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1. �¢¥¤¥¨¥

� áâ¨ç®-ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯  á S = hS;+; <Li á ®á®¢ë¬ ¬®¦¥áâ¢®¬ S  §ë¢ -
¥âáï ¢ëç¨á«¨¬®© (¨«¨ à¥ªãàá¨¢®©), ¥á«¨ S ª®¥ç® ¨«¨ hS;+; <Li ' h!;+; <L0i, á ¢ëç¨á«¨-
¬®© äãªæ¨¥© \+" ¢ëç¨á«¨¬ë¬ ¯à¥¤¨ª â®¬ \L0" (â. ¥. á«¥¤ãîé ï äãªæ¨ï L0(x; y) ¢ëç¨á«¨¬ :
L0(x; y) = 1, ¥á«¨ x <L0 y, ¨ L0(x; y) = 0 ¢ ¯à®â¨¢®¬ á«ãç ¥). �«¥¤ãï [1], ®¯à¥¤¥«¨¬ á« ¡®¥ ¯à¥¤-
áâ ¢«¥¨¥ áç¥â®© ç áâ¨ç®-ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯ë hS;+; <Li ª ª ç áâ¨ç®-ã¯®àï¤®ç¥ãî
¯®«ã£àã¯¯ã hP;+; L0i á ®á®¢ë¬ ¬®¦¥áâ¢®¬ P � !, á ¯®â¥æ¨ «ì® ¢ëç¨á«¨¬ë¬¨ äãªæ¨¥©
\+" ¨ ¯à¥¤¨ª â®¬ \L0". (�®¢®àïâ, çâ® ®¯¥à æ¨ï \+" ¨ ¯à¥¤¨ª â \L0" ¯®â¥æ¨ «ì® ¢ëç¨á«¨¬ë,
¥á«¨ ®¨ ¨¬¥îâ (¢áî¤ã ®¯à¥¤¥«¥ë¥) ¢ëç¨á«¨¬ë¥ à áè¨à¥¨ï.) � íâ®¬ á«ãç ¥ â ª¦¥ £®¢®àïâ
(á¬. [1]), çâ® ¬®¦¥áâ¢® P ¯®¤¤¥à¦¨¢ ¥â S.

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï á« ¡ë¥ ¯à¥¤áâ ¢«¥¨ï hP;+; <L0i ¢ëç¨á«¨¬ëå ç áâ¨ç®-
ã¯®àï¤®ç¥ëå ¯®«ã£àã¯¯ hS;+; <Li á ¢ëç¨á«¨¬® ¯¥à¥ç¨á«¨¬ë¬¨ (¢. ¯.) ®á®¢ë¬¨ ¬®¦¥-
áâ¢ ¬¨ P . �¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ â ª ï ¯®«ã£àã¯¯  hS;+; Li ¨¬¥¥â á« ¡®¥ ¯à¥¤áâ ¢«¥-
¨¥ hP;+; <L0i á ¢. ¯. ®á®¢ë¬ ¬®¦¥áâ¢®¬ P , â® hS;+; <Li ï¢«ï¥âáï ¢ëç¨á«¨¬®© ç áâ¨ç®-
ã¯®àï¤®ç¥®© ¯®«ã£àã¯¯®©. �¥©áâ¢¨â¥«ì®, ¯ãáâì ¤«ï ¢á¥å i; j 2 ! ¯® ®¯à¥¤¥«¥¨î i <L00 j
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ai <L0 aj , £¤¥ a0; a1; : : : | íää¥ªâ¨¢®¥ ¯¥à¥ç¨á«¥¨¥ P ¡¥§ ¯®-
¢â®à¥¨© (¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® ¯à¥¤¯®«®¦¨âì, çâ® P ¡¥áª®¥ç®). �¥¯¥àì ïá®,
çâ® hM;<Li ' h!;<L00i, ¨ L00 | ¢ëç¨á«¨¬ë© ¯à¥¤¨ª â. � «®£¨ç® ¤«ï äãªæ¨¨ \+". �ëç¨-
á«¨¬ë¥ ç áâ¨ç®-ã¯®àï¤®ç¥ë¥ ¯®«ã£àã¯¯ë ¨§ãç îâáï á â®çª¨ §à¥¨ï ¨¬¥âì ¨«¨ ¥ ¨¬¥âì
á« ¡ë¥ ¯à¥¤áâ ¢«¥¨ï á ¢. ¯. ®á®¢ë¬¨ ¬®¦¥áâ¢ ¬¨. � â¥®à¥¬¥ 4 ¤®ª §ë¢ ¥âáï, çâ® «î¡ ï
ª®¬¬ãâ â¨¢ ï ¢ëç¨á«¨¬ ï ¯®«ã£àã¯¯  S = hS;+i ¨¬¥¥â á« ¡®¥ ¯à¥¤áâ ¢«¥¨¥ ¢ ª ¦¤®© ¢. ¯.
áâ¥¯¥¨. �àã£¨¬¨ á«®¢ ¬¨, «î¡ ï ¢. ¯. áâ¥¯¥ì á®¤¥à¦¨â ¢. ¯. ¬®¦¥áâ¢®, ª®â®à®¥ ¥¥ ¯®¤¤¥à¦¨-
¢ ¥â. � ¤àã£®© áâ®à®ë, ¢ â¥®à¥¬¥ 1 ¤®ª §ë¢ ¥âáï, çâ® áãé¥áâ¢ã¥â â ª ï ¢ëç¨á«¨¬ ï ç áâ¨ç®-
ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯  S, çâ® ¢ ª ¦¤®© ¢. ¯. áâ¥¯¥¨ a áãé¥áâ¢ã¥â ¥ ¯®¤¤¥à¦¨¢ îé¥¥ S
¢. ¯. ¬®¦¥áâ¢® A.

