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� áá¬ âà¨¢ ¥âáï ¯à®¡«¥¬  áãé¥áâ¢®¢ ­¨ï á¨«ì­ëå à¥è¥­¨© ªà ¥¢ëå § ¤ ç ¢¨¤ 

Lu � �
nX

i;j=1

(aij(x)uxi)xj +
nX
j=1

bj(x)uxj + c(x)u = g(x; u(x)); (1)

Buj� = 0; (2)

¢ ®£à ­¨ç¥­­®© ®¡« áâ¨ 
 � Rn, n � 2, á £à ­¨æ¥© � ª« áá  C2;�, � 2 (0; 1] ([1], á. 23),
£¤¥ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L à ¢­®¬¥à­® í««¨¯â¨ç¥áª¨© ¢ 
,   (2) | «¨¡® ®¤­®à®¤-
­®¥ £à ­¨ç­®¥ ãá«®¢¨¥ �¨à¨å«¥ uj� = 0, «¨¡® âà¥âì¥ ªà ¥¢®¥ ãá«®¢¨¥ @u

@nL
+ �(x)uj� = 0,

@u

@nL
=

nP
i;j=1

aij(x)uxi cos(n; xj), n| ¢­¥è­ïï ­®à¬ «ì ª £à ­¨æ¥ �, cos(n; xj) | ­ ¯à ¢«ïîé¨¥ ª®-

á¨­ãáë ­®à¬ «¨ n, äã­ªæ¨ï � 2 C1;�(�) ([1], á. 23) ­¥®âà¨æ â¥«ì­  ­  �. �®íää¨æ¨¥­âë aij , bj , c
®¯¥à â®à  L ­¥¯à¥àë¢­ë ¯® ��¥«ì¤¥àã á ¯®ª § â¥«¥¬ � ¢¬¥áâ¥ á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ (aij)xj
­  
, aij j� 2 C1;�(�), ­¥«¨­¥©­®áâì g(x; u) à ¢­  à §­®áâ¨ áã¯¥à¯®§¨æ¨®­­® ¨§¬¥à¨¬ëå äã­ªæ¨©
g2(x; u) ¨ g1(x; u), ­¥ã¡ë¢ îé¨å ¯® ¯¥à¥¬¥­­®© u. �¥¯à¥àë¢­®áâì g(x; u) ¯® u ­¥ ¯à¥¤¯®« £ ¥â-
áï. �¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(2) ­ §ë¢ îâ äã­ªæ¨î u 2W2

q(
), q > 1, ã¤®¢«¥â¢®àïîéãî
ãà ¢­¥­¨î (1) ¯®çâ¨ ¢áî¤ã ­  
, ¤«ï ª®â®à®© á«¥¤ Bu(x) ­  � à ¢¥­ ­ã«î.

�®«ãç¥­ë ¯à¥¤«®¦¥­¨ï ® áãé¥áâ¢®¢ ­¨¨ á¨«ì­ëå à¥è¥­¨© § ¤ ç¨ (1){(2). �®ª § â¥«ìáâ¢ 
¡ §¨àãîâáï ­   ¡áâà ªâ­®© áå¥¬¥ ¬¥â®¤  ¢¥àå­¨å ¨ ­¨¦­¨å à¥è¥­¨© ¨§ [2]. � à ¡®â å H.Amann
¨ ¥£® ãç¥­¨ª®¢ [3]{[7] ¡ë«¨ § «®¦¥­ë ®á­®¢ë ¬¥â®¤  ¨áá«¥¤®¢ ­¨ï ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢-
­¥­¨© í««¨¯â¨ç¥áª®£® ¨ ¯ à ¡®«¨ç¥áª®£® â¨¯®¢ á £« ¤ª¨¬¨ ­¥«¨­¥©­®áâï¬¨, ®á­®¢ ­­®£® ­ 
¨á¯®«ì§®¢ ­¨¨ ¢¥àå­¨å ¨ ­¨¦­¨å à¥è¥­¨©. C.A. Stuart ¬®¤¨ä¨æ¨à®¢ « íâ®â ¯®¤å®¤ ¯à¨¬¥­¨-
â¥«ì­® ª ãà ¢­¥­¨ï¬ í««¨¯â¨ç¥áª®£® â¨¯  á à §àë¢­®© ­¥«¨­¥©­®áâìî g(x; u) � g(u) ¢ [8].
�£® à¥§ã«ìâ âë ¯®«ãç¨«¨ ¤ «ì­¥©è¥¥ à §¢¨â¨¥ ¢ [9]{[11]. � ¨§ãç¥­¨î ¯¥à¢®© ªà ¥¢®© § ¤ ç¨
¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  á à §àë¢­®© ­¥«¨­¥©­®áâìî â¥å­¨ª  ¢¥àå­¨å ¨ ­¨¦­¨å
à¥è¥­¨© ¡ë«  ¯à¨¬¥­¥­  ¢ [12], [13],   â ª¦¥ ¢ [2] ¨ [14]. � ¨¡®«¥¥ ®¡é¨¥ â¥®à¥¬ë ® áãé¥-
áâ¢®¢ ­¨¨ á¨«ì­ëå à¥è¥­¨© § ¤ ç¨ (1){(2) ¡ë«¨ ãáâ ­®¢«¥­ë ¢ [15] â®¯®«®£¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨
á ¨á¯®«ì§®¢ ­¨¥¬ ¢¥àå­¨å ¨ ­¨¦­¨å à¥è¥­¨©. � á«ãç ¥ £à ­¨ç­®£® ãá«®¢¨ï �¨à¨å«¥ ¨ ä®à-
¬ «ì­® á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  L á c(x) � 0 ¢ [16], [17] ¢ à¨ æ¨®­­ë¬ ¬¥â®¤®¬ ¤®ª § ­®
áãé¥áâ¢®¢ ­¨¥ á¨«ì­ëå à¥è¥­¨© § ¤ ç¨ (1){(2) ¯à¨ ¡®«¥¥ á« ¡ëå ®£à ­¨ç¥­¨ïå ­  à §àë¢ë
­¥«¨­¥©­®áâ¨ g(x; u), ç¥¬ ¢ [15]. � ¨¬¥­­®, ¢ [16] ¨ [17] ­  à §àë¢ë g(x; �), ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨î g(x; u�) < g(x; u+), ª ª¨¥-«¨¡® ¤®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï ­¥ ­ ª« ¤ë¢ îâáï. �¤¥áì
g(x; u�) = lim

s!u�0
g(x; s), g(x; u+) = lim

s!u+0
g(x; s). � ¤ ­­®© à ¡®â¥ ¢ ®â«¨ç¨¥ ®â [16], [17] à áá¬®âà¥-

­ë ¡®«¥¥ ®¡é¨¥ ªà ¥¢ë¥ ãá«®¢¨ï, ­¥ ¯à¥¤¯®« £ îâáï á ¬®á®¯àï¦¥­­®áâì ¤¨ää¥à¥­æ¨ «ì­®£®

