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 | ®£à ¨ç¥ ï ¯«®áª ï ®¡« áâì á ªãá®ç®-£« ¤ª®© £à ¨æ¥© �0 = @
, �i � 
,
i = 1; 2; : : : ;m, | £« ¤ª¨¥ ªà¨¢ë¥ á ª®æ ¬¨   �0. �§¢¥áâ®, çâ® ¥á«¨ äãªæ¨ï u ¯à¨ ¤«¥¦¨â
¯à®áâà áâ¢ã �®¡®«¥¢  W 1

p (
) (1 < p < 1), â® ¥¥ á«¥¤ uj�i ï¢«ï¥âáï í«¥¬¥â®¬ ¯à®áâà áâ¢ 
�®¡®«¥¢ {�«®¡®¤¥æª®£® W 1�1=p

p (�i). �ãáâì V | ¯®¤¬®¦¥áâ¢® äãªæ¨© ¨§ W 1
p (
), á«¥¤ë ª®â®-

àëå   �i ®¡« ¤ îâ ¤®¯®«¨â¥«ì®© £« ¤ª®áâìî,   ¨¬¥®, ¯à¨ ¤«¥¦ â, ªà®¬¥ â®£®, ¨ ª« ááã
W 1

q (�i) (1 < q <1). �¯à¥¤¥«¨¬   V ®à¬ã

kukV = kukW 1
p (
)

+
mX
i=0

kukW 1
q (�i)

: (1)

� «¥¥,   æ¨«¨¤à¥ Q = (0; 1) � 
 ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢® äãªæ¨© W á ª®¥ç®© ®à¬®©

kukW =
�Z 1

0

ku(t)k
p

W1
p (
)

dt

�1=p
+
� mX

i=0

Z 1

0

ku(t)k
q

W1
q (�i)

dt

�1=q
: (2)

�¯à¥¤¥«¥ë¥ ¢ëè¥ ¯à®áâà áâ¢  ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª îâ ¢® ¬®£¨å ¯à¨«®¦¥¨ïå, ª
¯à¨¬¥àã, ¯à¨ ®¯¨á ¨¨ á®¢¬¥áâ®£® ¤¢¨¦¥¨ï ¯®¢¥àå®áâëå ¨ £àãâ®¢ëå ¢®¤, ¢ £¨¤à®¤¨ ¬¨-
ç¥áª®© â¥®à¨¨ á¬ §ª¨, ¢ â¥®à¨¨ ã¯àã£®áâ¨ [1]{[4]. � à¨ æ¨®ë¥ § ¤ ç¨ ¨ § ¤ ç¨   á®¡áâ¢¥ë¥
§ ç¥¨ï,   â ª¦¥ ¨å ª®¥ç®í«¥¬¥âë¥  ¯¯à®ªá¨¬ æ¨¨ ¢ ¯à®áâà áâ¢ å á ®à¬®© (1) ¢ á«ãç ¥
¬®£®ã£®«ì®© ®¡« áâ¨ 
 ¨ ®âà¥§ª®¢ (áâ¥à¦¥©) �i ¯à¨ p = q = 2 à áá¬ âà¨¢ «¨áì ¢ [5]{[8], £¤¥
íâ¨ ¯à®áâà áâ¢   §ë¢ îâáï ãá¨«¥ë¬¨ ¯à®áâà áâ¢ ¬¨ �®¡®«¥¢ .

� ¤ ®© áâ âì¥ ¯à®áâà áâ¢  �®¡®«¥¢  á ãá¨«¥®© ¬¥âà¨ª®© à áá¬ âà¨¢ îâáï ª ª ç áâë©
á«ãç © á«¥¤ãîé¥©  ¡áâà ªâ®© ª®áâàãªæ¨¨. �ãáâì ¨¬¥îâáï B-¯à®áâà áâ¢  U ¨ Y ¨ «¨¥©ë©
¥¯à¥àë¢ë© ®¯¥à â®à  2 L(U; Y ). �«ï B-¯à®áâà áâ¢  X � Y ®¯à¥¤¥«¨¬ ¯à®áâà áâ¢®

(U;X) def= fu 2 U : u 2 Xg;

 ¤¥«¥®¥ ®à¬®© £à ä¨ª 
kuk(U;X) = kukU + kukX :

�®£¨¥ ¯à®áâà áâ¢  ãáâà®¥ë ¯®¤®¡ë¬ ®¡à §®¬. � ç áâ®áâ¨, ¤«ï ¯à®áâà áâ¢ á ®à¬ ¬¨

(1) ¨«¨ (2) à®«ì ®¯¥à â®à   ¨£à ¥â ®¯¥à â®à á«¥¤    � =
mS
i=0

�i. � áâ âì¥ ¢ ¯à¥¤¯®«®¦¥¨¨

® ¤®¯®«ï¥¬®áâ¨ ï¤à  ker  ãáâ  ¢«¨¢ îâáï ®¡é¨¥ á¢®©áâ¢  ¯à®áâà áâ¢ (U;X) ¢ ª®â¥ªáâ¥
á¢®©áâ¢ U ¨ X: ¨â¥à¯®«ïæ¨®®¥ á¢®©áâ¢®, ªà¨â¥à¨¨ ª®¬¯ ªâ®áâ¨ ¨ ¯«®â®áâ¨ ¬®¦¥áâ¢.
�à¨¢®¤ïâáï ¯à¨¬¥àë à¥ «¨§ æ¨© ®¯¨á ®© ª®áâàãªæ¨¨. � ¯à®áâà áâ¢ å á ®à¬ ¬¨ (1) ¨ (2)
ãáâ ®¢«¥  ¯«®â®áâì £« ¤ª¨å äãªæ¨©.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  01-01-00616).
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1. �à¥¤¢ à¨â¥«ìë¥ à¥§ã«ìâ âë

�¥à¥§ �, 	 ®¡®§ ç îâáï â®¯®«®£¨ç¥áª¨¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  (���). �áî¤ã, ¥á«¨ ¥
®£®¢®à¥® ®á®¡®, ¤«ï ��� ¢ª«îç¥¨¥ U � � ¡ã¤¥â ¯®¨¬ âìáï ¥ â®«ìª® ¢ â¥®à¥â¨ª®-¬®¦¥áâ-
¢¥®¬, ® ¨ ¢ â®¯®«®£¨ç¥áª®¬ á¬ëá«¥; â ª¨¬ ®¡à §®¬, à ¢¥áâ¢® U = V ¤«ï B-¯à®áâà áâ¢
¡ã¤¥â ®§ ç âì â ª¦¥ íª¢¨¢ «¥â®áâì ®à¬ íâ¨å ¯à®áâà áâ¢. �â¬¥â¨¬ â ª¦¥ á«¥¤ãîé¥¥: ¥á«¨
B-¯à®áâà áâ¢  U; V � � â ª®¢ë, çâ® V ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ U , â® V ¥¯à¥àë¢® ¢«®¦¥®
¢ U | íâ® á«¥¤ã¥â ¨§ â¥®à¥¬ë �  å  ® § ¬ªãâ®¬ £à ä¨ª¥, ª®â®àãî ã¦® ¯à¨¬¥¨âì ª
â®¦¤¥áâ¢¥®¬ã ®â®¡à ¦¥¨î.

� ª ®¡ëç®, ç¥à¥§ L(�;	) ®¡®§ ç ¥âáï ¬®¦¥áâ¢® «¨¥©ëå ¥¯à¥àë¢ëå ®â®¡à ¦¥¨©
¨§ � ¢ 	. �ãáâì  2 L(�;	) ¨ U � �. �®£¤ , ®ç¥¢¨¤®,  2 L(U;	) (áã¦¥¨¥    U §¤¥áì ¨
¤ «¥¥ ¡ã¤¥â ®¡®§ ç âìáï â¥¬ ¦¥ á¨¬¢®«®¬ ). �á«¨ U � � | B-¯à®áâà áâ¢®, â® «¨¥©®¥
¬®¦¥áâ¢® (U) (®¡à § U ¯à¨ ®â®¡à ¦¥¨¨ ),  ¤¥«¥®¥ ä ªâ®à-®à¬®©

kxk(U) = inffkukU : u 2 U; u = xg;

¡ã¤¥â B-¯à®áâà áâ¢®¬, ¨§®¬¥âà¨çë¬, ®ç¥¢¨¤®, ä ªâ®à-¯à®áâà áâ¢ã U=(ker  \ U), ¯à¨ç¥¬
(U) � 	 ¨  2 L(U; (U)). �à®¬¥ â®£®, ¥á«¨ B-¯à®áâà áâ¢® X ¥¯à¥àë¢® ¢«®¦¥® ¢ 	, â®,
¤«ï â®£® çâ®¡ë  ¥¯à¥àë¢® ®â®¡à ¦ «® U ¢ X, ¤®áâ â®ç® (¨, à §ã¬¥¥âáï, ¥®¡å®¤¨¬®), çâ®¡ë
(U) ¡ë«® ¯®¤¬®¦¥áâ¢®¬ ¯à®áâà áâ¢  X. �á«¨  ¥¯à¥àë¢® ®â®¡à ¦ ¥â B-¯à®áâà áâ¢® U
  B-¯à®áâà áâ¢® X, â® ä ªâ®à-®à¬  ¯à®áâà áâ¢  (U) íª¢¨¢ «¥â  ®à¬¥ ¯à®áâà áâ¢  X.

