¦¥ë
ç¥à¥§ ¬ âà¨çë¥ áâ¥¯¥ë¥ àï¤ë, ¯®«ì§®¢ âìáï ª®â®àë¬¨ § ç¨â¥«ì® ¯à®é¥. �áâ  ¢«¨¢ ¥â
¯à ¢¨«  ¤¨ää¥à¥æ¨à®¢ ¨ï äãªæ¨© (1), (2)  ¤ LN
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�¥®à¥¬  2. �á«¨  à£ã¬¥â®¬ £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© (1), (2) ï¢«ï¥âáï Q = q�(t)E�,

£¤¥ E� | ¯®áâ®ïë¥ í«¥¬¥âë ¡ §¨á  LN  ¤ A,   q�(t) | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¥

äãªæ¨¨  ¤ R, â® ¨å ¯à®¨§¢®¤ë¥ ¨¬¥îâ ¢¨¤ (5){(8), £¤¥

U = (q�)0I��E� : I � (I��) �
1X
n=0

1
(2n+ 1)!

D2n; D � (D�
�) � (qC�

�); (10)

V = (q�)0J��E� : J � (J�� ) �
1X
n=1

1
(2n)!

D2n�1; (11)

¯à¨ç¥¬ ¬ âà¨çë¥ àï¤ë áå®¤ïâáï ¯® ®à¬¥  ¤ ¬®¦¥áâ¢®¬ N � N -¬ âà¨æ MN ¤«ï «î¡ëå

q�, ¤«ï ª®â®àëå kDk <1.

�®ª § â¥«ìáâ¢®. �®¤áâ ¢¨¬ Q ãª § ®£® ¢¨¤  ¢ ¯¥à¢ãî ¨§ ä®à¬ã« (9), â®£¤ 

U = (q�)0E� +
1
3!

�
q�E�; [q

�E�; (q
)0E]

�
+ � � � = (q�)0E� +

1
3!
q�q�(q)0C"

��C
�
�E" + � � � =

= (q�)0E� +
1
3!
(q)0(q�C"

��)(q
�C�

��)E" + � � � = (q�)0f��� + 1
3!
D
�D�

 + � � � gE� � (q�)0I��E�;

£¤¥ ��� | ¤¥«ìâ  �à®¥ª¥à , â. ¥. â¥§®à ï ä®à¬  ¬ âà¨ç®© ¥¤¨¨æë E � (���) 2 MN . � «®-
£¨ç® ¯®«ãç ¥âáï V ¢ ¢¨¤¥ (11).

�å®¤¨¬®áâì ¬ âà¨çëå àï¤®¢, ®¯à¥¤¥«ïîé¨å I�� ¨ J�� , á«¥¤ã¥â ¨§ â®£®, çâ® ª ¦¤ë© ¨§ ¨å
á®áâ®¨â ¨§ ¯®«®¢¨ë ç¨á«  ç«¥®¢ íªá¯®¥æ¨ «ì®£® àï¤ , ¢®-¯¥à¢ëå, ¨ ª ¦¤®¥ á« £ ¥¬®¥
ã¬¥ìè¥® ¢ n+1 à §, ¢®-¢â®àëå. � âà¨ç ï ¦¥ íªá¯®¥â  áå®¤¨âáï ¤«ï «î¡®£® ®£à ¨ç¥®£®
¯® ®à¬¥  à£ã¬¥â .

� ¬¥ç ¨¥. �ç¥¢¨¤®, ¥á«¨ LN ï¢«ï¥âáï ª®¬¬ãâ â¨¢®©  «£¥¡à®©, â® â¥®à¥¬ë 1 ¨ 2 ¢ë-
à®¦¤ îâáï ¢ ¨§¢¥áâë¥ ¯à ¢¨«  ¤¨ää¥à¥æ¨à®¢ ¨ï £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨©, â. ª. ¢ íâ®¬
á«ãç ¥ U = Q0,   V = 0. �á«¨ ¦¥ LN ï¢«ï¥âáï ¨«ì¯®â¥â®©  «£¥¡à®© ¨¤¥ªá  r, â® ¬ âà¨æ 
D = (q�C

��), § ¤ îé ïQ ¢ ¯à¨á®¥¤¨¥®¬ ¬ âà¨ç®¬ ¯à¥¤áâ ¢«¥¨¨ LN , ¡ã¤¥â ¨«ì¯®â¥â®©
([5], á. 46). �à¨ íâ®¬ Dr = 0, çâ® ®¡à é ¥â àï¤ë I ¨ J ¢ ¯®«¨®¬ë ¯®àï¤ª®¢ < r.

4. �¥«¨¥©ë¥ ���.1, à¥è¥¨ï¬¨ ª®â®àëå ï¢«ïîâáï £¨¯¥à¡®«¨ç¥áª¨¥ äãªæ¨¨, ¬®£ãâ
¡ëâì ¯®«ãç¥ë ¯ãâ¥¬ § ¬¥ë ¢ ä®à¬ã« å (5){(8) U ¨ V   ¥ª®â®àë¥ ¯ à ¬¥âà¨§ãîé¨¥ íâ¨
ãà ¢¥¨ï í«¥¬¥âë A ¨ B  «£¥¡àë A. �à¨ íâ®¬ ¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì á¢ï§¨ ¬¥¦¤ã £¨¯¥à¡®-
«¨ç¥áª¨¬¨ äãªæ¨ï¬¨, ãáâ ®¢«¥ë¥ á®®â®è¥¨ï¬¨ (3), (4). � ª ª ª ¢á¥ ®¨ ª¢ ¤à â¨çë¥,
â®    «£¥¡àã A  ª« ¤ë¢ ¥âáï ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¢ ¥© ¥ª®â®à®£® í«¥-
¬¥â 

p
A, ï¢«ïîé¥£®áï à¥è¥¨¥¬ ãà ¢¥¨ï X2 = A, ¢®-¯¥à¢ëå, ¨ ®¡« ¤ îé¥£® á¢®©áâ¢®¬p

A
p
B =

p
AB, ¢®-¢â®àëå. �®£¤  ï¢®¥ ¢ëà ¦¥¨¥ ®¤¨å £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© ç¥à¥§ ¤àã-

£¨¥ § ¤ ¥âáï ¨§¢¥áâë¬¨ ¨§ áª «ïà®© â¥®à¨¨ á®®â®è¥¨ï¬¨.
�¥« ï ãª § ë¥ § ¬¥ë ¢ ä®à¬ã« å (5){(8), ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¢¨¤ë ¥«¨¥©ëå ���.1

 ¤ A:

X 0

1 =
q
X2

1 +EA+X1B; (12)

X 0

2 =
q
X2

2 �EA+X2B2; (13)

X 0

3 =
q
E �X2

3 A
q
E �X2

3 ; (14)