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¥¦¤ã­ à®¤­®© á®à®á®¢áª®© ¯à®£à ¬¬ë ®¡à §®¢ ­¨ï
¢ ®¡« áâ¨ â®ç­ëå ­ ãª (£à ­â ò d13).
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®¯¥à â®à  L ¨ ª®íàæ¨â¨¢­®áâì ®¯¥à â®à  ªà ¥¢®© § ¤ ç¨ (1){(2) ¢ à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨®-
­ «ì­ëå ¯à®áâà ­áâ¢ å,   ¯® áà ¢­¥­¨î á [15] ®á« ¡«¥­ë ®£à ­¨ç¥­¨ï ­  â®çª¨ à §àë¢  ­¥«¨-
­¥©­®áâ¨ g(x; u) ¯® u.

1. �®à¬ã«¨à®¢ª  ®á­®¢­ëå à¥§ã«ìâ â®¢

�¤¥áì ¨ ¤ «¥¥ á¬ëá« ®¡®§­ ç¥­¨© L, B, g â®â ¦¥, çâ® ¨ ¢® ¢¢¥¤¥­¨¨, g(x; u) = g2(x; u)�g1(x; u),
äã­ªæ¨¨ gi(x; u), i = 1; 2, áã¯¥à¯®§¨æ¨®­­® ¨§¬¥à¨¬ë¥ ¨ ­¥ã¡ë¢ îé¨¥ ¯® u ¯à¨ ¯®çâ¨ ¢á¥å x 2 
.

�¯à¥¤¥«¥­¨¥ 1. �¥àå­¨¬ (­¨¦­¨¬) à¥è¥­¨¥¬ § ¤ ç¨ (1){(2) ­ §ë¢ ¥âáï äã­ªæ¨ï u 2
W2

q(
), q > 1, â ª ï, çâ® Lu(x) � g2(x; u(x)) � g1(x; u(x)�) (Lu(x) � g2(x; u(x)) � g1(x; u(x)+))
¯®çâ¨ ¢áî¤ã ­  
, ¨ á«¥¤ Bu(x) ­  � ­¥®âà¨æ â¥«¥­ (­¥¯®«®¦¨â¥«¥­).

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ¤«ï ãà ¢­¥­¨ï (1) ¢ë¯®«­¥­® �1-ãá«®¢¨¥, ¥á«¨ ­ ©-
¤¥âáï ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ á¥¬¥©áâ¢® ¯®¢¥àå­®áâ¥© fSi; i 2 Ig, Si = f(x; u) 2 Rn+1 j u =
'i(x); x 2 
g, 'i 2 W2

loc;1(
), ¤«ï ª®â®àëå ¯à¨ ¯®çâ¨ ¢á¥å x 2 
 ­¥à ¢¥­áâ¢® g1(x; u�) <
g1(x; u+) ¢«¥ç¥â áãé¥áâ¢®¢ ­¨¥ i 2 I â ª®£®, çâ® u = 'i(x) ¨ «¨¡®

(L'i(x) + g1(x; 'i(x)�)� g2(x; 'i(x)))(L'i(x) + g1(x; 'i(x)+)� g2(x; 'i(x))) > 0;

«¨¡®
L'i(x) = g(x; 'i(x)):

�¥®à¥¬  1. �à¥¤¯®«®¦¨¬, çâ®

1) ãà ¢­¥­¨¥ (1) ã¤®¢«¥â¢®àï¥â A1-ãá«®¢¨î;
2) § ¤ ç  (1){(2) ¨¬¥¥â ­¨¦­¥¥ '(x) ¨ ¢¥àå­¥¥  (x) à¥è¥­¨ï ¨§ ¯à®áâà ­áâ¢  W2

q(
),
q > n, â ª¨¥, çâ® '(x) �  (x) ­  
;

3) ¤«ï ¯®çâ¨ ¢á¥å x 2 
 jgi(x; u)j � a(x) 8u 2 ['(x);  (x)], £¤¥ a 2 Lq(
), i = 1; 2.

�®£¤  § ¤ ç  (1){(2) ¨¬¥¥â á¨«ì­®¥ à¥è¥­¨¥ u 2W2
q(
).

�«¥¤áâ¢¨¥. �à¥¤¯®«®¦¨¬, çâ®

1) ãà ¢­¥­¨¥ (1) ã¤®¢«¥â¢®àï¥â �1-ãá«®¢¨î;
2) áãé¥áâ¢ãîâ ¯®áâ®ï­­ë¥ R1 � 0 ¨ R2 � 0 â ª¨¥, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¢¥à­ë ­¥à ¢¥­-

áâ¢ 
c(x)R1 + g1(x;R1+) � g2(x;R1); c(x)R2 + g1(x;R2�) � g2(x;R2);

3) ¤«ï ¯®çâ¨ ¢á¥å x 2 
 jgi(x; u)j � a(x) ¯à¨ «î¡®¬ u 2 [R1; R2], £¤¥ a 2 Lq(
), q > n,
i = 1; 2.

�®£¤  § ¤ ç  (1){(2) ¨¬¥¥â á¨«ì­®¥ à¥è¥­¨¥ u 2W2
q(
).

2. �« ­ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¢á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 à á¯ ¤ ¥âáï ­  ¤¢  íâ ¯ . �­ ç «¥ ãáâ ­ ¢«¨¢ ¥âáï áãé¥áâ¢®¢ -
­¨¥ u 2W2

q(
), ã¤®¢«¥â¢®àïîé¥© £à ­¨ç­®¬ã ãá«®¢¨î (2) ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¢ª«îç¥­¨î

�Lu(x) + g2(x; u(x)) 2 [g1(x; u(x)�); g1(x; u(x)+)]: (3)

�  ¢â®à®¬ íâ ¯¥ ¤®ª §ë¢ ¥âáï, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 
 äã­ªæ¨ï u(x) ã¤®¢«¥â¢®àï¥â ãà ¢­¥-
­¨î (1) ¨, §­ ç¨â, ï¢«ï¥âáï á¨«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1){(2).

� áâ® ¨á¯®«ì§ã¥¬ë¬ ¨­áâàã¬¥­â®¬ ­  ¯¥à¢®¬ íâ ¯¥ ¤®ª § â¥«ìáâ¢  ï¢«ï¥âáï ®¡®¡é¥­­ë©
¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L.