�ãáâì B-¯à®áâà áâ¢  U1, U2 ¢«®¦¥ë ¢ ��� �. �¨¥©ë¥ ¬®¦¥áâ¢  U1 \ U2 ¨ U1 + U2 =
fu1 + u2 : uj 2 Uj , j = 1; 2g ï¢«ïîâáï B-¯à®áâà áâ¢ ¬¨ ®â®á¨â¥«ì® ®à¬ ([9], c. 15)

kukU1\U2 = kukU1 + kukU2 ;

kukU1+U2 = inffku1kU1 + ku2kU2g

(inf ¡¥à¥âáï ¯® ¢á¥¬ ¯à¥¤áâ ¢«¥¨ï¬ u = u1 + u2, uj 2 Uj). �¯¥à æ¨¨ (äãªâ®àë) \ ¨ + ¤¢®©-
áâ¢¥ë ¤àã£ ¤àã£ã ¢ á«¥¤ãîé¥¬ á¬ëá«¥: (U1 \ U2)� = U1

� + U2
�, (U1 + U2)� = U1

� \ U2
� [10].

�¯¥à â®à  2 L(U;X)  §ë¢ ¥âáï à¥âà ªæ¨¥©, ¥á«¨ áãé¥áâ¢ã¥â ®¯¥à â®à � 2 L(X;U),  §ë-
¢ ¥¬ë© ª®à¥âà ªæ¨¥© â ª®©, çâ®

�x = x 8x 2 X;

â. ¥. ®¯¥à â®à  { à¥âà ªæ¨ï, ¥á«¨ ¤«ï ¥£® áãé¥áâ¢ã¥â ¯à ¢ë© ®¡à âë©   X,  §ë¢ ¥¬ë© ª®-
à¥âà ªæ¨¥©. � ¬¥â¨¬, çâ® ®¯¥à â®à  2 L(U;X) ¡ã¤¥â ï¢«ïâìáï à¥âà ªæ¨¥© á á®®â¢¥âáâ¢ãîé¥©
ª®à¥âà ªæ¨¥© � 2 L(X;U) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á®¯àï¦¥ë© ª � ®¯¥à â®à �� 2 L(U�;X�)
¡ã¤¥â à¥âà ªæ¨¥© á á®®â¢¥âáâ¢ãîé¥© ¥¬ã ª®à¥âà ªæ¨¥© � 2 L(X�; U�). �â® á«¥¤ã¥â ¨§ â®£®, çâ®
¯à®¨§¢¥¤¥¨¥ ®¯¥à â®à®¢ � 2 L(X;X) ¡ã¤¥â â®¦¤¥áâ¢¥ë¬ ®¯¥à â®à®¬ ¢ X â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¯à®¨§¢¥¤¥¨¥ ��� = (�)� 2 L(X�;X�) ¡ã¤¥â â®¦¤¥áâ¢¥ë¬ ®¯¥à â®à®¬ ¢ á®¯àï-
¦¥®¬ X�.

�¤¨¬ ¨§ á®¤¥à¦ â¥«ìëå ¨ ¢ ¦ëå ¯à¨¬¥à®¢ à¥âà ªæ¨© ¢ äãªæ¨® «ìëå ¯à®áâà áâ¢ å
ï¢«ï¥âáï ®¯¥à â®à á«¥¤    ¥ª®â®à®¥ ¬®£®®¡à §¨¥. �«ï ®âªàëâ®£® ¬®¦¥áâ¢  
 � Rn, p; q 2
(1;1), s 2 (0;1), ¬ë ¨á¯®«ì§ã¥¬ áâ ¤ àâë¥ ®¡®§ ç¥¨ï: ç¥à¥§W s

p (
) ¨ B
s
p;q(
) ®¡®§ ç îâáï

¯à®áâà áâ¢  �®¡®«¥¢ {�«®¡®¤¥æª®£® ¨ �¥á®¢  á®®â¢¥âáâ¢¥®. �®£¤ ,  ¯à¨¬¥à, ¤«ï 
 = Rn
+ =

fx = (x1; x2; : : : ; xn) 2 Rn : xn > 0g, x0 = (x1; x2; : : : ; xn�1) ®â®¡à ¦¥¨¥ , § ¤ ¢ ¥¬®¥ ä®à¬ã«®©

u =
�
u(x0; 0);

@u(x0; 0)
@xn

; : : : ;
@mu(x0; 0)

@xmn

�
;

ï¢«ï¥âáï à¥âà ªæ¨¥© ¯à®áâà áâ¢  W s
p (R

n
+)  

mQ
j=0

W s�1=p�j
p (Rn�1), £¤¥ m = maxfk 2 Z : k <

s� 1=pg ([9], c. 267).
�«ï ¡®«¥¥ ª®à®âª®© § ¯¨á¨ ¢áî¤ã ¢ ¤ «ì¥©è¥¬, ª®£¤  íâ® ¥ ¢ë§ë¢ ¥â ¥¤®à §ã¬¥¨©,

¤«ï  2 L(�;	) ¨ U � � ç¥à¥§ U0 ®¡®§ ç ¥âáï ï¤à® áã¦¥¨ï ®¯¥à â®à     U , â. ¥. U0 =
ker  \ U . �â¬¥â¨¬, çâ® ª®à¥âà ªæ¨ï � ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬   ¤®¯®«¥¨¥ ª ï¤àã U0 ¢
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¯à®áâà áâ¢¥ U ([9], c. 21) ¨ ¯à®áâà áâ¢® U ¯à¥¤áâ ¢«ï¥âáï  «£¥¡à ¨ç¥áª®© ¨ â®¯®«®£¨ç¥áª®©
¯àï¬®© áã¬¬®© U = U0 � �(X). �®¯®«ï¥¬®áâì ï¤à  ¥áâì å à ªâ¥à¨§ãé¥¥ á¢®©áâ¢® à¥âà ªæ¨¨,
ª ª ¯®ª §ë¢ ¥â á«¥¤ãîé ï

�¥¬¬  1.1. �¯¥à â®à  2 L(U;X) ï¢«ï¥âáï à¥âà ªæ¨¥© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  U0

¤®¯®«ï¥¬® ¢ U ¨ ®¡« áâì § ç¥¨© (U) = X. �á«¨ íâ® ¢ë¯®«¥® ¨ � | ®¯¥à â®à ¯à®¥ªâ¨-

à®¢ ¨ï   U0, â® ®â®¡à ¦¥¨¥ �, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®©

�u = (�u; u); (3)

®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¯à®áâà áâ¢  U   U0 �X.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �§ ®¯à¥¤¥«¥¨ï à¥âà ªæ¨¨ á«¥¤ã¥â, çâ® (U) = X.
�ãáâì � : X ! U |ª®à¥âà ªæ¨ï ¤«ï . �¯à¥¤¥«¨¬ ®¯¥à â®à � 2 L(U;U) ä®à¬ã«®© �u = u��u.
�®£¤  �u = u� �u = u� u = 0, â. ¥. �u 2 U0; ªà®¬¥ â®£®, ¤«ï u 2 U0 �u = u � �u = u,
®âªã¤  á«¥¤ã¥â, çâ® � ï¢«ï¥âáï ¯à®¥ªâ®à®¬   U0.

�®áâ â®ç®áâì. �®ª ¦¥¬ á ç « , çâ® ®â®¡à ¦¥¨¥ �, ®¯à¥¤¥«¥®¥ ä®à¬ã«®© (3), ®áãé¥-
áâ¢«ï¥â ¨§®¬®àä¨§¬ ¯à®áâà áâ¢  U   U0�X. �ç¥¢¨¤®, ®¯¥à â®à � ¥¯à¥àë¢¥. �á«¨ Tu = 0,
â® u = 0, â. ¥. u 2 U0; á ¤àã£®© áâ®à®ë, 0 = �u = u, ®âªã¤  á«¥¤ã¥â, çâ® � ¢§ ¨¬®®¤®§ ç¥.
�ãáâì â¥¯¥àì (v; x) 2 U0�X | ¯à®¨§¢®«ìë© í«¥¬¥â. � ª ª ª (U) = X, â®  ©¤¥âáï í«¥¬¥â
w 2 U â ª®©, çâ® w = x. �®«®¦¨¬ u = v + w � �w. �®£¤  �u = �v + �w � �2w = �v = v ¨
u = v+w��w = w = x, â. ¥. (v; x) = �u. �¥¬ á ¬ë¬ ãáâ ®¢«¥®, çâ® ®â®¡à ¦¥¨¥ � ¥áâì
®â®¡à ¦¥¨¥ \ ". �â ª, ®¯¥à â®à � ¢§ ¨¬®®¤®§ ç® ¨ ¥¯à¥àë¢® ®â®¡à ¦ ¥â U   U0�X.
�® â¥®à¥¬¥ �  å  ®¡ ®âªàëâ®¬ ®â®¡à ¦¥¨¨ ®¡à âë© ®¯¥à â®à ��1 â ª¦¥ ¥¯à¥àë¢¥, â. ¥.
� | ¨§®¬®àä¨§¬.

