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1. �¥è¨¥  «£¥¡àë �à áá¬   ¨ �«¨ää®à¤  ¤ ¢® áâ «¨ ¯®¯ã«ïàë¬ ¨áâàã¬¥â®¬ ¢ à §-
«¨çëå ®¡« áâïå ¬ â¥¬ â¨ª¨ ¨ â¥®à¥â¨ç¥áª®© ä¨§¨ª¨. � ®á®¢¥ ¢á¥å ¯à¨«®¦¥¨© ¢¥è¨å  «-
£¥¡à «¥¦¨â â®¦¤¥áâ¢®

v ^ v = 0; (1)

£¤¥ v | ¢¥ªâ®à ¯®¤áâ¨« îé¥£® «¨¥©®£® ¯à®áâà áâ¢   «£¥¡àë �à áá¬  . � íâ®© áâ âì¥ à á-
á¬®âà¨¬ ®¡®¡é¥¨ï ¢¥è¨å  «£¥¡à, ¢ ª®â®àëå ¢ë¯®«ï¥âáï â®¦¤¥áâ¢®

vm � v � v � � �v| {z }
m

= 0: (2)

�á®, çâ® â®¦¤¥áâ¢® (1) ¥áâì ç áâë© á«ãç © â®¦¤¥áâ¢  (2) ¯à¨ m = 2, ¨ íâ® ®¡®¡é¥¨¥ ¬®¦¥â
¡ëâì ¨á¯®«ì§®¢ ® ¤«ï ¬®¤¨ä¨ª æ¨© à §®®¡à §ëå ¯à¨«®¦¥¨© ¢¥è¨å  «£¥¡à.

�«¥¤ã¥â ®¤ ª® ®â¬¥â¨âì, çâ® áãé¥áâ¢®¢ ¨¥ ¢¥è¥©  «£¥¡àë á å à ªâ¥à¨áâ¨ç¥áª¨¬ â®-
¦¤¥áâ¢®¬ (2) ¤ «¥ª® ¥ ®ç¥¢¨¤®. �áâì ¯à®áâ®¥ à ááã¦¤¥¨¥, ª®çãîé¥¥ ¨§ ¬®®£à ä¨¨ ¢ ¬®-
®£à ä¨î, ¨ ãâ¢¥à¦¤ îé¥¥, çâ® ¥¤¨áâ¢¥®© ¢¥è¥©  «£¥¡à®© ¬®¦¥â ¡ëâì â®«ìª®  «£¥¡à  á
 â¨ª®¬¬ãâ â¨¢ë¬ § ª®®¬ ã¬®¦¥¨ï. �ë ¯à¨¢¥¤¥¬ §¤¥áì íâ¨ à ááã¦¤¥¨ï, çâ®¡ë ç¨â â¥«ì
¬®£ ®æ¥¨âì ¥ª®â®àë¥ ®á®¡¥®áâ¨ ª®áâàãªæ¨¨ ®¡®¡é¥®© ¢¥è¥©  «£¥¡àë,   â ª¦¥ \áã¡ê-
¥ªâ¨¢ë¥ ¯à¨ç¨ë" ¯® ª®â®àë¬ ¢¥è¨¥  «£¥¡àë á ®¯à¥¤¥«ïîé¨¬ â®¦¤¥áâ¢®¬ (2) ¢ë¯ «¨ ¨§
¯®«ï §à¥¨ï ¬ â¥¬ â¨ª®¢.

�â ª, ¯ãáâì En | «¨¥©®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® á ¡ §¨á®¬ ei, ã¤®¢«¥â¢®àïîé¨¬ ¯¥à¥-
áâ ®¢®çë¬ á®®â®è¥¨ï¬ ®¡é¥£® ¢¨¤ 

ei � ej = �ej � ei: (3)

�®£¤ 
ei � ej = � ej � ei = �2 ei � ej ;

â. ¥. �2 = 1 ¨ â®£¤  «¨¡® � = 1; «¨¡® � = �1: �á«¨ ¢ë¡à âì � = 1; â®  ¤ En ¯®«ãç¨¬ ª®¬¬ã-
â â¨¢ãî  «£¥¡àã, ¨§®¬®àäãî  «£¥¡à¥ ¯®«¨®¬®¢ n ¯¥à¥¬¥ëå; ¥á«¨ ¦¥ ¢ë¡à âì � = �1; â®
¯®«ãç ¥âáï ¢¥èïï  «£¥¡à  �à áá¬  .

