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�® ¬®£¨å à §¤¥« å á®¢à¥¬¥®© ¬ â¥¬ â¨ª¨ ¢®§¨ª îâ § ¤ ç¨, á¢ï§ ë¥ á ®¯¨á ¨¥¬ ¬®-
£®®¡à §¨©, ®¤®à®¤ëå ®â®á¨â¥«ì® ¤¥©áâ¢¨© à §«¨çëå £àã¯¯ ¯à¥®¡à §®¢ ¨©. �à®áâ¥©è¥©
¨§ â ª¨å § ¤ ç ¬®¦® áç¨â âì ®¯¨á ¨¥ ¯«®áª¨å ªà¨¢ëå, ®¤®à®¤ëå ®â®á¨â¥«ì®  ää¨-
ëå ¯à¥®¡à §®¢ ¨© ¯«®áª®áâ¨. �¥è¥¨¥ íâ®© § ¤ ç¨,   â ª¦¥ á¯¨á®ª  ää¨®-®¤®à®¤ëå
¯à®áâà áâ¢¥ëå ªà¨¢ëå ¤ ¢® ¨§¢¥áâë [1]. �à¨ íâ®¬ ¯®«ë© á¯¨á®ª  ää¨®-®¤®à®¤ëå
¯®¢¥àå®áâ¥© âà¥å¬¥à®£® ¢¥é¥áâ¢¥®£® ¯à®áâà áâ¢  ¡ë« ¯®«ãç¥ «¨èì ¥¤ ¢® ¢ [2].

�   «®£¨ç®© ¯à®¡«¥¬¥ ®¯¨á ¨ï ¢¥é¥áâ¢¥ëå £¨¯¥à¯®¢¥àå®áâ¥© ª®¬¯«¥ªáëå ¯à®áâ-
à áâ¢, ï¢«ïîé¨åáï ®à¡¨â ¬¨ â¥å ¨«¨ ¨ëå £àã¯¯ ¯à¥®¡à §®¢ ¨© ( ää¨ëå, £®«®¬®àäëå,
¤à®¡®-«¨¥©ëå), ¯®ª  ¯®«ãç¥ë «¨èì ¥ª®â®àë¥ ç áâë¥ à¥è¥¨ï [3]{[5].

� á®®â¢¥âáâ¢¨¨ á á¥à¨¥© à ¡®â [4]{[11] § ¤ çã ®¯¨á ¨ï ®¤®à®¤ëå ¯®¤¬®£®®¡à §¨© à §«¨ç-
ëå ¯à®áâà áâ¢ ã¤®¡® à¥è âì, ¨á¯®«ì§ãï ª ®¨ç¥áª¨¥ (®à¬ «ìë¥) ãà ¢¥¨ï â ª¨å ¬®£®-
®¡à §¨©. � ¯à¨¬¥à, ãà ¢¥¨¥ ¢¥é¥áâ¢¥®-  «¨â¨ç¥áª®© £¨¯¥à¯®¢¥àå®áâ¨ M ¯à®áâà áâ¢ 
C 3 , áâà®£® ¯á¥¢¤®-¢ë¯ãª«®© ¢ ¥ª®â®à®© á¢®¥© â®çª¥, ¬®¦® ¯à¨¢¥áâ¨ ª®¬¯«¥ªáë¬¨ «¨¥©ë-
¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ª ¢¨¤ã

v = (jz1j2 + jz2j2) + (�1z
2
1 + �2z

2
2) + (�1z

2
1 + �2z

2
2) +

X
k�3

Fk(z; z; u): (1)

�¤¥áì z1, z2, w | ª®®à¤¨ âë ¢ 3-¬¥à®¬ ª®¬¯«¥ªá®¬ ¯à®áâà áâ¢¥, u = Rew, v = Imw; Fk |
®¤®à®¤ë© ¬®£®ç«¥ áã¬¬ à®© áâ¥¯¥¨ k ¯® z, z; �1 ¨ �2 | ¢¥é¥áâ¢¥ë¥ ¥®âà¨æ â¥«ìë¥
ç¨á« .

�¯¨à ïáì   ãà ¢¥¨ï ¢¨¤  (1), ¬ë ¨§ãç ¥¬  ää¨ãî ®¤®à®¤®áâì ¢¥é¥áâ¢¥ëå £¨¯¥à-
¯®¢¥àå®áâ¥© ¢ ¯à®áâà áâ¢¥ C 3 .

�¥§¤¥ ¨¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® ¦¥áâª¨¥ ¯®¢¥àå®áâ¨, ãà ¢¥¨ï (1) ¤«ï ª®â®àëå
á¢®¡®¤ë ®â ¢¥é¥áâ¢¥®© ¯¥à¥¬¥®© u = Rew. �  ää¨®-®¤®à®¤ë¬ ¯®¢¥àå®áâï¬ â ª®£®
â¨¯  ®â®áïâáï,  ¯à¨¬¥à, âàã¡ç âë¥ ¯®¢¥àå®áâ¨ (âàã¡ª¨) ¢¨¤ 

M = �+ iR3

á ®¤®à®¤ë¬¨ ®â®á¨â¥«ì® ¢¥é¥áâ¢¥ëå  ää¨ëå ¯à¥®¡à §®¢ ¨© ®á®¢ ¨ï¬¨ � � R3 .
�à¨ íâ®¬ ¤«ï ¢á¥å âàã¡®ª, ª ª ¥âàã¤® ã¡¥¤¨âìáï, ª®íää¨æ¨¥âë �1, �2 à ¢ë 1=2.

�â¬¥â¨¬, çâ® §  áç¥â ¥á«®¦ëå ¢®§¬ãé¥¨© âàã¡ç âëå ¬®£®®¡à §¨© ¬®¦® ¯®áâà®¨âì
¡®«ìè®¥ á¥¬¥©áâ¢®  ää¨®-®¤®à®¤ëå ¯®¢¥àå®áâ¥©, ¢ ®à¬ «ì®¬ ãà ¢¥¨¨ (1) ¤«ï ª®â®-
àëå «¨èì ®¤¨ ¨§ ¤¢ãå ª®íää¨æ¨¥â®¢ �1, �2 à ¢¥ 1=2.

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ ¯à®£à ¬¬ë �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨©áª®© �¥¤¥à æ¨¨ \�¨-
¢¥àá¨â¥âë �®áá¨¨ | äã¤ ¬¥â «ìë¥ ¨áá«¥¤®¢ ¨ï" (¯à®¥ªâ ò 04-01-41) ¨ �®áá¨©áª®£® ä®¤  äã¤ -
¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ 01-01-00594).
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� ¤ ®© áâ âì¥ à áá¬ âà¨¢ ¥âáï á«ãç © �2 = 0 < �1 6= 1=2 ¨ ¨§ãç îâáï  ää¨®-
®¤®à®¤ë¥ ¯®¢¥àå®áâ¨ á ¤¨áªà¥âë¬¨ £àã¯¯ ¬¨ ¨§®âà®¯¨¨. � ãç¥â®¬ ®¯¨á ¨ï [11] £àã¯¯,
¢ª«îç îé¨å ¤¨áªà¥âë¥ £àã¯¯ë, ¯®«ãç ¥¬ ï¢ë© ¯®«ë© á¯¨á®ª  ää¨®-®¤®à®¤ëå ¯®-
¢¥àå®áâ¥© á ¯à¥¤áâ ¢«¥¨ï¬¨ ¢¨¤ 

v = (jz1j2 + jz2j2) + �(z21 + z21) +
X
k�3

Fk(z; z); � 6= 1=2: (2)