�®«®¦¨¬ â¥¯¥àì �x = ��1(0; x) ¤«ï ª ¦¤®£® x 2 X. �ç¥¢¨¤®, ®¯à¥¤¥«ï¥¬ë© â ª¨¬ ®¡à §®¬
®¯¥à â®à � «¨¥¥, ¥¯à¥àë¢¥ ¨, ªà®¬¥ â®£®, (0; x) = ��x = (��x; �x), â. ¥. �x = x, ®âªã¤ 
¯® ®¯à¥¤¥«¥¨î á«¥¤ã¥â, çâ® ®¯¥à â®à  ï¢«ï¥âáï à¥âà ªæ¨¥©.

� ¬¥ç ¨¥ 1. �§ «¥¬¬ë, ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â, çâ® â®¯®«®£¨ç¥áª¨¥ ¨ áâàãªâãàë¥ á¢®©-
áâ¢  B-¯à®áâà áâ¢  U â ª¨¥, ª ª á¥¯ à ¡¥«ì®áâì, à¥ä«¥ªá¨¢®áâì, áãé¥áâ¢®¢ ¨¥ ¡ §¨á  � -
ã¤¥à , ¨§®¬®àä®áâì £¨«ì¡¥àâ®¢ã ¯à®áâà áâ¢ã ¨ â. ¯., ®¯à¥¤¥«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ á¢®©-
áâ¢ ¬¨ ï¤à  à¥âà ªæ¨¨ ¨ ¥¥ ®¡« áâ¨ § ç¥¨©.

� ¬¥ç ¨¥ 2. �á«¨ ¯®«ã®à¬  p ¥¯à¥àë¢    U ¨ íª¢¨¢ «¥â  ®à¬¥ ¯à®áâà áâ¢  U
  ï¤à¥ à¥âà ªæ¨¨ U0, â® ®à¬ 

u! p(u) + kukX

íª¢¨¢ «¥â  ®à¬¥ ¯à®áâà áâ¢  U   ¢á¥¬ U . �â® á«¥¤ã¥â ¨§ á¢®©áâ¢ ®â®¡à ¦¥¨ï (3).

� ¬¥ç ¨¥ 3. �á«¨  2 L(U;X) ¨ U0 ¤®¯®«ï¥¬® ¢ U , â® ®¯¥à â®à  ï¢«ï¥âáï à¥âà ªæ¨¥© U
  (U). � ç áâ®áâ¨, ¥á«¨ ®¯¥à â®à  ¨¬¥¥â ª®¥ç®¬¥à®¥ ï¤à®, â.¥. dimU0 <1, â®  ï¢«ï¥âáï
à¥âà ªæ¨¥© U   (U).

� ¬¥ç ¨¥ 4. �á«¨ ¯à®áâà áâ¢® U ¨§®¬®àä® £¨«ì¡¥àâ®¢ã ¯à®áâà áâ¢ã, â® «î¡®¥ § -
¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® íâ®£® ¯à®áâà áâ¢  ¤®¯®«ï¥¬® ¢ U . �§ ¤®ª § ®£® ãâ¢¥à¦¤¥¨ï
á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ãç ¥ «î¡®¥ ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ ¨§ U   ¥ª®â®à®¥ B-¯à®áâà áâ-
¢® X ¡ã¤¥â ï¢«ïâìáï à¥âà ªæ¨¥©, ¯à¨ç¥¬ á ¬® íâ® ¯à®áâà áâ¢® X á ¥®¡å®¤¨¬®áâìî ¤®«¦®
¡ëâì ¨§®¬®àä® £¨«ì¡¥àâ®¢ã ¯à®áâà áâ¢ã.

�áî¤ã ¤ «¥¥ ¢ íâ®¬ ¯ãªâ¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®  ¥áâì à¥âà ªæ¨ï U   X. �«ï u 2 U ,
u� 2 U� ¯®« £ ¥¬ hu; u�i = hu; u�iU = u�(u).
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�¥¬¬  1.2. �«ï «î¡®£® «¨¥©®£® ¥¯à¥àë¢®£® äãªæ¨® «  u� 2 U� áãé¥áâ¢ã¥â ¥¤¨-

áâ¢¥ ï ¯ à  v� 2 U0
�
, x� 2 X� â ª ï, çâ®

hu; u�iU = h�u; v�iU0 + hu; x�iX 8u 2 U: (4)

�ç¥¢¨¤®, á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥: ª ¦¤ ï ¯ à  (v�; x�) 2 U0
� � X� ä®à¬ã«®© (4) ®¯à¥¤¥«ï¥â

«¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® « u� 2 U�.

�®ª § â¥«ìáâ¢®. �®¯àï¦¥®¥ ª ¤¥ª àâ®¢®¬ã ¯à®¨§¢¥¤¥¨î U0�X ¥áâ¥áâ¢¥ë¬ ®¡à §®¬
®â®¦¤¥áâ¢¨¬ á U0

� �X� ®â®è¥¨¥¬ ¤¢®©áâ¢¥®áâ¨

h(v; x); (v�; x�)iU0�X = hv; v�iU0 + hx; x�iX

¤«ï v 2 U0, x 2 X, v� 2 U0
�, x� 2 X�. �® «¥¬¬¥ 1.1 ®¯¥à â®à ¢ ä®à¬ã«¥ (3) ï¢«ï¥âáï ¨§®¬®àä¨§-

¬®¬ U   U0�X, á«¥¤®¢ â¥«ì®, á®¯àï¦¥ë© ®¯¥à â®à �� ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ U0
��X�  

U�. � ª ¦¤ë¬ í«¥¬¥â®¬ u� 2 U� ä®à¬ã«®© (v�; x�) = ���1u� á¢ï¦¥¬ ¯ àã (v�; x�) 2 U0
� �X�.

�®£¤  ¤«ï u 2 U ¨¬¥¥¬ á«¥¤ãîéãî æ¥¯®çªã à ¢¥áâ¢:

hu; u�iU = hu;��(v�; x�)iU = hTu; (v�; x�)iU0�X =

= h(�u; u); (v�; x�)iU0�X = h�u; v�iU0 + hu; x�iX ;

çâ® ¤®ª §ë¢ ¥â ª ª à §«®¦¥¨¥ (4), â ª ¨ ¥£® ¥¤¨áâ¢¥®áâì.

� ¬¥ç ¨¥. �§ ä®à¬ã«ë (4) á«¥¤ã¥â, çâ® ¤«ï u 2 U0

hu; u�iU = h�u; v�iU0 = hu; v�iU0 ;

â. ¥. äãªæ¨® « v� 2 U0
� ¥áâì áã¦¥¨¥ äãªæ¨® «  u� 2 U�   ¯®¤¯à®áâà áâ¢® U0.

� á«¥¤ãîé¥© â¥®à¥¬¥ ¤ ¥âáï ªà¨â¥à¨© ¯«®â®áâ¨ ¯®¤¬®¦¥áâ¢  ¢ â¥à¬¨ å ï¤à  à¥âà ªæ¨¨
¨ ¥¥ ®¡« áâ¨ § ç¥¨©.

�¥®à¥¬  1.1. �«ï â®£® çâ®¡ë «¨¥©®¥ ¬®¦¥áâ¢® L � U ¡ë«® ¯«®â® ¢ U , ¥®¡å®¤¨¬®
¨ ¤®áâ â®ç®, çâ®¡ë § ¬ëª ¨¥ L á®¤¥à¦ «® ï¤à® U0 ¨ ¬®¦¥áâ¢® (L) ¡ë«® ¯«®â® ¢ X.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. � ª ª ª § ¬ëª ¨¥ L á®¢¯ ¤ ¥â á U , â® ®® á®¤¥à¦¨â ¢
ª ç¥áâ¢¥ ¯®¤¯à®áâà áâ¢  ï¤à® U0. � «¥¥, ¯® «¥¬¬¥ 1.1 ®¯¥à â®à �, ®¯à¥¤¥«ï¥¬ë© ä®à¬ã«®© (3),
¥áâì ¨§o¬®àä¨§¬ U   U0�X, á«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® �(L) ¯«®â® ¢ ¯®á«¥¤¥¬ ¯à®áâà áâ¢¥,
á«¥¤®¢ â¥«ì®, (L) ¯«®â® ¢ X.