2. �â® ¯à®áâ®¥ à ááã¦¤¥¨¥,   ¯¥à¢ë© ¢§£«ï¤, ¨áª«îç ¥â á ¬ã ¢®§¬®¦®áâì áãé¥áâ¢®¢ ¨ï
¢¥è¨å  «£¥¡à á ®¯à¥¤¥«ïîé¨¬¨ â®¦¤¥áâ¢ ¬¨ ¢¨¤  (3). �¤ ª® ¬ë ¬®¦¥¬ ®¡®©â¨ íâ® ¯à¥¯ïâ-
áâ¢¨¥, ¥á«¨ ¯¥à¥áâ ®¢®çë¥ á®®â®è¥¨ï (3) ¯®¤ç¨¨¬ ¥ª®â®à®© ã¯®àï¤®ç¥®áâ¨ ¢ ¡ §¨á¥
¯à®áâà áâ¢  En,  ¯à¨¬¥à, ¯®«®¦¨¢

ei � ej = � ej � ei; i > j;

emi = 0;
(4)

£¤¥ � | ¯à¨¬¨â¨¢ë© ª®à¥ì m-© áâ¥¯¥¨ ¨§ ¥¤¨¨æë,   á ¬® «¨¥©®¥ ¯à®áâà áâ¢® En à á-
á¬ âà¨¢ ¥âáï  ¤ ¯®«¥¬ ª®¬¯«¥ªáëå ç¨á¥«.

73



�§ ä®à¬ã« (4) á«¥¤ãîâ ¥ª®â®àë¥ ¯à®áâ¥©è¨¥ á¢®©áâ¢  ®¡®¡é¥ëå ¢¥è¨å  «£¥¡à, ª®â®-
àë¥ ¡ã¤¥¬ ®¡®§ ç âì Bm

n ¨«¨ Bm(En). �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¥á«¨ p < q, â®

ep � eq = �m�1 eq � ep � � eq � ep: (5)

� «¥¥ ®ç¥¢¨¤®, çâ® ®¡é¨© ç«¥  «£¥¡àë Bm
n ¯à¥¤áâ ¢«ï¥â á®¡®© ¥®¤®à®¤ãî áã¬¬ã ¬®®¬®¢

¢¨¤  �ek11 � e
k2
2 � � � e

kn
n , £¤¥ 0 � ki < m ¨ e0 = 1, â. ¥.

z =
X

0�ki<m

zk1;k2;:::;kne
k1
1 � e

k2
2 � � � e

kn
n ; (6)

¥á«¨ z 2 Bm
n . �§ ®¡é¥£® ¢¨¤  í«¥¬¥â®¢ ®¡®¡é¥®© ¢¥è¥©  «£¥¡àë á«¥¤ã¥â, çâ® dim

c
Bm
n =

mn:

�ãáâì eBm
n | ¯®¤ «£¥¡à   «£¥¡àë Bm

n , ¢ ª®â®à®© ®âáãâáâ¢ãîâ \áª «ïàë¥" á« £ ¥¬ë¥ í«¥-
¬¥â®¢; ®ç¥¢¨¤® dim

c

eBm
n = mn � 1 ¨  «£¥¡à  eBm

n £à ¤ã¨à®¢  

eBm
n = 1Bm

n �
2Bm

n � � � � �
NBm

n ;