1. �«£¥¡àë ¢¥ªâ®àëå ¯®«¥©   ®¤®à®¤ëå ¯®¢¥àå®áâïå

� áá¬®âà¨¬ ¢¥é¥áâ¢¥®-  «¨â¨ç¥áªãî £¨¯¥à¯®¢¥àå®áâìM 2 C
3 , § ¤ ãî ¢¡«¨§¨  ç « 

ª®®à¤¨ â ãà ¢¥¨¥¬

�(z; z) = �v + F (z; z) = �v + (jz1j2 + jz2j2) + �(z21 + z21) +
X
k�3

Fk(z; z) = 0:

�ää¨ ï ®¤®à®¤®áâì M ¯®¨¬ ¥âáï ª ª áãé¥áâ¢®¢ ¨¥ ¢ £àã¯¯¥ A� (3; C )  ää¨ëå ¯à¥-
®¡à §®¢ ¨© 3-¬¥à®£® ª®¬¯«¥ªá®£® ¯à®áâà áâ¢  ¥ª®â®à®© («®ª «ì®©) ¯®¤£àã¯¯ë �¨ G(M),
âà §¨â¨¢® ¤¥©áâ¢ãîé¥©   ¯®¢¥àå®áâ¨ M .

�â £àã¯¯ë �¨ ¯¥à¥å®¤¨¬ ª ¨ä¨¨â¥§¨¬ «ìë¬ ¯à¥®¡à §®¢ ¨ï¬ ¯®¢¥àå®áâ¨, à áá¬ âà¨-
¢ ¥¬®© ¢¡«¨§¨  ç «  ª®®à¤¨ â. � á®¢à¥¬¥®© â¥à¬¨®«®£¨¨ íâ® ®§ ç ¥â à áá¬®âà¥¨¥  «-
£¥¡àë ¢¥ªâ®àëå ¯®«¥© (ª á â¥«ìëå ª ¬®£®®¡à §¨î), á®®â¢¥âáâ¢ãîé¥© £àã¯¯¥ G(M). �§ ®¤-
®à®¤®áâ¨ ¯®¢¥àå®áâ¨ M ¢ëâ¥ª ¥â  «¨ç¨¥ ¡®«ìè®© (ª ª ¬¨¨¬ã¬ 5-¬¥à®©)  «£¥¡àë â ª¨å
¯®«¥©   M .

� á¨«ã «¨¥©®£® å à ªâ¥à  ¨á¯®«ì§ã¥¬ëå  ää¨ëå ¯à¥®¡à §®¢ ¨© á®®â¢¥âáâ¢ãîé¨¥ ¢¥ª-
â®àë¥ ¯®«ï â ª¦¥ ï¢«ïîâáï «¨¥©ë¬¨. � ¦¤®¥ ¨§ ¨å ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

Z = (A1z1 +A2z2 +A3w + p1)@z1 + (B1z1 +B2z2 +B3w + p2)@z2 +

+ (C1z1 + C2z2 + C3w + q)@w; (3)

£¤¥ Ak, Bk, Ck, p1, p2, q | ª®¬¯«¥ªáë¥ ª®áâ âë.
�¬¥ï «¨¥©®¥ ¢¥ªâ®à®¥ ¯®«¥   ®¤®à®¤®© ¢¥é¥áâ¢¥®© ¯®¢¥àå®áâ¨, ¬®¦® à áá¬®âà¥âì

â®¦¤¥áâ¢®

RefZ(�)gjM � 0; (4)

®§ ç îé¥¥ ä ªâ ª á ¨ï íâ¨¬ ¯®«¥¬ ¯®¢¥àå®áâ¨ M .
�¯à¥¤¥«ïï ¢¥á ¬®®¬  zk1z

l
2z

s
1z

t
2u

m ª ª áã¬¬ã k+ l+s+ t+2m, à áá¬®âà¨¬ ª®¬¯®¥âë ¢¥á®¢
0, 1, 2, 3 â®¦¤¥áâ¢  (4). �®®â¢¥âáâ¢ãîé¨¥ ãà ¢¥¨ï ¨¬¥îâ ¢¨¤

¢¥á 0 : Refq i
2
g � 0; (5)

¢¥á 1 : Refp1(z1 + 2�z1) + p2z2 + (C1z1 + C2z2) i2g � 0; (6)

¢¥á 2 : Ref(A1z1 +A2z2)(F2)z1 + p1(F3)z1 +

+ (B1z1 +B2z2)(F2)z2 + p2(F3)z2 + C3(u+ iF2) i2g � 0; (7)

¢¥á 3 : Ref(A1z1 +A2z2)(F3)z1 +A3(u+ iF2)(F2)z1 + p1(F4)z1 +

+ (B1z1 +B2z2)(F3)z2 +B3(u+ iF2)(F2)z2 + p2(F4)z2 +

+ (�C3=2)F3g � 0: (8)

�§ á ¬®£® ¯à®áâ®£® â®¦¤¥áâ¢  (5) áà §ã á«¥¤ã¥â, çâ® q 2 R,   ¨§ (6) ¢ë¢®¤ïâáï ¤¢  à ¢¥áâ¢ :

C1 = 2i(p1 + 2�1p1); C2 = 2ip2:
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�«ï ¯®«ãç¥¨ï ¡®«¥¥ â®ç®© ¨ä®à¬ æ¨¨ ®¡ ®¤®à®¤ëå ¯®¢¥àå®áâïå ¥áâ¥áâ¢¥® ¨á¯®«ì-
§®¢ âì  «£¥¡à ¨ç¥áªãî áâàãªâãàã ¬®¦¥áâ¢  «¨¥©ëå ¢¥ªâ®àëå ¯®«¥© ¢¨¤  (3), ª á â¥«ìëå
ª ¨§ãç ¥¬®© ¯®¢¥àå®áâ¨. � ¯¨è¥¬ ¢áïª®¥ â ª®¥ ¯®«¥ ¢ ¢¨¤¥ ª¢ ¤à â®© ¬ âà¨æë 4-£® ¯®àï¤ª 

Z =

0
BB@
A1 A2 A3 p1
B1 B2 B3 p2
C1 C2 C3 q
0 0 0 0

1
CCA ;

®¡®§ ç¨¢ ¥¥ â®© ¦¥ ¡ãª¢®© Z, çâ® ¨ á ¬® ¯®«¥. �®£¤  ¬®¦¥áâ¢® ¬ âà¨æ, á®®â¢¥âáâ¢ãîé¨å
«¨¥©ë¬ ¯®«ï¬    ää¨®-®¤®à®¤®© ¯®¢¥àå®áâ¨ M , ®¡à §ã¥â  «£¥¡àã �¨ ®â®á¨â¥«ì®
®¡ëç®© ¬ âà¨ç®© áª®¡ª¨

[Z1; Z2] = Z1Z2 � Z2Z1:

�áå®¤ï ¨§ íâ¨å á®®¡à ¦¥¨© á ãç¥â®¬ ¨§ãç¥¨ï ª®¬¯®¥â ¢â®à®£® ¨ âà¥âì¥£® ¢¥á  ®á®¢®£®
â®¦¤¥áâ¢  (4), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  1. �«£¥¡à  ¢¥ªâ®àëå ¯®«¥©   ®¤®à®¤®© ¯®¢¥àå®áâ¨ ¢¨¤  (2) ¨¬¥¥â ®¤® ¨§