�®áâ â®ç®áâì. �ãáâì M | § ¬ëª ¨¥ L ¢ U . �ã¦® ¯®ª § âì, çâ® M = U ; ¯®á«¥¤¥¥
à ¢®á¨«ì® â®¬ã (¢ á¨«ã § ¬ªãâ®áâ¨ M), çâ® ¥á«¨ u� 2 U� | «î¡®© äãªæ¨® « â ª®©,
çâ® M � keru�, â® u� = 0. �â ª, ¯ãáâì u� 2 U� ¨ M � ker u�. �® ¯à¥¤ë¤ãé¥© «¥¬¬¥ ¤«ï u�

 ©¤¥âáï ¯ à  í«¥¬¥â®¢ (v�; x�) 2 U0
� �X�, ¤«ï ª®â®à®© ¡ã¤¥â á¯à ¢¥¤«¨¢  ä®à¬ã«  (4). � ª

ª ª ¯® ãá«®¢¨î U0 �M , â®, ¯®¤áâ ¢«ïï ¢ íâã ä®à¬ã«ã í«¥¬¥âë u 2 U0, ¯®«ãç¨¬ hu; v�iU0 = 0
8u 2 U0, â. ¥. v� = 0. �® â®£¤  hu; x�iX = 0 8u 2 L � M . � á¨«ã ¯«®â®áâ¨ (L) ¢ X ¨§
¯®á«¥¤¥£® â®¦¤¥áâ¢  § ª«îç ¥¬, çâ® x� = 0. �§ ¯à¥¤áâ ¢«¥¨ï (4) â¥¯¥àì á«¥¤ã¥â u� = 0.

�¥¬¬  1.3. �ãáâì «¨¥©®¥ ¬®¦¥áâ¢® L � U ¯«®â® ¢ U ¨ L
T
U0 ¯«®â® ¢ U0. �á«¨

u 2 U ¨ u 2 (L), â® ¤«ï ¯à®¨§¢®«ì®£® " > 0  ©¤¥âáï u" 2 L â ª®©, çâ®

ku� u"kU � " ¨ u" = u:

�®ª § â¥«ìáâ¢®. �ãáâì í«¥¬¥â u 2 U ¨ u 2 (L), â. ¥.  ©¤¥âáï w 2 L, çâ® w = u. �®£¤ 
v = u � w 2 U0. �«ï ¯à®¨§¢®«ì®£® " > 0  ©¤¥¬ í«¥¬¥â v" 2 L

T
U0 â ª®©, çâ® kv � v"kU � ".

�®«®¦¨¬ u" = v" + w 2 L. �® ¯®áâà®¥¨î

ku� u"kU = kv � v"kU � " ¨ u" = v" + w = w = u: �
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� ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ª «¥¬¬¥ à áá¬®âà¨¬ ¯à®áâà áâ¢® �®¡®«¥¢  W 1
p (
), 1 < p < 1, ¨

� = @
 2 C1 (
 | ®£à ¨ç¥®¥ ¬®¦¥áâ¢®). �ãáâì u = uj�. �¯¥à â®à  ï¢«ï¥âáï à¥âà ªæ¨¥©
¨§ W 1

p (
)   W 1�1=p
p (�). � ª ¨§¢¥áâ®, ª« áá äãªæ¨© C1(
) ¯«®â¥ ¢ W 1

p (
),   ¬®¦¥áâ¢®

ä¨¨âëå äãªæ¨© C1
0 (
) � C1(
)

T
ker  ¯«®â® ¢ ¯®¤¯à®áâà áâ¢¥

�

W 1
p(
) = W 1

p (
)
T
ker .

�ãáâì äãªæ¨ï u 2 W 1
p (
) ¨ u 2 C1(�). �® â¥®à¥¬¥ ¤«ï uj� = u  ©¤¥âáï áª®«ì ã£®¤®

¡«¨§ª®¥ ª u ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  W 1
p (
) ¯à®¤®«¦¥¨¥ á �   
 ¨§ ª« áá  C1(
).

2. B-¯à®áâà áâ¢  á ®à¬®© £à ä¨ª 

� ª ¨ ¢ ¯. 1, §¤¥áì â ª¦¥ ¯à¥¤¯®« £ ¥âáï, çâ® ®¯¥à â®à  2 L(�;	). �ãáâì U � � ¨ X � 	
| ¤¢  B-¯à®áâà áâ¢ . �¯à¥¤¥«¨¬ ¯à®áâà áâ¢®

(U;X) def= fu 2 U : u 2 Xg;

 ¤¥«¥®¥ ®à¬®© £à ä¨ª 

kuk(U;X) = kukU + kukX : (5)

�§ ®¯à¥¤¥«¥¨ï ®à¬ë (5) ¨ ¯®«®âë ¯à®áâà áâ¢ U , X á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â, çâ® (U;X)
ï¢«ï¥âáï B-¯à®áâà áâ¢®¬, ¥¯à¥àë¢® ¢«®¦¥ë¬ ¢ ¯à®áâà áâ¢® U , ¯à¨ç¥¬ (U;X) = U
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (U) ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ ¯à®áâà áâ¢  X.

� «¥¥ ãáâ ®¢¨¬ ¥ª®â®àë¥ ®¡é¨¥ á¢®©áâ¢  ¯à®áâà áâ¢ (U;X) ¢ â¥à¬¨ å "ãá¨«¨¢ ¥¬®£®"
¯à®áâà áâ¢  U ¨ \ãá¨«¨¢ îé¥£®" X ¯à¨ ä¨ªá¨à®¢ ®¬ ®â®¡à ¦¥¨¨  2 L(�;	).

�¥®à¥¬  2.1. �«ï ¯à®áâà áâ¢  V = (U;X) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

(i) ®¯¥à â®à  ¥¯à¥àë¢® ®â®¡à ¦ ¥â V   X \ (U);
(ii) ®â®¡à ¦¥¨¥ u! (u; u) ®áãé¥áâ¢«ï¥â ¨§®¬¥âà¨î V   § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®

¯à®áâà áâ¢  U �X.

�á«¨, ªà®¬¥ â®£®, U0 = ker  \ U ¤®¯®«ï¥¬® ¢ V , â®

(iii) áã¦¥¨¥    V ¥áâì à¥âà ªæ¨ï V   X \ (U);
(iv) ®â®¡à ¦¥¨¥ (3), £¤¥ � | ¯à®¥ªâ®à   U0, ¥áâì ¨§®¬®àä¨§¬ V   U0 � (X \ (U));
(v) V ¯«®â® ¢ U â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  X \ (U) ¯«®â® ¢ (U).

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨ï (i), (ii) ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª îâ ¨§ ®¯à¥¤¥«¥¨ï ®à¬ë
(5).

(iii), (iv). � á¨«ã (i)  2 L(V;X\(U)), ¯à¨ç¥¬ (V ) = X\(U). �§ «¥¬¬ë 1.1 á«¥¤ã¥â â¥¯¥àì,
çâ®  ¥áâì à¥âà ªæ¨ï V   X \ (U) ¨ ®â®¡à ¦¥¨¥ (3) ¥áâì ¨§¬®àä¨§¬ V   U0 � (X \ (U)).

�â¢¥à¦¤¥¨¥ (v) á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.1, â. ª. V � U0 ¨ (V ) = X \ (U).

� ¬¥ç ¨¥. �á«¨ ¯®¤¯à®áâà áâ¢® U0 � V ¤®¯®«ï¥¬® ¢ U , â® ®® ¤®¯®«ï¥¬® ¨ ¢ ¯à®-
áâà áâ¢¥ V .

�«¥¤áâ¢¨¥ 1. �ãáâì V � U , X � 	. �«ï â®£® çâ®¡ë V = (U;X), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,
çâ®¡ë áã¦¥¨¥    V ¥¯à¥àë¢® ®â®¡à ¦ «® V   X \ (U) ¨ ¡ë«® ¢ë¯®«¥® ¢ª«îç¥¨¥
U0 � V .

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë.

�®áâ â®ç®áâì. �§ ãá«®¢¨ï á«¥¤ã¥â, çâ® V � (U;X). �ãáâì u 2 (U;X). � ª ª ª (V ) =
X \ (U), â®  ©¤¥âáï â ª®© í«¥¬¥â v 2 V , çâ® u = v. �® â®£¤  u� v 2 ker  \ U = U0 � V .
�âáî¤  u = v + (u � v) 2 V . � á¨«ã ¯à®¨§¢®«ì®áâ¨ u § ª«îç ¥¬, çâ® ¬®¦¥áâ¢  V ¨ (U;X)
á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®©. � ª ª ª ®à¬  ãá¨«¥®£® ¯à®áâà áâ¢  (U;X) á« ¡¥¥ ®à¬ë V , â®
¨§ â¥®à¥¬ë �  å  ®¡ ®âªàëâ®¬ ®â®¡à ¦¥¨¨ á«¥¤ã¥â, çâ® ®à¬ë ¯à®áâà áâ¢ V ¨ (U;X)
íª¢¨¢ «¥âë.
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�«¥¤áâ¢¨¥ 2. �ãáâì V = (U;X). �«ï â®£® çâ®¡ë ¯®¤¬®¦¥áâ¢® K � V ¡ë«® ®â®á¨â¥«ì®
ª®¬¯ ªâë¬ ¢ V , ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë K ¡ë«® ®â®á¨â¥«ì® ª®¬¯ ªâë¬ ¢ U ¨
(K) ¡ë«® ®â®á¨â¥«ì® ª®¬¯ ªâë¬ ¢ X.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥¨ï (ii) â¥®à¥¬ë 2.1.