£¤¥ kBm
n ¯à¥¤áâ ¢«ï¥â á®¡®© «¨¥©®¥ ¯à®áâà áâ¢® áã¬¬ ¬®®¬®¢ ¢¨¤  �ek11 � e

k2
2 � � � e

kn
n ¤«ï ª®-

â®àëå k1 + k2 + � � �+ kn = k ¨ N = (m� 1)n. � á¨«ã íâ®£® ®¡áâ®ïâ¥«ìáâ¢  ¤«ï «î¡ëå í«¥¬¥â®¢
z 2 eBm

n áãé¥áâ¢ã¥â áâ¥¯¥ìM , ¯à¨ ª®â®à®© zM = 0: � ç áâ®áâ¨, ¯®á«¥¤¥¥ à ¢¥áâ¢® ¢á¥£¤  ¢ë-
¯®«ï¥âáï ¤«ï M > N: �¤ ª® íâ  ®¡é ï ®æ¥ª  ¯®ª § â¥«ï áâ¥¯¥¨,  ã«¨àãîé¥© í«¥¬¥âë
®¡®¡é¥®© ¢¥è¥©  «£¥¡àë, § ¢¥¤®¬® § ¢ëè¥  ¤«ï ç áâëå á«ãç ¥¢.

�¥®à¥¬  1. �ãáâì z = z1e1+ � � �+znen | ¢¥ªâ®à ¯®¤áâ¨« îé¥£® ¯à®áâà áâ¢  En, â®£¤ 

á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

zm = (z1e1 + � � �+ znen)
m = 0: (7)

�â  â¥®à¥¬  ¢ â¥®à¨¨ ®¡®¡é¥ëå ¢¥è¨å  «£¥¡à ¨£à ¥â æ¥âà «ìãî à®«ì. �à¨ m = 2,
â. ¥. ¢ á«ãç ¥  «£¥¡à �à áá¬  , â®¦¤¥áâ¢® (7) ¢ëà ¦ ¥â  â¨ª®¬¬ãâ â¨¢®áâì ã¬®¦¥¨ï. �«ï
¬ «ëå à §¬¥à®áâ¥© n ¨ ¯®ª § â¥«¥© m â®¦¤¥áâ¢® (7) «¥£ª® ¤®ª § âì ¯àï¬ë¬ ¢ëç¨á«¥¨¥¬;
¢ ®¡é¥¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢® ¬®¦® ¯à®¢¥áâ¨ ¨¤ãªæ¨¥© ¯® à §¬¥à®áâ¨ n, ¯à¥¤¢ à¨â¥«ì®
¤®ª § ¢ íâ® â®¦¤¥áâ¢® ¢ á«ãç ¥ n = 2,

(xe1 + ye2)m = Pm
1 (�)x

m�1yem�11 e2 + Pm
2 (�)x

m�2y2em�21 e22 + � � �+ Pm
m�1(�)xy

m�1e1e
m�1
2 = 0:

�®ª § â¥«ìáâ¢® íâ®£® ¯®á«¥¤¥£® â®¦¤¥áâ¢  ®¯¨à ¥âáï   ¯¥à¥áâ ®¢®çë¥ á®®â®è¥¨ï ¢ ®¡-
®¡é¥®© ¢¥è¥©  «£¥¡à¥.

3. �à¨«®¦¥¨ï ®¡®¡é¥ëå ¢¥è¨å  «£¥¡à § ¢¨áïâ ®â à¥ «¨§ æ¨¨ ¨å ª®áâàãªæ¨©   à §-
«¨çëå ®¡ê¥ªâ å ¨ ¯®íâ®¬ã áâ®«ì ¦¥ à §®®¡à §ë ª ª ¨ ¯à¨«®¦¥¨ï ¢¥è¥©  «£¥¡àë �à á-
á¬  .

�â¬¥â¨¬, ¢®-¯¥à¢ëå, ¯à¨«®¦¥¨ï ®¡®¡é¥ëå ¢¥è¨å  «£¥¡à ª â¥®à¨¨ £¨¯¥à¤¥â¥à¬¨ -
â®¢. � £à ¤ã¨à®¢ ®©  «£¥¡à¥ eBm

n à §¬¥à®áâì ¯®¤¯à®áâà áâ¢  NBm
n à ¢  ¥¤¨¨æ¥,   á«¥¤®-

¢ â¥«ì®, ¯à®¨§¢¥¤¥¨¥ N ¢¥ªâ®à®¢ z� = z�1e1 + � � �+ z�nen, £¤¥ � = 1; N , ¤ ¥â ¬®®¬