¯ïâ¨ ¨¦¥á«¥¤ãîé¨å ¬ âà¨çëå ¯à¥¤áâ ¢«¥¨©:

g1 =

0
BB@

1
2
�1 0 0 p1
0 1

2
�1 + i�2 0 p2

2i(p1 + 2�p1) 2ip2 �1 q
0 0 0 0

1
CCA ; (9)

£¤¥ 0 < � 6= 1=2;

g2 =

0
BB@
( 1
�
s� 2s)p1 � 1

�
sp2 0 p1

( 1
�
s� 2s)p2 B2 0 p2

2i(p1 + 2�p1) 2ip2
1
�
(sp1 + sp1) q

0 0 0 0

1
CCA ; (10)

£¤¥ 0 < � 6= 1=2, s 2 R ¨«¨ s 2 iR, B2 = ( 1
2�
s� s)p1 + ( 1

2�
s� s)p1 + i�2;

g3 =

0
BB@
( 1
�
s� 2s)p1 0 0 p1
0 1

2�
(sp1 + sp1) + i�2 0 p2

2i(p1 + 2�p1) 2ip2
1
�
(sp1 + sp1) q

0 0 0 0

1
CCA ; (11)

£¤¥ 0 < � 6= 1=2, s 2 C ;

g4 =

0
BB@
( 1
2�
� 2)�p1 � �

2�
p1 +

1
�
p2

1
�
p1 0 p1

�2p1 � 1
�
p1

1
�
p2 0 p2

2i(p1 + 2�p1) 2ip2
1
�
(p2 + p2) q

0 0 0 0

1
CCA ; (12)

£¤¥ � 2 R+ ; �
2(2�� 1) = 4;

g5 =

0
BB@

A1
1
�
(p1 + �p2) 0 p1

(�2p1 � 1
�
p1) + (2� 1

�
)�p2 B2 0 p2

2i(p1 + 2�p1) 2ip2 C3 q
0 0 0 0

1
CCA ; (13)
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£¤¥ � 2 R+ , �
2(2� � 1) = 1;

A1 =�
�
2 +

1
�

�
�p1 � 2�

�
p1 +

1
�
(2p2 + p2);

B2 =
�
2� 2

�

�
�p1 � 1

�
�p1 +

1
�
p2 +

2
�
p2;

C3 =
3
�
(��(p1 + p1) + p2 + p2):

� ¬¥ç ¨¥. �® ¢á¥å  «£¥¡à å (9){(13) ¨¬¥îâáï á¢®¡®¤ë¥ ¯ à ¬¥âàë p1, p2, q, ª®â®àë¥
®â¢¥ç îâ §  á¤¢¨£ ¢¤®«ì ¯®¢¥àå®áâ¨. �¢¥ ¯®á«¥¤¨¥  «£¥¡àë ¨§  è¥£® á¯¨áª  á®¤¥à¦ â â®«ìª®
íâ¨ ¯ à ¬¥âàë ¨ ï¢«ïîâáï 5-¬¥àë¬¨. �«£¥¡à  (9) ï¢«ï¥âáï 7-¬¥à®© ¨ á®¤¥à¦¨â, ªà®¬¥  ¡®à 
p; p, q, ¥é¥ ¤¢  ¢¥é¥áâ¢¥ëå ¯ à ¬¥âà  �1, �2. �®à¬ã«ë (10), (11) á®¤¥à¦ â ¯® 6 ¢¥é¥áâ¢¥ëå
¯ à ¬¥âà®¢.

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¥áâ¥áâ¢¥® ¢ë¤¥«¨âì á«¥¤ãîé¨© ®â®á¨â¥«ì® ¯à®áâ®© á«ã-
ç ©.

�à¥¤«®¦¥¨¥ 1. �á«¨ ¢ ãà ¢¥¨¨ (2) ®¤®à®¤®© ¯®¢¥àå®áâ¨ M ¬®£®ç«¥ F3(z; z) â®-
¦¤¥áâ¢¥® à ¢¥ ã«î, â® M ¥áâì ª¢ ¤à¨ª 

v = (jz1j2 + jz2j2) + �1(z21 + z21);

   «£¥¡à  ¢¥ªâ®àëå ¯®«¥©   ¥© ¨¬¥¥â ¢¨¤ (9).

� ®áâ «ìëå á«ãç ïå ¯à¨ ¨§ãç¥¨¨ à ¢¥áâ¢ (7), (8) ¯à¨å®¤¨âáï ¯®¤à®¡® à áá¬ âà¨¢ âì
¬®£®ç«¥ë F3 ¨ F4. � ¯à¨¬¥à, ¯ãáâì ¥ã«¥¢®© ¬®£®ç«¥ F3 ¨¬¥¥â à §«®¦¥¨¥

F3 = F30 + F21 + F12 + F03;

£¤¥

F30 =h30z
3
1 + h21z

2
1z2 + h12z1z

2
2 + h03z

3
2 ;

F21 =(g20z21 + g11z1z2 + g02z
2
2)z1 + (f20z21 + f11z1z2 + f02z

2
2)z2:

�§ ¢¥é¥áâ¢¥®áâ¨ äãªæ¨¨ F3 á«¥¤ã¥â, çâ® F12 ¨ F03 ª®¬¯«¥ªá® á®¯àï¦¥ë ¬®£®ç«¥ ¬
F21 ¨ F30 á®®â¢¥âáâ¢¥®. �®£¤  ¢¥áì ¬®£®ç«¥ F3 ®¯à¥¤¥«ï¥âáï ¤¥áïâìî ª®íää¨æ¨¥â ¬¨: h30,
h21, h12, h03, g20, g11, g02, f20, f11, f02.

�§ â®¦¤¥áâ¢  ¢¥á  2 ¢ë¢®¤ïâáï à ¢¥áâ¢ 

h12 = h03 = g02 = f02 = 0; h30 =
1
3
(4�g20 � g20); h21 = 2�g11 � f20

¨ ¤®ª §ë¢ ¥âáï, çâ® ¢á¥ ª®íää¨æ¨¥âë ¯®«ï Z   M ¢ëà ¦ îâáï «¨¥©® ç¥à¥§ p, p, q ¨ ¥é¥
¤¢  ¯ à ¬¥âà ,   «®£¨çëå �1, �2 ¨§ (9). �® ¯à¨ F3(z; z) 6= 0 íâ¨ ¯ à ¬¥âàë ¥ ¬®£ãâ ¡ëâì
®¤®¢à¥¬¥® á¢®¡®¤ë¬¨. � â®¦¤¥áâ¢¥ (8) ¢¥á  3 «¨¡® ®¤¨ ¨§ ¨å, «¨¡® ®¡  ¢ëà ¦ îâáï
ç¥à¥§  ¡®à p, p, q.

