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B à ¡®â¥ ãáâ ­ ¢«¨¢ îâáï ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï
§ ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ëå ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  (ãà ¢-
­¥­¨ï £¨¯¥à¡®«¨ç¥áª®£® ¨ ¯ à ¡®«¨ç¥áª®£® â¨¯®¢). �à¨ á®®â¢¥âáâ¢ãîé¥¬ ¯®¤¡®à¥ ®¯¥à â®à­ëå
ª®íää¨æ¨¥­â®¢ ¨§ à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï ¯®«ãç ¥âáï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ®¯¨-
áë¢ îé¥¥ ª®«¥¡ ­¨ï ¯« áâ¨­ª¨, | ¬®¤¨ä¨æ¨à®¢ ­­®¥ ãà ¢­¥­¨¥�¥à¬¥­{� £à ­¦  (£¨¯¥à¡®-
«¨ç¥áª®¥ ãà ¢­¥­¨¥). �à¨ íâ®¬ ¤«ï ®¯à¥¤¥«¥­¨ï â¥¬¯¥à âãà­®£® ¯®«ï ¨á¯®«ì§ã¥âáï âà¥å¬¥à­®¥
ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ (¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥). �®«ãç¥­­ ï á¨áâ¥¬  ®¯¨áë¢ ¥â á¢ï-
§ ­­ãî § ¤ çã â¥à¬®ã¯àã£®áâ¨ ¯« áâ¨­®ª.

�ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, L, M | á ¬®á®¯àï¦¥­­ë¥ ®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­-
­ë¥ ®¯¥à â®àë ¢ H á ®¡« áâï¬¨ ®¯à¥¤¥«¥­¨ï D(M) � D(L), C | ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢ H.
�à¥¤¯®« £ ¥âáï, çâ® ®¯¥à â®à L ¯¥à¥áâ ­®¢®ç¥­ á C ¨ à¥§®«ì¢¥­â®© M (®¯à¥¤¥«¥­¨¥ ¯¥à¥áâ ­®-
¢®ç­®áâ¨ á¬., ­ ¯à., ¢ [1], á. 322). �  ®âà¥§ª¥ [0; T ] à áá¬®âà¨¬ á¨áâ¥¬ã(

W 00(t) + L2W (t) + �LC�(t) = q1(t);
�0(t)�M�(t)� �C�LW 0(t) = q2(t)

(1)

(�; � > 0) á ­¥¨§¢¥áâ­ë¬¨ äã­ªæ¨ï¬¨ W , �.
�ë¡¥à¥¬, ­ ¯à¨¬¥à, ¢ ª ç¥áâ¢¥ H = L2(
) ¯à®áâà ­áâ¢® äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ¢ ®£à ­¨-

ç¥­­®© á £« ¤ª®© £à ­¨æ¥© ®¡« áâ¨ 
 = 
1�[�h=2; h=2] � R3 (
1 � R2, h > 0) ¨ ¨¬¥îé¨å áã¬¬¨-
àã¥¬ë© ª¢ ¤à â ­®à¬ë; ¢ ª ç¥áâ¢¥M , L| ®¯¥à â®àë, ¯®à®¦¤¥­­ë¥ á®®â¢¥âáâ¢¥­­® ¢ëà ¦¥­¨-
¥¬ �20

@2

@x2
+�20

@2

@y2
+ @2

@z2
(�0 6= 0) á £à ­¨ç­ë¬ ãá«®¢¨¥¬ �j@
 = 0 ¨ ¢ëà ¦¥­¨¥¬ 
( @2

@x2
+ @2

@y2
) (
 > 0)

á £à ­¨ç­ë¬ ãá«®¢¨¥¬ W j@
1
= 0. �¯¥à â®à C ®¯à¥¤¥«¨¬ ä®à¬ã«®© C� =

h=2R
�h=2

z�(x; y; z)dz.

�®£¤  C�g = z
h=2R

�h=2

g(x; y; z)dz. �à¨ â ª®¬ ¯®¤¡®à¥ L, M , C ¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ç¨á¥«

�, �, 
 ¨§ (1) ¯®«ãç îâáï ¨§¢¥áâ­ë¥ ãà ¢­¥­¨ï ª®«¥¡ ­¨ï ¯« áâ¨­ª¨ ([2], á. 336) ¨ ãà ¢­¥­¨¥
â¥¯«®¯à®¢®¤­®áâ¨ ([3], á. 12).