�§ ãâ¢¥à¦¤¥¨ï (ii) â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â â ª¦¥, çâ® ¥á«¨ ¯à®áâà áâ¢  U ¨ X ®¡  ®¡« ¤ -
îâ ®¤¨¬ ¨§ â ª¨å á¢®©áâ¢, ª ª á¥¯ à ¡¥«ì®áâì, à¥ä«¥ªá¨¢®áâì, ¨§®¬®àä®áâì £¨«ì¡¥àâ®¢ã
¯à®áâà áâ¢ã, â® á®®â¢¥âáâ¢ãîé¨¬ á¢®©áâ¢®¬ ¡ã¤¥â ®¡« ¤ âì ¨ ¯à®áâà áâ¢® V = (U;X). �

�«¥¤áâ¢¨¥ 3. �ãáâì U0 ¤®¯®«ï¥¬® ¢ ¯à®áâà áâ¢¥ V = (U;X). �«ï â®£® çâ®¡ë «¨¥©®¥
¬®¦¥áâ¢® L ¡ë«® ¯«®â® ¢ ¯à®áâà áâ¢¥ V , ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë § ¬ëª ¨¥ L ¢ V
á®¤¥à¦ «® ¯®¤¯à®áâà áâ¢® U0 ¨ ¬®¦¥áâ¢® (L) ¡ë«® ¯«®â® ¢ ¯àoáâà áâ¢¥ X

T
(U).

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ ®¯¥à â®à  ï¢«ï¥âáï à¥âà ªæ¨¥© ¯à®áâà áâ¢  V   ¯à®áâà -
áâ¢® Y = X

T
(U). �®íâ®¬ã ãâ¢¥à¦¤¥¨¥ ¥¬¥¤«¥® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.1.

�à¨¬¥à. �ãáâì 
 � Rn | ®âªàëâ®¥ ¬®¦¥áâ¢® á £à ¨æ¥© @
 2 C1. �®£¤  ®¯¥à â®à á«¥¤ 
u � uj@
 ï¢«ï¥âáï à¥âà ªæ¨¥© ¯à®áâà áâ¢  W 1

p (
)   W 1�1=p
p (@
) ([11], c. 103). �ãáâì q 2

(1;1), q � (n�1)p=n. �®£¤ W 1
q (@
) ¥¯à¥àë¢® ¨ ¯«®â® ¢«®¦¥® ¢W

1�1=p
p (@
). �§ ¤®ª § ®©

¢ëè¥ â¥®à¥¬ë á«¥¤ã¥â, çâ® ãá¨«¥®¥ ¯à®áâà áâ¢® �®¡®«¥¢ 

V 1;1
p;q � (W 1

p (
);W
1
q (@
)) = fu 2W 1

p (
) : u 2W
1
q (@
)g

¡ã¤¥â á¥¯ à ¡¥«ìë¬ à¥ä«¥ªá¨¢ë¬ B-¯à®áâà áâ¢®¬, ¥¯à¥àë¢® ¨ ¯«®â® ¢«®¦¥ë¬ ¢ ¯à®-
áâà áâ¢® �®¡®«¥¢  W 1

p (
), ¯à¨ç¥¬ ®¯¥à â®à á«¥¤    @
 ï¢«ï¥âáï à¥âà ªæ¨¥© V 1;1
p;q   W 1

q (@
).
�á«¨ p = q = 2, â® ãá¨«¥®¥ ¯à®áâà áâ¢® �®¡®«¥¢  V 1;1

2;2 ¡ã¤¥â £¨«ì¡¥àâ®¢ë¬ ¯à®áâà áâ¢®¬.

�¥®à¥¬  2.2. �ãáâì  2 L(U;X) | à¥âà ªæ¨ï ¨ � 2 L(X;U) | á®®â¢¥âáâ¢ãîé ï 
ª®à¥âà ªæ¨ï. �á«¨ B-¯à®áâà áâ¢® Y � 	, â® ¤«ï ¯à®áâà áâ¢  V = (U; Y ) ¨¬¥¥â ¬¥áâ®

¤¢®©áâ¢¥ ï ä®à¬ã« 

U� = ��(V �;X�);

â. ¥. U� ¥áâì ãá¨«¥¨¥ V � ¯®«ã®à¬®© k��v�kX�
.

�®ª § â¥«ìáâ¢®. � ª ¡ë«® ®â¬¥ç¥® ¢ ¯. 1, á®¯àï¦¥ë© ª ª®à¥âà ªæ¨¨ � ®¯¥à â®à

�� 2 L(U�;X�) \ L(V �; Y �)

ï¢«ï¥âáï à¥âà ªæ¨¥© ª ª ¨§ U�   X�, â ª ¨ ¨§ V �   (X \ Y )� = X� + Y � (¢ á¨«ã ãâ¢¥à¦¤¥¨ï
(ii) â¥®à¥¬ë 2.1). �®íâ®¬ã ¤«ï u� 2 U� ¨¬¥¥¬

ku�k��(V �;X�) = ku�kV �
+ k��u�kX�

� cku�kU�
:

�âáî¤  á«¥¤ã¥â ¢ª«îç¥¨¥ U� � ��(V �;X�). �ãáâì u� 2 ��(V �;X�) | ¯à®¨§¢®«ìë© í«¥¬¥â,
â. ¥. ��u� 2 X�. �ã¦® ãáâ ®¢¨âì, çâ® u� 2 U�. �®à¬ã«  �u = u� �u ®¯à¥¤¥«ï¥â ¯à®¥ªâ®à  
U0. �¥à¥§ v� 2 U0

� ®¡®§ ç¨¬ áã¦¥¨¥ u�   U0. �®£¤  ¤«ï u 2 U ¨¬¥¥¬

hu; u�iV = h�u; u�iV + h�u; u�iV = h�u; v�iU0 + hu; ��u�iX\Y :

�âáî¤  (â. ª. ��u� 2 X�) ¢ëâ¥ª ¥â ¥¯à¥àë¢®áâì u� ¢ â®¯®«®£¨¨ ¯à®áâà áâ¢  U , â. ¥. u� 2 U�.
� á¨«ã ¯à®¨§¢®«ì®áâ¨ u� 2 ��(V �;X�) íâ® ¤®ª §ë¢ ¥â â¥®à¥¬ã.

�¥®à¥¬  2.3. �ãáâì W ¥¯à¥àë¢® ¨ ¯«®â® ¢«®¦¥® ¢ U ,  ï¢«ï¥âáï à¥âà ªæ¨¥©   W
¨   U ¨ ¯ãáâì X = (W ). �®£¤  W ¯«®â® ¢ V = (U;X) ¨ V ¯«®â® ¢ U , ¯à¨ç¥¬ ¤«ï «î¡®£®

u 2 V ¨ ¯à®¨§¢®«ì®£® " > 0  ©¤¥âáï u" 2W â ª®©, çâ®

ku� u"kV � " ¨ u" = u:
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�®ª § â¥«ìáâ¢®. � ª ª ª W � U , â® X � (U),   ¯®â®¬ã X = (V ) (ãâ¢¥à¦¤¥¨¥ (i)
â¥®à¥¬ë 2.1). �ãáâì � 2 L(X;W ) | ª®à¥âà ªæ¨ï ¤«ï  2 L(W;X), â. ¥.

�x = x 8x 2 X:

�® â®£¤  ®âáî¤  ¨ ¨§ à ¢¥áâ¢  X = (V ) ¯® ®¯à¥¤¥«¥¨î á«¥¤ã¥â, çâ®  ¥áâì à¥âà ªæ¨ï ¨§ V
  X á á®®â¢¥âáâ¢ãîé¥© ª®à¥âà ªæ¨¥© � 2 L(X;V ). �®áª®«ìªã W ¯«®â® ¢ U , â® X = (W )
¯«®â® ¢ (U). �® ãâ¢¥à¦¤¥¨î (v) â¥®à¥¬ë 2.1 ¯à®áâà áâ¢® V ¯«®â® ¢ U .

�®«®¦¨¬ ¤«ï u 2 U �u = u � �u. �¯¥à â®à � ï¢«ï¥âáï ¯à®¥ªâ®à®¬ ¢ W   W
T
ker ,

  â ª¦¥ ¢ V ¨ U   V
T
ker  = U

T
ker . �«¥¤®¢ â¥«ì®, �(W ) = W

T
ker  ¯«®â® ¢ �(V ) =

�(U) = V
T
ker . �®§ì¬¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â u 2 V . � ©¤¥âáï â ª®¥ w 2 W , çâ® w =

u. �®£¤  v = u � w 2 V
T
ker . �«ï ¯à®¨§¢®«ì®£® " > 0  ©¤¥¬ v" 2 W

T
ker  â ª®©, çâ®

kv � v"kV � ". �®«®¦¨¬ u" = v" + w 2 W . �® ¯®áâà®¥¨î ku� u"kV = kv � v"kV � " ¨ u" =
v" + w = w = u.