� ¤ «ì¥©è¨å ®¡áã¦¤¥¨ïå ¢ ¦ãî à®«ì ¨£à ¥â  ¡®à ª®íää¨æ¨¥â®¢ (h21; g11; f20). �à¨
íâ®¬ ®ª §ë¢ ¥âáï á¯à ¢¥¤«¨¢ë¬

�à¥¤«®¦¥¨¥ 2. �«ï ¢á¥å ®¤®à®¤ëå ¯®¢¥àå®áâ¥© ¢¨¤  (2) ¢ë¯®«ï¥âáï à ¢¥áâ¢®

g11 = 0:

�á«¨ ª®íää¨æ¨¥â f20 ¥ à ¢¥ ã«î, â® à áâï¦¥¨¥¬ ¯¥à¥¬¥ëå z1, z2 ¥£® ¬®¦® ¯à¥¢à -
â¨âì ¢ ¥¤¨¨æã. �®íâ®¬ã ¨§ãç¨¬ á«ãç ¨ f20 = 0 ¨ f20 = 1.

�à¥¤«®¦¥¨¥ 3. �á«¨ f20 = 0 ¤«ï ®¤®à®¤®© ¯®¢¥àå®áâ¨ (2), â® f11(f11 � 2g20) = 0. �à¨
íâ®¬ à ¢¥áâ¢  f20 = 0, f11 = 0 ¤ îâ ¬ âà¨ç®¥ ¯à¥¤áâ ¢«¥¨¥ ¯®«ï Z ¢ ¢¨¤¥ (10),   ¯à¨

f20 = 0, f11 6= 0 ¢á¥ ¯®«ï   M ¨¬¥îâ ¯à¥¤áâ ¢«¥¨¥ (11).
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�ëç¨á«¥¨¥ ª®¬¬ãâ â®à  [Z1; Z2] = Z1Z2�Z2Z1 ¤¢ãå ¬ âà¨æ ¢¨¤  (10) ¨«¨ (11) ¯®ª §ë¢ ¥â,
çâ® ¬®¦¥áâ¢  ¬ âà¨æ â ª®£® ¢¨¤  ®¡à §ãîâ 6-¬¥àë¥  «£¥¡àë.

� ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

�à¥¤«®¦¥¨¥ 4. �á«¨ f20 = 1 ¤«ï ®¤®à®¤®© ¯®¢¥àå®áâ¨ (2), â®

f11(f11 + 2g20) = 0:

�à¨ íâ®¬ à ¢¥áâ¢  f20 = 1, f11 = 0 ¤ îâ ¬ âà¨ç®¥ ¯à¥¤áâ ¢«¥¨¥ ¯®«ï Z ¢ ¢¨¤¥ (12),  
¯à¨ f20 = 1, f11 6= 0 ¢á¥ ¯®«ï   M ¨¬¥îâ ¯à¥¤áâ ¢«¥¨¥ (13).

� ¬¥ç ¨¥. �¥á«®¦ë¥ ¬ âà¨çë¥  «£¥¡àë ¬®¦® ¯à®¨â¥£à¨à®¢ âì ¯®áà¥¤áâ¢®¬ ¢ëç¨-
á«¥¨ï ¬ âà¨çëå íªá¯®¥â ¨ ¯¥à¥å®¤®¬ ª á®®â¢¥âáâ¢ãîé¨¬ ¬ âà¨çë¬ £àã¯¯ ¬ �¨. �¤®-
à®¤ ï ¯®¢¥àå®áâì ï¢«ï¥âáï ¯à¨ íâ®¬ ®à¡¨â®© ª ª®©-«¨¡® â®çª¨ ¯®¤ ¤¥©áâ¢¨¥¬ ¯®«ãç ¥¬®©
£àã¯¯ë. � ª®© ¯®¤å®¤ à¥ «¨§®¢  ¢ à ¡®â¥ [10]. �«ï àãâ¨ëå ¢ëç¨á«¥¨© ¢ ¥© ¨á¯®«ì§®¢ 
¯ ª¥â MAPLE.

�  è¥© á¨âã æ¨¨ ¢ëç¨á«¥¨¥ íªá¯®¥â ¤«ï ®â®á¨â¥«ì® ¯à®áâ® ãáâà®¥ëå  «£¥¡à (10)
¨ (11) ¤ ¥â á¥¬¥©áâ¢  ®¤®à®¤ëå ¯®¢¥àå®áâ¥©

(1 + v)t = j1 + z1j2 � jz2j2; t 2 R n f0; 1; 2g;

¨

v = jz2j2 + ((1 + z1)A(1 + z1)A � 1); A 2 C ;

á®®â¢¥âáâ¢¥®.
�®«¥¥ á«®¦ë¥  «£¥¡àë (12) ¨ (13) ¡ã¤¥¬ ¤ «¥¥  §ë¢ âì  «£¥¡à ¬¨ â¨¯®¢ (A) ¨ (B) á®®â-

¢¥âáâ¢¥®. �å ¨â¥£à¨à®¢ ¨¥ ®á®¢ ® ¥   ¢ëç¨á«¥¨¨ ¬ âà¨çëå íªá¯®¥â,     à¥è¥¨¨
á¨áâ¥¬ ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå.

�¥®à¥¬  2. �¤®à®¤ ï ¯®¢¥àå®áâì M , ¨¬¥îé ï  «£¥¡àã «¨¥©ëå ¢¥ªâ®àëå ¯®«¥© â¨-

¯  (A), § ¤ ¥âáï (á â®ç®áâìî ¤® «¨¥©ëå ¯à¥®¡à §®¢ ¨©) ãà ¢¥¨¥¬

v = (jz1j2 � jz2j2)� � jz1 + z2j2(1��); � < 0:

�¥®à¥¬  3. �¤®à®¤ ï ¯®¢¥àå®áâì M , ¨¬¥îé ï  «£¥¡àã «¨¥©ëå ¢¥ªâ®àëå ¯®«¥© â¨-

¯  (B), § ¤ ¥âáï (c â®ç®áâìî ¤® «¨¥©ëå ¯à¥®¡à §®¢ ¨©) ãà ¢¥¨¥¬ ®¤®£® ¨§ ¤¢ãå ¢¨¤®¢:

(B1) : v = P3(x; y) +EjP2(x; y)j3=2; � 6= 1;

¨«¨

(B2) : v =
P4(x; y)
1� 2x1

; � = 1:

�¤¥áì ª®áâ â  E ¨ ¬®£®ç«¥ë P2(x; y), P3(x; y), P4(x; y) ®â ¯¥à¥¬¥ëå x1; y1, x2, y2
®¤®§ ç® ®¯à¥¤¥«ïîâáï § ç¥¨¥¬ ¯ à ¬¥âà  �.