�¥®à¥¬  2 ([15]). �à¥¤¯®«®¦¨¬ ¤®¯®«­¨â¥«ì­®, çâ® ª®íää¨æ¨¥­â c(x) ®¯¥à â®à  L ­¥-

®âà¨æ â¥«ì­ë© ­  
. �®£¤  ¤«ï ¯à®¨§¢®«ì­ëå u; v 2 W2
q(
), q > n, ­¥à ¢¥­áâ¢  (Lu � Lv)�

�(v � u)+ � 0 ¯®çâ¨ ¢áî¤ã ­  
 ¨
�
@u
@nL

� @v
@nL

�
(v � u)+j� � 0 ¯®çâ¨ ¢áî¤ã ­  �, ¢«¥ªãâ

­¥à ¢¥­áâ¢® u(x) � v(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 
.
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�® ®¯à¥¤¥«¥­¨î, (v � u)+(x) = maxfv(x) � u(x); 0g.
�¨ªá¨àã¥¬ ª®­áâ ­âë q > n, k > 0 ¨ ®¯à¥¤¥«¨¬ ®¯¥à â®à � ­  D(�) = fv 2W2

q(
)
��Bvj� =

0g � Lp(
), p = q=(q � 1), á® §­ ç¥­¨ï¬¨ ¢ Lq(
) à ¢¥­áâ¢®¬ �v = Lv(x) + kv(x) 8v 2 D(�).
� ª ª ª ®¯¥à â®à L à ¢­®¬¥à­® í««¨¯â¨ç¥áª¨©, â® ­ ©¤¥âáï ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â  �, ¤«ï

ª®â®à®©
nP

i;j=1
aij(x)�i�j � �j�j2 8� = (�1; : : : ; �n) 2 Rn, x 2 
. �á«¨ Bu = @u

@nL
+ �(x)u, â® ¤«ï

«î¡®£® u 2 D(�) ¨ " > 0

(Lu; u) =
Z



Lu(x)u(x)dx =
nX

i;j=1

Z



aij(x)uxiuxjdx�
Z
�

@u

@nL
(x)u(x)ds +

+
nX
i=1

Z



bi(x)uxiu(x)dx+
Z



c(x)u2(x)dx � �
nX
i=1

Z



u2xidx+
Z
�

�(x)u2(x)ds�

�
nX
i=1

max



jbi(x)j
�
"

2

Z



u2xidx+
1
2"

Z



u2(x)dx
�
�max



jc(x)j

Z



u2(x)dx �

�

�
��

a"

2

� nX
i=1

Z



u2xidx�

�
(An)
2"

+A1

�Z



u2(x)dx;

£¤¥ A = max
1�i�n

max



jbi(x)j, A1 = max



jc(x)j. �¥àï " = �

A
¨ ¯®áâ®ï­­ãî k � k1 = �

2
+ A2n

2�
+ A1,

¯®«ãç¨¬ (Lu+ ku; u) � �

2
kuk2

W1

2
(
). �§ íâ®£®, ãç¨âë¢ ï ª®¬¯ ªâ­®áâì ¢«®¦¥­¨ï W

1
2(
) ¢ Lp(
)

(¯®áª®«ìªã p > n=(n� 1) ¨ n � 2), § ª«îç ¥¬ ® á¯à ¢¥¤«¨¢®áâ¨ ®æ¥­ª¨

(�u; u) �Mkuk2
Lp(
)

8u 2 D(�) ¯à¨ k � k1; (4)

£¤¥ M = �

2d2
, d | ­®à¬  ®¯¥à â®à  ¢«®¦¥­¨ïW1

2(
) ¢ Lp(
). �­ «®£¨ç­® ­¥à ¢¥­áâ¢® (4) ¤®ª -
§ë¢ ¥âáï ¨ ¢ á«ãç ¥, ª®£¤  Bu = u. �§ (4) á«¥¤ã¥â, çâ® à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ Lu(x)+ku(x) = 0,
Buj� = 0 ¨§ ¯à®áâà ­áâ¢  W2

q(
) ¥¤¨­áâ¢¥­­®. �âáî¤ , ¢ á®®â¢¥âáâ¢¨¨ á à¥§ã«ìâ â ¬¨ �£¬®­ {
�ã£«¨á {�¨à¨­¡¥à£  ([18], £«. V, x 15), ¤¥« ¥¬ ¢ë¢®¤ ® á¯à ¢¥¤«¨¢®áâ¨  ¯à¨®à­®© ®æ¥­ª¨

kukW2
q(
)

� �k�ukLq (
) 8u 2 D(�): (5)

�§¢¥áâ­® ([1], á. 165), çâ® § ¤ ç  Lu(x) + ku(x) = f , Buj� = 0 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¨§
C2;�(
) ¤«ï «î¡®£® f 2 C0;�(
), ¥á«¨ k ¡®«ìè¥ ­¥ª®â®à®£® ç¨á«  k0 � k1. � ª ª ª C0;�(
) ¢áî¤ã
¯«®â­® ¢ Lq(
), â® ¯®á«¥¤­¥¥ á®¢¬¥áâ­® á (5) ¯®§¢®«ï¥â § ª«îç¨âì ® áîàê¥ªâ¨¢­®áâ¨ � ¯à¨
â ª¨å k. �®íâ®¬ã ¢ á¨«ã (4) ®¯¥à â®à � ­¥¯à¥àë¢­® ®¡à â¨¬ ¯à¨ k > k0 ¨, ªà®¬¥ â®£®, ¨§ (5)
á«¥¤ã¥â ª®¬¯ ªâ­®áâì ��1 : Lq(
) ! Lp(
), ¯®áª®«ìªã ¢«®¦¥­¨¥ W2

q(
) ¢ Lp(
) ª®¬¯ ªâ­®.
� ª¨¬ ®¡à §®¬, ®¡®á­®¢ ­ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  3. �á«¨ q > n, p = q=(q� 1), â® áãé¥áâ¢ã¥â k0 > 0 â ª®¥, çâ® ¤«ï «î¡®£® k > k0
®¯¥à â®à � : D(�) � Lp(
) ! Lq(
), D(�) = fv 2 W2

q(
)
��Buj� = 0g, § ¤ ­­ë© à ¢¥­áâ¢®¬

�v = Lv + kv 8v 2 D(�), ­¥¯à¥àë¢­® ®¡à â¨¬, ¤«ï ­¥£® ¢¥à­ë ®æ¥­ª¨ (4) ¨ (5), ¨ ®¡à â­ë©

®¯¥à â®à ��1 : Lq(
)! Lp(
) ª®¬¯ ªâ­ë©.

�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¢ª«îç¥­¨ï (3) ¨§ W2
q(
), ã¤®¢«¥â¢®àïîé¥£®

£à ­¨ç­®¬ã ãá«®¢¨î (2), ®­® ¯à¥®¡à §ã¥âáï ª ®¯¥à â®à­®¬ã ¢ª«îç¥­¨î

��u+ F2u 2 SF1u; (6)

£¤¥ � | ®¯¥à â®à ¨§ â¥®à¥¬ë 3, Fi : Lp(
) ! Lq(
), i = 1; 2, | ­¥«¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ®â®-
¡à ¦¥­¨ï, SF1 | á¥ª¢¥­æ¨ «ì­®¥ § ¬ëª ­¨¥ F1 [2]. �à¨ íâ®¬ «î¡®¥ à¥è¥­¨¥ (6) ã¤®¢«¥â¢®àï¥â
¢ª«îç¥­¨î (3).

71



�¯à¥¤¥«¥­¨¥ 3 ([2]). �¥ª¢¥­æ¨ «ì­ë¬ § ¬ëª ­¨¥¬ «®ª «ì­® ®£à ­¨ç¥­­®£® ®â®¡à ¦¥­¨ï
F : E1 ! E2 (E1, E2 | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ ) ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ SF ¨§ E1 ¢ E2 (¢®-
®¡é¥ £®¢®àï, ¬­®£®§­ ç­®¥), §­ ç¥­¨¥ SFx (x 2 E1) ª®â®à®£® á®¢¯ ¤ ¥â á § ¬ª­ãâ®© ¢ë¯ãª«®©
®¡®«®çª®© ¬­®¦¥áâ¢  ¢á¥å á« ¡® ¯à¥¤¥«ì­ëå â®ç¥ª ¢ E2 ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¢¨¤  (Fxn), £¤¥
xn ! x ¢ E1.

�à®áâà ­áâ¢  Lp(
), Lq(
) ¯®«ãã¯®àï¤®ç¥­ë ª®­ãá ¬¨ K1, K2 ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨©
¨§ Lp(
) ¨ Lq(
) á®®â¢¥âáâ¢¥­­®. �®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï u 2 D(�), ã¤®¢«¥â¢®àïîé¥£®
¢ª«îç¥­¨î (6), á¢®¤¨âáï ª ¯à®¢¥àª¥ ãá«®¢¨© á«¥¤ãîé¥© ®¡é¥© â¥®à¥¬ë.

�¥®à¥¬  4 ([2]). �à¥¤¯®«®¦¨¬, çâ®

1) ¡ ­ å®¢ë ¯à®áâà ­áâ¢  E1, E2 ¯®«ãã¯®àï¤®ç¥­ë, E2 | ¯à ¢¨«ì­ë¬ ª®­ãá®¬ K1 ([19],
á. 34),   ¯à®áâà ­áâ¢® E2 | ª®­ãá®¬ K2;

2) ®¯¥à â®à F1 : E1 ! E2 «®ª «ì­® ®£à ­¨ç¥­­ë©, � : D(�)! E2 (D(�) � E1), ¯à¨ç¥¬ ¬­®-

£®§­ ç­®¥ ®â®¡à ¦¥­¨¥ �+SF1 ¡¨¥ªâ¨¢­® (SF1 | á¥ª¢¥­æ¨ «ì­®¥ § ¬ëª ­¨¥ ®¯¥à â®à 

F1);
3) ®¯¥à â®à F2 : E1 ! E2 (K1;K2) ¬®­®â®­­ë©, â. ¥. ¤«ï «î¡ëå x1; x2 2 E1 ­¥à ¢¥­áâ¢®

x1 � x2 ¢«¥ç¥â F2x1 � F2x2;
4) áãé¥áâ¢ãîâ u1; u2 2 D(�) â ª¨¥, çâ® �u1 + F1u1 � F2u1, �u2 + F1u2 � F2u2 ¨ u1 � u2;
5) ¥á«¨ u; v 2 D(�), g 2 SF1u, w 2 SF2v, ¨ �u+ g � �v + w, â® u � v.

�®£¤  ­  ª®­ãá­®¬ ®âà¥§ª¥ hu1; u2i ([19], á. 128) ­ ©¤¥âáï í«¥¬¥­â u 2 D(�), ã¤®¢«¥â¢®àïîé¨©
¢ª«îç¥­¨î F2u� �u 2 SF1u.

�«ï ¯à®¢¥àª¨ ãá«®¢¨ï 2) â¥®à¥¬ë 4 ¨á¯®«ì§ã¥âáï á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  5 ([2]). �ãáâì E | ¢¥é¥áâ¢¥­­®¥ à¥ä«¥ªá¨¢­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, ®¯¥à -

â®à � : D(�) ! E� (D(�) � E) ¬ ªá¨¬ «ì­® ¬®­®â®­­ë© ¨ 0 2 D(�), ®¯¥à â®à T : E ! E�

¬®­®â®­­ë© ¨ ¤«ï ®â®¡à ¦¥­¨ï � + T ¢ë¯®«­¥­® ãá«®¢¨¥ ª®íàæ¨â¨¢­®áâ¨: (�x + Tx; x) �
c(kxk) � kxk 8x 2 D(�), £¤¥ c : R+ ! R | ­¥¯à¥àë¢­ ï ­  R+ äã­ªæ¨ï ¨ lim

r!+1
c(r) = +1. �®£¤ 

®â®¡à ¦¥­¨¥ �+ ST áîàê¥ªâ¨¢­®.

3. �®ª § â¥«ìáâ¢® ®á­®¢­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �® ãá«®¢¨î q > n � 2, ¯®íâ®¬ã W2
q(
) ­¥¯à¥àë¢­® ¢«®¦¥­®

¢ Lp(
), p = q=(q � 1), ¯®áª®«ìªã 1 < p < 2. �®£« á­® â¥®à¥¬¥ 3 ­ ©¤¥âáï ¯®«®¦¨â¥«ì­®¥ ç¨á«®
k â ª®¥, çâ® «¨­¥©­ë© ®¯¥à â®à � : D(�) ! Lq(
), D(�) = fv 2 W2

q(
)
��Bvj� = 0g � Lp(
),

®¯à¥¤¥«¥­­ë© à ¢¥­áâ¢®¬ �v = Lv(x) + kv(x), ­¥¯à¥àë¢­® ®¡à â¨¬, ¤«ï ­¥£® ¢¥à­  ®æ¥­ª  (4)
¨ k + c(x) � 0 ­  
. �¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (1) ¢ ¢¨¤¥

Lu(x) + ku(x) + g1(x; u(x)) = g2(x; u(x)) + ku(x): (10)