� «¥¥ ¢ æ¥«ïå á®ªà é¥­¨ï § ¯¨á¨ áç¨â ¥¬, çâ® ¢ (1) � = � = 1. � ¯à®â¨¢­®¬ á«ãç ¥ à ááã-
¦¤¥­¨ï ¯à ªâ¨ç¥áª¨ ­¥ ¨§¬¥­ïâáï.

�«ï á¢¥¤�¥­¨ï á¨áâ¥¬ë (1) ª ®¤­®¬ã ãà ¢­¥­¨î ¯¥à¢®£® ¯®àï¤ª  ¢¢¥¤¥¬ ¤¥©áâ¢ãîé¨© ¢ ¯à®-
áâà ­áâ¢¥ eH = H �H �H ®¯¥à â®à

A0 =

0@ 0 E 0
�L2 0 �LC
0 C�L M

1A :

�¤¥áì ¨ ¤ «¥¥ E ®¡®§­ ç ¥â â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ¢ á®®â¢¥âáâ¢ãîé¥¬ ¯à®áâà ­áâ¢¥. �â¬¥-
â¨¬, çâ® ¯¥à¥áâ ­®¢®ç­®áâì ®¯¥à â®à®¢ C ¨ L ¢«¥ç¥â ¯¥à¥áâ ­®¢®ç­®áâì C� ¨ L� = L ([1], á. 323).

3



�¥¬¬  1. �¯¥à â®à A0 ¤®¯ãáª ¥â § ¬ëª ­¨¥ A ¢ ¯à®áâà ­áâ¢¥ eH,   ®¯¥à â®à A�1 áãé¥-

áâ¢ã¥â, ®£à ­¨ç¥­ ¨ ®¯à¥¤¥«¥­ ­  ¢á¥¬ ¯à®áâà ­áâ¢¥ eH.

�®ª § â¥«ìáâ¢®. �¯¥à â®à­ ï ¬ âà¨æ 0@ CM�1C� �L�2 �L�1CM�1

E 0 0
�LM�1C� 0 M�1

1A
®¯à¥¤¥«ï¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢ eH. �¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ¥¥ ¯à®-
¨§¢¥¤¥­¨¥ (¢ «î¡®¬ ¯®àï¤ª¥) ­  ®¯¥à â®à­ãî ¬ âà¨æã, ®¯à¥¤¥«ïîéãî ®¯¥à â®à A0, ¤ ¥â ¥¤¨-
­¨ç­ãî ®¯¥à â®à­ãî ¬ âà¨æã. �âáî¤  á«¥¤ãîâ ¢á¥ ãâ¢¥à¦¤¥­¨ï «¥¬¬ë, ¯à¨ç¥¬ ®¯¥à â®à A�1

®¯à¥¤¥«ï¥âáï ¯®á«¥¤­¥© ®¯¥à â®à­®© ¬ âà¨æ¥©.

� ¤ «ì­¥©è¥¬ ®¯¥à â®à ¨ ¥£® § ¬ëª ­¨¥ ¡ã¤ãâ ®¡®§­ ç âìáï ®¤­¨¬ á¨¬¢®«®¬. B á«ãç ¥
­¥§ ¬ª­ãâ®áâ¨ ®¯¥à â®à § ¬¥­ï¥âáï á¢®¨¬ § ¬ëª ­¨¥¬.

�á«¨ ¢ (1) ¯®«®¦¨âì v = W 0 ¨ ç¥à¥§ u ®¡®§­ ç¨âì áâ®«¡¥æ (W; v; �)>, â® ¢ ¯à®áâà ­áâ¢¥ eH
®¤­®à®¤­ãî á¨áâ¥¬ã (1) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

u0(t) = Au(t): (2)

� ¯®¬­¨¬ ([4], áá. 38, 76), çâ® à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2) ­ §ë¢ ¥âáï äã­ªæ¨ï, ã¤®¢«¥â¢®àïî-
é ï (2) ­  § ¬ª­ãâ®¬ ®âà¥§ª¥ [0; T ],   ®á« ¡«¥­­ë¬ à¥è¥­¨¥¬ (2) ­ §ë¢ ¥âáï äã­ªæ¨ï, ­¥¯à¥-
àë¢­ ï ­  [0; T ] ¨ ã¤®¢«¥â¢®àïîé ï (2) ­  (0; T ], ¯à¨ç¥¬ ­  (0; T ] ¥¥ ¯à®¨§¢®¤­ ï ¯à¥¤¯®« £ ¥âáï
­¥¯à¥àë¢­®©.