NY
�=1

= Zem�11 � em�12 � � � em�1n :

�®íää¨æ¨¥â íâ®£® ¬®®¬  Z ¯à¥¤áâ ¢«ï¥â ®â®á¨â¥«ìë© ¨¢ à¨ â á¨áâ¥¬ë ¢¥ªâ®à®¢ z� ¨
 §ë¢ ¥âáï m-¤¥â¥à¬¨ â®¬ ¯àï¬®ã£®«ì®© ¬ âà¨æë, á®áâ ¢«¥®© ¨§ ª®íää¨æ¨¥â®¢ íâ¨å
¢¥ªâ®à®¢. �à¨ m = 2 ª®íää¨æ¨¥â Z ¤ ¥â ®¡ëª®¢¥ë© ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â®© ¬ âà¨æë.

�ãé¥áâ¢ãîâ ¬®£®ç¨á«¥ë¥ ¨ à §¢¥â¢«¥ë¥ á¢ï§¨ â¥®à¨¨ m-£¨¯¥à¤¥â¥à¬¨ â®¢ á â¥®-
à¨¥© £¨¯¥à¤¥â¥à¬¨ â®¢ � ©â  ¨ �¥«¨. � ¬¥â¨¬ ®¤ ª®, çâ® ¯à¨ ¯®¬®é¨ ®¡®¡é¥ëå ¢¥è-
¨å  «£¥¡à ¬®¦® ¯®«ãç¨âì è¨à®ª¨©  ¡®à ®â®á¨â¥«ìëå ¨¢ à¨ â®¢, ¥á«¨ ¢¬¥áâ® ¢¥ªâ®-
à®¢ ¯®¤áâ¨« îé¥£® ¯à®áâà áâ¢  ¢ë¡¨à âì ¤àã£®©  ¡®à í«¥¬¥â®¢. �à¥¤¨ íâ¨å ¨¢ à¨ â®¢
¬®¦® ¢ë¤¥«¨âì ®¤¨, ª®â®àë© ¡®«¥¥ ¤àã£¨å ¯®å®¤¨â   ®¡ëª®¢¥ë© ¤¥â¥à¬¨ â. �«ï ¥£®
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®¯à¥¤¥«¥¨ï § ¬¥â¨¬, çâ® ¢  «£¥¡à¥ eBm
n áãé¥áâ¢ã¥â ¯®¤ «£¥¡à  eBn, ¯®à®¦¤¥ ï í«¥¬¥â ¬¨

em�1k = "k. �«ï íâ¨å í«¥¬¥â®¢ ¯¥à¥áâ ®¢®çë¥ á®®â®è¥¨ï ¨¬¥îâ ¢¨¤ "i � "j = �"j � "i, j < i.
�® "2i = 0. �âáî¤  áà §ã á«¥¤ã¥â, çâ® dim eBn = 2n�1, ¨ ¯à®¨§¢¥¤¥¨¥ n í«¥¬¥â®¢ íâ®©  «£¥¡àë
x� = x�1"1 + � � �+ x�n"n ¤ eâ ¬®®¬ ¬ ªá¨¬ «ì®© áâ¥¯¥¨

nY
k=1

x� = Xem�11 � � � em�1n = X"1 � � � "n:

�®íää¨æ¨¥â X  §ë¢ ¥âáï m-¤¥â¥à¬¨ â®¬ ª¢ ¤à â®© ¬ âà¨æë, á®áâ ¢«¥®© ¨§ ª®íää¨-
æ¨¥â®¢ í«¥¬¥â®¢ xk, ¨ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨,   «®£¨çë¬¨ á¢®©áâ¢ ¬ ¯à®áâ®£® ¤¥â¥à¬¨ â .
� ¯à¨¬¥à, ¥á«¨ m < n ¨ ¢ ¬ âà¨æ¥ (x�i ) m ®¤¨ ª®¢ëå áâà®ª, â® m-¤¥â¥à¬¨ â â ª®© ¬ âà¨æë
à ¢¥ ã«î.