�á¯®«ì§ã¥¬ë¥ ¢ ¤ ®© áâ âì¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï â¥®à¨¨ ¢ëç¨á«¨¬®áâ¨ áâ ¤ àâë
¨ ¬®£ãâ ¡ëâì  ©¤¥ë,  ¯à¨¬¥à, ¢ [2]. �®£¤  ¡ã¤¥¬ ¨¤¥â¨ä¨æ¨à®¢ âì ç áâ¨çë¥ ¯®àï¤ª¨  
! á ¨å å à ªâ¥à¨áâ¨ç¥áª¨¬¨ äãªæ¨ï¬¨, â. ¥. ¢¬¥áâ® x <L y ¯¨è¥¬ L(x; y) = 1 ¨ ¢¬¥áâ® x �L y
¯¨è¥¬ L(x; ã) = 0. � ç áâ®áâ¨, ¨®£¤  ¯¨è¥¬ hA;Li ¢¬¥áâ® hA;<Li. �á«¨ A | ¥ª®â®à®¥
¬®¦¥áâ¢®, â® ¯ãáâì A � x = fy 2 A : y < xg. �«ï äãªæ¨¨ f ¨ ¬®¦¥áâ¢  A § ¯¨áì f � A
®§ ç ¥â ®£à ¨ç¥¨¥ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï f ¬®¦¥áâ¢®¬ A.

2. �â¥¯¥¨ á« ¡ëå ¯à¥¤áâ ¢«¥¨©

�à¥¤«®¦¥¨¥. �ãé¥áâ¢ã¥â áç¥â ï ç áâ¨ç®-ã¯®àï¤®ç¥ ï ¯®«ã£àã¯¯  S, ¨¬¥îé ï

á« ¡®¥ ¯à¥¤áâ ¢«¥¨¥ ¢ ª ¦¤®¬ ¡¥áª®¥ç®¬ ¬®¦¥áâ¢¥  âãà «ìëå ç¨á¥«.

�¢â®àë ¡« £®¤ àïâ £à¥ç¥áª¨© ä®¤ á®âàã¤¨ç¥áâ¢ , ç áâ¨ç® ¯®¤¤¥à¦ ¢è¨© ¨å ¨áá«¥¤®¢ ¨¥. �¥à-

¢ë©  ¢â®à â ª¦¥ ¡ë« ¯®¤¤¥à¦  �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©, £à â ò05-01-

00830.
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�®ª § â¥«ìáâ¢®. �ãáâì S = f;; 1; 11; : : : g, ¨ ¤«ï ¢á¥å �; � 2 S ®¯à¥¤¥«¨¬ ��� = maxf�; �g.
�ãáâì â ª¦¥ ¯® ®¯à¥¤¥«¥¨î � �S � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  j�j � j�j. (�á®, çâ® ¥á«¨
j�j = j�j, â® � = �.) �¥¯¥àì ¯ãáâì A = fa0 < a1 < � � � g | ¡¥áª®¥ç®¥ ¯®¤¬®¦¥áâ¢® !.
�¯à¥¤¥«¨¬ ¢«®¦¥¨¥ � : � ! ai, £¤¥ i = j�j. �¥£ª® ¯à®¢¥à¨âì, çâ® � ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬
¬¥¦¤ã fS;�;�Sg ¨ fA; �;�Ag, £¤¥ ¯® ®¯à¥¤¥«¥¨î ai � aj = amaxfi;jg, ¨ ai �A aj â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  i � j. �á® â ª¦¥, çâ® x �A y ¨ x � y | ¯®â¥æ¨ «ì® ¢ëç¨á«¨¬ë¥ ¯à¥¤¨ª â
¨ äãªæ¨ï: ¤«ï ¯à¥¤¨ª â  �A ¥£® ¢áî¤ã ®¯à¥¤¥«¥ë¬ ¢ëç¨á«¨¬ë¬ à áè¨à¥¨¥¬ ï¢«ï¥âáï
�x; y(x � y),   ¤«ï äãªæ¨¨ x�y â ª¨¬ à áè¨à¥¨¥¬ ï¢«ï¥âáï äãªæ¨ï �x; y(x�y = maxfx; yg).

�®ª ¦¥¬, çâ® ¥ ª ¦¤ ï ¢ëç¨á«¨¬ ï ¯®«ã£àã¯¯  ¬®¦¥â ¨¬¥âì á« ¡®¥ ¯à¥¤áâ ¢«¥¨¥ ¢ ª -
¦¤®¬ ¡¥áª®¥ç®¬ ¢. ¯. ¬®¦¥áâ¢¥. �®«¥¥ â®£®, ¢ âeope¬¥ 1 ¯®áâà®¨¬ â ªãî ¢ëç¨á«¨¬ãî ¯®«ã-
£àã¯¯ã S, çâ® ª ¦¤ ï ¢. ¯. ¥ ¢ëç¨á«¨¬ ï âìîà¨£®¢ ï áâ¥¯¥ì á®¤¥à¦¨â ¢. ¯. ¬®¦¥áâ¢®, ¥
¯®¤¤¥à¦¨¢ îé¥¥ S.

�¥®à¥¬  1. �ãé¥áâ¢ã¥â â ª ï ¢ëç¨á«¨¬ ï ¯®«ã£àã¯¯  S, çâ® ¤«ï «î¡®£® ¢. ¯. ¥ ¢ëç¨-

á«¨¬®£® ¬®¦¥áâ¢  A  ©¤¥âáï ¢. ¯. ¬®¦¥áâ¢® B �T A, ¥ ¯®¤¤¥à¦¨¢ îé¥¥ S.

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ S = f!;�g ª ª ¯®«ã£àã¯¯ã á ®á®¢ë¬ ¬®¦¥áâ¢®¬ ! =
f0; 1; : : : g ¨ á«¥¤ãîé¥© ®¯¥à æ¨¥© �:

i�j = 3 ¤«ï ¢á¥å i; j � 3, i 6= j;
0�2n = 2n�0 = 2n+ 1 ¤«ï ¢á¥å n > 0;
0�(2n+ 1) = (2n+ 1)�0 = 2n+ 1 ¤«ï ¢á¥å n � 1;
2n�2m = maxf2n; 2mg ¤«ï ¢á¥å n;m � 1;
(2n+ 1)�(2m+ 1) = maxf2n; 2mg + 1 ¤«ï ¢á¥å n;m � 0;
(2n� 1)�2(m+ 1) = 2(m+ 1)�(2n� 1) = 2m+ 3 ¤«ï ¢á¥å n � 1;m � n;
2n�(2(n+ i) + 1) = (2(n+ i) + 1)�2n = 2(n+ i) + 1 ¤«ï ¢á¥å n � 1; i � 0;
a�a = a ¤«ï ¢á¥å a 2 !.