�¡®§­ ç¨¬ ç¥à¥§ eL�2 ®¯¥à â®à ¢ eH, ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬
eL�2 =

0@L�2 0 0
0 L�2 0
0 0 L�2

1A :

�§ á¢®©áâ¢ ¯¥à¥áâ ­®¢®ç­ëå ®¯¥à â®à®¢ á«¥¤ã¥â, çâ® eL�2 ¨ A�1 ¯¥à¥áâ ­®¢®ç­ë.

�¥®à¥¬  1. � ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï (2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬

u(0) = u0 (3)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¥á«¨ u0 2 A�2 eL�2( eH), ¨ ¥¤¨­áâ¢¥­­®¥ ®á« ¡«¥­­®¥ à¥è¥­¨¥, ¥á«¨

u0 2 A�1 eL�4( eH).
�®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  ¯à¨¢®¤¨¬ëå ­¨¦¥ ®æ¥­ª å à¥§®«ì¢¥­âë ®¯¥à â®à  A. � «¥¥

à¥è¥­¨¥ áâà®¨âáï ¯® à¥§®«ì¢¥­â¥ â ª ¦¥, ª ª ¢ ([4], £«. 1, x 3, á. 78), á ¯®¬®éìî ®¡à â­®£® ¯à¥-
®¡à §®¢ ­¨ï � ¯« á .

�ãáâì � = � + i� . �¯à¥¤¥«¨¬ ®¯¥à â®àë �1 = �1(�), �2 = �2(�) ¢ H ä®à¬ã« ¬¨

�1 = (�2E + L2)� �L2C(M � �E)�1C�;

�2 = (M � �E)� �L2(L2 + �2E)�1C�C:

�¥¬¬  2. �à¨ � = Re� > 0 ®¯¥à â®àë �1, �2 ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ®¡à â­ë¥ ¨

k��1
1 k �

1
�j�j

; k��1
2 k �

1
�
:

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ S = 1

�
�1. �®£¤  ¤«ï «î¡®£® f 2 D(L2) ¨¬¥¥¬

(Sf; f) = (� + i�)(f; f) +
1
j�j2

(� � i�)(L2f; f)�

� ((M � �E + i�E)jM � �Ej�1LC�f; jM � �Ej�1LC�f):
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�âáî¤  ¨ ¨§ ®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ M ¢ëâ¥ª ¥â Re(Sf; f) � �kfk2. �«¥¤®¢ â¥«ì­®,
kSfk � �kfk. �­ «®£¨ç­® ¯®«ãç¨¬ kS�gk � �kgk. �®íâ®¬ã ®¯¥à â®à S�1 áãé¥áâ¢ã¥â, ®£à ­¨ç¥­,
®¯à¥¤¥«¥­ ­  ¢á¥¬ H ¨ kS�1k � 1

�
. �âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ®¡ ®¯¥à â®à¥ �1.

�§ à ¢¥­áâ¢  ��L2(L2 + �2E)�1 = �L2(�L2 + j�j2�E)jL2 + �2Ej�2 ¢ëâ¥ª ¥â Re(��L2(L2 +
�2E)�1C�Cg; g) � 0 (g 2 H). �âáî¤  ¨ ¨§ ®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  M ¯®«ãç¨¬
Re(�2f; f) � ��(f; f) (f 2 D(�2)). �®íâ®¬ã jRe(�2f; f)j � �kfk2 ¨, á«¥¤®¢ â¥«ì­®, k�2fk �
�kfk. �­ «®£¨ç­® ¯®«ãç¨¬ k��

2fk � �kfk. �¢  ¯®á«¥¤­¨å ­¥à ¢¥­áâ¢  ¢«¥ªãâ ãâ¢¥à¦¤¥­¨¥
«¥¬¬ë ®¡ ®¯¥à â®à¥ �2.