�â¬¥â¨¬ ¥é¥, çâ® m-¤¥â¥à¬¨ âë § ¨¬ îâ \¯à®¬¥¦ãâ®ç®¥" ¯®«®¦¥¨¥ ¬¥¦¤ã ®¡ëª®-
¢¥ë¬¨ ®¯à¥¤¥«¨â¥«ï¬¨, â. ¥. ¤¥â¥à¬¨ â ¬¨ ¨ ¯¥à¬ ¥â ¬¨, ¨ ¢ á¨«ã íâ®£® ¬®£ãâ ¨á¯®«ì-
§®¢ âìáï ¯à¨ ¯®¤áç¥â¥ ç¨á«  á®áâ®ï¨© ¢ ¯ à áâ â¨áâ¨ª å ¯®àï¤ª  m, ¯à®¬¥¦ãâ®çëå ¬¥¦¤ã
áâ â¨áâ¨ª ¬¨ �¥à¬¨ ¨ �®§¥.

4. �àã£®¥ ¯à¨«®¦¥¨¥ ®¡®¡é¥ëå ¢¥è¨å  «£¥¡à  å®¤¨¬ ¢ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå
ä®à¬   ª®¬¯«¥ªáëå (¨ ¯®çâ¨ ª®¬¯«¥ªáëå) ¬®£®®¡à §¨ïå. �ãáâì Mc

n | ª®¬¯«¥ªá®¥ ¬®-
£®®¡à §¨¥ ¨ à áá¬®âà¨¬   ¥¬ \¢¥è¨¥" ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë ¢¨¤ 

! =
X

0�ki<m

!k1:::Kn
dzk11 � � � dz

kn
n ;

®ç¥¢¨¤®,   ¬®¦¥áâ¢¥ â ª¨å ¤¨ää¥à¥æ¨ «ìëå ä®à¬ à¥ «¨§ã¥âáï (¡¥áª®¥ç®¬¥à ï) ®¡®¡-
é¥ ï ¢¥èïï  «£¥¡à , ª®â®àãî ®¡®§ ç¨¬ Bn(Mc

n). � íâ®©  «£¥¡à¥ áãé¥áâ¢ã¥â ¤¨ää¥à¥-
æ¨ «ìë© ®¯¥à â®à, ®¡®¡é îé¨© ®¯¥à â®à ¢¥è¥£® ¤¨ää¥à¥æ¨à®¢ ¨ï � àâ  , ª®â®àë© ¢
ª®®à¤¨ â®© ®ªà¥áâ®áâ¨ ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

d! =
X

0�ki<m

d!k1:::kn � dz
k1
1 � � � dz

kn
n : (8)

� ¬¥â¨¬, çâ® ¯à¨ m = 2 ä®à¬ã«  (8) ¤ ¥â ®¯¥à â®à ¢¥è¥£® ¤¨ää¥à¥æ¨à®¢ ¨ï � àâ  .
�¯¥à â®à � àâ   d ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã dd = 0. �®¤¨ä¨ª æ¨î íâ®£® â®¦¤¥áâ¢  ¤«ï ®¡-
®¡é¥®© ¢¥è¥©  «£¥¡àë ¤ ¥â

�¥®à¥¬  2. �¯¥à â®à ®¡®¡é¥®£® ¢¥è¥£® ¤¨ää¥à¥æ¨à®¢ ¨ï ã¤®¢«¥â¢®àï¥â ®¯¥à â®à-

®¬ã â®¦¤¥áâ¢ã

dm = d � � �d| {z }
m

= 0:

�â¬¥â¨¬ â¥¯¥àì, çâ® ¤¥©áâ¢¨¥ ®¯¥à â®à  dq á®£« á®¢ ® á £à ¤ã¨à®¢ª®©  «£¥¡àë Bm(Mc
n),

â. ¥.
dq : pBm(Mc

n)! p+qBm(Mc
n);

¨ ¢ á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¤ ¤¨¬ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥¨ï.
1) �®à¬  !p 2 pBm(Mc

n)  §ë¢ ¥âáï q-æ¨ª«¨ç¥áª®© ¨«¨ q-æ¨ª«®¬, ¥á«¨ dq !p = 0.
2) �®à¬  !p  §ë¢ ¥âáï q-â®ç®©, ¥á«¨ áãé¥áâ¢ã¥â ä®à¬  � 2 p+q�mBm(Mc

n) â ª ï, çâ®
!p = dm�q�.