X 0

4 = �
q
X2

4 �E A
q
X2

4 �E; (15)

£¤¥ (A;B;Xs) � A, s = 1; 4.
� ª ª ª U ¨ V ¢ (5), (6) | ¢§ ¨¬®á¢ï§ ë¥ í«¥¬¥âë A, â® ãà ¢¥¨ï (12) ¨ (13) á®¤¥à¦ â

«¨èì ®¤¨ ¥§ ¢¨á¨¬ë© ¯ à ¬¥âà. �à¨ íâ®¬ ï¢®£® ¢ëà ¦¥¨ï ¨ ®¤®© ¨§ íâ¨å ¢¥«¨ç¨ ç¥à¥§
¤àã£ãî  ©â¨ ¥¢®§¬®¦®. �¤ ª®A ¨ B ¬®£ãâ § ¤ ¢ âìáï ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥ á ¯®¬®éìî
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Q, â. ¥. á ¯®¬®éìî à ¢¥áâ¢ (9), £¤¥ U ¨ V § ¬¥¥ë   A ¨ B á®®â¢¥âáâ¢¥®. �â® ¯®§¢®«ï¥â
áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�à¥¤«®¦¥¨¥ 4. �á«¨ ¢ ãà ¢¥¨ïå (12) ¨ (13)

A =
1X
n=0

1
(2n+ 1)!

ad2nQ Q0; (16)

B =
1X
n=1

1
(2n)!

ad2n�1
Q Q0; (17)

£¤¥ Q | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë© í«¥¬¥â A, â® X1 = shQ ¨ X2 = chQ ï¢«ïîâáï

à¥è¥¨ï¬¨ ãà ¢¥¨© (12) ¨ (13) á®®â¢¥âáâ¢¥®.

�à¥¤«®¦¥¨¥ 5. �á«¨ ¢ ãà ¢¥¨ïå (14) ¨ (15) ¯ à ¬¥âà A ¨¬¥¥â ¢¨¤ (16), â® X3 = thQ
¨ X4 = cthQ ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨© (13) ¨ (14) á®®â¢¥âáâ¢¥®.

� ª ª ª ¯à ªâ¨ç¥áª¨ § ¤ ¢ âì ¯ à ¬¥âàë A ¨ B ãà ¢¥¨© (12){(15) ¢ ¢¨¤ å (16), (17) ®ç¥ì
á«®¦®, â® ¤«ï ¡®«¥¥ íää¥ªâ¨¢®£® ¨á¯®«ì§®¢ ¨ï ¯à¥¤«®¦¥¨© 4, 5 ¥®¡å®¤¨¬® ¯ à ¬¥âàë
ãà ¢¥¨© § ¤ ¢ âì ¢ ¡ §¨á¥ LN . �®£¤ , ®¯à¥¤¥«ïï Q = q�(t)E�, ¬®¦® á¢ï§ âì ¬¥¦¤ã á®¡®©
¯à®¥ªæ¨¨ A, B ¨ Q   ¡ §¨áë¥ í«¥¬¥âë LN .

�ãáâì ¢ à ¢¥áâ¢ å (16) ¨ (17) A = a�(t)E�, B = b�(t)E�, Q = q�(t)E�. �®£¤ , ãç¨âë¢ ï
á®®â®è¥¨ï (10) ¨ (11), ¬®¦® ¯à¨à ¢ïâì ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå ¡ §¨áëå í«¥¬¥â å
¢ «¥¢ëå ¨ ¯à ¢ëå ç áâïå íâ¨å à ¢¥áâ¢. �â® ¤ ¥â

(q�)0
1X
n=0

1
(2n+ 1)!

(D�
�)

2n = a�; (18)

(q�)0
1X
n=1

1
(2n)!

(D�
�)

2n�1 = b�: (19)

� â®çª å ¥¢ëà®¦¤¥®áâ¨ ¬ âà¨æë I = (I��) á¨áâ¥¬  (18) ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥  ª ®à¬ «ì-
®© ä®à¬¥ (q�)0 = (I�1)��a

�, ¯®á«¥ ç¥£® q� ¬®£ãâ ¨á¯®«ì§®¢ âìáï ¤«ï ®¯à¥¤¥«¥¨ï b� á®£« á®
ä®à¬ã«¥ (19). �â® ¨ ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì B ç¥à¥§ A ¯à¨ § ¤ ¨¨ ãà ¢¥¨© (12) ¨ (13).

�®¯à®á ® ®à¬ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (18) ¥ âà¨¢¨ «¥. �ãé¥áâ¢ãîâ ª ª £«®¡ «ì®, â ª ¨
«®ª «ì® ®à¬ «¨§ã¥¬ë¥ á¨áâ¥¬ë. � £«®¡ «ì® ®à¬ «¨§ã¥¬ë¬ ®â®á¨âáï á«ãç © á¨áâ¥¬ë (18),
§ ¤ ®© ¤«ï  ¡¥«¥¢®© LN , ª®£¤  (C


�� = 0) ) (I�� = ���) ) (I�1 = I = E). �®«¥¥ áãé¥áâ¢¥ë©

á«ãç © ®¯à¥¤¥«ï¥â

�à¥¤«®¦¥¨¥ 6. �«ï ¨«ì¯®â¥â®© LN á¨áâ¥¬  (18) ¢á¥£¤  ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥  ª

®à¬ «ì®© ä®à¬¥.

�®ª § â¥«ìáâ¢®. �ëè¥ ®â¬¥ç «®áì, çâ® ¤«ï ¨«ì¯®â¥â®©  «£¥¡àë �¨ ¬ âà¨æ  D ï¢«ï-
¥âáï ¨«ì¯®â¥â®©. �â® ®§ ç ¥â, çâ® ¢MN ¢á¥£¤  áãé¥áâ¢ã¥â ¥¢ëà®¦¤¥ ï ¬ âà¨æ  S, ª®â®-
à ï ¯à¨¢®¤¨âD,  , § ç¨â, ¨ I�E, ª ¨«ìâà¥ã£®«ì®¬ã ¢¨¤ã. �«¥¤®¢ â¥«ì®, det I=det(SIS�1)=1,
çâ® ¨ ®¡¥á¯¥ç¨¢ ¥â à §à¥è¨¬®áâì á¨áâ¥¬ë (18) ®â®á¨â¥«ì® (q�)0 ¤«ï «î¡ëå q�.