�®¤à®¡ë¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 2 ¨ 3,   â ª¦¥ â®çë¥ ¢ëà ¦¥¨ï ¤«ï E, P2(x; y), P3(x; y),
P4(x; y) ¡ã¤ãâ ¢ë¯¨á ë ¢ á«¥¤ãîé¨å ¤¢ãå ¯ à £à ä å áâ âì¨. �¤¥áì ¦¥ áä®à¬ã«¨àã¥¬ ãâ¢¥à-
¦¤¥¨¥, ¢ëâ¥ª îé¥¥ ¨§ ¨å ¢ ª ç¥áâ¢¥ á«¥¤áâ¢¨ï.
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�¥®à¥¬  4. �ää¨®-®¤®à®¤ ï ¢¥é¥áâ¢¥ ï £¨¯¥à¯®¢¥àå®áâì M ¢ C 3 , ¤®¯ãáª îé ï

¯à¥¤áâ ¢«¥¨¥ (2),  ää¨® íª¢¨¢ «¥â  ®¤®© ¨§ ¯®¢¥àå®áâ¥© á«¥¤ãîé¥£® ¢¨¤ :

v = (jz1j2 + jz2j2) + �(z21 + z21);

v = jz2j2 + ((1 + z1)A(1 + z1)A � 1); A 2 C ;

(1 + v)t = j1 + z1j2 � jz2j2; t 2 R n f0; 1; 2g;
v = (jz1j2 � jz2j2)�jz1 + z2j2(1��); � < 0;

v = P3(x; y) +EjP2(x; y)j3=2; � 6= 1;

v =
P4(x; y)
1� 2x1

; � = 1:

2. �â¥£à¨à®¢ ¨¥  «£¥¡à â¨¯  (A)

� áá¬®âà¨¬  «£¥¡àã (A) «¨¥©ëå ¢¥ªâ®àëå ¯®«¥© ¢ C 3 . �®« £ ï  ¡®à ¯ à ¬¥âà®¢ (p1; p2; q)
à ¢ë¬ (1; 0; 0), (i; 0; 0), (0; 1; 0), (0; i; 0), (0; 0; 1), ¯®«ãç¨¬ ¯ïâì ¡ §¨áëå ¯®«¥© íâ®©  «£¥¡àë

Z1 =
�
�2�z1 + 1

�
z2 + 1

�
@z1 �

1 + 2�
�

@z2 + 2i(1 + 2�)z1@w;

Z2 = i

�
(1� 2�)�

�
z1 +

1
�
z2 + 1

�
@z1 + i

1� 2�
�

z1@z2 + 2(1 � 2�)z1@w;

Z3 =
1
�
z1@z1 +

�
1
�
z2 + 1

�
@z2 + 2(iz2 +

1
�
w)@w; (14)

Z4 = i
1
�
z1@z1 + i

�
1
�
z2 + 1

�
@z2 + 2z2@w;

Z5 = @w:

�«ï ª ¦¤®£® ¨§ â ª¨å ¯®«¥© á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢® (4), â. ¥.

Re (Zk(�))jM � 0;

£¤¥ � = �(z; z; u; v) = �v + F (z; z) | ®¯à¥¤¥«ïîé ï äãªæ¨ï ¯®¢¥àå®áâ¨ M .
�á®, çâ® ¤«ï â ª®© äãªæ¨¨ �w = i=2,   à ¢¥áâ¢® (4) ¤«ï ¯®«ï Z5 ¢ë¯®«ï¥âáï  ¢â®-

¬ â¨ç¥áª¨. � «¥¥ ¡ã¤¥¬ ¤¥©áâ¢®¢ âì â®«ìª® á ç¥âëàì¬ï á®¤¥à¦ â¥«ìë¬¨ ãà ¢¥¨ï¬¨ (4),
á®®â¢¥âáâ¢ãîé¨¬¨ ¯®«ï¬ Z1, Z2, Z3, Z4 ¨§ (14).

�ª« ¤ë¢ ï íâ¨ à ¢¥áâ¢  ¯®¯ à® ¯¥à¢®¥ á® ¢â®àë¬,   âà¥âì¥ á ç¥â¢¥àâë¬ ¨ ¨á¯®«ì§ãï
®ç¥¢¨¤ë¥ â®¦¤¥áâ¢ 

a = Re a� iRe(ia); a = Re a+ iRe(ia);

¯®«ãç¨¬

�à¥¤«®¦¥¨¥ 5. �¨áâ¥¬  ç¥âëà¥å ãà ¢¥¨© Re(Zk(�))jM = 0 ¤«ï ¯®«¥© Zk, k = 1; 4, ¨§
(14) à ¢®á¨«ì  á¨áâ¥¬¥ ¤¢ãå ª®¬¯«¥ªáëå ãà ¢¥¨©

z1Fz1 + (z2 + �)Fz2 = F + �z2; (15)

z1Fz2 = Re
�

1
1 + 2�

(�2��z1 + z2 + �)Fz1

�
+

+ iRe
�

i

1� 2�
((1 � 2�)�z1 + z2 + �)Fz1

�
� �z1: (16)

�«ï ã¯à®é¥¨ï ãà ¢¥¨© (15), (16) ¯®«®¦¨¬

H = F + (�z2 + �z2 + �2)
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¨ ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

�1 =
�

2
; �2 =

��

1 + 2�
; �3 =

�

2(1 + 2�)
;

l1 = z1 � �1(z2 + �); l2 = z1 � �2(z2 + �); l3 = �3(z2 + �):

�â¬¥â¨¬ §¤¥áì, çâ® ¯à¨ «î¡ëå �; � á¯à ¢¥¤«¨¢® à ¢¥áâ¢® �3 = �1 � �2,   ¢ á¨«ã ãá«®¢¨ï-
á¢ï§ª¨ (2� � 1)�2 = 4, ®§ ç îé¥£®, ¢ ç áâ®áâ¨, çâ® � > 1=2, á¯à ¢¥¤«¨¢® ¨ ¥à ¢¥áâ¢®
�2 > �3.

�ç¨âë¢ ï â ª¦¥ ¢¥é¥áâ¢¥®áâì äãªæ¨© F (z; z), H(z; z) ¨ ¢ëâ¥ª îé¥¥ ®âáî¤  à ¢¥áâ¢®

Fz1 = Fz1 ;

¯¥à¥¯¨è¥¬ ãà ¢¥¨ï (15), (16) ¢ ¢¨¤¥ á¨áâ¥¬ë

z1Hz1 + (z2 + �)Hz2 = H;

z1Hz2 = (�(�1 + �2)z1 + �1�2(z2 + �))Hz1 + �3(z1 � �1z2)Hz1 :
(17)

�®¬®¦¨¬ ¢â®à®¥ ¨§ ¯®«ãç¥ëå ãà ¢¥¨©   (z2 + �) ¨ à¥§ã«ìâ â ¢ëçâ¥¬ ¨§ ¯¥à¢®£®
ãà ¢¥¨ï (17), ã¬®¦¥®£®   z1. � ª ¯à¨¤¥¬ ª á¨áâ¥¬¥

z1Hz1 + (z2 + �)Hz2 = H; (18)

l1l2Hz1 + l3l1Hz1 = z1H:

� ¬¥â¨¬, çâ® á¨áâ¥¬ë (17) ¨ (18) íª¢¨¢ «¥âë ¯à¨ � > 0 ¨ ¬ «ëå z2, â. ª. ¯à¨ íâ¨å ãá«®¢¨ïå
áã¬¬  (z2+�) ®â«¨ç  ®â ã«ï. �á«¨, ªà®¬¥ â®£®, ¨ z1 ¡«¨§ª® ª ã«î, â® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

jl2j2 � jl3j2 6= 0:

�à¥¤«®¦¥¨¥ 6. �«ï ¢¥é¥áâ¢¥®© äãªæ¨¨ H(z; z) ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (18) à ¢-
®á¨«ì® ¯à¨ ¬ «ëå z1, z2 ãà ¢¥¨î

Hz1 =
z1l2 � z1l3

l1(jl2j2 � jl3j2)H: (19)

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ¯à¥¤«®¦¥¨ï § ¬¥â¨¬, çâ® ®¡áã¦¤ ¥¬®¥ ãà ¢¥¨¥ ¨¬¥¥â ¢ ªà â-
ª®© ä®à¬¥ ¢¨¤ a� + b� = c: �âáî¤  «¥£ª® ¯®«ãç¨âì ¢ëà ¦¥¨¥ ¤«ï � = Hz1 ç¥à¥§ a, b, c ¨
¢ë¢¥áâ¨ (á ãç¥â®¬ ¢¥é¥áâ¢¥®áâ¨ H(z; z)) ä®à¬ã«ã, ¨¬¥îéãî ¢¨¤ (19).