�®¦¥áâ¢® q-æ¨ª«®¢ ®¡à §ãeâ  ¤¤¨â¨¢ãî £àã¯¯ã (¨ ¤ ¦¥ «¨¥©®¥ ¯à®áâà áâ¢®) Xp �
pBm(Mc

n); ¬®¦¥áâ¢® q-â®çëå p-ä®à¬ â ª¦¥ ®¡à §ãîâ  ¤¤¨â¨¢ãî £àã¯¯ã (¨ «¨¥©®¥ ¯à®-
áâà áâ¢®) Yp � pBm(Mc

n): �¥£ª® ¢¨¤¥âì, çâ® Yp � Xp; â. ª. ¤«ï q-â®ç®© ä®à¬ë !p ¨¬¥¥¬

dq !p = dq dm�q� = dm� = 0;

¨ íâ® ¯à¨¢®¤¨â ¥é¥ ª ®¤®¬ã ®¯à¥¤¥«¥¨î.
3) � ªâ®à£àã¯¯   ¤¤¨â¨¢®© £àã¯¯ë q-æ¨ª«®¢ Xp ¯®  ¤¤¨â¨¢®© £àã¯¯¥ q-â®çëå p-ä®à¬

Yp ¡ã¤¥¬  §ë¢ âì £àã¯¯®© (p; q)-£¨¯¥àª®£®¬®«®£¨© ª®¬¯«¥ªá®£® (¨«¨ ¯®çâ¨ ª®¬¯«¥ªá®£®)
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¬®£®®¡à §¨ïMc
n ¨ ®¡®§ ç âìHp

q(Mc
n). �â® ®¯à¥¤¥«¥¨¥ ®¡®¡é ¥â ¯®ïâ¨¥ £àã¯¯ ª®£®¬®«®£¨©

¤¥ � ¬ , ª®â®àë¥ á®®â¢¥âáâ¢ãîâ á«ãç î m = 2.

5. �ã «ì®© ª â¥®à¨¨ ª®£®¬®«®£¨© ï¢«ï¥âáï â¥®à¨ï £®¬®«®£¨©, ¢ ®á®¢¥ ª®â®à®© «¥¦¨â ¯®-
ïâ¨¥ £à ¨ç®£® ®¯¥à â®à . �à¨¢¥¤¥¬ ¢ à¨ â â¥®à¨¨ ¤«ï £àã¯¯ k-¬¥àëå æ¥¯¥©  ¤ ¯®«¥¬
ª®¬¯«¥ªáëå ç¨á¥«; í«¥¬¥â ¬¨ £àã¯¯ë k-¬¥àëå æ¥¯¥© ¡ã¤ãâ ä®à¬ «ìë¥ «¨¥©ë¥ ª®¬¡¨ -
æ¨¨ á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨ k-¬¥àëå á¨¬¯«¥ªá®¢, ¢§ïâëå ¨§ ¥ª®â®à®£® á¨¬¯«¨æ¨-
 «ì®£® ª®¬¯«¥ªá  Kc, £àã¯¯ã k-¬¥àëå æ¥¯¥© ®¡®§ ç¨¬ Ck = Ck(Kc). �¯à¥¤¥«¨¬ £à ¨çë©
®¯¥à â®à �, ª®â®àë©   á¨¬¯«¥ªá¥ �k = [A1; A2; : : : ; Ak+1] ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã

��k =
k+1X
i=1

�i�1[A1; : : : ; Ai�1; Ai+1; : : : ; Ak+1]

¨   ¯à®¨§¢®«ìãî k-æ¥¯ì à á¯à®áâà ï¥â á¢®¥ ¤¥©áâ¢¨¥ ¯® «¨¥©®áâ¨.