� ª ª ª  ¡¥«¥¢  ¨ ¨«ì¯®â¥â ï  «£¥¡àë ®â®áïâáï ª ª« ááã à §à¥è¨¬ëå LN , â® æ¥«¥á®-
®¡à §® ®¡à â¨âìáï ª ¥à §à¥è¨¬ë¬  «£¥¡à ¬. � ª á«¥¤ã¥â ¨§ ªà¨â¥à¨ï �¨{�£¥«ï ([6], á. 223)
¥à §à¥è¨¬®áâ¨ £àã¯¯, ¥à §à¥è¨¬ ï  «£¥¡à  ¤®«¦  á®¤¥à¦ âì ¯à®áâãî L3. �®  ¤ A áãé¥-
áâ¢ãîâ ¤¢¥ ¥¨§®¬®àäë¥ ¯à®áâë¥ âà¥å¬¥àë¥  «£¥¡àë L3(VIII) ¨ L3(IX) ¯® ª« áá¨ä¨ª æ¨¨
�.�¨ ª¨ ([7], á. 83).

�à¥¤«®¦¥¨¥ 7. �«ï ¯à®áâ®© âà¥å¬¥à®©  «£¥¡àë L3(VIII), ®¡« ¤ îé¥© áâàãªâãà®© ¡ -

§¨áëå í«¥¬¥â®¢

[E1; E2] = E1; [E2; E3] = E3; [E1; E3] = 2E2; (20)

á¨áâ¥¬ã (18) ¬®¦® ¯à¨¢¥áâ¨ ª ®à¬ «ì®¬ã ¢¨¤ã, ¥á«¨
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1) (q2)2 � 4q1q3,
2) 0 > (q2)2 � 4q1q3 6= ��2n2, £¤¥ n | æ¥«®¥ ç¨á«®, ¥ à ¢®¥ ã«î.

�®ª § â¥«ìáâ¢®. �¥ã«¥¢ë¬¨ áãé¥áâ¢¥ë¬¨ áâàãªâãàë¬¨ ª®áâ â ¬¨ L3(VIII) á®£« á-
® (20) ï¢«ïîâáï C1

12 = C3
23 =

1
2
C2

13 = 1. �«¥¤®¢ â¥«ì®,

D =

0@�q2 �2q3 0
q1 0 �q3
0 2q1 q2

1A :
�¥¯®áà¥¤áâ¢¥ë¬ ¯¥à¥¬®¦¥¨¥¬ «¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® D2 = rE+T1, £¤¥ r = (q2)2�4q1q3,
 

T1 =

0@2q1q3 2q2q3 2(q3)2

�q1q2 �(q2)2 �q2q3
2(q1)2 2q1q2 2q1q3

1A :
�à¨ íâ®¬ T 2

1 = �rT1. � ª¨¬ ®¡à §®¬, ¤«ï n � 1 D2n = rn�1(rE + T1), çâ® ¯®§¢®«ï¥â § ¯¨á âì
¬ âà¨æã

I =
1X
n=0

rn

(2n+ 1)!
"+

1X
n=1

rn�1

(2n+ 1)!
T1: (21)

� áá¬®âà¨¬ 3 á«ãç ï.
1) �á«¨ r = 0, â. ¥. (q2)2 = 4q1q3, â® á®®â¢¥âáâ¢ãîé ï íâ®¬ã á«ãç î ¬ âà¨æ  I § ¯¨áë¢ ¥âáï

ª ª I1 = E + 1
6
T1. �«ï ¥¥ det I1 = 1, § ç¨â, 9I�1

1 8t.
2) �á«¨ r > 0, â. ¥. (q2)2 > 4q1q3, â® r ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ r = '2. �®£¤  á®®â¢¥âáâ¢ãî-

é ï ¬ âà¨æ  I ¨§ (21) I2 =
sh'
'
"+ sh'�'

'3
T1. �«ï ¥¥ det I2 =

sh2 '
'2

6= 0, çâ® £®¢®à¨â ®¡ ®¡à â¨¬®áâ¨
I2 8t.

3) �á«¨ r < 0, â. ¥. (q2)2 < 4q1q3, â® r ¬®¦® ¯à¥¤áâ ¢¨âì ª ª r = �'2, çâ® ¯®§¢®«ï¥â
§ ¯¨á âì âà¥â¨© ¢ à¨ â ¬ âà¨æë I: I3 =

sin'
'
E� sin'�'

'3
T1. �«ï ¥¥ det I3 =

sin2 '
'2

. �«¥¤®¢ â¥«ì®,
(det I3 6= 0)) (' 6= �n), çâ® ¨ ãª § ® ¢ ¯à¥¤«®¦¥¨¨ 7.

�®¯à®á ® ®à¬ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (18) ¤«ï  «£¥¡àë L3(IX) à¥è ¥â

�à¥¤«®¦¥¨¥ 8. �«ï ¯à®áâ®© ª®¬¯ ªâ®© âà¥å¬¥à®©  «£¥¡àë �¨ L3(IX), ®¡« ¤ îé¥©
áâàãªâãà®© ¡ §¨áëå í«¥¬¥â®¢

[E�; E�] = "��E ; �; �;  = 1; 3; (22)

£¤¥ "�� | ¯®«®áâìî ª®á®á¨¬¬¥âà¨ç¥áª¨© ¥¤¨¨çë© â¥§®à, á¨áâ¥¬  (18) ¯à¨¢®¤¨âáï ª

®à¬ «ì®© ä®à¬¥, ¥á«¨
3P

�=1
(q�)2 6= �2n2 ¤«ï «î¡®£® æ¥«®£® n 6= 0.

�®ª § â¥«ìáâ¢®. � âà¨æ  D ¤«ï L3(IX) á® áâàãªâãà®© (22) ¨¬¥¥â ¢¨¤

D =

0@ 0 q3 �q2
�q3 0 q1

q2 �q1 0

1A :
�«ï ¥¥ D2 = �r2"+ T2, £¤¥ r2 =

3P
�=1

(q�)2,  

T2 =

0@(q1)2 q1q2 q1q3

q1q2 (q2)2 q2q3

q1q3 q2q3 (q3)2

1A :
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� ª ª ª T 2
2 = r2T2, â® D2n = (�1)nr2(n�1)(r2E � T2) 8n � 1, â. ¥.

I =
1X
n=0

(�1)nr2n
(2n+ 1)!