�¥£ª® ¯à®¢¥à¨âì, à áá¬ âà¨¢ ï ¢á¥ á«ãç ¨, çâ® a�(b�c) = (a�b)�c ¤«ï ¢á¥å a; b; c. �ãáâì,  -
¯à¨¬¥à, a = 2n� 1, b = 2n� 2; c = 2n+ 1. �®£¤  (2n� 1)�((2n� 2)�(2n+ 1)) = (2n� 1)�(2n+ 1) =
2n+ 1 = (2n+ 1)�(2n+ 1) = ((2n� 1)�(2n� 2))�(2n+ 1).

�¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ¯®«ã£àã¯¯ë S áãé¥áâ¢ã¥â á« ¡®¥ ¯à¥¤áâ ¢«¥¨¥ S 0 = fS0;�g
á ®á®¢ë¬ ¢. ¯. ¬®¦¥áâ¢®¬ S0, ¨ çâ® S ' S 0 ¯®áà¥¤áâ¢®¬ 1� 1-ç áâ¨ç®© äãªæ¨¨ f : S ! S0.
�®ª ¦¥¬ á ç « , çâ® ¬ë ¬®¦¥¬ ®à£ ¨§®¢ âì â ª®¥ íää¥ªâ¨¢®¥ ¯¥à¥ç¨á«¥¨¥ fa0; a1; a2; : : : g
¬®¦¥áâ¢  S0, çâ® ¤«ï ¢á¥å i á¯à ¢¥¤«¨¢® f(i) = ai, ¯à¨ç¥¬ £¥¤¥«¥¢áª¨© ®¬¥à íâ®£® ¯¥-
à¥ç¨á«¥¨ï (¢ ã¬¥à æ¨¨ ¢á¥å íää¥ªâ¨¢ëå ¯¥à¥ç¨á«¥¨©) ¬®¦¥â ¡ëâì íää¥ªâ¨¢®  ©-
¤¥ ¯® ®¬¥àã ¢ëç¨á«¨¬®© äãªæ¨¨ h, ï¢«ïîé¥©áï ¯à®¤®«¦¥¨¥¬ ¤«ï �. �¥©áâ¢¨â¥«ì®,
¯ãáâì h : !2 ! ! | â ª ï (¢áî¤ã ®¯à¥¤¥«¥ ï) ¢ëç¨á«¨¬ ï äãªæ¨ï, çâ® ¤«ï ¢á¥å x; y
(x; y) 2 dom� ! h(x; y) = �(x; y). � ç «  § ¬¥â¨¬, çâ® áãé¥áâ¢ãîâ ¢ â®ç®áâ¨ ¤¢¥ âà®©ª¨
�0 = fa0; a1; a2g ¨ �1 = fa0; a1; a4g í«¥¬¥â®¢ S 0 á® á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨ x; y; z | ¢á¥ âà¨
í«¥¬¥â  �i, i � 1, â® x� y =2 fx; yg, x� z =2 fx; zg, y� z =2 fy; zg. �à®¬¥ â®£®, a0 | ¥¤¨áâ¢¥ë©
í«¥¬¥â �0 á® á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¢ S 0� �0 áãé¥áâ¢ãîâ à®¢® ¤¢  í«¥¬¥â  a4 ¨ a6 â ª¨¥, çâ®
a0 � a4 6= a4 ¨ a0 � a6 6= a6. � «¥¥, a1 | ¥¤¨áâ¢¥ë© í«¥¬¥â �0 � fa0g â ª®©, çâ® ¢ S 0 � �0
áãé¥áâ¢ã¥â í«¥¬¥â a4 á   «®£¨çë¬ á¢®©áâ¢®¬.

�®íâ®¬ã, íää¥ªâ¨¢® ¯¥à¥ç¨á«ïï í«¥¬¥âë ¬®¦¥áâ¢  ! ¨ ¢ëç¨á«ïï § ç¥¨ï h   íâ¨å
¯¥à¥ç¨á«¥ëå í«¥¬¥â å, ¬®¦® ¯®á«¥¤®¢ â¥«ì® ®¯à¥¤¥«¨âì í«¥¬¥âë f(0), f(1), f(2). � «¥¥,
®¯¥à æ¨ï �   S 0 ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¤«ï ¢á¥å i � 0 ¨ «î¡ëå x > 2i+1 á¯à ¢¥¤«¨¢®
a2i+1 � ax = ax, ¨ ¤«ï ¢á¥å i áãé¥áâ¢ãîâ ¢ â®ç®áâ¨ ¤¢  í«¥¬¥â  a2i+2 ¨ a2i+4 â ª¨¥, çâ®
a2i+2 � a2i+4 6= a2i+4. �à®¬¥ â®£®, a2i+3 ¥áâì ¥¤¨áâ¢¥ë© í«¥¬¥â ¬®¦¥áâ¢  fax; x > 2i + 1g
â ª®©, çâ® a2i+3 � a2i+4 6= a2i+4. � ª¨¬ ®¡à §®¬, ¬®¦® ®¯à¥¤¥«¨âì ¢á¥ ®áâ «ìë¥ í«¥¬¥âë
f(3); f(4); : : : , ¯¥à¥ç¨á«ïï ! ¨ ¢ëç¨á«ïï ¢á¥ § ç¥¨ï h   íâ¨å í«¥¬¥â å.

�¥¯¥àì ¯®áâà®¨¬ ¢. ¯. ¬®¦¥áâ¢® D â ª®¥, çâ® ¬®¦¥áâ¢® B = A�D ¨¬¥¥â ¢á¥ ¥®¡å®¤¨¬ë¥
á¢®©áâ¢ ,   ¨¬¥®, D �T A, ¨ B ¥ ¯®¤¤¥à¦¨¢ ¥â L. � ª ª ª ª ¦¤ ï ¥ ¢ëç¨á«¨¬ ï ¢. ¯.
áâ¥¯¥ì á®¤¥à¦¨â ¯à®áâ®¥ ¬®¦¥áâ¢®, â® ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® ¯à¥¤¯®«®¦¨âì, çâ®
A | ¯à®áâ®¥ ¬®¦¥áâ¢®.
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�á«®¢¨¥ D �T A ¢ å®¤¥ ª®áâàãªæ¨¨ ¡ã¤¥â ¢ë¯®«¥® á ¯®¬®éìî ¬¥â®¤  à §à¥è¥¨ï. �«ï
¢ë¯®«¥¨ï ¯®á«¥¤¥£® ãá«®¢¨ï ¤«ï ¢á¥å e ¬¥â®¤®¬ ¯à¨®à¨â¥â  ã¤®¢«¥â¢®àï¥¬ á«¥¤ãîé¨¬ âà¥-
¡®¢ ¨ï¬:

Se : �e ¢áî¤ã ®¯à¥¤¥«¥  ¨ h!;�i ' hB;�i ¤«ï ¥ª®â®à®© ¡¨ à®©

®¯¥à æ¨¨ � ! �e ¥ ï¢«ï¥âáï à áè¨à¥¨¥¬ � :

�¤¥áì f�ege2! | áâ ¤ àâ ï ã¬¥à æ¨ï ¢á¥å ç áâ¨ç®-¢ëç¨á«¨¬ëå äãªæ¨©.
�«ï ª ¦¤®£® e 2 ! ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢® ç¨á¥« Re = f2he; xi+ 1 : x 2 !g, ¨§ ª®â®à®£® ¡¥à¥¬

ç¨á«  ¤«ï ã¤®¢«¥â¢®à¥¨ï âà¥¡®¢ ¨ï Se.
�á®¢ ï áâà â¥£¨ï ã¤®¢«¥â¢®à¥¨ï âà¥¡®¢ ¨ï Se ¡¥§ ãç¥â  ãá«®¢¨ï B �T A § ª«îç ¥âáï

¢ á«¥¤ãîé¥¬: ¢ ¯à®æ¥áá¥ ¯®è £®¢®© ª®áâàãªæ¨¨ á âà¥¡®¢ ¨¥¬ Se á¢ï§ë¢ ¥¬ ¯ àë à §«¨çëå
ç¨á¥« (n0;m0); (n1;m1); : : : ¨§ ¬®¦¥áâ¢  Re ¨ ¦¤¥¬  áâã¯«¥¨ï â ª¨å è £®¢ s0; s1; : : : , çâ®
�e;si(ni;mi) ®¯à¥¤¥«¥ë (¥á«¨ íâ® ¤«ï ¥ª®â®à®© ¯ àë ni, mi ¨ª®£¤  ¥ á«ãç¨âáï, â® ni, mi

ã¤®¢«¥â¢®àïîâ Se) ¨ �e(ni;mi) = ki 2 Asi ¤«ï ¥ª®â®à®£® i 2 !. �¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï
ª ¦¤®£® k áãé¥áâ¢ã¥â â®«ìª® ª®¥ç®¥ ¬®¦¥áâ¢® ¯ à n, m â ª¨å, çâ® n�m = k. � ª ª ª A |
¯à®áâ®¥ ¬®¦¥áâ¢®, â® ¤«ï ¥ª®â®à®© ¯ àë ni, mi ¬ë ¤®«¦ë ¨¬¥âì «¨¡® �e(ni;mi) = ki 2 Asi ,
«¨¡® ki ï¢«ï¥âáï ¥ç¥âë¬ ç¨á«®¬. (� ¯à®â¨¢®¬ á«ãç ¥ �e ¥ ¯®¤å®¤¨â ¤«ï á« ¡®£® ¯à¥¤áâ -
¢«¥¨ï h!;�i ¢ A �D, ¨ ¯®íâ®¬ã âà¥¡®¢ ¨¥ Se ã¤®¢«¥â¢®à¥®.) �ãáâì fAs �Dsgs2! ï¢«ï¥âáï
¯¥à¥ç¨á«¥¨¥¬ ¬®¦¥áâ¢  A�D, ®¯à¥¤¥«¥®¥ ¢ëè¥®¯¨á ë¬ ®¡à §®¬, ¨ ¯à¨ ¯à¥¤¯®«®¦¥¨¨,
çâ® hA�D;�i ï¢«ï¥âáï á« ¡ë¬ ¯à¥¤áâ ¢«¥¨¥¬ ¤«ï h!;�i,   äãªæ¨ï �e à áè¨àï¥â �.

�«ãç © 1. �e;s0(n;m) = k = 2k0 ¤«ï ¥ª®â®àëå k0; s0 ¨ k 2 As0 . �®£¤ 
è £ 1. ¯¥à¥ç¨á«ï¥¬ m ¢ ¬®¦¥áâ¢® A�D;
è £ 2. ¦¤¥¬  áâã¯«¥¨ï â ª®£® è £  s00 > s0, çâ®

hfx : x 2 As00 �Ds00g;�i ' hfa0; a1; : : : ; amaxfm;n;kgg;�i

(¥á«¨ â ª®£® è £  s00 ¥ áãé¥áâ¢ã¥â, â® âà¥¡®¢ ¨¥ Se ®ç¥¢¨¤ë¬ ®¡à §®¬ ã¤®¢«¥â¢®à¥®);
è £ 3. ¯¥à¥ç¨á«ï¥¬ n ¢ Ds00+1 ¨ ã¤®¢«¥â¢®àï¥¬ âà¥¡®¢ ¨¥ Se.

�«ãç © 2. �e;s0(n;m) = k = 2k0 + 1 ¤«ï ¥ª®â®à®© ¯ àë k0; s0. �®£¤ 
è £ 1. ¯¥à¥ç¨á«ï¥¬ m; k ¢ A�D;
è £ 2. ¦¤¥¬  áâã¯«¥¨ï â ª®£® è £  s0 > s, çâ®

hfx : x 2 As0 �Ds0g;�i ' hfa0; a1; : : : ; amaxfm;n;kgg;�i

(¥á«¨ ¥â â ª®£® è £  s0, â®, ®ç¥¢¨¤®, âà¥¡®¢ ¨¥ Se ã¤®¢«¥â¢®à¥®);
è £ 3. ¯¥à¥ç¨á«ï¥¬ n ¢ Ds?+1 ¨ ã¤®¢«¥â¢®àï¥¬ âà¥¡®¢ ¨¥ Se.