�¥¬¬  3. �à¨ Re � > 0 ®¯¥à â®à A ¨¬¥¥â à¥§®«ì¢¥­âã

R(�) =

0@����1
1 + L2��1

1 C(M � �E)�1C� ���1
1 ���1

1 LC(M � �E)�1

L2��1
1 ����1

1 ����1
1 LC(M � �E)�1

�L3(L2 + �2E)�1��1
2 C� �L(L2 + �2E)�1��1

2 C� ��1
2

1A :

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© á ãç¥â®¬ ¯¥à¥áâ ­®¢®ç­®áâ¨ L ¨ M�1 ¬®¦-
­® ã¡¥¤¨âìáï, çâ® ¯à®¨§¢¥¤¥­¨¥ R(�)(A0 � �E) ¤ ¥â ¥¤¨­¨ç­ãî ®¯¥à â®à­ãî ¬ âà¨æã. �à®¬¥
â®£®, ®¡« áâì §­ ç¥­¨© ®¯¥à â®à  A0 � �E ¯«®â­  ¢ eH. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ­ ©¤¥âáï â ª®©
í«¥¬¥­â x = (x1; x2; x3) 2 eH, çâ® (A0 � �E)�x = 0. �â® à ¢¥­áâ¢® à ¢­®á¨«ì­® á«¥¤ãîé¨¬ âà¥¬
à ¢¥­áâ¢ ¬:

��x1 � L2x2 = 0; x1 � �x2 + CLx3 = 0; �C�Lx2 + (M � �E)x3 = 0:

�ëà ¦ ï ¨§ ¯¥à¢®£® à ¢¥­áâ¢  x1, ¨§ ¯®á«¥¤­¥£® x3 ¨ ¯®¤áâ ¢«ïï ¢® ¢â®à®¥, ¯®«ãç¨¬ �1(�)x2=0.
�§ «¥¬¬ë 2 ¢ëâ¥ª ¥â, çâ® x2 = 0. �«¥¤®¢ â¥«ì­®, x1 = x3 = 0. �®íâ®¬ã x = 0.

�¥¬¬  4. �à¨ ¤®áâ â®ç­® ¡®«ìè¨å � = Re � > 0 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kR(�)k � kj�j=�; kR(�)eL�2k � k=j�j: (4)

�¤¥áì ¨ ¤ «¥¥ k ®¡®§­ ç ¥â ¯®áâ®ï­­ãî (­¥ § ¢¨áïéãî ®â �), à §«¨ç­ãî, ¢®®¡é¥ £®¢®àï, ¢

à §«¨ç­ëå ­¥à ¢¥­áâ¢ å.

�®ª § â¥«ìáâ¢®. �áâ ­®¢¨¬ á­ ç «  ­¥à ¢¥­áâ¢®

kL2��1
1 k � j�j=�: (5)

� ª ¦¥, ª ª ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2, ¨¬¥¥¬ ¯à¨ g 2 H

(SL�2g; g) = (� + i�)(L�2g; g) +
1
j�j2

(� � i�)(g; g) �

� ((M � �E � i�E)jM � �Ej�1C�g; jM � �Ej�1C�g):

�«¥¤®¢ â¥«ì­®, Re(SL�2g; g) � �=j�j2. �âáî¤  ¯®«ãç ¥¬ kL2S�1k � j�j2=�; ¯®íâ®¬ã (5) ¢ë¯®«-
­ï¥âáï.

�¡®§­ ç¨¬ ç¥à¥§ aij í«¥¬¥­âë ®¯¥à â®à­®© ¬ âà¨æë, ®¯à¥¤¥«ïîé¥© R(�). �®£¤ 

ka11k �
k

�
; ka12k �

1
j�j�

; ka13k �
k

j�j�
;

ka21k �
j�j

�
; ka22k �

1
�
; ka23k �

k

�
;

ka11L
�2k �

k

j�j
; ka12L

�2k �
k

j�j�
; ka13L

�2k �
k

j�j2�
;

ka21L
�2k �

1
j�j�

; ka22L
�2k �

k

j�j
; ka23L

�2k �
k

j�j�
:

5



�â¨ ®æ¥­ª¨ í«¥¬¥­â®¢ ¯¥à¢ëå ¤¢ãå áâà®ª ¬ âà¨æë R(�) áà §ã ¦¥ ¯®«ãç îâáï ¨§ (5), «¥¬¬ë 2,
­¥à ¢¥­áâ¢ kL(M � �E)�1k � k,

k(M � �E)�1k �
1
j�j

; (6)

  â ª¦¥ ¨§ á«¥¤ãîé¨å ¤¢ãå à ¢¥­áâ¢:

a11 = �
1
�
E �

1
�
L2��1

1 ; a22L
�2 = �

1
�
L�2 +

1
�
��1

1 +��1
1 C(M � �E)�1C�;

ª®â®àë¥ ¤®ª §ë¢ îâáï í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨. �«ï ®æ¥­ª¨ í«¥¬¥­â®¢ âà¥âì¥© áâà®-
ª¨ ¬ âà¨æë R(�) ãáâ ­®¢¨¬ ­¥ª®â®àë¥ ¢á¯®¬®£ â¥«ì­ë¥ ­¥à ¢¥­áâ¢ . � ª ª ª Re

�
( 1
�
L2 +

�E)f; f
�
� �(f; f) ¤«ï «î¡®£® f 2 D(L2), â®



� 1
�
L2 + �E

��1

 � 1

�
. �âáî¤  ¢ëâ¥ª ¥â

k(L2 + �2E)�1k �
1
j�j�

: (7)

�§ íâ®£® ­¥à ¢¥­áâ¢  í«¥¬¥­â à­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¯®«ãç ¥¬

kL2(L2 + �2E)�1k � j�j=�: (8)

�®ª ¦¥¬, çâ®

kL��1
2 k � m; (9)

£¤¥ m ­¥ § ¢¨á¨â ®â �. �«ï «î¡®£® f 2 D(�2L
�1) ¨¬¥¥¬

(�2L
�1f; f) = (ML�1f; f)� (� + i�)(L�1f; f)� (� � i�)j�j2(Lg; g) � (� + i�)(L3g; g);

£¤¥ g =
p
jL2 + �2Ej�2C�Cf . �§ ®âà¨æ â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ L á«¥¤ã¥â Re(�2L

�1f; f) �
Re(ML�1f; f) � kkfk2. �®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ëâ¥ª ¥â ¨§ ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨
®£à ­¨ç¥­­®£® ®¯¥à â®à  LM�1, ®¡à â­®£® ª ML�1. � ª¨¬ ®¡à §®¬, (9) ¢ë¯®«­ï¥âáï.

� ¢¥­áâ¢® ��1
2 L�1 = (M � �E)�1L�1 + (L��1

2 )(L2 + �2E)�1C�C�(M � �E)�1 ¨ ­¥à ¢¥­áâ¢ 
(6), (7), (9) ¢«¥ªãâ

k��1
2 L�1k � k=j�j: (10)

�¥¯¥àì ­¥à ¢¥­áâ¢  (7){(10) ¨ «¥¬¬  2 ¯®§¢®«ïîâ ¯®«ãç¨âì ®æ¥­ª¨ í«¥¬¥­â®¢ âà¥âì¥© áâà®ª¨
¬ âà¨æë R(�)

ka31k � k
j�j

�
; ka32k �

k

�
; ka33k �

1
�
;

ka31L
�2k �

k

j�j�
; ka32L

�2k �
k

j�j�
; ka33L

�2k �
k

j�j
:

�§ ¯®«ãç¥­­ëå ®æ¥­®ª aij á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�â¬¥â¨¬, çâ® ­¥ª®â®àë¥ ®æ¥­ª¨ ¬®¦­® ã«ãçè¨âì. � ¯à¨¬¥à, ka12L�2k � k
j�j2

, ®¤­ ª® ¤«ï
¤ «ì­¥©è¥£® íâ®£® ­¥ âà¥¡ã¥âáï.

