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�¢¥¤¥¨¥. � à ¡®â¥ ¯à¥¤«®¦¥ ®¢ë© ¨â¥à æ¨®ë© ¬¥â®¤, ª®â®àë© ¯®§¢®«ï¥â íää¥ªâ¨¢-
® à¥è âì á¨«ì® ¥á¨¬¬¥âà¨çë¥ á¨áâ¥¬ë ãà ¢¥¨©, ¯®«ãç ¥¬ë¥,  ¯à¨¬¥à, ¢ à¥§ã«ìâ â¥
æ¥âà «ì®-à §®áâ®©  ¯¯à®ªá¨¬ æ¨¨ ãà ¢¥¨ï ª®¢¥ªæ¨¨-¤¨ääã§¨¨ á ¯à¥®¡« ¤ îé¥© ª®-
¢¥ªæ¨¥©. �à¨¢¥¤¥ë ¤®áâ â®çë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨.

�§¢¥áâ® [1], çâ® ¨â¥à æ¨®ë¥ ¬¥â®¤ë, ¯à¨¬¥ï¥¬ë¥ ¤«ï à¥è¥¨ï «¨¥©ëå á¨áâ¥¬

Ay = f; (1)

¬®£ãâ ¡ëâì ®¡ê¥¤¨¥ë ®¡é¥© ä®à¬ã«®©

Bj

yj+1 � yj

�j
= �(Ayj � f); (2)

£¤¥ fBjg | ¯®á«¥¤®¢ â¥«ì®áâì ¥¢ëà®¦¤¥ëå ¬ âà¨æ, f�jg | ¯®á«¥¤®¢ â¥«ì®áâì ¢¥é¥-
áâ¢¥ëå ¯ à ¬¥âà®¢, yj | ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ j-© ¨â¥à æ¨¨. �á«¨ ¢¢¥áâ¨ ®¡®§ ç¥¨¥
Hj = �jB

�1
j , â® ¨â¥à æ¨®ë© ¯à®æ¥áá ¬®¦® § ¯¨á âì ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥

yj+1 = yj �Hj(Ay
j � f):

�¯à¥¤¥«¥¨¥ [2]. �¨ª«¨ç¥áª¨¬¨  §ë¢ îâáï ¨â¥à æ¨®ë¥ ¬¥â®¤ë, ª®â®àë¥ ®¡« ¤ îâ
á¢®©áâ¢®¬ Hj = Hj+s ¤«ï «î¡®£® j � 0 ¨ ¥ª®â®à®£® ä¨ªá¨à®¢ ®£® s � 1.

�î¡ ï ¬ âà¨æ  A à §« £ ¥âáï ¢ áã¬¬ã

A = A0 +A1;

£¤¥ A0 = 1
2
(A + A�) = A�

0 | á¨¬¬¥âà¨ç ï,   A1 = 1
2
(A � A�) = �A�

1 | ª®á®á¨¬¬¥âà¨ç ï
á®áâ ¢«ïîé¨¥ ¬ âà¨æë A. �î¡ãî ª®á®á¨¬¬¥âà¨çãî ¬ âà¨æã A1 ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

A1 = KH +KB;

£¤¥ KH ¨ KB | á®®â¢¥âáâ¢¥® áâà®£® ¨¦ïï ¨ áâà®£® ¢¥àåïï âà¥ã£®«ìë¥ ç áâ¨ ¬ âà¨æë
A1, ¯à¨ç¥¬ ¤«ï ¨å á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  KH = �K�

B, KB = �K�
H .

�¤¥ï, ¯à¥¤«®¦¥ ï ¢ [3], ¢ª«îç âì ¢ ®¯¥à â®à ¬¥â®¤  B âà¥ã£®«ìë¥ ç áâ¨ â®«ìª® ª®á®-
á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© A1 ¨áå®¤®© ¬ âà¨æë A ¯®§¢®«ï¥â ¯®«ãç¨âì ®¢ë© ª« áá ¥-
ï¢ëå âà¥ã£®«ìëå ª®á®á¨¬¬¥âà¨ç¥áª¨å ¨â¥à æ¨®ëå ¬¥â®¤®¢, ª®â®àë¥ ®¤®¢à¥¬¥® ¨¬¥îâ
¤®áâ â®ç® ¯à®áâãî áâàãªâãàã ¨ ¢ â® ¦¥ ¢à¥¬ï ¯à¥¤ § ç¥ë ¤«ï à¥è¥¨ï á¨áâ¥¬ á ¥á ¬®-
á®¯àï¦¥ë¬¨ á¨«ì® ¥á¨¬¬¥âà¨ç¥áª¨¬¨1 ¬ âà¨æ ¬¨.