�¥¯¥àì  ¤® ¢ë¯®«¨âì ãá«®¢¨¥ D �T A á ¯®¬®éìî ¬¥â®¤  \à §à¥è¥¨ï". � á«ãç ¥ 1  ¤®,
çâ®¡ë A \à §à¥è¨«®" ç¨á« ¬ m ¨ n ¢®©â¨ ¢ D á®®â¢¥âáâ¢¥®   è £ å 1 ¨ 3. � á«ãç ¥ 2  ¤®,
çâ®¡ë A \à §à¥è¨«®" ç¨á« ¬ m, k ¨ n ¢®©â¨ ¢ D á®®â¢¥âáâ¢¥®   è £ å 1 ¨ 3.

� íâ®© æ¥«ìî ¤¥« ¥¬ ¡¥áª®¥ç®¥ ¬®¦¥áâ¢® ¯®¯ëâ®ª ã¤®¢«¥â¢®à¨âì Se á ¯®¬®éìî !-¯®á«¥-
¤®¢ â¥«ì®áâ¨ \æ¨ª«®¢", £¤¥ ª ¦¤ë© æ¨ª« t ¤¥©áâ¢ã¥â á«¥¤ãîé¨¬ ®¡à §®¬.

� £ 1. �ë¡¨à ¥¬ à ¥¥ ¥¨á¯®«ì§®¢ ãî ¯ àã ç¨á¥« mi;t; ni;t 2 Re, i 2 !, ¨ ¦¤¥¬  áâã-
¯«¥¨ï â ª®£® è £  s,   ª®â®à®¬ ¢ë¯®«ï¥âáï ¤«ï ¯ àë nt = ni;t, mt = mi;t ®¤¨
¨§ á«¥¤ãîé¨å ¤¢ãå á«ãç ¥¢.

�«ãç © 1. �e(nt;mt) = kt = 2k0 ¤«ï ¥ª®â®àëå k0 ¨ kt 2 As. �¤¥áì ¤¥©áâ¢ã¥¬ á«¥¤ãîé¨¬
®¡à §®¬:

è £ 2. ¯¥à¥ç¨á«ï¥¬ mt ¢ A�D (¨¬¥ï   íâ® \à §à¥è¥¨¥" ®â A ç¥à¥§ kt 2 (As �As�1));
è £ 3. ¦¤¥¬  áâã¯«¥¨ï è £  s0 > s â ª®£®, çâ®

hfx : x 2 As0 �Ds0g;�i ' hfa0; a1; : : : ; amaxfmt;nt;ktgg;�i

(ïá®, çâ® ¥á«¨ â ª®£® è £  s0 ¥ áãé¥áâ¢ã¥â, â® âà¥¡®¢ ¨¥ Se ã¤®¢«¥â¢®à¥®);
è £ 4. ¦¤¥¬ ¨§¬¥¥¨ï A � t   ¥ª®â®à®¬ è £¥ es, ¨ ®âªàë¢ ¥¬ æ¨ª« t + 1 ¤«ï ®¤®¢à¥-

¬¥®© à ¡®âë á æ¨ª«®¬ t;
è £ 5. ¯¥à¥ç¨á«ï¥¬ nt ¢ D~s+1 ¨ ã¤®¢«¥â¢®àï¥¬ âà¥¡®¢ ¨¥ Se.

�«ãç © 2. �e;s(n;m) = k = 2k0 + 1 ¤«ï ¥ª®â®à®£® k0. �¤¥áì ¤¥©áâ¢ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:
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è £ 2. ¦¤¥¬ ¨§¬¥¥¨ï A � k   ¥ª®â®à®¬ è £¥ s0 ¨ ®âªàë¢ ¥¬ æ¨ª« t + 1 ¤«ï ®¤®¢à¥-
¬¥®© à ¡®âë á æ¨ª«®¬ t;

è £ 3. ®áâ  ¢«¨¢ ¥¬ ¢á¥ æ¨ª«ë t0 > t;
è £ 4. ¯¥à¥ç¨á«ï¥¬ mt; kt ¢ A�D;
è £ 5. ¦¤¥¬  áâã¯«¥¨ï â ª®£® è £  s0 > s, çâ®

hfx : x 2 As0 �Ds0g;�i ' hfa0; a1; : : : ; amaxfmt;nt;ktgg;�i

(ïá®, çâ® ¥á«¨ â ª®£® è £  s0 ¥ áãé¥áâ¢ã¥â, â® âà¥¡®¢ ¨¥ Se ã¤®¢«¥â¢®à¥®);
è £ 6. ¦¤¥¬ ®¢®£® ¨§¬¥¥¨ï A � t (áª ¦¥¬,   ¥ª®â®à®¬ è £¥ s?) ¨ ®âªàë¢ ¥¬ æ¨ª«

t+ 1 ¤«ï ®¤®¢à¥¬¥®© à ¡®âë á æ¨ª«®¬ t;
è £ 7. ¯¥à¥ç¨á«ï¥¬ nt ¢ Ds?+1 ¨ ã¤®¢«¥â¢®àï¥¬ âà¥¡®¢ ¨¥ Se.

�¯¨á  ï áâà â¥£¨ï ã¤®¢«¥â¢®à¥¨ï âà¥¡®¢ ¨ï Se ¨¬¥¥â á«¥¤ãîé¨¥ ¢®§¬®¦ë¥ ¢ëå®¤ë.

(A) � ¦¤ë© æ¨ª« t ¢ ª®¥ç®¬ ¨â®£¥ § áâà¥¢ ¥â «¨¡®   è £¥ 4 ¢ á«ãç ¥ 1, «¨¡®   ®¤®¬
¨§ è £®¢ 2 ¨«¨ 6 ¢ á«ãç ¥ 2, ¢ ®¦¨¤ ¨¨ ¨§¬¥¥¨ï A � k. � íâ®¬ á«ãç ¥ ¬®¦¥áâ¢® A
¢ëç¨á«¨¬®¥, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î â¥®à¥¬ë.

(B) �¥ª®â®àë© ( ¨¬¥ìè¨©) æ¨ª« k0 § áâà¥¢ ¥â «¨¡®   è £¥ 1, «¨¡®   è £¥ 3 ¢ á«ãç ¥ 1,
«¨¡®   è £¥ 5 ¢ á«ãç ¥ 2. � íâ®¬ á«ãç ¥ ã¤®¢«¥â¢®àï¥¬ âà¥¡®¢ ¨¥ Se ¢ æ¨ª«¥ k.