�¥à¥å®¤¨¬ ­¥¯®áà¥¤áâ¢¥­­® ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë. �«¥¤ãï ([4], á. 78), à¥è¥­¨¥ § ¤ ç¨
�®è¨ (2), (3) ¨é¥¬ ¢ ¢¨¤¥

u(t) = �
1
2�i

Z �+i1

��i1

e�tR(�)u(0)d�;

£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¯àï¬®©, ¯ à ««¥«ì­®© ¬­¨¬®© ®á¨ ¨ ¯à®å®¤ïé¥© ç¥à¥§ â®çªã
(�; 0) (� > 0 ¤®áâ â®ç­® ¡®«ìè®¥).
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�ãáâì u0 2 A�2 eL�2( eH), â. ¥. u0 = R2(0)eL�2x0 (x0 2 eH, R(0) = A�1). �§ à¥§®«ì¢¥­â­®£®
â®¦¤¥áâ¢  ¨¬¥¥¬

u(t) = �
1
2�i

Z �+i1

��i1

e�tR(�)R2(0)eL�2x0d� =
= �

1
2�i

Z �+i1

��i1

e�t
�
1
�2
R(�)�

1
�2
R(0)�

1
�
R2(0)

�eL�2x0d�: (11)

�ãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «  ¢ (11) ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 4. �§ â®© ¦¥ «¥¬¬ë ¨ ¨§ à ¢¥­áâ¢ 
1

2�i

R �+i1
��i1

1

�
e�td� = 1 á«¥¤ã¥â ­¥¯à¥àë¢­®áâì u(t) ­  [0; T ] ¨ à ¢¥­áâ¢® u(0) = R2(0)eL�2x0. �à®¬¥

â®£®, u(t) ¨¬¥¥â ­¥¯à¥àë¢­ãî ­  [0; T ] ¯à®¨§¢®¤­ãî

u0(t) = �
1
2�i

Z �+i1

��i1

e�t
�
1
�
R(�)eL�2x0 � 1

�
R(0)eL�2x0�d�

¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (2). � ª¨¬ ®¡à §®¬, äã­ªæ¨ï (11) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨
(2), (3).

�ãáâì â¥¯¥àì u0 2 A�1 eL�4( eH), â. ¥. u0 = R(0)eL�4z0 (z0 2 eH). � áá¬®âà¨¬ äã­ªæ¨î

eu(t) = �
1
2�i

Z �+i1

��i1

e�tR(�)R(0)eL�4z0d� = �
1
2�i

Z �+i1

��i1

e�t
�
1
�
R(�)eL�4z0 � 1

�
R(0)eL�4z0�d�:

(12)

�§ «¥¬¬ë 4 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ¨­â¥£à « , ­¥¯à¥àë¢­®áâì eu(t) ­  [0; T ] ¨ à ¢¥­áâ¢® eu(0) =
R(0)eL�4z0. �à¨¬¥­ïï ª ¯¥à¢®¬ã ¨­â¥£à «ã ¢ (12) ä®à¬ã«ã ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬, á ãç¥â®¬
«¥¬¬ë 4 ¯®«ãç¨¬

eu(t) = 1
2�i

1
t

Z �+i1

��i1
e�tR2(�)R(0)eL�4z0d�:

�âáî¤  á«¥¤ã¥â, çâ® eu(t) ¨¬¥¥â ­  (0; T ] ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî

eu0(t) = �
1
2�i

1
t2

Z �+i1

��i1

e�tR2(�)R(0)eL�4z0d�+ 1
2�i

1
t

Z �+i1

��i1

e�t�R2(�)R(0)eL�4z0d�

¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (2).
�¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ¢ëâ¥ª ¥â ¨§ ®æ¥­ª¨ (4) ¨ ¨§ à¥§ã«ìâ â®¢, ¨§«®¦¥­­ëå ¢ ([4], á. 81).

�â¬¥â¨¬ â ª¦¥, çâ® ¨§ â®© ¦¥ ®æ¥­ª¨ ¨ ¨§ ([4], á. 49) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï § ¤ ç¨
(2), (3) ¯à¨ u0 2 D(A4). �

� ¬¥ç ­¨¥. �«ï äã­ªæ¨© (11), (12) ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  ku(t)k � kkR(0)x0k, keu(t)k �
kkeL�2z0k. �â® ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 4 ¨ à¥§®«ì¢¥­â­®£® â®¦¤¥áâ¢ , ¯à¨¬¥­¥­­®£® ¢ ¯¥à¢®¬ ¨­â¥-
£à «¥ (11).