�¥®à¥¬  3. �«ï «î¡®© k-æ¥¯¨ c 2 Ck(Kc) ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

� : : : �| {z }
m

c = �mc = 0:

�  «£¥¡à¥ �à áá¬   ®¯¥à â®àë d ¨ �  §ë¢ îâáï á®®â¢¥âáâ¢¥® ª®£à ¨çë¬ ¨ £à ¨ç-
ë¬, ¨ á¢ï§ì ¬¥¦¤ã ¨¬¨ ¤ ¥âáï ®¡é¥© ¨â¥£à «ì®© â¥®à¥¬®© �â®ªá {�ã ª à¥. � «®£¨ç ï
â¥®à¥¬  ¨¬¥¥â ¬¥áâ® ¨ ¢ á«ãç ¥ ®¡®¡é¥®© ¢¥è¥©  «£¥¡àë.

�¥®à¥¬  4. �«ï ä®à¬ë ! ¨ æ¥¯¨ z ¨¬¥îâ ¬¥áâ® â®¦¤¥áâ¢ Z
(�m�1z)

! =
Z
(�m�2z)

d! = � � � =
Z
(z)

dm�1!:

6. �á«¨   «¨¥©®¬ ¯à®áâà áâ¢¥ En § ¤   ¬¥âà¨ª  g, â®  «£¥¡à  �à áá¬   ¬®¦¥â ¡ëâì
¯¥à¥áâà®¥  ¢  «£¥¡àã �«¨ää®à¤  ¯¥à¥®¯à¥¤¥«¥¨¥¬ ¯à®¨§¢¥¤¥¨ï

ei � ej = ei ^ ej + g(eiej):

� «®£¨ç®, ¥á«¨   «¨¥©®¬ ¯à®áâà áâ¢¥ § ¤  m-ä®à¬ , â® ®¡®¡é¥ ï  «£¥¡à  �à áá¬  
¬®¦¥â ¡ëâì ¯¥à¥áâà®¥  ¢ ®¡®¡é¥ãî  «£¥¡àã �«¨ää®à¤  Cm

n á ¯¥à¥áâ ®¢®çë¬¨ á®®â®è¥-
¨ï¬¨ (4), (5) ¨ ®¯à¥¤¥«ïîé¨¬¨ â®¦¤¥áâ¢ ¬¨ ¢¨¤  emk = 1. �«ï ®¡®¡é¥ëå  «£¥¡à �«¨ää®à¤ 
¨¬¥¥â ¬¥áâ® â¥®à¥¬ ,   «®£¨ç ï â¥®à¥¬¥ 1.

�¥®à¥¬  5. � ®¡®¡é¥®©  «£¥¡à¥ �«¨ää®à¤  Cm
n ¤«ï «î¡®£® ¢¥ªâ®à  z = z1e1 + � � �+ znen

á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

zm = (z1e1 + � � �+ znen)m = zm1 + � � �+ zmn :

�®áâàãªæ¨ï ®¡®¡é¥®©  «£¥¡àë �«¨ää®à¤  ¯®àï¤ª m ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¢ § ¤ ç¥
ä ªâ®à¨§ æ¨¨ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯®àï¤ª  m,
  «®£¨ç®© § ¤ ç¥ �¨à ª  ¯à¨ ä ªâ®à¨§ æ¨¨ ãà ¢¥¨ï �«¥© {�®à¤® {�®ª . � ¨¬¥®,
¨¬¥¥â ¬¥áâ®

�¥®à¥¬  6. �á«¨ äãªæ¨ï

f =
X

0�ki<m

fk1:::kn e
k1
1 � � � e

kn
n :Mn ! Cm

n

ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

rf = 0;

£¤¥

r = e1
@

@z1
+ � � �+ en

@

@zn
;
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â® ª ¦¤ ï ª®¬¯®¥â  fk1:::kn äãªæ¨¨ f ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

@mfk1:::kn
@zm1

+ � � �+
@mfk1:::kn
@zmn

= 0:

�¥¯à¨¢®¤¨¬ë¥ (®â®á¨â¥«ì® ¤¥©áâ¢¨ï r) í«¥¬¥âë  «£¥¡àë Cm
n ¬®¦® áç¨â âì   «®£ ¬¨

á¯¨®à®¢ á® § ç¥¨¥¬ á¯¨  s = 1
m
.
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