� ª¨¬ ®¡à §®¬, ã¤®¢«¥â¢®àï¥¬ âà¥¡®¢ ¨¥ Se «¨¡®   ¢ëå®¤¥ (B) ®¯¨á ®© áâà â¥£¨¨, «¨¡®
Se ã¤®¢«¥â¢®àï¥âáï á ¯®¬®éìî ¯ àë ç¨á¥« (mk; nk) ¨«¨   è £¥ 5 (á«ãç © 1), ¨«¨   è £¥ 7
(á«ãç © 2).

�áâ «ìë¥ ç áâ¨ ª®áâàãªæ¨¨, â ª ¦¥ ª ª ¨ ¯®¤à®¡®¥ ¥¥ ®¯¨á ¨¥, â¥¯¥àì ®ç¥¢¨¤ë ¨ §¤¥áì
¥ ¯à¨¢®¤ïâáï.

�¨¦¥ ¤®ª §ë¢ îâáï ¤¢¥ â¥®à¥¬ë ¢ ¯à®â¨¢®¯®«®¦®¬  ¯à ¢«¥¨¨. � ç «  áâà®¨¬ ¥ ¢ë-
ç¨á«¨¬ãî ¯®«ã£àã¯¯ã, ª®â®à ï ¨¬¥¥â á« ¡®¥ ¯à¥¤áâ ¢«¥¨¥ ¢ ¬®¦¥áâ¢¥, ï¢«ïîé¥¬áï à §®-
áâìî ¤¢ãå ¢. ¯. ¬®¦¥áâ¢ (d-¢. ¯. ¬®¦¥áâ¢®). �®â®¬ ¤®ª §ë¢ ¥âáï, çâ® ª ¦¤ ï ª®¬¬ãâ â¨¢ ï
¢ëç¨á«¨¬ ï ¯®«ã£àã¯¯  ¨¬¥¥â á« ¡®¥ ¯à¥¤áâ ¢«¥¨¥ ¢ ª ¦¤®© ¢. ¯. áâ¥¯¥¨ a. �®-¢¨¤¨¬®¬ã,
¤®ª § â¥«ìáâ¢® íâ®© ¯®á«¥¤¥© â¥®à¥¬ë ¬®¦¥â ¡ëâì â ª¦¥ ¯®«ãç¥® á ¯®¬®éìî ¨¤¥© áâ âì¨ [1]
¨ ®¤®£® à¥§ã«ìâ â  ® ¢«®¦¥¨¨ ¨§ [3], ® §¤¥áì ¯à¨¢®¤¨âáï ¥¥ ¯àï¬®¥ ¤®ª § â¥«ìáâ¢®.

�¥®à¥¬  2. �ãé¥áâ¢ãîâ ¥ ¢ëç¨á«¨¬ ï áç¥â ï ¯®«ã£àã¯¯  S = h!;�i ¨ ¢. ¯. ¬®¦¥-

áâ¢® A â ª¨¥, çâ® d-¢. ¯. ¬®¦¥áâ¢® ! �A ¯®¤¤¥à¦¨¢ ¥â S.

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬   ! á«¥¤ãîéãî ¡¨ àãî ®¯¥à æ¨î �: ¤«ï ¢á¥å x ¨ y

3x� (3y + 1) =

8>>>>>><>>>>>>:

3x; ¥á«¨ x � y + 2;
3(x+ 1); ¥á«¨ x = y + 1;
3y + 4; ¥á«¨ x = y 6= 0;
3y + 1; ¥á«¨ x < y;
1; ¥á«¨ x = y = 0,

3x� (3y + 2) =

(
3(y + 1); ¥á«¨ x � y;
3x; ¥á«¨ x > y,

3x� 3y =

(
3x; ¥á«¨ x � y;
3y; ¥á«¨ x < y,

(3x+ 1)� (3y + 1) =

(
3x+ 1; ¥á«¨ x � y;
3y + 1; ¥á«¨ x < y,

(3x+ 2)� (3y + 2) =

(
3x+ 1; ¥á«¨ x � y;
3y + 1; ¥á«¨ x < y.

�à®¬¥ â®£®, ¯® ®¯à¥¤¥«¥¨î x� y = y � x ¤«ï ¢á¥å x; y.
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�¥£ª® ¯à®¢¥à¨âì, çâ® S = h!;�i ï¢«ï¥âáï ª®¬¬ãâ â¨¢®© ¯®«ã£àã¯¯®©. � ª ¦¥, ª ª ¢ â¥®-
à¥¬¥ 1, ¯à®¢¥àï¥âáï, çâ® ¥á«¨ hP;+P i ï¢«ï¥âáï á« ¡ë¬ ¯à¥¤áâ ¢«¥¨¥¬ ¤«ï S á ®á®¢ë¬ ¢. ¯.
¬®¦¥áâ¢®¬ P ¨ S ' hP;+P i ¯®áà¥¤áâ¢®¬ 1 � 1-ç áâ¨ç®-¢ëç¨á«¨¬®© äãªæ¨¨ f : ! ! P , â®
áãé¥áâ¢ã¥â â ª®¥ íää¥ªâ¨¢®¥ ¯¥à¥ç¨á«¥¨¥ fp0; p1; p2; : : : g ¬®¦¥áâ¢  P , çâ® pi = f(i) ¤«ï ¢á¥å
i > 0. � ª ¨ à ìè¥, ¯¥à¥ç¨á«¥¨¥ fp0; p1; : : : g ¬®¦¥áâ¢  P ¬®¦¥â ¡ëâì  ©¤¥® íää¥ªâ¨¢®
¯® ®¬¥àã ¢ëç¨á«¨¬®© äãªæ¨¨ h, ï¢«ïîé¥©áï à áè¨à¥¨¥¬ +P .

�áª®¬®¥ ¢. ¯. ¬®¦¥áâ¢® A áâà®¨¬ ¯® è £ ¬, ã¤®¢«¥â¢®àïï ¤«ï ¢á¥å e 2 ! âà¥¡®¢ ¨ï¬

Re : �e ¢áî¤ã ®¯à¥¤¥«¥  ! h!;�ei 6' h �A;� � �Ai:

�®£¤ , ®ç¥¢¨¤®, ¬®¦¥áâ¢® h �A;� � �Ai ¥ ¢ëç¨á«¨¬®¥, ® ¬®¦¥áâ¢® �A á ¢. ¯. ¤®¯®«¥¨¥¬
¥£® ¯®¤¤¥à¦¨¢ ¥â.