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï

u0(t) = Au(t) + f(t): (13)

�¡®§­ ç¨¬ ç¥à¥§ U(t) ®¯¥à â®à

U(t)x = �
1
2�i

Z �+i1

��i1

e�tR(�)x d�; 0 � t � T;

®¯à¥¤¥«¥­­ë© ¯à¨ ¢á¥å x 2 eH, ¤«ï ª®â®àëå ¯®á«¥¤­¨© ¨­â¥£à « áãé¥áâ¢ã¥â. �§ «¥¬¬ë 4 ¨
à ¢¥­áâ¢ 

U(t)R(0)eL�2z = �
1
2�i

Z �+i1

��i1
e�t

1
�
(R(�)�R(0))eL�2z d� (z 2 eH)
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á«¥¤ã¥â, çâ® U(t)R(0)eL�2 ï¢«ï¥âáï ¯à¨ ä¨ªá¨à®¢ ­­®¬ t ®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬ ¢ eH,   ®¯¥-
à â®à­ ï äã­ªæ¨ï U(t)R(0)eL�2 á¨«ì­® ­¥¯à¥àë¢­  ­  [0; T ]. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢ë-
â¥ª ¥â, çâ® ¯à¨ u0 2 R2(0)eL�2( eH) (u0 2 R(0)eL�4( eH)) äã­ªæ¨ï U(t)u0 ï¢«ï¥âáï à¥è¥­¨¥¬ (®á« -
¡«¥­­ë¬ à¥è¥­¨¥¬) § ¤ ç¨ �®è¨ (2), (3).

�¥®à¥¬  2. �ãáâì äã­ªæ¨ï f(t) ã¤®¢«¥â¢®àï¥â ®¤­®¬ã ¨§ á«¥¤ãîé¨å ãá«®¢¨©:
1) f(t) 2 R2(0)eL�2( eH) ¯à¨ «î¡®¬ t ¨ äã­ªæ¨ï eL2A2f(t) ­¥¯à¥àë¢­ ;
2) f(t) ¨¬¥¥â ¯à®¨§¢®¤­ãî â ªãî, çâ® f 0(t) 2 R(0)eL�2( eH) ¯à¨ «î¡®¬ t, äã­ªæ¨ï eL2Af 0(t)

­¥¯à¥àë¢­ , ¨ f(0) 2 R(0)eL�2( eH).
�®£¤  äã­ªæ¨ï

y(t) =
Z t

0

U(t� s)f(s)ds (14)

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (13).

�®ª § â¥«ìáâ¢®. �ãáâì f ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1). �¡®§­ ç¨¬ g(t) = eL2A2f(t). �®£¤ 
äã­ªæ¨ï (14) ¨ ¥¥ ¯à®¨§¢®¤­ ï ¡ã¤ãâ ¨¬¥âì ¢¨¤

y(t) =
Z t

0

U(t� s)R2(0)eL�2g(s)ds;
y0(t) = R2(0)eL�2g(t) + Z t

0

U 0
t(t� s)R2(0)eL�2g(s)ds =

= f(t) +
Z t

0

AU(t� s)R2(0)eL�2g(s)ds = f(t) +Ay(t):

� á¨«ã ­¥¯à¥àë¢­®áâ¨ g ¢á¥ ¨­â¥£à «ë ¢ íâ¨å à ¢¥­áâ¢ å áãé¥áâ¢ãîâ. �«¥¤®¢ â¥«ì­®, y(t) |
à¥è¥­¨¥ (13).

�ãáâì â¥¯¥àì f ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2). �®£¤  ¨§ à ¢¥­áâ¢  f(t) = f(0)+
tR
0

f 0(s)ds ¨ á¢®©áâ¢

U(t) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ¨­â¥£à «  ¢ (14). �¥á«®¦­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ á ¨á¯®«ì§®¢ -
­¨¥¬ ä®à¬ã«ë ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ â ª ¦¥, ª ª ¢ ([4], á. 164), ¯®«ãç¨¬

y(t) =
Z t

0

U(t� s)f(s)ds =
Z t

0

U(t� s)R(0)f 0(s)ds�R(0)f(t) + U(t)R(0)f(0):

�âáî¤ , ¢ëç¨á«ïï y0(t), â ª ¦¥, ª ª ¢ ¯¥à¢®© ç áâ¨ ¤®ª § â¥«ìáâ¢ , ¯®«ãç¨¬, çâ® y(t) | à¥è¥­¨¥
(13).
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