�«¥¤áâ¢¨¥. �ãáâì W ¥¯à¥àë¢® ¨ ¯«®â® ¢«®¦¥® ¢ U ¨ § ¤ ® ª®¥ç®¥ á¥¬¥©áâ¢® «¨-
¥©ëå ¥¯à¥àë¢ëå äãªæ¨® «®¢ u�i 2 U�, i = 1;m. �®£¤  ¤«ï «î¡ëå u 2 U ¨ " > 0  ©¤¥âáï
u" 2W â ª®©, çâ®

ku� u"kU � " ¨ hu"; u
�
i iU = hu; u�i iU 8i = 1;m:

�®ª § â¥«ìáâ¢®. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® äãªæ¨® «ë u�i ®¡à §ãîâ
«¨¥©® ¥§ ¢¨á¨¬®¥ ¬®¦¥áâ¢®. �®à¬ã«®©

u = (hu; u�i iU )i=1;m
®¯à¥¤¥«¨¬ «¨¥©ë© ¥¯à¥àë¢ë© ®¯¥à â®à ¨§ U   Rm. � á¨«ã ª®¥ç®¬¥à®áâ¨,  ï¢«ï¥âáï
à¥âà ªæ¨¥©   W ¨   U . �® â¥®à¥¬¥ ¤«ï «î¡ëå u 2 V = (U;Rm) = U ¨ " > 0  ©¤¥âáï u" 2W
â ª®©, çâ® ku� u"kU � " ¨ u" = u.

� á«¥¤ãîé¥© â¥®à¥¬¥ ãáâ  ¢«¨¢ ¥âáï ¨â¥à¯®«ïæ¨®®¥ á¢®©áâ¢® ãá¨«¥ëå ¯à®áâà áâ¢.

�¥®à¥¬  2.4. �ãáâì Uj � �, Xj � (Uj) ¨ Uj \ker  ¤®¯®«ï¥¬® ¢ Uj ¤«ï j = 1; 2. �®£¤  ¤«ï
¯à®¨§¢®«ì®£® ¨â¥à¯®«ïæ¨®®£® äãªâ®à  F ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

Ff(U1;X1); (U2;X2)g = (FfU1; U2g; FfX1;X2g):

�®ª § â¥«ìáâ¢ã â¥®à¥¬ë ¯à¥¤¯®è«¥¬ ¤¢  ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨ï.

�¥¬¬  2.1. �ãáâì ®¯¥à â®à � 2 L(U;U) | ¯à®¥ªâ®à (â. ¥. �2 = �). �á«¨ V � U ¨ �(V ) �
V , â® � 2 L(V; V ) ï¢«ï¥âáï ®¯¥à â®à®¬ ¯à®¥ªâ¨à®¢ ¨ï   ¯®¤¯à®áâà áâ¢® �(V ) = V \�(U).

�®ª § â¥«ìáâ¢®. �á®, çâ® �(V ) � V \ �(U). � ¤àã£®© áâ®à®ë, ¥á«¨ v 2 V \ �(U), â®
 ©¤¥âáï í«¥¬¥â u 2 U â ª®©, çâ® v = �u. �®£¤  v = �u = �2u = �(�u) 2 �(V ). �â® ¤®ª §ë¢ ¥â,
çâ® �(V ) = V \ �(U).

�¥¬¬  2.2. �ãáâì Uj � � ¨ � 2 L(Uj ; Uj) ï¢«ï¥âáï ¯à®¥ªâ®à®¬ ¢ Uj (j = 1; 2). �®«®-
¦¨¬ W = �(U1 + U2). �®£¤  ¤«ï ¯à®¨§¢®«ì®£® ¨â¥à¯®«ïæ¨®®£® äãªâ®à  F ¨¬¥¥â ¬¥áâ®

à ¢¥áâ¢® FfU1 \W;U2 \Wg = FfU1; U2g \W .

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ ([9], c. 138).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.4. �¢¥¤¥¬ ®¡®§ ç¥¨ï

U = FfU1; U2g; X = FfX1;X2g; Yj = (Uj); Y = FfY1; Y2g;

Vj = (Uj ;Xj); j = 1; 2; V = FfV1; V2g:

�¥®¡x®¤¨¬® ¯®ª § âì, çâ® V = (U;X). �®áª®«ìªã Vj � Uj , â® V � U . � «¥¥, â. ª.  2 L(Vj ;Xj)
| à¥âà ªæ¨ï (ãâ¢¥à¦¤¥¨¥ (iii) â¥®à¥¬ë 2.1), â®  ï¢«ï¥âáï â ª¦¥ à¥âà ªæ¨¥©, ª ª U   Y , â ª
¨ V   X � Y ([9], c. 21). �® á«¥¤áâ¢¨î 1 â¥®à¥¬ë 2.1 ®áâ «®áì ¯®ª § âì, çâ® ker  \ U � V .
�®«®¦¨¬ �u = u� �u ¤«ï u 2 U1 + U2, £¤¥ � 2 L(Y1 + Y2; U1 + U2) | ª®à¥âà ªæ¨ï ¤«ï . � ª
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¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1.1, ®¯¥à â®à � ¯à®¥ªâ¨àã¥â U1 + U2   W = (U1 + U2) \ ker ,
  â ª¦¥ ª ¦¤®¥ Uj   Uj \ ker  ¨ U   U \ ker . �® á®£« á® «¥¬¬e 2.1 Uj \ ker  = Uj \W ¨
U \ ker  = U \W . �¥¯¥àì ¯® «¥¬¬¥ 2.2 ¯®«ãç ¥¬

U \ ker  = U \W = FfU1 \W;U2 \Wg:

�®áª®«ìªã Uj \W = Uj \ ker  � Vj , â® U \ ker  = FfU1 \W;U2 \Wg � FfV1; V2g = V .

�áâ ®¢¨¬ ãá«®¢¨ï ª®¬¯ ªâ®£® ¢«®¦¥¨ï ®¤®£® ãá¨«¥®£® ¯à®áâà áâ¢  ¢ ¤àã£®¥.

�¥¬¬  2.3. �á«¨ ¯à®áâà áâ¢® U2 ª®¬¯ ªâ® ¢«®¦¥® ¢ U1 (â. ¥. ¥¤¨¨çë© è à ¯à®-

áâà áâ¢  U2 ®â®á¨â¥«ì® ª®¬¯ ªâ¥ ¢ ¯à®áâà áâ¢¥ U1), â® ¯à®áâà áâ¢® (U2) ª®¬-
¯ ªâ® ¢«®¦¥® ¢ (U1).

�®ª § â¥«ìáâ¢®. �ãáâì K = fu 2 U2 : kukU2 < 1g. �®¦¥áâ¢® K ®âªàëâ® ¢ U2, á ¤àã£®©
áâ®à®ë, K ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ U1. �® â¥®à¥¬¥ �  å  ®¡ ®âªàëâ®¬ ®â®¡à ¦¥¨¨ (á¬.,
 ¯à., [12], c. 112) ®¯¥à â®à  ï¢«ï¥âáï ®âªàëâë¬ ®â®¡à ¦¥¨¥¬ U2   (U2). �®íâ®¬ã (K)
ï¢«ï¥âáï ®ªà¥áâ®áâìî ã«ï ¢ (U2). � ¤àã£®© áâ®à®ë, ¥¯à¥àë¢ë© ®¯¥à â®à ¯¥à¥¢®¤¨â ®â-
®á¨â¥«ì® ª®¬¯ ªâë¥ ¬®¦¥áâ¢  ¢ ®â®á¨â¥«ì® ª®¬¯ ªâë¥. �®íâ®¬ã (K) ®â®á¨â¥«ì®
ª®¬¯ ªâ® ¢ (U1). � ª¨¬ ®¡à §®¬, (K) ï¢«ï¥âáï ®ªà¥áâ®áâìî ã«ï ¢ ¯à®áâà áâ¢¥ (U2),
ª®â®à ï ®â®á¨â¥«ì® ª®¬¯ ªâ  ¢ ¯à®áâà áâ¢¥ (U1). �â® ¤®ª §ë¢ ¥â ª®¬¯ ªâ®áâì â®¦¤¥-
áâ¢¥®£® ®â®¡à ¦¥¨ï ¨§ (U2) ¢ (U1), â. ¥. ª®¬¯ ªâ®áâì ¢«®¦¥¨ï (U2) ¢ (U1).