�§ ª®áâàãªæ¨¨ ¡ã¤¥â á«¥¤®¢ âì, çâ® ¢ ¬®¦¥áâ¢® A ¯¥à¥ç¨á«ïîâáï â®«ìª® ç¨á«  ¨§ ¬®-
¦¥áâ¢  f3i + 2 : i 2 !g. �®íâ®¬ã ¢á¥ ç¨á«  ¨§ ¬®¦¥áâ¢  f3i; 3i + 1 : i 2 !g ¯à¨ ¤«¥¦ â ¥£®
¤®¯®«¥¨î �A.

�«ï ã¤®¢«¥â¢®à¥¨ï âà¥¡®¢ ¨î Re ¯à¨ ä¨ªá¨à®¢ ®¬ e ¥ ª« ¤¥¬ ç¨á«® 3e+ 2 ¢ ¬®¦¥-
áâ¢® A ¤® â¥å ¯®à, ¯®ª    ¥ª®â®à®¬ è £¥ s ¥ ®¡ àã¦¨¬, çâ® ¤«ï ¥ª®â®à®£® D � ! � s

hD;�e;s � Di ' hSe;� � Sei; £¤¥ Se = f0; 1; 3; 4; : : : ; 3e; 3e + 1g:

�á«¨ â ª®£® è £  ¥ áãé¥áâ¢ã¥â, â® âà¥¡®¢ ¨¥ Re  ¢â®¬ â¨ç¥áª¨ ã¤®¢«¥â¢®à¥®. �á«¨ ¦¥
â ª®© è £ s áãé¥áâ¢ã¥â, â® ¯¥à¥ç¨á«ï¥¬ 3e+ 2 ¢ As+1, ã¤®¢«¥â¢®àïï Re.

�ç¥¢¨¤ë¬ ®¡à §®¬ ª®¬¡¨¨àãï íâã áâà â¥£¨î á® áâà â¥£¨ï¬¨ ª®¤¨à®¢ ¨ï ¨ à §à¥è¥¨ï,
¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨¥:

�¥®à¥¬  3. �ãáâì a > 0 | ¢. ¯. áâ¥¯¥ì. �ãé¥áâ¢ã¥â â ª®¥ ¢. ¯. ¬®¦¥áâ¢® A 2 a ¨ ¥

¢ëç¨á«¨¬ ï áç¥â ï ¯®«ã£àã¯¯  S â ª¨¥, çâ® ! �A ¯®¤¤¥à¦¨¢ ¥â S.

�¥®à¥¬  4. �«ï «î¡®© ª®¬¬ãâ â¨¢®© ¢ëç¨á«¨¬®© ¯®«ã£àã¯¯ë S ¨ «î¡®© ¢. ¯. áâ¥¯¥¨

a áãé¥áâ¢ã¥â ¢. ¯. ¬®¦¥áâ¢® A 2 a, ¯®¤¤¥à¦¨¢ îé¥¥ S.

�®ª § â¥«ìáâ¢®. �ãáâì S = h!;+Si | ¢ëç¨á«¨¬ ï ª®¬¬ãâ â¨¢ ï ¯®«ã£àã¯¯ . � ç « 
®¯à¥¤¥«¨¬ ¢á¯®¬®£ â¥«ìãî ¯®«ã£àã¯¯ã R = h!;+Ri   ¬®¦¥áâ¢¥ ! á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï
ª ¦¤®£® x � 0 ¯®«®¦¨¬ (2x+1)+R (2x+2) = x ¨  §®¢¥¬ 2x+1 ¨ 2x+2 £« ¢ë¬¨ +R-á« £ ¥¬ë¬¨
¤«ï x. �á®, çâ® ª ¦¤®¥ ç¨á«® t > 0 ï¢«ï¥âáï £« ¢ë¬ +R-á« £ ¥¬ë¬ ¤«ï ¥ª®â®à®£® (¨ â®«ìª®
®¤®£®) x. �¥¯¥àì ¤«ï ¢á¥å x, y ®¯à¥¤¥«¨¬ x +R y â ª¨¬ ®¡à §®¬: ¯ãáâì x ï¢«ï¥âáï £« ¢ë¬
+R-á« £ ¥¬ë¬ ¤«ï ¥ª®â®à®£® u1, ¨ y ï¢«ï¥âáï £« ¢ë¬ +R-á« £ ¥¬ë¬ ¤«ï ¥ª®â®à®£® v1.
�ãáâì u1 ï¢«ï¥âáï £« ¢ë¬ +R-á« £ ¥¬ë¬ ¤«ï ¥ª®â®à®£® u2 ¨ ¯ãáâì v1 ï¢«ï¥âáï £« ¢ë¬
+R-á« £ ¥¬ë¬ ¤«ï ¥ª®â®à®£® v2 ¨ â. ¤.

�¥£ª® ã¡¥¤¨âìáï, çâ® ¨¬¥¥â ¬¥áâ® ¢ â®ç®áâ¨ ®¤  ¨§ á«¥¤ãîé¨å ¢®§¬®¦®áâ¥©.
�«ãç © 1. �«ï ¥ª®â®à®£® i á¯à ¢¥¤«¨¢® ui = y. �®« £ ¥¬ x+R y = y.
�«ãç © 2. �«ï ¥ª®â®à®£® i á¯à ¢¥¤«¨¢® vi = x. �®« £ ¥¬ x+R y = x.
�«ãç © 3. �à¥¤ë¤ãé¨¥ ¤¢  á«ãç ï ¥ ¨¬¥îâ ¬¥áâ . �â® § ç¨â, çâ® áãé¥áâ¢ãîâ â ª¨¥ i, j ¨

z, çâ® ui ¨ vj ï¢«ïîâáï £« ¢ë¬¨ +R-á« £ ¥¬ë¬¨ ¤«ï z. �®« £ ¥¬ x+R y = z, ¨  §ë¢ ¥¬ x ¨
y +R-á« £ ¥¬ë¬¨ ¤«ï z.