E �
1X
n=1

(�1)nr2(n�1)

(2n+ 1)!
T2:

�ç¥¢¨¤®, (r2 = 0), (q� = 0), çâ® ¢¥¤¥â ª ¢ëà®¦¤¥¨î ¢á¥å ãà ¢¥¨© (12){(15) ¢ âà¨¢¨ «ìë¥
â®¦¤¥áâ¢  0 � 0. �®« £ ï r 6= 0, ¬ âà¨æã I ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

I =
sin r
r
"+

r � sin r
r3

T2: (23)

�¯à¥¤¥«¨â¥«ì íâ®© ¬ âà¨æë det I = sin2 r
r2

6= 0, ¥á«¨ r 6= �n, çâ® ¨ ãª § ® ¢ ¯à¥¤«®¦¥¨¨ 8.
�§ ¯à¥¤«®¦¥¨© 6{8 á«¥¤ã¥â, çâ® ¤«ï  «£¥¡à à §«¨çëå áâàãªâãà áãé¥áâ¢ãîâ ®¡« áâ¨ § -

ç¥¨© ¯¥à¥¬¥®© t, £¤¥ á¨áâ¥¬  (18) ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥  ª ®à¬ «ì®¬ã ¢¨¤ã. �á«¥¤ § 
¢®¯à®á®¬ ® ®à¬ «¨§ã¥¬®áâ¨ ¥¥ ¢áâ ¥â ¢®¯à®á ® à §à¥è¨¬®áâ¨ ¢ ª¢ ¤à âãà å. �â¢¥â   ¥£®
¤ îâ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�à¥¤«®¦¥¨¥ 9. � ®¡« áâ¨ áãé¥áâ¢®¢ ¨ï ¨ ®à¬ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (18) ¥¥ ¬®¦®

¯à®¨â¥£à¨à®¢ âì ¢ ª¢ ¤à âãà å, ¥á«¨  «£¥¡à  �¨ LN à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. � §à¥è¨¬ ï LN ®¡à §ã¥âáï ([5], á. 64) âà¥ã£®«ìë¬ à áè¨à¥¨¥¬  ¡¥«¥¢®©
 «£¥¡àë. �«¥¤®¢ â¥«ì®, ¬ âà¨æ  D ¯à¥®¡à §®¢ ¨¥¬ ¯®¤®¡¨ï ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥  ª ¡«®ç®-
âà¥ã£®«ì®¬ã ¢¨¤ã. �¤¨ ¨§ ¥¥ ¤¨ £® «ìëå ¡«®ª®¢ á®®â¢¥âáâ¢ã¥â ª®¬¬ãâ â¨¢®© ¯®¤ «£¥¡à¥,
  ¢â®à®© | ¥¥ âà¥ã£®«ì®¬ã à áè¨à¥¨î. � ª ª ª ¡«®ç®-âà¥ã£®«ìë¥ ¬ âà¨æë ®¡à §ãîâ ¯®¤-
 «£¥¡àãMN , â® ®à¬ «¨§®¢  ï á¨áâ¥¬  (18) à á¯ ¤ ¥âáï   âà¨ ¯®¤á¨áâ¥¬ë. �®£« á® ¯à ¢¨-
« ¬ á«®¦¥¨ï ¨ ã¬®¦¥¨ï ¡«®çëå ¬ âà¨æ, ¢ ª ¦¤®© ¨§ ¯®¤á¨áâ¥¬ ®¡à §ãîâáï ¥«¨¥©®áâ¨
äãªæ¨ï¬¨ q� á ¨¤¥ªá ¬¨ «¨¡® ¡®«ìè¨¬¨, «¨¡® ¬¥ìè¨¬¨ (¢ § ¢¨á¨¬®áâ¨ ®â ¢¨¤  âà¥ã£®«ì®-
áâ¨) ®¬¥à  ª ¦¤®£® ¨§ ãà ¢¥¨©. �â® ¤ ¥â ¢®§¬®¦®áâì ¯®á«¥¤®¢ â¥«ì® à¥è âì ¯®¤á¨áâ¥¬ë,
 , á«¥¤®¢ â¥«ì®,¨ ¢áî á¨áâ¥¬ã (18).

�«ï ¥à §à¥è¨¬ëå LN á¨âã æ¨ï § ç¨â¥«ì® á«®¦¥¥. �¡ íâ®¬ £®¢®à¨â

�à¥¤«®¦¥¨¥ 10. �¨áâ¥¬  (18) ¥ ¨â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å á ¯à®¨§¢®«®¬ ¢ N äãª-

æ¨© a�, ¥á«¨ LN ¥à §à¥è¨¬ .

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï á¢®¤¨âáï ª ¨§ãç¥¨î ¤¢ãå ¯à®áâëå L3, ®¤  ¨§ ª®â®-
àëå, á®£« á® ã¯®¬¨ ¢è¥©áï â¥®à¥¬¥ �¨{�£¥«ï, ¤®«¦  á®¤¥à¦ âìáï ¢ ¥à §à¥è¨¬®©  «£¥-
¡à¥.

� á«ãç ¥ L3(VIII) ®à¬ «¨§ã¥¬®áâì á¨áâ¥¬ë (18) ®¯à¥¤¥«ï¥âáï âà¥¬ï â¨¯ ¬¨ á®®â®è¥¨©
q�: 1) (q2)2�4q1q3 = 0, 2) (q2)2�4q1q3 > 0, 3) 0 > (q2)2�4q1q3 6= ��2n2. � ¦¤®¬ã ¨§ íâ¨å á«ãç ¥¢
á®®â¢¥âáâ¢ã¥â ®¤¨ ¨§ âà¥å ¢¨¤®¢ ¬ âà¨æë I, Im = f1mE + f2mT1, £¤¥ m = 1; 3, f11 = 1, f21 = 1

6
,

f12 = sh'
'
, f22 = sh'�'

'3
, f13 = sin'

'
, f23 = '�sin'

'3
. � ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ ®à¬ «¨§ã¥¬®áâ¨

á¨áâ¥¬ë (18) det Im = f 2
1m, â. ¥.

I�1
m =

1
f1m

E +
f2m
f1m

0@ 2q1q3 �2q2q3 �2(q3)2
q1q2 (q2)2 q2q3

�2(q1)2 �2q1q2 2q1q3

1A ;
  á ¬  ®  ¯à¨¨¬ ¥â âà¨ ¢¨¤ :

(q1)0 = f�1
1m[a

1(1 + 2f2mq
1q3) + a2f2mq

1q2 � 2a3f2m(q
1)2];

(q2)0 = f�1
1m[�2a1f2mq2q3 + a2(1 + f2m(q

2)2)� 2a3f2mq
1q2];

(q3)0 = f�1
1m[�2a1f2m(q3)2 + a2f2mq

2q3 + a3(1 + 2f2mq
1q3)]:

� ª ª ª äãªæ¨¨ a� ¯à®¨§¢®«ìë, â® ª ¦¤®¥ ¨§ q� ï¢«ï¥âáï à¥è¥¨¥¬ ®¡é¥£® ãà ¢¥¨ï �¨ª-
ª â¨, ª®â®à®¥, ª ª ¨§¢¥áâ®, ¥ ¨â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å.
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�¡à â¨¬áï ª® ¢â®à®© ¯à®áâ®© L3, ¤«ï ª®â®à®© I § ¤ ¥âáï à ¢¥áâ¢®¬ (23). � ®¡« áâ¨ ®à-