�¥®à¥¬  2.5. �ãáâì U2 � U1 � �, X1;X2 � 	. �¢¥¤¥¬ ®¡®§ ç¥¨ï : Vj = (Uj ;Xj), Uj;0 =
Uj \ ker . �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

(i) ¥á«¨ U2 ª®¬¯ ªâ® ¢«®¦¥® ¢ U1 ¨ X2 \ (U2) ª®¬¯ ªâ® ¢«®¦¥® ¢ X1, â® V2 ª®¬-

¯ ªâ® ¢«®¦¥® ¢ V1;
(ii) ¥á«¨ V2 ª®¬¯ ªâ® ¢«®¦¥® ¢ V1, â® U2;0 ª®¬¯ ªâ® ¢«®¦¥® ¢ U1;0 ¨ X2 \ (U2) ª®¬-

¯ ªâ® ¢«®¦¥® ¢ X1 \ (U1);
(iii) ¥á«¨ ª ¦¤®¥ ¨§ Uj;0 ¤®¯®«ï¥¬® ¢ Vj, â® ãâ¢¥à¦¤¥¨¥ (ii) ®¡à â¨¬®.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ Yj = Xj \ (Uj).
(i). �ãáâì K | ¥¤¨¨çë© è à ¯à®áâà áâ¢  V2. �®£¤  K ®£à ¨ç¥® ¢ U2 ¨, á«¥¤®¢ â¥«ì®,

®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ U1. � «¥¥, (K) ®£à ¨ç¥® ¢ Y2 ¨ ¯®â®¬ã, ª ª á«¥¤ã¥â ¨§ ãá«®-
¢¨ï, ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ X1. �§ á«¥¤áâ¢¨ï 2 â¥®à¥¬ë 2.1 â¥¯¥àì ¢ëâ¥ª ¥â ®â®á¨â¥«ì ï
ª®¬¯ ªâ®áâì K ¢ V1.

(ii). � ª ª ª Uj;0 § ¬ªãâ® ¢ Vj , â® ¨§ ª®¬¯ ªâ®áâ¨ ¢«®¦¥¨ï V2 ¢ V1 á«¥¤ã¥â ª®¬¯ ªâ®áâì
¢«®¦¥¨ï U2;0 ¢ U1;0. �®áª®«ìªã (Vj) = Yj, â® ¨§ «¥¬¬ë 2.3 á«¥¤ã¥â, çâ® Y2 ª®¬¯ ªâ® ¢«®¦¥®
¢ Y1.

�â¢¥à¦¤¥¨¥ (iii) ï¢«ï¥âáï ®ç¥¢¨¤ë¬ á«¥¤áâ¢¨¥¬ ãâ¢¥à¦¤¥¨ï (iv) â¥®à¥¬ë 2.1.

�«¥¤áâ¢¨¥. �à®áâà áâ¢® (U;X) ª®¬¯ ªâ® ¢«®¦¥® ¢ U â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®¤-
¯à®áâà áâ¢® U0 = U \ ker  ª®¥ç®¬¥à® ¨ X \ (U) ª®¬¯ ªâ® ¢«®¦¥® ¢ (U).

�®ª § â¥«ìáâ¢®. � á¨«ã ãâ¢¥à¦¤¥¨ï (ii) â¥®à¥¬ë, ¨§ ª®¬¯ ªâ®áâ¨ ¢«®¦¥¨ï (U;X) ¢
U = (U; (U)) ¢ëâ¥ª ¥â, çâ®, ¢®-¯¥à¢ëå, U0 ª®¬¯ ªâ® ¢ª« ¤ë¢ ¥âáï á ¬® ¢ á¥¡ï, çâ® ¬®¦¥â
¡ëâì â®«ìª® ¢ á«ãç ¥ ¥£® ª®¥ç®¬¥à®áâ¨; ¢®-¢â®àëå, X \ (U) ª®¬¯ ªâ® ¢ª« ¤ë¢ ¥âáï ¢
(U).

�¥®à¥¬  2.6. � áá¬®âà¨¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

1) (U;X) ª®¬¯ ªâ® ¢«®¦¥® ¢ U ;
2) X \ (U) ª®¬¯ ªâ® ¢«®¦¥® ¢ (U);
3) ¬®¦¥áâ¢® X \ (U) § ¬ªãâ® ¢ X;
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4)   ¬®¦¥áâ¢¥ X \(U) ®à¬  ¯à®áâà áâ¢  (U) á« ¡¥¥ ®à¬ë X, â. ¥. ¤«ï ¥ª®â®à®©

¯®áâ®ï®© c > 0 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

kxk(U) � ckxkX 8x 2 X \ (U);

5) ¤«ï ¥ª®â®à®© ¯®áâ®ï®© c > 0 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

inffku+ vkU : v 2 U0g � ckukX 8u 2 (U;X);

6) ¤«ï ¥ª®â®à®© ¯®áâ®ï®© c > 0 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

inffku+ vk(U;X) : v 2 U0g � ckukX 8u 2 (U;X):

�®£¤  ¨¬¥îâ ¬¥áâ® ¨¬¯«¨ª æ¨¨ 1)) 2)) 3), 4), 5), 6).

�¥¬¬  2.4. �á«¨ B-¯à®áâà áâ¢  X;Y � 	 â ª®¢ë, çâ® X \ Y ª®¬¯ ªâ® ¢«®¦¥® ¢ Y ,
â® X\Y § ¬ªãâ® ¢ X, ¨«¨, çâ® à ¢®á¨«ì®,   ¬®¦¥áâ¢¥ X\Y ®à¬  Y á« ¡¥¥ ®à¬ë X.

�®ª § â¥«ìáâ¢®. �ã¦® ¯®ª § âì, çâ®

kxkY � ckxkX 8x 2 X \ Y:

�á«¨ íâ® ¥ â ª, â® ¤«ï ª ¦¤®£®  âãà «ì®£® n � 1  ©¤¥âáï í«¥¬¥â xn 2 X \ Y â ª®©, çâ®
kxnkY > nkxnkX . �®«®¦¨¬ yn = xn=kxnkY . �®£¤  ¤«ï ª ¦¤®£® n � 1 kynkY = 1 ¨ kynkX < 1=n,
®âªã¤  á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì (yn) ®£à ¨ç¥  ¢X\Y . � §àe¦ ï, ¥á«¨ íâ® ¥®¡å®¤¨¬®,
¯®á«¥¤®¢ â¥«ì®áâì (yn), ¤®¡ì¥¬áï ¥¥ áå®¤¨¬®áâ¨ ¢ Y ª ¥ª®â®à®¬ã í«¥¬¥âã y 2 Y (íâ® ¬®¦®
á¤¥« âì ¢ á¨«ã ª®¬¯ ªâ®áâ¨ ¢«®¦¥¨ï X \Y ¢ Y ). � ª ª ª kynkY = 1, â® ¨ kykY = 1. � ¤àã£®©
áâ®à®ë, yn ! 0 ¢ X,   ¯®â®¬ã yn ! 0 ¢ 	. � ª ª ª Y ¥¯à¥àë¢® ¢«®¦¥® ¢ 	, â® y = 0, çâ®
¯à®â¨¢®à¥ç¨â à ¢¥áâ¢ã kykY = 1. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â «¥¬¬ã.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.6. �¬¯«¨ª æ¨ï 1)) 2) ãáâ ®¢«¥  ¢ á«¥¤áâ¢¨¨ â¥®à¥¬ë 2.5.
�¬¯«¨ª æ¨ï 2)) 3) ¯®«ãç ¥âáï ¨§ «¥¬¬ë 2.4.

�®ª ¦¥¬, çâ® 3) à ¢®á¨«ì® 4). � ¬ªãâ®áâì B-¯à®áâà áâ¢  X \ (U) ¢ X à ¢®á¨«ì 
â®¬ã, çâ®   X \ (U) ®à¬ë kxk(U) + kxkX ¨ kxkX íª¢¨¢ «¥âë, çâ® ¢ á¢®î ®ç¥à¥¤ì à ¢®-
á¨«ì® 4).

�ª¢¨¢ «¥â®áâì 4) , 5) ¢ëâ¥ª ¥â ¨§ à ¢¥áâ¢ inffku+ vkU : v 2 U0g = kuk(U) 8u 2 U ¨
((U;X)) = X \ (U).

�ª¢¨¢ «¥â®áâì 5), 6) á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ®à¬ë ¯à®áâà áâ¢  (U;X).

� ª ¯®ª §ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à, â¥®à¥¬  2.6 ®¡®¡é ¥â    ¡áâà ªâë¥ B-¯à®áâà áâ¢ 
å®à®è® ¨§¢¥áâãî ¢ â¥®à¨¨ ¯à®áâà áâ¢ �®¡®«¥¢  â¥®à¥¬ã �¥¨{�¨®á .