�«ï ¯®çâ¨ ¢á¥å x 2 
 ®¯à¥¤¥«¨¬ egi, i = 1; 2, á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ u < '(x), â® eg1(x; u) =
g1(x; '(x)�), eg2(x; u) = g2(x; u) + k'(x); ¥á«¨ '(x) � u �  (x), â® eg1(x; u) = g1(x; u), eg2(x; u) =
g2(x; u) + ku; ¥á«¨ u >  (x), â® eg1(x; u) = g1(x;  (x)+), eg2(x; u) = g2(x; u) + k (x). �ã­ªæ¨¨ '
¨  ¨§ ãá«®¢¨ï 2) â¥®à¥¬ë 1. � ¬¥â¨¬, çâ® ¯®áâà®¥­­ë¥ äã­ªæ¨¨ egi, i = 1; 2, áã¯¥à¯®§¨æ¨®­­®
¨§¬¥à¨¬ë¥ ¨ ­¥ã¡ë¢ îé¨¥ ¯® u ¯à¨ ¯®çâ¨ ¢á¥å x 2 
. �à®¬¥ â®£®, ¢¥à­  ®æ¥­ª  ¤«ï ¯®çâ¨ ¢á¥å
x 2 


jegi(x; u)j � a(x) + � = a1(x) 8u 2 R; (7)

£¤¥ � = k(max



j'(x)j +max



j (x)j), a(x) ¨§ ãá«®¢¨ï 3) â¥®à¥¬ë 1 (� ª®­¥ç­®, ¯®áª®«ìªã q > n ¨,

§­ ç¨â, W2
q(
) ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ C(
),   ¯® ãá«®¢¨î 2) â¥®à¥¬ë 1 ' ¨  ¨§ W2

q(
) ). �
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ãà ¢­¥­¨¨ (10) § ¬¥­¨¬ g1 ¨ g2 ­  eg1 ¨ eg2 á®®â¢¥âáâ¢¥­­® ¨ ¯®«ãç¥­­®¬ã ãà ¢­¥­¨î á®¯®áâ ¢¨¬
¢ª«îç¥­¨¥

�Lu(x)� ku(x) + eg2(x; u(x)) 2 [eg1(x; u(x)�); eg2(x; u(x)+)]; x 2 
: (30)

�®ª ¦¥¬, çâ® ¤«ï «î¡®£® u 2 D(�), ã¤®¢«¥â¢®àïîé¥£® (30) ¯®çâ¨ ¢áî¤ã ­  
, ¢¥à­ë ­¥à -
¢¥­áâ¢  '(x) � u(x) �  (x) ­  
, ¨§ ç¥£® ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨áâ¨­­®áâì ¤«ï u(x) (3) ¯à¨ ¯®çâ¨
¢á¥å x 2 
. �® ®¯à¥¤¥«¥­¨î ­¨¦­¥£® à¥è¥­¨ï § ¤ ç¨ (1){(2) L'(x) + k'(x) + g1(x; '(x)+) �
g2(x; '(x)) + k'(x) ¯®çâ¨ ¢áî¤ã ­  
, B'(x)j� � 0 ¯®çâ¨ ¢áî¤ã ­  �. �á«¨ u 2 D(�) ¨ ã¤®¢«¥-
â¢®àï¥â (30) ¤«ï ¯®çâ¨ ¢á¥å x 2 
, â®

L('� u)(x) + k('� u)(x) � eg1(x; u(x)+)� g1(x; '(x)+) +

+g2(x; '(x)) � eg2(x; u(x)) + k'(x) ¯®çâ¨ ¢áî¤ã ­  
; (8)

B('� u)(x)j� � 0 ¯®çâ¨ ¢áî¤ã ­  �: (9)

�  ¬­®¦¥áâ¢¥ fx 2 
 j u(x) < '(x)g ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (8) à ¢­  ­ã«î, ¯®íâ®¬ã (�u�
�')('�u)+(x) � 0 ¯®çâ¨ ¢áî¤ã ­  
. �§ (9) á«¥¤ã¥â, çâ®

�
@u
@nL

� @'

@nL

�
('�u)+j� � 0 ¯®çâ¨ ¢áî¤ã

­  �. �à¨ à áá¬®âà¥­¨¨ âà¥âì¥© ªà ¥¢®© § ¤ ç¨ á«¥¤ã¥â ãç¥áâì, çâ® ­¥à ¢¥­áâ¢® (9) ¢«¥ç¥â�
@'

@nL
� @u

@nL

�
(x)j� � �(x)(u � ')(x)j� � 0 ­  ¬­®¦¥áâ¢¥ fx 2 � j u(x) < '(x)g (¢®á¯®«ì§®¢ «¨áì

­¥®âà¨æ â¥«ì­®áâìî � ­  �). � ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2 ¨, §­ ç¨â, u(x) �
'(x) ­  
. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï ­¥à ¢¥­áâ¢® u(x) �  (x) ­  
.

�¥©áâ¢¨â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î ¢¥àå­¥£® à¥è¥­¨ï § ¤ ç¨ (1){(2) L (x) + k (x) +
g1(x;  (x)�) � g2(x;  (x)) + k (x) ¯®çâ¨ ¢áî¤ã ­  
, B (x)j� � 0 ¯®çâ¨ ¢áî¤ã ­  �. �®£¤ ,
¥á«¨ u 2 D(�) ¨ ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (30) ¤«ï ¯®çâ¨ ¢á¥å x 2 
, â®

L( � u)(x) + k( � u)(x) � eg1(x; u(x)�) � g1(x;  (x)�) +

+g2(x;  (x)) � eg2(x; u(x)) + k (x) ¯®çâ¨ ¢áî¤ã ­  
; (80)

B( � u)(x)j� � 0 ¯®çâ¨ ¢áî¤ã ­  �: (90)

�  ¬­®¦¥áâ¢¥ fx 2 
 j u(x) >  (x)g ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (80) à ¢­  ­ã«î, ¯®íâ®¬ã

(� � �u)(u �  )+(x) � 0 ¯®çâ¨ ¢áî¤ã ­  
. �§ (90) á«¥¤ã¥â, çâ®
�
@ 

@nL
� @u

@nL

�
(u �  )+(x) � 0

¯®çâ¨ ¢áî¤ã ­  � (¯à¨ à áá¬®âà¥­¨¨ âà¥âì¥£® ªà ¥¢®£® ãá«®¢¨ï ­ ¤® ãç¥áâì, çâ® ­¥à ¢¥­áâ¢® (90)

¢«¥ç¥â ­¥à ¢¥­áâ¢®
�
@ 

@nL
� @u

@nL

�
(x)j� � �(x)(u� )(x)j� � 0 ­  ¬­®¦¥áâ¢¥ fx 2 � j u(x) >  (x)g.

�áâ «®áì ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 2, çâ®¡ë á¤¥« âì § ª«îç¥­¨¥ ® á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢ 
u(x) �  (x) ­  
.