¬ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (18)
3P

�=1
(q�)2 6= �2n2. �à¨ íâ®¬, ¥á«¨ ¢¢¥áâ¨ ®¡®§ ç¥¨ï '1 = sin r

r
,

'2 = r�sin r
r3

, â® I�1 ¬®¦® § ¯¨á âì ª ª I�1 = 1
'1
E � '2

'1
T2. �«¥¤®¢ â¥«ì®, ®à¬ «ì ï ä®à¬ 

á¨áâ¥¬ë (18) ¤«ï L3(IX) § ¯¨áë¢ ¥âáï ª ª

(q�)0 = a�(1� '2(q�)2)� '2(a�1q�1 + a�2q�2)q�; � 6= �1;2 = 1; 3:

� ª ª ª ¢ ª ¦¤®¬ ãà ¢¥¨¨ íâ®© á¨áâ¥¬ë ª®íää¨æ¨¥âë ¯à¨ ¢á¥å áâ¥¯¥ïå q� § ¤ îâáï á
¯®¬®éìî âà¥å ¯à®¨§¢®«ìëå äãªæ¨© a�, â® ¢á¥ ®¨ ï¢«ïîâáï ®¡é¨¬¨ ãà ¢¥¨ï¬¨ �¨ªª â¨.

� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ ®¡¥¨å ¯à®áâëå L3 ¤«ï ¨â¥£à¨à®¢ ¨ï ¢ ª¢ ¤à âãà å á¨áâ¥¬ë (18)
¥®¡å®¤¨¬®  ª« ¤ë¢ âì   a� ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï. �à¨¬¥àë ¨å ¬®¦®  ©â¨ ¢ [8].

�®á«¥¤¨¥ ãâ¢¥à¦¤¥¨ï áã¬¬¨àã¥â

�¥®à¥¬  3. �á«¨ ¢ ãà ¢¥¨ïå (12) ¨ (13) A = a�(t)E� ¨ B = b�(t)E�, £¤¥ (E�) | ¡ §¨á ¥-

ª®â®à®©  «£¥¡àë �¨  ¤ A á® áâàãªâãàë¬¨ ª®áâ â ¬¨ C
��, b

� = (q�)0
1P
n=1

1
(2n)!

(qC�
�)

2n�1,

  q�  å®¤ïâáï ¨§ á¨áâ¥¬ë (18), â® à¥è¥¨¥¬ ¯¥à¢®£® ¨§ ¨å ï¢«ï¥âáï X1 = sh(q�E�),   ¢â®-
à®£® | X2 = ch(q�E�). �à¨ íâ®¬, ¥á«¨ LN à §à¥è¨¬ , â® q� ¢á¥£¤   å®¤ïâáï ¢ ª¢ ¤à âãà å

¢ ®¡« áâ¨ áãé¥áâ¢®¢ ¨ï ¨ ®à¬ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (18),   ¯à¨ ¥à §à¥è¨¬®áâ¨  «£¥¡àë

| «¨èì ¤«ï ç áâëå ¢¨¤®¢ a�.

�¥®à¥¬  4. �á«¨ ¢ ãà ¢¥¨ïå (14) ¨ (15) A = a�(t)E� 2 LN � A, â® ¨å à¥è¥¨ï¬¨

á®®â¢¥âáâ¢¥® ï¢«ïîâáï X3 = th(q�E�) ¨ X4 = cth(q�E�), £¤¥ q�  å®¤ïâáï ¨§ á¨áâ¥¬ë

(18). �à¨ íâ®¬, ¥á«¨ LN | à §à¥è¨¬ ï  «£¥¡à  �¨, â® q� ¢á¥£¤   å®¤ïâáï ¢ ª¢ ¤à âãà å ¢

®¡« áâ¨ áãé¥áâ¢®¢ ¨ï ¨ ®à¬ «¨§ã¥¬®áâ¨ á¨áâ¥¬ë (18),   ¯à¨ ¥à §à¥è¨¬®áâ¨ LN | «¨èì

¤«ï ç áâëå ¢¨¤®¢ a�.

�â®¡ë à áè¨à¨âì ¤¨ ¯ §® ¯à¨¬¥¥¨ï ¯à¨¢¥¤¥ëå â¥®à¥¬ ¨ ã¯à®áâ¨âì ¯à®æ¥¤ãàã ¨å ¨á-
¯®«ì§®¢ ¨ï, ¯®«¥§® áä®à¬ã«¨à®¢ âì

�à¥¤«®¦¥¨¥ 11. �à ¢¥¨ï (12){(15) ¨¢ à¨ âë ®â®á¨â¥«ì® ®¤®¢à¥¬¥®£® ¯à¥-

®¡à §®¢ ¨ï ¯®¤®¡¨ï Xi, A ¨ B ¯®áâ®ïë¬ ®¡à â¨¬ë¬ í«¥¬¥â®¬ S 2 A.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ãà ¢¥¨¥ (12). �¡®§ ç¨¬ SRS�1 = eR : 8R 2 A. �ç¥¢¨¤®,
ãª § ®¥ ¯à¥®¡à §®¢ ¨¥ ¯¥à¥¢®¤¨â íâ® ãà ¢¥¨¥ ¢ ãà ¢¥¨¥ eX 0

1 = S
q
S�1( eX2

1 +E)SS�1 eA+eX1
eB. � ª ª ª (S

q
S�1( eX2

1 +E)S S�1)2 = eX2
1 + E, â® S

q
S�1( eX2

1 +E)S S�1 =
q eX2

1 +E. �«¥¤®-
¢ â¥«ì®, ¯¥à¢®¥ ¨§ ç¥âëà¥å à áá¬ âà¨¢ ¥¬ëå ãà ¢¥¨© ¥ ¬¥ï¥â á¢®¥£® ¢¨¤  ¯à¨ ¯à¥®¡à -
§®¢ ¨¨ ¯®¤®¡¨ï ¢á¥å ¢å®¤ïé¨å ¢ ¥£® í«¥¬¥â®¢ A. � «®£¨ç® ¤®ª §ë¢ ¥âáï ¨¢ à¨ â®áâì
ãà ¢¥¨© (13){(15).

5. �à ¢¥¨ï (12){(15)  ¤ M2 å à ªâ¥à¨§ãîâáï ª®ªà¥âë¬¨ áâàãªâãà ¬¨ LN , ¨¬¥î-
é¨¬¨ ¯à¥¤áâ ¢«¥¨ï ¢ ¬®¦¥áâ¢¥ 2� 2-¬ âà¨æ.