�à®¬¥ â®£®, ¯®« £ ¥¬ x+R x = x ¤«ï ¢á¥å x.
�¥£ª® ¯à®¢¥à¨âì, çâ® R = h!;+Ri ï¢«ï¥âáï ª®¬¬ãâ â¨¢®© ¢ëç¨á«¨¬®© ¯®«ã£àã¯¯®©.
�¥¯¥àì ¤«ï ª ¦¤®£® i 2 ! ®¯à¥¤¥«ï¥¬ ¬®¦¥áâ¢® [i] ¢ ¢¨¤¥ ª®¥ç®£® ¬®¦¥áâ¢  fx : 2i�1 �

x < 2i+1 � 1g. �á®, çâ® ! = [
i2!

[i]. �ãáâì [i] = fai;0 < ai;1 < � � � < ai;2i�1g.

�à¥¤¯®«®¦¨¬, çâ® A 2 a | ¯à®¨§¢®«ì®¥ ¢. ¯. ¬®¦¥áâ¢®. �¨ªá¨àã¥¬ â ª®¥ íää¥ªâ¨¢®¥
¯¥à¥ç¨á«¥¨¥ fAsgs2! ¬®¦¥áâ¢  A, çâ® ¤«ï «î¡®£® s ¨¬¥¥â ¬¥áâ® jAs+1 �Asj � 1.

�®áâà®¨¬ ¢. ¯. ¬®¦¥áâ¢® B �T A,   â ª¦¥ ¢ëç¨á«¨¬ãî äãªæ¨î P = [
s
Ps ¨ ç áâ¨ç®-

¢ëç¨á«¨¬ãî äãªæ¨î g = [
s
gs â ª¨¬ ®¡à §®¬, çâ® g ®¡¥á¯¥ç¨â ¨§®¬®àä®¥ ®â®¡à ¦¥¨¥ ¬¥¦¤ã

¯®«ã£àã¯¯ ¬¨ h!;+Si ¨ hB � !; P � B � !i.
�®áâàãªæ¨ï.
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� £ s = 0. �¯à¥¤¥«¨¬ B = ;, g0 = ; ¨ P0(2x; 2y) = 2z â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x+R y = z.
� £ s+1, s � 0. �ãáâì x|  ¨¬¥ìè¥¥ á¢®¡®¤®¥ ç¨á«®. (�¨á«® x 2 !  §ë¢ ¥âáï á¢®¡®¤ë¬

  è £¥ s, ¥á«¨ x =2 rang g.) �ãáâì g0 = gs [ fh2s + 1; xig. �«ï «î¡®£® t 2 dom gs  § ç ¥¬ t
á« £ ¥¬ë¬ ¤«ï 2s+ 1, ¥á«¨ gs(t) ï¢«ï¥âáï ¥ª®â®àë¬ +S-á« £ ¥¬ë¬ ¤«ï x, ¨  § ç ¥¬ 2s+ 1
á« £ ¥¬ë¬ ¤«ï t, ¥á«¨ x ï¢«ï¥âáï ¥ª®â®àë¬ +S-á« £ ¥¬ë¬ ¤«ï gs(t). �«ï «î¡®£® 2k =2 dom gs
 § ç ¥¬ 2s+ 1 á« £ ¥¬ë¬ ¤«ï 2k.

�á«¨ x ¨ y | ¤¢  à §«¨çëå á« £ ¥¬ëå ¤«ï z, â® ®¯à¥¤¥«¨¬ Ps+1(x; y) = z.
�á«¨ As+1�As = ;, â® ¯®« £ ¥¬ Bs+1 = Bs, gs+1 = g0. � ¯à®â¨¢®¬ á«ãç ¥ ¯ãáâì m2As+1�As.

�ãáâì nm 2 [m] ï¢«ï¥âáï â ª¨¬  ¨¡®«ìè¨¬ í«¥¬¥â®¬ [m], çâ® 8y < m (y =2 As ! 8j 2 [y] (nm
ï¢«ï¥âáï +R-á« £ ¥¬ë¬ ¤«ï j)).

�ãáâì z 2 ! |  ¨¡®«ìè¥¥  âãà «ì®¥ ç¨á«® â ª®¥, çâ® 8k 2 dom g0 g0(k) ï¢«ï¥âáï
+S-á« £ ¥¬ë¬ ¤«ï z. �¯à¥¤¥«¨¬ gs+1 = g0 [ h2n; zi; Bs+1 = Bs [ fng.

B ª ¦¤®¬ á«ãç ¥ ¯®« £ ¥¬ Ps+1(i; j) = Ps(i; j) ¤«ï ¢á¥å hi; ji 2 domPs.
�®¥æ ª®áâàãªæ¨¨.

�¥¬¬ . A �T B � !.

�®ª § â¥«ìáâ¢®. �§ ª®áâàãªæ¨¨ á«¥¤ã¥â

8i(cardfB \ [i]g � 1) (1)

¨ ¤«ï ¢á¥å i

i 2 A$ [i] \B 6= ;: (2)

�¥¯¥àì ¨§ (2) ¢ëâ¥ª ¥â, çâ® A �T B. �â®¡ë ¯à®¢¥à¨âì ãá«®¢¨¥ x 2 B,  å®¤¨¬ â ª®¥ i, çâ®
x 2 [i], ¨ ¯à®¢¥àï¥¬ ¢ë¯®«¥¨¥ ãá«®¢¨ï i 2 A. �á«¨ i =2 A, â® x =2 B, ¡« £®¤ àï Si. �á«¨ i 2 A,
â® [i] \ B 6= ;. �¥à¥ç¨á«ïï B, ¬®¦¥¬  ©â¨ â ª®¥ y, çâ® y 2 [i] \ B. �¥¯¥àì ¨§ (1) á«¥¤ã¥â, çâ®
x 2 B â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x = y.

�§ ª®áâàãªæ¨¨ ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â, çâ® g : B�! ! ! ï¢«ï¥âáï ç áâ¨ç®-¢ëç¨á«¨¬®©
äãªæ¨¥© (á«¥¤®¢ â¥«ì®, g�1 : ! ! B � ! ï¢«ï¥âáï ¢áî¤ã ®¯à¥¤¥«¥®© ¢ëç¨á«¨¬®© äãªæ¨-
¥©), ª®â®à ï ®¡¥á¯¥ç¨¢ ¥â âà¥¡ã¥¬ë© ¨§®¬®àä¨§¬ hB � !; P � B � !i ' h!;+Si.
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