�â ª, ¤®ª § ­®, çâ® ¤«ï «î¡®£® u 2 D(�), ã¤®¢«¥â¢®àïîé¥£® (30) ¯®çâ¨ ¢áî¤ã ­  
, á¯à -
¢¥¤«¨¢® ¨ ¢ª«îç¥­¨¥ (3) ¤«ï ¯®çâ¨ ¢á¥å x 2 
. �â®¡ë ãáâ ­®¢¨âì áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï
¢ª«îç¥­¨ï (30), ¯à¨­ ¤«¥¦ é¥£® D(�), ¯¥à¥©¤¥¬ ª ®¯¥à â®à­®© ¯®áâ ­®¢ª¥ íâ®© § ¤ ç¨ ¢ ¡ ­ -
å®¢®¬ ¯à®áâà ­áâ¢¥ E = Lp(
), ¯®«ãã¯®àï¤®ç¥­­®¬ ª®­ãá®¬ K1 ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© ¨§
Lp(
). �®¯àï¦¥­­®¥ á E ¯à®áâà ­áâ¢® E� = Lq(
) ¯®«ãã¯®àï¤®ç¥­® ª®­ãá®¬ K2 ­¥®âà¨æ â¥«ì-
­ëå äã­ªæ¨© ¨§ Lq(
). �â¬¥â¨¬, çâ® E à¥ä«¥ªá¨¢­®,   ª®­ãáë K1, K2 ¯à ¢¨«ì­ë¥ ([19], á. 34).
�à®¬¥ ã¦¥ ®¯à¥¤¥«¥­­®£® ¢ëè¥ ®¯¥à â®à  � à áá¬®âà¨¬ ®¯¥à â®àë Fi : E ! E�, § ¤ ­­ë¥
à ¢¥­áâ¢ ¬¨ Fiu = egi(x; u(x)), i = 1; 2. �§ ®æ¥­ª¨ (7) á«¥¤ã¥â ®£à ­¨ç¥­­®áâì íâ¨å ®¯¥à â®à®¢
­  ¢á¥¬ ¯à®áâà ­áâ¢¥ E. � ª ª ª egi(x; u) ­¥ã¡ë¢ îé ï ¯® u ­  R ¤«ï ¯®çâ¨ ¢á¥å x 2 
, i = 1; 2,
â® ®¯¥à â®à F1 ¬®­®â®­­ë© ­  E, â. ¥. (F1u� F1v; u � v) � 0 ¤«ï «î¡ëå u; v 2 E,   F2 (K1;K2)
¬®­®â®­­ë©. � ¤ ç  ­ å®¦¤¥­¨ï u 2 D(�), ¤«ï ª®â®à®£® ¢¥à­® (30) ¯à¨ ¯®çâ¨ ¢á¥å x 2 
,
à ¢­®á¨«ì­  ®âëáª ­¨î u 2 D(�), ã¤®¢«¥â¢®àïîé¥£® ®¯¥à â®à­®¬ã ¢ª«îç¥­¨î

��u+ F2u 2 SF1u; (10)

£¤¥ SF1 | á¥ª¢¥­æ¨ «ì­®¥ § ¬ëª ­¨¥ F1.
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�  á ¬®¬ ¤¥«¥, ª ª ¯®ª § ­® ¢ [20], ¤«ï ¯à®¨§¢®«ì­®£® u 2 E ¬­®¦¥áâ¢® SF1 á®¢¯ ¤ ¥â á
F�1 u =

T
">0

cofy = F1v
�� kv � uk � "g | §­ ç¥­¨¥¬ ®¢ë¯ãª«¨¢ ­¨ï ®¯¥à â®à  F1 ¢ â®çª¥ u (coG

| § ¬ª­ãâ ï ¢ë¯ãª« ï ®¡®«®çª  ¬­®¦¥áâ¢  G � E�),   ¢ ([21], á. 174) ¡ë«® ãáâ ­®¢«¥­®, çâ®
F�1 u = fz : 
 ! R j z | ¨§¬¥à¨¬ ï ¯® �¥¡¥£ã ­  
 ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 
 §­ ç¥­¨¥ z(x) 2
[eg1(x; u(x)�); eg1(x; u(x)+)]g ¤«ï «î¡®£® u 2 E (§ ¬¥â¨¬, çâ® áã¯¥à¯®§¨æ¨®­­ ï ¨§¬¥à¨¬®áâì eg1
¨ ¥¥ ¬®­®â®­­®áâì ¯® u ¢«¥ªãâ ¡®à¥«¥¢®áâì (mod 0) íâ®© äã­ªæ¨¨ ([21], á. 157).

�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï u, ã¤®¢«¥â¢®àïîé¥£® (10), ¤®áâ â®ç­® ¯à®¢¥à¨âì ¢ë-
¯®«­¥­¨¥ ¢á¥å ãá«®¢¨© â¥®à¥¬ë 4. �ëè¥ ã¦¥ ¡ë«® ¯®ª § ­®, çâ® ãá«®¢¨ï 1) ¨ 2) íâ®© â¥-
®à¥¬ë ¢ë¯®«­¥­ë,   ®¯¥à â®à F1 ¬®­®â®­­ë© ¨ ®£à ­¨ç¥­­ë© ­  E. �¨­¥©­ë© ®¯¥à â®à
� ¢ á¨«ã ®æ¥­ª¨ (4) ¬®­®â®­­ë© ­  D(�) ¨, ªà®¬¥ â®£®, ®­ ­¥¯à¥àë¢­® ®¡à â¨¬. �§ íâ®-
£® § ª«îç ¥¬ ® ¬ ªá¨¬ «ì­®© ¬®­®â®­­®áâ¨ � [22]. �§ ®æ¥­ª¨ (4) ¤«ï � á«¥¤ã¥â ­¥à ¢¥­-
áâ¢® (�u + F1u; u) � Mkuk2 + (F1u � F10; u) + (F10; u) � (Mkuk � kF10k) � kuk 8u 2 D(�) ¨
áâà®£ ï ¬®­®â®­­®áâì ®â®¡à ¦¥­¨ï � + SF1. �âáî¤  ¨ ¨§ â¥®à¥¬ë 5 ¤¥« ¥¬ ¢ë¢®¤ ® ¡¨¥ª-
â¨¢­®áâ¨ ®â®¡à ¦¥­¨ï � + SF1 ¨, §­ ç¨â, ãá«®¢¨¥ 2) â¥®à¥¬ë 4 â ª¦¥ ¢ë¯®«­ï¥âáï. �ãáâì
u1 = ��1(�2a1), u2 = ��1(2a1), £¤¥ a1 2 Lq(
) | äã­ªæ¨ï ¨§ ­¥à ¢¥­áâ¢  (7). �®áª®«ìªã
u1; u2 2 D(�), �u1(x) = �2a1(x), �u2(x)2a1(x) ¨ a1(x) ­¥®âà¨æ â¥«ì­  ­  
, â® ¢ á¨«ã ®¡®¡é¥­-
­®£® ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  (â¥®à¥¬  2) u1(x) � 0, u2(x) � 0 ­  
 (¢®á¯®«ì§®¢ «¨áì ­¥à ¢¥­áâ¢ ¬¨
@ui
@nL