�à®áâ¥©è¨¬, ®ç¥¢¨¤®, ï¢«ï¥âáï á«ãç © ®¤®¬¥à®©  «£¥¡àë, ¡ §¨áë¬ í«¥¬¥â®¬ ª®â®à®©
¬®¦¥â á«ã¦¨âì «î¡ ï ¯®áâ®ï ï ¬ âà¨æ  E1. �â  L1 ï¢«ï¥âáï  ¡¥«¥¢®© ¨ «î¡®© ¥¥ í«¥¬¥â
¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ A = aE1, £¤¥ a = a(t). �§ ®¯à¥¤¥«¥¨ï í«¥¬¥â  B á«¥¤ã¥â, çâ® íâ  ¬ âà¨æ 
à ¢  ã«î. � ª¨¬ ®¡à §®¬, ¤«ï ¤ ®£® á«ãç ï á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 12. �á«¨ ¢ ãà ¢¥¨ïå (12){(15) A = aE1, £¤¥ a = a(t) | ¥¯à¥àë¢ ï
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äãªæ¨ï, â® ®¨ ¨ ¨å à¥è¥¨ï ¯à¨¨¬ îâ á®®â¢¥âáâ¢¥® á«¥¤ãîé¨© ¢¨¤ :

X 0

1 = a
q
X2

1 +EE1; X1 = sh
� Z

a dtE1

�
;

X 0

2 = a
q
X2

2 �EE1; X2 = ch
� Z

a dtE1

�
;

X 0

3 = a
q
E �X2

3 E1

q
E �X2

3 ; X3 = th
�Z

a dtE1

�
;

X 0

4 = a
q
X2

4 �EE1

q
X2

4 �E; X4 = cth
� Z

a dtE1

�
:

�®ª § â¥«ìáâ¢® á¢®¤¨âáï ª ¯®¤áâ ®¢ª¥ ¢ (12) ¨ (13) B = 0 ¨ ¨â¥£à¨à®¢ ¨î âà¨¢¨ «ì®£®
ãà ¢¥¨ï (q1)0 = a, ¢ ª®â®à®¥ ¢ëà®¦¤ ¥âáï á¨áâ¥¬  (18) ¯à¨ N = 1 ¨ C

�� = 0.
� §ã¬¥¥âáï, ¯à¥¤«®¦¥¨¥ 12 á¯à ¢¥¤«¨¢® ¤«ï ãà ¢¥¨© (12){(15) á § ¤ ë¬ ¢¨¤®¬ ¯ à -

¬¥âà  A  ¤ «î¡®©  «£¥¡à®© A.
�áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ L1 ï¢«ï¥âáï  ¡¥«¥¢  L2, ¤«ï ª®â®à®© ãà ¢¥¨ï (12){(15) ¨ ¨å

à¥è¥¨ï â ª¦¥ ¨¬¥îâ ¯à®áâ®© ¢¨¤. � ª ª ª ¯à¥¤áâ ¢«¥¨¥ íâ®©  «£¥¡àë ¢M2 ¨¬¥¥â ¥ª®â®àë©
¯à ªâ¨ç¥áª¨© ¨â¥à¥á, â® áä®à¬ã«¨àã¥¬

�à¥¤«®¦¥¨¥ 13. �á«¨ ¢ ãà ¢¥¨ïå (12){(15) A = a�E� (� = 1; 2), £¤¥ a� = a�(t) |
¥¯à¥àë¢ë¥ äãªæ¨¨,   ¬ âà¨æ ¬¨ E� ï¢«ïîâáï E�m (m = 1; 3):

E11 =

 
s1 s2
r3
r2
s2 s1 + s2

r2
(r4 � r1)

!
; E21 =

�
r1 r2
r3 r4

�
(r2 6= 0);

E12 =

 
s1 0
s2 s1 + s2

r2
(r3 � r1)

!
; E22 =

�
r1 0
r2 r3

�
;

E13 =
�
s1 0
0 s2

�
; E23 =

�
r1 0
0 r2

�
;

â® íâ¨ ãà ¢¥¨ï ¨ ¨å à¥è¥¨ï ¬®£ãâ ¡ëâì § ¯¨á ë ª ª

X 0

1m =
q
X2

1m +E(a�E�m); X1m = sh
�Z

a� dtE�

�
;

X 0

2m =
q
X2

2m �E(a�E�m); X2m = ch
�Z

a� dtE�

�
;

X 0

3m =
q
E �X2

3m(a
�E�m)

q
E �X2

3m; X3m = th
� Z

a� dtE�m

�
;

X 0

4m =
q
X2

4m �E(a�E�m)
q
X2

4m �E; X4m = cth
�Z

a� dtE�m

�
:

�®ª § â¥«ìáâ¢®. � ¯¨á ë¥ ¯ àë ¬ âà¨æ ï¢«ïîâáï âà¥¬ï ¢ à¨ â ¬¨ à¥è¥¨ï  «£¥¡à -
¨ç¥áª®£® ãà ¢¥¨ï [S0; R] = 0  ¤M2 [9]. �«¥¤®¢ â¥«ì®, E�m ®¡à §ãîâ ¡ §¨á à §«¨çëå ¯à¥¤-
áâ ¢«¥¨© ¢ M2  ¡¥«¥¢®© L2. �«ï ¥¥, ¢®-¯¥à¢ëå, B = 0,   ¢®-¢â®àëå, (q�)0 = a�, çâ® ¨ ¤ ¥â
ãª § ãî ª®ªà¥â¨§ æ¨î ãà ¢¥¨© (12){(15) ¨ ¨å à¥è¥¨©.

� áá¬®âà¨¬ ¥ ¡¥«¥¢ë à §à¥è¨¬ë¥ LN . � [9] ¯à¨¢¥¤¥  ¨¡®«¥¥ ®¡é¨© ¢¨¤ ª¢ ¤à â®© ¤¢ã-
¬¥à®© ¬ âà¨æë, «¨¥©®© ¯® ¡ §¨áã à §à¥è¨¬®© L3 = L2(II)� L1:

A =
�
f 1 f 2

f 3 f 1 + kf 2 � 1
k
f 2

�
; k0 = 0 6= k; f� = f�(t): (24)

� ª ª ª ¤àã£¨¥ âà¥å¬¥àë¥ à §à¥è¨¬ë¥  «£¥¡àë ¢ M2 ¥ à¥ «¨§ãîâáï, â® ¬ âà¨æ  (24) ¯à¥¤-
áâ ¢«ï¥â  ¨¡®«¥¥ ®¡é¨© ¢¨¤ í«¥¬¥â  M2, ¯à¨ ¤«¥¦ é¥£® à §à¥è¨¬®©  «£¥¡à¥ �¨. � ª çâ®
 ¨¡®«¥¥ ®¡é¨© ¢¨¤ ãà ¢¥¨© (12){(15), ¨â¥£à¨àã¥¬ëå ¢ ª¢ ¤à âãà å, ®¯à¥¤¥«ï¥âáï ¨¬¥®
íâ¨¬ ¢¨¤®¬ ¬ âà¨ç®£® ¯ à ¬¥âà .
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�à ¢¥¨ï (12), (13) ¨ (14), (15) áå®¤ë ¬¥¦¤ã á®¡®©. �®íâ®¬ã ¨§ ç¥âëà¥å ãà ¢¥¨© æ¥«¥-
á®®¡à §® à áá¬®âà¥âì «¨èì ¤¢  áãé¥áâ¢¥® à §«¨çëå, (12) ¨ (14), ¯à¥¤¢ à¨â¥«ì® ¯à¥®¡à -
§®¢ ¢ ¨å ¢ á®®â¢¥âáâ¢¨¨ á ¯à¥¤«®¦¥¨¥¬ 11.