�¡à â¨¬áï â¥¯¥àì ª á¨áâ¥¬¥

z1Hz1 + (z2 + �)Hz2 = H; (20)

Hz1 =
z1l2 � z1l3

l1(jl2j2 � jl3j2)H:

�à¥¤«®¦¥¨¥ 7. �î¡®¥   «¨â¨ç¥áª®¥ à¥è¥¨¥ ¯¥à¢®£® ¨§ ãà ¢¥¨© á¨áâ¥¬ë (20) ¨¬¥¥â
¢¨¤

H = (z2 + �)g
�

z1
z2 + �

�
; (21)

£¤¥ g(t) | ¯à®¨§¢®«ì ï   «¨â¨ç¥áª ï äãªæ¨ï ®¤®£®  à£ã¬¥â .

�¥©áâ¢¨â¥«ì®, ¤¢  ¯¥à¢ëå ¨â¥£à «  á¨áâ¥¬ë

dz1
z1

=
dz2

z2 + �
=

dH

H
;

¨¬¥îâ ¢¨¤
z1

z2 + �
= C1;

H

z2 + �
= C2:

44



�®íâ®¬ã à¥è¥¨¥ H ¨áå®¤®£® ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã

H

z2 + �
= g

�
z1

z2 + �

�
;

â. ¥. á®¢¯ ¤ ¥â á (21).
�®¤áâ ¢¨¬ (21) ¢® ¢â®à®¥ ãà ¢¥¨¥ á¨câ¥¬ë (20) ¨ ¯®«®¦¨¬

t =
z1

z2 + �
:

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥âáï ãà ¢¥¨¥

g0(t) =
(z1l2 � z1l3)(z2 + �)g(t)

l1(jl2j2 � jl3j2)
¨«¨ ¯®á«¥ ¤¥«¥¨ï   (z2 + �)2(z2 + �) ç¨á«¨â¥«ï ¨ § ¬¥ â¥«ï ¯à ¢®© ç áâ¨

g0(t) =
At+B

(t� �1)(At� C)
g(t); (22)

£¤¥
A = t� �2; B = ��3t; C = �23 +A�2:

�à¥¤«®¦¥¨¥ 8. �¥è¥¨¥ ãà ¢¥¨ï (22) ¨¬¥¥â ¢¨¤

g(t) =
�2

�1 � �2
ln(t� �1) +

�1 � 2�2
�1 � �2

ln(At� C) +D;

£¤¥ D | ¯à®¨§¢®«ì ï ª®áâ â .

�®ª § â¥«ìáâ¢® íâ®© ä®à¬ã«ë á¢ï§ ® á ç¨áâ® â¥å¨ç¥áª¨¬¨ ¯à®æ¥¤ãà ¬¨ ¯à¨ ¢ëà ¦¥¨¨
®¤¨å ª®áâ â ç¥à¥§ ¤àã£¨¥ ¢ ¯à®æ¥áá¥ ¢ëç¨á«¥¨ï ¨â¥£à «  ®â à æ¨® «ì®© äãªæ¨¨.

� ¬¥ç ¨¥. � ãç¥â®¬ ¢¢¥¤¥ëå ¢ëè¥ ®¡®§ ç¥¨© ¢ëà ¦¥¨¥

At� C = At� (�23 +A�2) = A(t� �2)� �23 = jt� �2j2 � �23

ï¢«ï¥âáï ¢¥é¥áâ¢¥ë¬.

�¢®¤ï ¥é¥ ®¤® ®¡®§ ç¥¨¥

� =
�1 � 2�2
�1 � �2

¨ ãç¨âë¢ ï ¯à¥¤«®¦¥¨¥ 7, ¯®«ãç ¥¬ à¥è¥¨¥ á¨áâ¥¬ë (20) ¢ ¢¨¤¥

H(z; z) = (z2 + �)
�

z1
z2 + �

� �1

�1������� z1
z2 + �

� �2

����
2

� �23

��
eD:

� ¬¥â¨¬, çâ® á¨áâ¥¬ã (20) ¬®¦® à¥è¨âì «¨èì á â®ç®áâìî ¤® ¬®¦¨â¥«ï '(z) = '(z1; z2).
�®£¤  âà¥¡®¢ ¨¥ ¢¥é¥áâ¢¥®áâ¨ H(z; z) ®§ ç ¥â, çâ® ¬®¦¨â¥«ì eD ¯à¥¢à é ¥â ª®¬¯«¥ªá®¥
¢ëà ¦¥¨¥

(z2 + �)
�

z1
z2 + �

� �1

�1��

¢ ¢¥é¥áâ¢¥®¥. �«¥¤®¢ â¥«ì®,

eD = (z2 + �)
�

z1
z2 + �

� �1

�1��

� r;

£¤¥ r | ¢¥é¥áâ¢¥ ï ª®áâ â . �®£¤ 

H(z; z) = r � jz2 + �j2
���� z1
z2 + �

� �1

����
2(1��)����� z1

z2 + �
� �2

����
2

� �23

��
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¨«¨

H = r � jz1 � �1(z2 + �)j2(1��) �jz1 � �2(z2 + �)j2 � �23jz2 + �j2�� :
� â®ç®áâìî ¤® «¨¥©ëå § ¬¥ ª®®à¤¨ â ¯®«ãç ¥¬ ¢ á¨«ã íâ®£® ãà ¢¥¨¥ ¯®¢¥àå®áâ¨

v = jz1 + z2j2(1��)
�jz1j2 � jz2j2

��
: (23)

�«ï ¯à®¢¥àª¨  ää¨®© ®¤®à®¤®áâ¨ â ª®© ¯®¢¥àå®áâ¨ ¤®áâ â®ç® § ¬¥â¨âì, çâ® ¯ à 
íà¬¨â®¢ëå ä®à¬ (H1;H2), £¤¥

H1 = jz1j2 � jz2j2; H2 = jz1 + z2j2;
á®åà ï¥âáï á â®ç®áâìî ¤® ã¬®¦¥¨ï ¨å   ¥ª®â®àë¥ ª®áâ âë (c1; c2) 4-¬¥à®© £àã¯¯®©
¯à¥®¡à §®¢ ¨©

�
z1
z2

�
! �ei�

 p
1 + t2 + is t+ is

t� is
p
1 + t2 � is

!�
z1
z2

�
; (24)

£¤¥ (s; t; �; �) 2 R
4 . �à¨ íâ®¬ ¤¥©áâ¢¨¥ £àã¯¯ë (24) ¢ ¯à®áâà áâ¢¥ C

2 ï¢«ï¥âáï âà §¨â¨¢ë¬
¢¡«¨§¨ â®çª¨ (z1; z2) = (��2�;��3�).