(x)j� = ��(x)ui(x)j� � 0 ­  ¬­®¦¥áâ¢¥ fx 2 � j ui(x) > 0g, i = 1; 2, ¢ á«ãç ¥ âà¥âì¥£® ªà ¥¢®£®
ãá«®¢¨ï). � ª ª ª eg2(x; u1(x)) � eg1(x; u1(x)) � �2a1(x), eg2(x; u2(x)) � eg1(x; u2(x)) � 2a1(x) ¯®çâ¨
¢áî¤ã ­  
 (íâ® á«¥¤áâ¢¨¥ ãá«®¢¨ï 3) â¥®à¥¬ë 1), â® �u1 + F1u1 � F2u1, �u2 + F1u2 � F2u2.
�«¥¤®¢ â¥«ì­®, ãá«®¢¨¥ 4) â¥®à¥¬ë 4 ¢ë¯®«­¥­®. �áâ «®áì ¯à®¢¥à¨âì ãá«®¢¨¥ 5) íâ®© â¥®-
à¥¬ë. �à¥¤¯®«®¦¨¬, çâ® u; v 2 D(�), f 2 SF1u, w 2 SF1v ¨ �u + f � �v + w. �®£¤ 
�(u � v)(x) � w(x) � f(x) ¯®çâ¨ ¢áî¤ã ­  
, B(u � v)(x)j� = 0 ¯®çâ¨ ¢áî¤ã ­  �, ¯à¨ç¥¬
f(x) 2 [eg1(x; u(x)�); eg1(x; u(x)+)], w(x) 2 [eg1(x; v(x)�); eg1(x; v(x)+)] ¤«ï ¯®çâ¨ ¢á¥å x 2 
. �§
¬®­®â®­­®áâ¨ eg1(x; s) ¯® s ­  R á«¥¤ã¥â, çâ® w(x)�f(x) � 0 ­  ¬­®¦¥áâ¢¥ fx 2 
 j u(x) > v(x)g.

�®íâ®¬ã (�v � �u)(u � v)+(x) � 0 ¯®çâ¨ ¢áî¤ã ­  
. �à®¬¥ â®£®,
�
@v
@nL

� @u
@nL

�
(u� v)+(x)j� � 0

¯®çâ¨ ¢áî¤ã ­  �, ¨, §­ ç¨â, á®£« á­® â¥®à¥¬¥ 2 u(x) � v(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 
. �âáî¤ 
§ ª«îç ¥¬, çâ® ¤«ï ®â®¡à ¦¥­¨ï � + SF1 ¢ë¯®«­¥­® ãá«®¢¨¥ 5) â¥®à¥¬ë 4. �  íâ®¬ ¯à®¢¥à-
ª  ãá«®¢¨© â¥®à¥¬ë 4 § ¢¥àè ¥âáï, çâ® ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤ ® áãé¥áâ¢®¢ ­¨¨ u 2 D(�),
ã¤®¢«¥â¢®àïîé¥£® ¢ª«îç¥­¨î (10). � ­¥¥ ¡ë«® ¯®ª § ­®, çâ® â®£¤  u(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 

ã¤®¢«¥â¢®àï¥â ¢ª«îç¥­¨î (3). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ®áâ «®áì ãáâ ­®¢¨âì,
çâ® Lu(x) = g(x; u(x)) ¯®çâ¨ ¢áî¤ã ­  
. �¡®§­ ç¨¬ ç¥à¥§ 
1 ¬­®¦¥áâ¢® í«¥¬¥­â®¢ x 2 
,
¤«ï ª®â®àëå §­ ç¥­¨¥ u(x) ï¢«ï¥âáï â®çª®© ­¥¯à¥àë¢­®áâ¨ g1(x; �),   ç¥à¥§ 
2 | ¬­®¦¥áâ¢®
fx 2 
 j g1(x; u(x)�) < g1(x; u(x)+)g. �®£¤  
1 [ 
2 á â®ç­®áâìî ¤® ¬­®¦¥áâ¢  ¬¥àë ­ã«ì á®-
¢¯ ¤ ¥â á 
 ¨ 
1 \ 
2 = ;. �á«¨ x 2 
1, â® [g1(x; u(x)�); g1(x; u(x)+)] = fg1(x; u(x))g, ¨, §­ ç¨â,
Lu(x) = g(x; u(x)) ¯®çâ¨ ¢áî¤ã ­  
1. � ª ª ª ¤«ï ãà ¢­¥­¨ï (1) ¢ë¯®«­¥­® �1-ãá«®¢¨¥, â®
¤«ï ¯®çâ¨ ¢á¥å x 2 
2 «¨¡® Lu(x) = g(x; u(x)), «¨¡® ¤«ï ­¥ª®â®à®£® i 2 I u(x) = 'i(x) ¨
(L'i(x)+ g1(x; 'i(x)�)� g2(x; 'i(x)))(L'i(x)+ g1(x; 'i(x)+)� g2(x; 'i(x))) > 0 (¯®á«¥¤­¥¥ ®§­ ç -
¥â, çâ® �L'i(x) + g2(x; 'i(x)) =2 [g1(x; 'i(x)�); g1(x; 'i(x)+)] ). �®íâ®¬ã, ¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ®
¬­®¦¥áâ¢® fx 2 
 j Lu(x) 6= g(x; u(x))g ¨¬¥¥â ­¥­ã«¥¢ãî ¬¥àã, â®, ¯®áª®«ìªã I ­¥ ¡®«¥¥ ç¥¬
áç¥â­®, â® ¤«ï ­¥ª®â®à®£® i 2 I ®â«¨ç­®© ®â ­ã«ï ¡ã¤¥â ¬¥à  ¬­®¦¥áâ¢ 


+
2 = fx 2 
2 j u(x) = 'i(x) (L'i(x) + g1(x; 'i(x)�)� g2(x; 'i(x))) �

� (L'i(x) + g1(x; 'i(x)+)� g2(x; 'i(x))) > 0g:

�âáî¤ , â. ª. Lu(x) = L'i(x) ¯®çâ¨ ¢áî¤ã ­  
+
2 ([23], £«. 7, á. 151), á«¥¤ã¥â, çâ® ­  ¬­®¦¥áâ¢¥

­¥­ã«¥¢®© ¬¥àë �Lu(x) + g2(x; u(x)) =2 [g1(x; u(x)�); g1(x; u(x)+)]. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®-
ª §ë¢ ¥â, çâ® Lu(x) = g(x; u(x)) ¯®çâ¨ ¢áî¤ã ­  
.