�ç¥¢¨¤®, A = f�E�, £¤¥ E1 = E, E2 = ( 0 1
0 k ), E3 =

�
0 0
0 �k�1

�
. �âàãªâãà  L3 á ¡ §¨á®¬ (E�)

®¯à¥¤¥«ï¥âáï ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ [E1; Er] = 0 (r = 2; 3), [E2; E3] = E1� 1
k
E2+kE3.

�¯à®áâ¨âì ¢¨¤ ¬ âà¨æ A ¨ E�, a â ª¦¥ áâàãªâãàã L3 ¬®¦® á ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï ¯®¤®¡¨ï
¨§ãç ¥¬ëå ãà ¢¥¨©. � âà¨æ  (24) âà¨ £ã«¨àã¥âáï ¯à¥®¡à §®¢ ¨¥¬ SAS�1 = eA = a� eE� 2fM2 �M2, £¤¥

S =
�
k �1
1 0

�
; eA =

�
a1 0
a2 a3

�
; eE1 =

�
1 0
0 0

�
; eE2 =

�
0 0
1 0

�
; eE3 =

�
0 0
0 1

�
; (25)

a1 = f 1 � 1
k
f 3, a2 = �f 2, a3 = f 1 + kf 2, fM2 | ¬®¦¥áâ¢® ¨¦¥âà¥ã£®«ìëå ¬ âà¨æ. �à¨

íâ®¬ áâàãªâãà  eL3 (( eE�) � eL3) § ¤ ¥âáï á«¥¤ãîé¨¬¨ ª®¬¬ãâ â®à ¬¨ ¡ §¨áëå í«¥¬¥â®¢:
[ eE1; eE2] = � eE2, [ eE1; eE3] = 0, [ eE2; eE3] = � eE2. �®íâ®¬ã áãé¥áâ¢¥ë¬¨ áâàãªâãàë¬¨ ª®áâ â -
¬¨ eL3 ï¢«ïîâáï C2

12 = C2
23 = �1. �à¨ íâ®¬ fM2 ®¡à §ã¥â ¯®¤ «£¥¡àãM2. �«¥¤®¢ â¥«ì®, à¥è¥¨ï

ãà ¢¥¨© (12) ¨ (14) ¯à¨ ¤«¥¦ â fM2, çâ® § ¬¥â® ã¯à®é ¥â ¨å ¨â¥£à¨à®¢ ¨¥.
� ª¨¬ ®¡à §®¬, ¢®á¯®«ì§ã¥¬áï ¯à¥¤«®¦¥¨¥¬ 11 ¤«ï ¯à¨¢¥¤¥¨ï ¨§ãç ¥¬ëå ãà ¢¥¨© ª

¢¨¤ã

eX 0

1 =
q eX2

1 +E eA+ eX1
eB; (26)

eX 0

3 =
q
E � eX2

3
eAqE � eX2

3; (27)

£¤¥ ¬ âà¨æ  eB ¯®¤«¥¦¨â ¤®®¯à¥¤¥«¥¨î ¢ á®®â¢¥âáâ¢¨¨ á ¢¨¤®¬ eA. � ©¤¥¬ ¥¥. �«ï íâ®£® § ¤ -
¤¨¬ eB ª ª í«¥¬¥â fM2: eB = b� eE�, £¤¥ b� = b�(t) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (19), ¢ ª®â®à®© q�

 å®¤ïâáï ¨§ (18), � = 1; 3,   C
�� § ¤ ë ¢ëè¥ ª®¬¬ãâ æ¨®ë¬¨ á®®â®è¥¨ï¬¨ ¬ âà¨æ eE�.

� âà¨æ  D ¤«ï ¤ ®© áâàãªâãàë eL3 ¨¬¥¥â ¢¨¤ í«¥¬¥â 

D = (D�
�) =

0@0 q2 0
0 q3 � q1 0
0 �q2 0

1A :
�¥£ª® ã¡¥¤¨âìáï ¥¯®áà¥¤áâ¢¥ë¬ ¯¥à¥¬®¦¥¨¥¬ ¢ â®¬, çâ® Dk = �k�1D, � = q3 � q1. � ª¨¬
®¡à §®¬, ¥á«¨ q3 6= q1 (¢ ¯à®â¨¢®¬ á«ãç ¥ eL3 ¢ëà®¦¤ ¥âáï ¢  ¡¥«¥¢ã L2), â® á®£« á® (10)

I = E + 'D =

0@1 'q2 0
0 1 + '� 0
0 �'q2 1

1A ; J =  D =

0@0  q2 0
0  � 0
0 � q2 0

1A ;
£¤¥ ' = (sh���)��2,  = (ch��1)��2. �«¥¤®¢ â¥«ì®, à ¢¥áâ¢® (q�)0I�� eE� = a� eE� íª¢¨¢ «¥â®
á¨áâ¥¬¥ 8>><>>:

(q1)0 = a1;

(q1)0'q2 + (q2)0(1 + '(q3 � q1))� (q3)0'q2 = a2;

(q3)0 = a3;

¨§ ª®â®à®© ¢ëâ¥ª ¥â

q1 =
Z
a1dt; q2 = � cth

�

2

Z
a2dt

1 + ch�
; q3 =

Z
a3dt; � =

Z
(a3 � a1)dt: (28)

�®«ãç¥ë¥ § ç¥¨ï q� ¯®§¢®«ïîâ ®¯à¥¤¥«¨âì ¬ âà¨æãeB = (q�)0J�� eE� = (q�)0J2
�
eE2 = ((q1)0 q2 + (q2)0 �� (q3)0 q2)E2;
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â. ¥.

eB =
�
0 0
b 0

�
; b =

ch�� 1
� sh�

(�a2 � (a3 � a1)q2); (29)

£¤¥ q� § ¤ ë á®®â®è¥¨ï¬¨ (28).