�à¨¬¥à. �ãáâì 
 � Rn |®¡« áâì á® á¢®©áâ¢®¬ ª®ãá . �«ï ¬ã«ìâ¨¨¤¥ªá  i = (i1; i2; : : : ; in)
ç¥à¥§ Di ®¡®§ ç¨¬ ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï ¯®àï¤ª  jij = i1 + i2 + � � � + in. �¨¥©®¥
®â®¡à ¦¥¨¥ u = (Diu)jij=m (m |  âãà «ì®¥ ç¨á«®) ¥¯à¥àë¢® ª ª ®â®¡à ¦¥¨¥ ¨§ ¯à®-
áâà áâ¢  D0(
) ¢ D0(
)N , £¤¥ N | ¬®é®áâì ¬®¦¥áâ¢  ¬ã«ìâ¨¨¤¥ªá®¢ i â ª¨å, çâ® jij = m.
�à®áâà áâ¢® �®¡®«¥¢  Wm

p (
) (1 < p <1) ¬®¦® à áá¬ âà¨¢ âì ª ª ãá¨«¥®¥ ¯à®áâà áâ¢®
(U;X), £¤¥ U = Lp(
) � � = D0(
) ¨ X = Lp(
)N � 	 = D0(
)N . � ¬¥â¨¬, çâ® ï¤à® ker 
á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ ¯®«¨®¬®¢ Pm(
) áâ¥¯¥¨ ¬¥ìè¥© m ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå
([13], c. 64), á«¥¤®¢ â¥«ì®, ª®¥ç®¬¥à® ¨ ¤®¯®«ï¥¬® ¢ Lp(
). �§ ª®¬¯ ªâ®áâ¨ ¢«®¦¥¨ï
Wm

p (
) = (U;X) ¢ Lp(
) = U á«¥¤ã¥â (¢ á¨«ã ¨¬¯«¨ª æ¨¨ 1)) 6) â¥®à¥¬ë 2.6) ®æ¥ª 

inffku + vkWm
p (
) : v 2 Pm(
)g � c

X
jij=m

kDiukLp(
) 8u 2Wm
p (
):

�â® ¥à ¢¥áâ¢® ¨ ï¢«ï¥âáï á®¤¥à¦ ¨¥¬ â¥®à¥¬ë �¥¨{�¨®á .
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�«¥¤áâ¢¨¥. �ãáâì Z | ¥ª®â®à®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ¨ A : (U;X) ! Z | ¥-
¯à¥àë¢ë© ®¯¥à â®à, ¯à¨ç¥¬ Au = 0 ¯à¨ u 2 U0. �á«¨ X \ (U) § ¬ªãâ® ¢ X, â® á¯à ¢¥¤«¨¢ 
®æ¥ª 

kAukZ � ckukX 8u 2 (U;X):

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  v 2 U0 ¨¬¥¥¬ ¯à¨ ä¨ªá¨à®¢ ®¬ u 2
(U;X)

kAukZ = kA(u+ v)kZ � kAk ku + vk(U;X);

®âªã¤  ¯®«ãç ¥¬

kAukZ � kAk inffku+ vk(U;X) : v 2 U0g � ckukX :

�®á«¥¤¥¥ ¥à ¢¥áâ¢® á¯à ¢¥¤«¨¢® ¢ á¨«ã â¥®à¥¬ë.

�à¨¬¥à («¥¬¬  �àí¬¡« -�¨«ì¡¥àâ ). �à¨¬¥¨¬ á«¥¤áâ¢¨¥ ª ¯à®áâà áâ¢ã �®¡®«¥¢  (á¬.
¯à¥¤ë¤ãé¨© ¯à¨¬¥à). �ãáâì «¨¥©ë© ®¯¥à â®à A ¥¯à¥àë¢® ¤¥©áâ¢ã¥â ¨§ Wm

p (
) ¢ ¥ª®â®-
à®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® Z. �á«¨ ï¤à® ®¯¥à â®à  A á®¤¥à¦¨â ¯à®áâà áâ¢® ¯®«¨®¬®¢
Pm(
), â® ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

kAukZ � c
X
jij=m

kDiukLp(
) 8u 2Wm
p (
):

�¥®à¥¬  2.7. �ãáâì ¯®¤¯à®áâà áâ¢® U0 = ker  \U ¤®¯®«ï¥¬® ¢ V = (U;X) ¨ X \ (U)
§ ¬ªãâ® ¢ X. �á«¨ ¥¯à¥àë¢ ï   V ¯®«ã®à¬  p íª¢¨¢ «¥â    U0 ®à¬¥ U , â® äãªæ¨®-
 « u! p(u)+kukX ï¢«ï¥âáï ®à¬®©   V , íª¢¨¢ «¥â®© ®à¬¥ ãá¨«¥®£® ¯à®áâà áâ¢  V .

�®ª § â¥«ìáâ¢®. �ãªæ¨® « u! p(u)+kukX , ®ç¥¢¨¤®, ï¢«ï¥âáï ®à¬®©, ª®â®à ï ¢ á¨«ã
¥¯à¥àë¢®áâ¨ ¯®«ã®à¬ë p á« ¡¥¥ ®à¬ë ãá¨«¥®£® ¯à®áâà áâ¢  V . �ã¦® ¯®ª § âì, çâ®
®à¬  V ®æ¥¨¢ ¥âáï á¢¥àåã ®à¬®© u! p(u)+kukX , ¯®¬®¦¥®©   ¥ª®â®àãî ¯®áâ®ïãî.
�ãáâì � | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï V   U0. �®£¤  ®¯¥à â®à A : V ! V , ¤¥©áâ¢ãîé¨© ¯®
ä®à¬ã«¥ Au = u��u, ¥¯à¥àë¢¥ ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î Au = 0 ¯à¨ u 2 U0. � á¨«ã á«¥¤áâ¢¨ï
¯à¥¤ë¤ãé¥© â¥®à¥¬ë ¨¬¥¥¬ ®æ¥ªã

kAukV � c0kukX 8u 2 V:

�á¯®«ì§ãï íâã ®æ¥ªã ¨ â®, çâ® ¯®«ã®à¬  p   U0 íª¢¨¢ «¥â  ®à¬¥ U , ¯®«ãç ¥¬ æ¥¯®çªã
¥à ¢¥áâ¢

kukV � k�ukV + kAukV � c1p(�u) + kAukV � c1p(u) + c1p(Au) + kAukV �

� c1p(u) + c2kAukV � c1p(u) + c2c0kukX � c(p(u) + kukX): �

�«¥¤áâ¢¨¥. �ãáâì (U;X) ª®¬¯ ªâ® ¢«®¦¥® ¢ U . �á«¨ ¥¯à¥àë¢ ï   (U;X) ¯®«ã®à-
¬  p â ª®¢ , çâ® ker p \ U0 = f0g, â® äãªæ¨® « u ! p(u) + kukX ï¢«ï¥âáï ®à¬®©, íª¢¨¢ -
«¥â®© ®à¬¥ ãá¨«¥®£® ¯à®áâà áâ¢  (U;X).

�®ª § â¥«ìáâ¢®. � á¨«ã á«¥¤áâ¢¨ï â¥®à¥¬ë 2.5 ¯®¤¯à®áâà áâ¢® U0 ª®¥ç®¬¥à®, ¯®íâ®-
¬ã ¨§ ãá«®¢¨ï ker p \ U0 = f0g á«¥¤ã¥â, çâ® áã¦¥¨¥ p   U0 ï¢«ï¥âáï ®à¬®©. � ª ª ª  
ª®¥ç®¬¥à®¬ ¯à®áâà áâ¢¥ ¢á¥ ®à¬ë íª¢¨¢ «¥âë, â®   U0 ¯®«ã®à¬  p íª¢¨¢ «¥â 
®à¬¥ ¯à®áâà áâ¢  U . � «¥¥, ¢ á¨«ã â¥®à¥¬ë 2.6 ¯®¤¬®¦¥áâ¢® X \(U) § ¬ªãâ® ¢ X. � ª¨¬
®¡à §®¬, ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2.7, ¯à¨¬¥¥¨¥ ª®â®à®© ª à áá¬ âà¨¢ ¥¬®¬ã á«ãç î
¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥.

�à¨¬¥à (â¥®à¥¬  �®¡®«¥¢  ®¡ íª¢¨¢ «¥âëå ®à¬¨à®¢ª å). � ª ç¥áâ¢¥ ¨««îáâà æ¨¨ á®-
¢  à áá¬®âà¨¬ ¯à®áâà áâ¢® �®¡®«¥¢  Wm

p (
) ª ª ãá¨«¥®¥ ¯à®áâà áâ¢® (U;X), £¤¥ u =
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(Diu)jij=m, U = Lp(
), X = Lp(
)N . � ¤ ®© à¥ «¨§ æ¨¨ ¤®ª § ®¥ ¢ëè¥ ãâ¢¥à¦¤¥¨¥ ¤ -
¥â å®à®è® ¨§¢¥áâãî â¥®à¥¬ã �®¡®«¥¢  ® ¯¥à¥®à¬¨à®¢ª å: ¥á«¨ ¯®«ã®à¬  p ¥¯à¥àë¢   
Wm

p (
) ¨ ker p \ Pm(
) = f0g, â® ®à¬ 

u! p(u) +
X
jij=m

kDiukLp(
)

íª¢¨¢ «¥â  ®à¬¥ ¯à®áâà áâ¢  Wm
p (
).
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