�®¯®«ïï íâ¨ ¯à¥®¡à §®¢ ¨ï á¤¢¨£ ¬¨ ¢  ¯à ¢«¥¨¨ ®á¨ u, ¯®«ãç ¥¬ 5-¬¥àãî £àã¯¯ã
 ää¨ëå ¯à¥®¡à §®¢ ¨© ¯à®áâà áâ¢  C 3 , âà §¨â¨¢® ¤¥©áâ¢ãîéãî   ¬®£®®¡à §¨¨ (23).

� ¬¥ç ¨¥. �§ â¥å ¦¥ á®®¡à ¦¥¨© á«¥¤ã¥â  ää¨ ï ®¤®à®¤®áâì ¯®¢¥àå®áâ¥©, § ¤ -
¢ ¥¬ëå ãà ¢¥¨ï¬¨

v = jz1 + z2j�
�jz1j2 � jz2j2

��
á ¯à®¨§¢®«ìë¬¨ ¢¥é¥áâ¢¥ë¬¨ ¯®ª § â¥«ï¬¨ � ¨ �.

3. �â¥£à¨à®¢ ¨¥  «£¥¡à â¨¯  (B)

� §¨áë¥ ¯®«ï Z1, Z2, Z3, Z4, Z5  «£¥¡àë (13), á®®â¢¥âáâ¢ãîé¨¥  ¡®à ¬ (p1; p2; q) ¢¨¤ 
(1; 0; 0), (i; 0; 0), (0; 1; 0), (0; i; 0), (0; 0; 1), ¨¬¥îâ ¤®áâ â®ç® á«®¦ë© ¢¨¤. �¥à¥©¤¥¬ ®â íâ¨å ¯®«¥©
ª ®¢®¬ã ¡ §¨áã

Z1 + �Z2; �Z2 + Z4; ��Z3; �Z4; Z5

¨§ãç ¥¬®©  «£¥¡àë, á®åà ïï ¤«ï ¥£® áâ àë¥ ®¡®§ ç¥¨ï.
� ãç¥â®¬ ä®à¬ã«ë-á¢ï§ª¨ (2� � 1)�2 = 1 á¨áâ¥¬ã ãà ¢¥¨©

Re(Zk(�))jM = 0; k = 1; 4;

¬®¦® â®£¤  § ¯¨á âì ¢ ¢¨¤¥

Re
�
(�2�z1 + 2�2z2 + 1)Fz1 + (�2z1 + 2�z2 + �)Fz2

��
�Re((1 + 2�)z1 + �z2) = 0;

Re (i�z1Fz1 + iFz2) + Re
�
i(� 1

�
z1 + z2)

�
= 0; (25)

Re
�
(3�z1 + �2z2)Fz1 + (z1 + 3�z2 + ��)Fz2

�
+

+Re(���z2 + 3i�(u + iF )) = 0;

Re (i�(z1 � �z2)Fz1 + (iz1 � i�z2 + i��)Fz2) + Re(i��z2) = 0:

�  á«¥¤ãîé¥¬ íâ ¯¥ á¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥ëå.
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�à¥¤«®¦¥¨¥ 9. �à¨ § ¬¥¥ ¯¥à¥¬¥ëå

�1 = z1 � �z2; �2 = z1 + �z2

á¨áâ¥¬  ãà ¢¥¨© (25) ¯à¨¬¥â ¢¨¤

Re
�
(1� �2)F�1 + (2��2 � 4��1)F�2

�
= �Re �1 + (1 + �)Re �2;

Re (2i�F�2) = � 1
�
Im �1; (26)

Re (�(2�1 � ��)F�1 + �(4�2 + ��)F�2 ) = 3�F +
�

2
Re(��1 + �2);

Re
��i��2F�1 + i�(2��1 + ��2)F�2

�
=

�

2
Im(��1 + �2):

�«ï ¤ «ì¥©è¥£® ã¯à®é¥¨ï á¨áâ¥¬ë (26) § ¬¥â¨¬, çâ® §¤¥áì, ¢ ®â«¨ç¨¥ ®â ¨â¥£à¨à®¢ ¨ï
 «£¥¡à â¨¯  (A), ã¤®¡® ¯¥à¥©â¨ ª ¢¥é¥áâ¢¥ë¬ ª®®à¤¨ â ¬. �®« £ ï

�k = Re �k; �k = Im �k; k = 1; 2;

¯®«ãç ¥¬ ¢ ª ç¥áâ¢¥ á«¥¤áâ¢¨ï ¨§ ¯à¥¤«®¦¥¨ï 9 á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢¥¨© ¢ ç áâëå
¯à®¨§¢®¤ëå:

(1� �2)F�1 + (2��2 � 4��1)F�2 � 4��1F�2 = 2��1 + 2(1 + �)�2;

F�2 = � 1
�2
�1; (27)

(2��1 � ��2)F�1 + 2��1F�1 + (4��2 + ��2)F�2 +

+4��2F�2 = 6�F + �(��1 + �2);

��2F�1 + 2��1F�2 � (2��1 + ��2)F�2 = �(�1 � �2):

� ¬®¥ ¯à®áâ®¥ ãà ¢¥¨¥ íâ®© á¨áâ¥¬ë ¨¬¥¥â à¥è¥¨¥

F (�1; �1; �2; �2) = � 1
�2
�1�2 +H(�1; �2; �1);

£¤¥ H(�1; �2; �1) | ¯à®¨§¢®«ì ï   «¨â¨ç¥áª ï äãªæ¨ï ®â âà¥å ¢¥é¥áâ¢¥ëå ¯¥à¥¬¥ëå.
�®¤áâ ¢«ïï íâã ä®à¬ã«ã ¢ âà¨ ®áâ ¢è¨¥áï ãà ¢¥¨ï á¨áâ¥¬ë (27), ¯®«ãç¨¬ ¥¥ á®ªà é¥ë©

¢ à¨ â

(1� �2)H�1 + (2��2 � 4��1)H�2 = 2��1 + 2(1 + �)�2 � 4
�
�21 ;

(2��1 � ��2)H�1 + 2��1H�1 + (4��2 + ��2)H�2 = 6�H + �(��1 + �2); (28)

��2H�1 + 2��1H�2 = � 2
�
�1�1;

á®¤¥à¦ é¨© âà¨ ãà ¢¥¨ï ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå äãªæ¨¨ H ¯® ¯¥à¥¬¥ë¬ �1, �2, �1.
�«ï ¤ «ì¥©è¥£® ã¯à®é¥¨ï ¯®«ãç¥®© á¨áâ¥¬ë ã¤®¡® ¥é¥ à § ¯à®¨§¢¥áâ¨ § ¬¥ã ¯¥à¥-

¬¥ëå.