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï. �á«®¢¨¥ 2) á«¥¤áâ¢¨ï £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ ãá«®¢¨ï 2) â¥-
®à¥¬ë 1 á '(x)�R1,  (x)�R2. �®íâ®¬ã á¯à ¢¥¤«¨¢®áâì á«¥¤áâ¢¨ï ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1.
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4. �à¨¬¥à

�ãáâì ¢ ãà ¢­¥­¨¨ (1) L = �
nP
i=1

@2

@x2
i

+ @
@x1

, g(x; u) � g(u),   g(u) § ¤ ¥âáï à ¢¥­áâ¢ ¬¨ g(u) =

u+ 1; 5 ¯à¨ u < �0; 75, g(u) = juj � 0; 5, ¤«ï u 2 [�0; 75; 0; 25), g(u) = ju� 1j � 0; 5 ¯à¨ u � 0; 25.
�ã­ªæ¨ï g(u) ¡®à¥«¥¢  ¨ ¨¬¥¥â ¤¢¥ â®çª¨ à §àë¢  �0; 75 ¨ 0; 25 ­  R, ª®â®àë¬ á®®â¢¥âáâ¢ãîâ ¢

�R ¤¢¥ ¯®¢¥àå­®áâ¨ à §àë¢  S1 = f(x; u) 2 
�R j u = �0; 75g, S2 = f(x; u) 2 
�R j u = 0; 25g.
�­  á®¢¯ ¤ ¥â á à §­®áâìî ¤¢ãå ­¥ã¡ë¢ îé¨å äã­ªæ¨© g2(u) ¨ g1(u), ®¯à¥¤¥«ï¥¬ëå ä®à¬ã« ¬¨

g1(u) =

8>>>>>>><
>>>>>>>:

0; u < �0; 75;

u+ 1; 25; �0; 75 � u < 0;

1; 25; 0 � u < 0; 25;

u+ 1; 0; 25 � u < 1;

2; u > 1;

g2(u) =

8>>>>>>><
>>>>>>>:

u+ 1; 5; u < �0; 75;

0; 75; �0; 75 � u < 0;

u+ 0; 75; 0 � u � 0; 25;

1; 5; 0; 25 � u � 1;

u+ 0; 5; u > 1:

� ¬¥â¨¬, çâ® g1 à §àë¢­  â®«ìª® ¯à¨ u = �0; 75,   g2 | ¯à¨ u = 0; 25. �âáî¤  § ª«îç -
¥¬, çâ® ¢ ¤ ­­®¬ ¯à¨¬¥à¥ ¤«ï ãà ¢­¥­¨ï (1) ¢ë¯®«­¥­® �1-ãá«®¢¨¥ á á¥¬¥©áâ¢®¬ ¯®¢¥àå­®-
áâ¥©, á®áâ®ïé¥¬ ¨§ ®¤­®© ¯®¢¥àå­®áâ¨ S1, â. ª. (L'1(x) � g(x; '1(x)+))(L'1(x) � g(x; '1(x)�)) =
g(�0; 75+) � g(�0; 75�) = 0; 25 � 0; 75 > 0, £¤¥ '1(x) � �0; 75. �ãáâì ªà ¥¢®¥ ãá«®¢¨¥ (2) ¨¬¥¥â ¢¨¤
@u
@n

���
�
= 0. �®£¤  ¤«ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ �¥©¬ ­  ¢¥à­ë ¯à¥¤¯®«®¦¥­¨ï 2) ¨ 3) á«¥¤áâ¢¨ï

á R1 = �1, R2 = 1, a(x) � 2 ¨ ¯à®¨§¢®«ì­®£® q > n. �®íâ®¬ã áãé¥áâ¢ã¥â á¨«ì­®¥ à¥è¥­¨¥ íâ®©
§ ¤ ç¨ ¨§ ¯à®áâà ­áâ¢  W2

q(
). � ¤àã£®© áâ®à®­ë, ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L ­¥ ï¢«ï¥â-
áï á ¬®á®¯àï¦¥­­ë¬ ¨, §­ ç¨â, ­¥«ì§ï ¯à¨¬¥­¨âì ¢ à¨ æ¨®­­ë© ¬¥â®¤, à §¢¨âë© ¢ [16] ¨ [17].
�à®¬¥ â®£®, ¢ ¯à®áâà ­áâ¢¥W1

2(
) ®¯¥à â®à ¤ ­­®© ªà ¥¢®© § ¤ ç¨ ­¥ ï¢«ï¥âáï ª®íàæ¨â¨¢­ë¬,
¯®áª®«ìªã ¤«ï u(x) � � (� 2 R) ¨¬¥¥¬

�(�) �
nX
i=1

Z



u2xidx+
Z



ux1u(x)dx �
Z



g(u(x))u(x)dx = ��
Z



g(�)dx = ��g(�)mes 
;

çâ® ¤ ¥â lim
�!1

�(�) = �1. �¥«¨­¥©­®áâì g(u) ­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (L; g) ®¯â¨¬ «ì­®-

áâ¨ K.-C. Chang [15], ª®â®à®¥ ¢ª«îç ¥â âà¥¡®¢ ­¨¥, çâ® ­  ¯®¢¥àå­®áâ¨ à §àë¢  u = 'i(x),
x 2 
, ­¥«¨­¥©­®áâ¨ g(u; x) ¯® u «¨¡® L'i(x) = g(x; 'i(x)), «¨¡® (L'i(x)� g(x; 'i(x)+))(L'i(x)�
g(x; 'i(x)�)) > 0 ¤«ï ¯®çâ¨ ¢á¥å x 2 
. � ¯à¨¬¥à¥ íâ® ãá«®¢¨¥ ­ àãè ¥âáï ­  ¯®¢¥àå­®áâ¨ S2,
â. ª. L'2(x) � 0, g('2(x)) = 0; 25, (L'2(x)�g('2(x)+))(L'2(x)�g('2(x)�)) = g(0; 25+)g(0; 25�) <
0. �¤¥áì '2(x) � 0; 25. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢®¢ ­¨¥ á¨«ì­®£® à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®© ªà ¥-
¢®© § ¤ ç¨ ¨§ à¥§ã«ìâ â®¢ K.-C.Chang ­¥ á«¥¤ã¥â.
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