� ª ª ª eB = SBS�1, â®, ¨á¯®«ì§ãï ¬ âà¨æã S ¨§ (25),  ©¤¥¬ ¢â®à®© ¯ à ¬¥âà ¢ ãà ¢¥¨¨
(12), B = S�1 eBS:

B = b

�
k �1
k2 �k

�
: (30)

� ª¨¬ ®¡à §®¬, ®¡ê¥¤¨ï¥â, ª®ªà¥â¨§¨àã¥â ¨ ¨««îáâà¨àã¥â ¥ª®â®àë¥ ¯à¥¤è¥áâ¢ãîé¨¥
à¥§ã«ìâ âë

�¥®à¥¬  5. �á«¨ ¢ ãà ¢¥¨ïå (12) ¨ (14)  ¤ M2 ¯ à ¬¥âàë A ¨ B ¨¬¥îâ ¢¨¤ (24) ¨ (30),
£¤¥ f� | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¥ äãªæ¨¨, k 6= 0 = k0, â® à¥è¥¨¥¬ ¯¥à¢®£® ¨§ ¨å

ï¢«ï¥âáï X1 = S�1 sh(q�E�)S, â. ¥. ¤«ï q1 6= q3

X1 =

 
kq2

q3�q1
(sh q3 � sh q1) + sh q3 q2

q3�q1
(sh q1 � sh q3)

k
�

kq2

q3�q1
+ 1

�
(sh q3 � sh q1) kq2

q3�q1
(sh q1 � sh q3)

!
; (31)

  à¥è¥¨¥¬ ¢â®à®£® | X3 = S�1 th(q� eE�)S, â. ¥. ¯à¨ q1 6= q3

X3 =

 
kq2

q3�q1
(th q3 � th q1) + th q3 q2

q3�q1
(th q1 � th q3)

k
�

kq2

q3�q1
+ 1

�
(th q3 � th q1) kq2

q3�q1
(th q1 � th q3)

!
; (32)

£¤¥ q� á¢ï§ ë á a� á®®â®è¥¨ï¬¨ (28).

�®ª § â¥«ìáâ¢®. � ª ª ª ¬ âà¨æë A ¨ B ¯à¥®¡à §®¢ ¨¥¬ ¯®¤®¡¨ï ¯à¨¢®¤ïâáï ª ¢¨¤ ¬eA = SAS�1 = a� eE� ¨ eB = SBS�1 = b eE2, £¤¥ eA, eE�, a� ¨ S ¤ ë ¢ (25),   eB ¨ b | ¢ (29), â®,
¯®«ì§ãïáì ¯à¥¤«®¦¥¨¥¬ 11, ¯à¥®¡à §ã¥¬ ãà ¢¥¨ï (12) ¨ (14) ª (26) ¨ (27) á âà¥ã£®«ìë¬¨
¯ à ¬¥âà ¬¨ eA ¨ eB. �®£¤  á®£« á® â¥®à¥¬ ¬ 3 ¨ 4 eX1 = sh eQ ¨ eX3 = th eQ, £¤¥ eQ = q� eE�,   q�

ã¦¥  ©¤¥ë ¢ëè¥ ¨§ á¨áâ¥¬ë (18) ¨ ¯à¨¢¥¤¥ë ¢ (28). � ª ª ª

eQk =

0@ (q1)k 0

q2
k�1P
i=0

(q1)i(q3)k�i�1 (q3)k

1A ;
â® ¯à¨ q1 6= q3

eQk =

 
(q1)k 0

q2

q1�q3
((q1)k � (q3)k) (q3)k

!
;

çâ® ¯®§¢®«ï¥â «î¡ãî § ¤ ¢ ¥¬ãî ¢ ¢¨¤¥ àï¤  äãªæ¨î F ( eQ) § ¯¨áë¢ âì ¢ ä®à¬¥
F ( eQ) =  

F (q1) 0
q2

q1�q3
(F (q1)� F (q3)) F (q3)

!
: (33)
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�à¨ íâ®¬ ä®à¬ã«  (33) á¯à ¢¥¤«¨¢  ¨ ¤«ï ®¡à âëå ª F ( eQ) äãªæ¨© (¢ â®çª å, £¤¥ F (q1)F (q3)6=0),
¨ ¤«ï ¯à®¨§¢¥¤¥¨©. � ª¨¬ ®¡à §®¬,

sh eQ =

 
sh q1 0

q2

q1�q3
(sh q1 � sh q3) sh q3

!
; ch eQ =

 
ch q1 0

q2

q1�q3
(ch q1 � ch q3) ch q3

!
; (34)

ch�1 eQ =

 
ch�1 q1 0

q2

q1�q3
(ch�1 q1 � ch�1 q3) ch�1 q3

!
; (35)

th eQ =

 
th q1 0

q2

q1�q3
(th q1 � th q3) th q3

!
: (36)

�¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ «¥£ª® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ à ¢¥áâ¢  sh2 eQ+E = ch2 eQ,
çâ®, ¢®-¯¥à¢ëå, á®®â¢¥âáâ¢ã¥â ä®à¬ã«¥ (3),  , ¢®-¢â®àëå, ®¯à¥¤¥«ï¥â à ¤¨ª «

q
sh2 eQ+E =

ch eQ. � «®£¨ç® ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® qE � th2 eQ = ch�1 eQ. �¥àï ch eQ ¨ ch�1 eQ ¨§ (34) ¨ (35),
 å®¤¨¬ ¯à ¢ë¥ ç áâ¨ ãà ¢¥¨© (26) ¨ (27):q eX2

1 +E eA+ eX1
eB1 = ch eQ eA+ sh eQ eB =

=

 
a1 ch q1 0

a1q2

q1�q3
(ch q1 � ch q3) + a2 ch q3 + b sh q3 a3 cth q3

!
;q

E � eX2
3
eAqE � eX2

3 = ch�1 eQ eA ch�1 eQ =

=

 
a1 ch�2 q1 0

q2

q1�q3
(ch�1 q1 � ch�1 q3)(a1 ch�1 q1 + a3 ch�1 q3) + a2 ch�1 q1 ch�1 q3 a3 ch�2 q3

!
:

� ª¨¬ ®¡à §®¬, ¥á«¨ ¯à®¤¨ää¥à¥æ¨à®¢ âì äãªæ¨¨ sh eQ ¨§ (34) ¨ th eQ ¨§ (36), â®, ãç¨âë¢ ï
§ ç¥¨ï (q�)0, ¬®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ® eX1 = sh eQ ¨ eX3 = th eQ ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢-
¥¨© (26) ¨ (27). �«¥¤®¢ â¥«ì®, à¥è¥¨ï ãà ¢¥¨© (12) ¨ (14) ¨¬¥îâ ¢¨¤ X1 = S�1 eX1S ¨
X3 = S�1 eX3S, çâ® ¨ § ¯¨á ® ¢ (31) ¨ (32). �
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