�à¥¤«®¦¥¨¥ 10. �à¨ § ¬¥¥ ¯¥à¥¬¥ëå

t1 = �1; t2 = �21 � ���2; t3 = �1
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á¨áâ¥¬  ãà ¢¥¨© (28) ¯à¨¬¥â ¢¨¤

(1� �2)Ht1 � 2��2(�� � 2t1)Ht2 = 2�t1 � 2
��

(1 + �)t2 + 2
1� �

��
t23;

(2�t1 � ��2)Ht1 + (4�t2 � �2�3)Ht2 + 2�t3Ht3 = 6�H � �t1 +
1
�
(t3 � t2);

��2Ht3 = � 2
�
t1t3: (29)

�¥è¥¨¥¬ ¯®á«¥¤¥£® ãà ¢¥¨ï íâ®© á¨áâ¥¬ë ï¢«ï¥âáï

H = ��

�
t1t

2
3 + g(t1; t2);

£¤¥ g(t1; t2) | ¯à®¨§¢®«ì ï   «¨â¨ç¥áª ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå.
�®¤áâ ¢«ïï íâã ä®à¬ã«ã ¢ ®áâ «ìë¥ ãà ¢¥¨ï á¨áâ¥¬ë (29), ¯®«ãç¨¬ á¨áâ¥¬ã ¤¢ãå ãà ¢-

¥¨© ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå äãªæ¨¨ g ¯® ¯¥à¥¬¥ë¬ t1, t2

(1� �2)gt1 + 2��2(2t1 � ��)gt2 = 2�t1 � 2
��

(1 + �)t2; (30)

(2�t1 � ��2)gt1 + (4�t2 � �2�3)gt2 = 6�g � (�t1 +
t2
�
): (31)

� § ¢¨á¨¬®áâ¨ ®â § ç¥¨ï ¯ à ¬¥âà  � (¨ á¢ï§ ®£® á ¨¬ �) ¯à¨ à áá¬®âà¥¨¨ á¨áâ¥¬ë
(30), (31) ¥áâ¥áâ¢¥® ¢ë¤¥«¨âì ¤¢  á«ãç ï.

1. � á«ãç ¥ �2 = 1 (� = 1) áãé¥áâ¢¥® ã¯à®é ¥âáï ãà ¢¥¨¥ (30). �£® à¥è¥¨¥ ¨¬¥¥â ¢¨¤

g(t1; t2) =
t1t2 � t22
2t1 � 1

+ '(t1);

£¤¥ '(t1) | ¯à®¨§¢®«ì ï   «¨â¨ç¥áª ï äãªæ¨ï ®¤®£®  à£ã¬¥â . �®£¤  ¨§ (31) ¯®«ãç ¥¬
®¡ëª®¢¥®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

(2t1 � 1)'0(t1)� 6'(t1) =
2(t1 � t21)
(2t1 � 1)2

®â®á¨â¥«ì® äãªæ¨¨ '(t1). �¥è ï íâ® ãà ¢¥¨¥ ¨ ¢®§¢à é ïáì ª ¯¥à¥¬¥ë¬ �; �, ¯®«ãç ¥¬
ãà ¢¥¨¥ ¨áª®¬®© ®¤®à®¤®© ¯®¢¥àå®áâ¨ ¢ ¢¨¤¥

v =
(�21 + �21)

2 � 2�1(�21 + �21)� 2�2�21 + �21 + �1�2 + �22
1� 2�1

:

2. � á«ãç ¥ �2 6= 1 (� 6= 1)  ç¥¬ ¨§ãç¥¨¥ á¨áâ¥¬ë (30), (31) á ¥¥ ¢â®à®£® ãà ¢¥¨ï.

�à¥¤«®¦¥¨¥ 11. �¥è¥¨¥ ãà ¢¥¨ï (31) ¨¬¥¥â ¢¨¤

g(t1; t2) =
1
�2

+
�

4�
(t1 �A) +

1
2�2

(t2 �A2) + (t1 �A)3'
�

t2 �A2

(t1 �A)2

�
; (32)

£¤¥ A = ��=2, ' | ¯à®¨§¢®«ì ï   «¨â¨ç¥áª ï äãªæ¨ï ®¤®£® ¢¥é¥áâ¢¥®£® ¯¥à¥¬¥®£®.

�«ï ¤®ª § â¥«ìáâ¢  à §¤¥«¨¬ ãà ¢¥¨¥ (31)   2� ¨ § ¯¨è¥¬ ¢ ¢¨¤¥

(t1 �A)
@g

@t1
+ 2(t2 �A2)

@g

@t2
= 3g � (Bt1 +Dt2);

£¤¥ B = �=(2�), D = 1=(2�2). �®®â¢¥âáâ¢ãîé ï íâ®¬ã ãà ¢¥¨î á¨áâ¥¬  ®¡ëª®¢¥ëå ¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨© ¨¬¥¥â ¢¨¤

dt1
t1 �A

=
dt2

2(t2 �A2)
=

dg

3g � (Bt1 +Dt2)
:
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�¢  ¥§ ¢¨á¨¬ëå ¯¥à¢ëå ¨â¥£à «  íâ®© á¨áâ¥¬ë

C1 =
t2 �A2

(t1 �A)2
; C2 =

g �N=3 � (B=2)(t1 �A)�D(t1 �A)2

(t1 �A)3
;

£¤¥ N = DA2 +BA = 3�2=8, ¯à¨¢®¤ïâ ª ä®à¬ã«¥ (32).
�®á«¥ ¯®¤áâ ®¢ª¨ (32) ¢ ãà ¢¥¨¥ (30) ¯®«ãç¨¬ ¤«ï äãªæ¨¨ '(s) ®¡ëª®¢¥®¥ ¤¨ää¥-

à¥æ¨ «ì®¥ ãà ¢¥¨¥

(s� �)'0(s) =
3
2
'+ �s; (33)

£¤¥

� =
1 + �2

1� �2
; � =

1 + 3�2

�(1 � �4)
:

� ¬¥â¨¬, çâ® ¢¢¥¤¥ë© ¯ à ¬¥âà � ¬®¦¥â ¯à¨¨¬ âì § ç¥¨ï (¢ § ¢¨á¨¬®áâ¨ ®â � ¨«¨,
çâ® â® ¦¥ á ¬®¥, ®â �) ¨§ ®¡ê¥¤¨¥¨ï ¨â¥à¢ «®¢ (�1;�1) [ (1;1). �¥à¥¬¥ ï ¦¥

s =
t2 �A2

(t1 �A)2

¡«¨§ª  ¯à¨ ¬ «ëå t1, t2 ª �1. �®íâ®¬ã, ¨â¥£à¨àãï ãà ¢¥¨¥ (33), ¯®«ãç ¥¬

'(s) = Ejs� �j3=2 � 2�s+
4
3
��; (34)

£¤¥ ¬®¤ã«ì à áªàë¢ ¥âáï ¯®-à §®¬ã ¢ § ¢¨á¨¬®áâ¨ ®â § ç¥¨ï �.
�®¤áâ ¢«ïï (34) ¢ (32) ¨ ãç¨âë¢ ï ¯à¥¤ë¤ãé¨¥ ¨â¥£à¨à®¢ ¨ï, ¯®«ãç ¥¬ ®ª®ç â¥«ì®

ãà ¢¥¨¥

v =
4(1 + 3�2)
3�(1 � �2)2

�31 �
4

�(1 � �2)
�1�

2
1 �

1
�2
�1�2 +

2�
1� �2

�21 �

� 2�(1 + 3�2)
(1� �2)2

�21 +
2�� 1
1� �2

�1�2 +
�

�
�(��1 � �2)� �

6�2
�2 +

+
16

3�(1 � �2)2j�+ 1j3=2
���21 � ��21 + 2A(��1 � �2)� (�+ 1)A2

��3=2
®¤®à®¤®© ¯®¢¥àå®áâ¨ M .

� ¯®¬¨¬, çâ® ¢á¥ ª®íää¨æ¨¥âë ¢ íâ®© ä®à¬ã«¥, â. ¥. �, �, �, A ®¤®§ ç® ¢ëà ¦ îâáï
ç¥à¥§ ®¤¨ ¯ à ¬¥âà � ¨«¨ �.
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