� [3] ¯à¥¤«®¦¥  áâàãªâãà  ®¯¥à â®à  B, ã¤®¢«¥â¢®àïîé ï à ¢¥áâ¢ã

B1 = �A1; (3)

1� âà¨æ  A  §ë¢ ¥âáï á¨«ì® ¥á¨¬¬¥âà¨ç®©, ¥á«¨ ¢ ª ª®©-«¨¡® ®à¬¥ kA1k � kA0k.
�  ï à ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©, £à â ò 00-01-00011.

36



£¤¥ B1 = (B�B�)=2. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (3) ®¯¥à â®à B� �A ï¢«ï¥âáï á ¬®á®¯àï¦¥ë¬
¨ B � �A = B0 � �A0. �¯¥à â®à®¥ à ¢¥áâ¢® (3) ï¢«ï¥âáï ®á®¢ë¬ ¯à¨ ª®áâàã¨à®¢ ¨¨
ª®á®á¨¬¬¥âà¨çëå ¨â¥à æ¨®ëå ¬¥â®¤®¢ ¤«ï á¨«ì® ¥á¨¬¬¥âà¨çëå § ¤ ç.

� à ¡®â¥ [4] à áá¬®âà¥ ®¯¥à â®à

B = E + 2�KH (4)

âà¥ã£®«ì®£® ª®á®á¨¬¬¥âà¨ç¥áª®£® ¬¥â®¤  (���),   ¢ [5] { ®¯¥à â®à B = (E + �KH)(E � �KB)
¯®¯¥à¥¬¥®-âà¥ã£®«ì®£® ª®á®á¨¬¬¥âà¨ç¥áª®£® ¬¥â®¤  (����). � ¬ ¦¥ ¤ ë ®æ¥ª¨ áª®à®-
áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤®¢ ¨ ¯à¥¤«®¦¥ë ¯ãâ¨ ¢ë¡®à  ®¯â¨¬ «ì®£® ¨â¥à æ¨®®£® ¯ à ¬¥âà .
� à ¡®â å [6]{[7] ¨áá«¥¤®¢  ®¯¥à â®à B = E + � 2KHKB + 2�KH , ª®â®àë© ¨¬¥¥â âà¥ã£®«ìãî
áâàãªâãàã â®«ìª® ¢ ®¤®¬¥à®¬ á«ãç ¥.

1. �¢ãæ¨ª«¨ç¥áª¨© ª®á®á¨¬¬¥âà¨çë© âà¥ã£®«ìë© ¬¥â®¤ (���� ). �ãáâì ®¯¥à â®à B
¨¬¥¥â áâàãªâãàã (4). �ã¤¥¬ ¨áª âì à¥è¥¨¥ á¨áâ¥¬ë (1) á ¯®¬®éìî ¤¢ãæ¨ª«¨ç¥áª®£® ¨â¥à æ¨-
®®£® ¬¥â®¤  ���� [8]. � íâ®© æ¥«ìî à áá¬®âà¨¬ ¨â¥à æ¨®ë© ¬¥â®¤ (2), ¢ ª®â®à®¬ ¯¥à¥å®¤
®â j-© ¨â¥à æ¨¨ ª (j + 1)-© ®áãé¥áâ¢«ï¥âáï ¢ ¤¢  íâ ¯ .

�  ¯¥à¢®¬ íâ ¯¥  å®¤¨âáï § ç¥¨¥ yj+1=2

(E + 2�HKH)
yj+1=2 � yj

�H
+Ayj = f; (5)

  § â¥¬ ¨§

(E + 2�BKB)
yj+1 � yj+1=2

�B
+Ayj+1=2 = f (6)

¨é¥âáï yj+1. �¤¥áì �H > 0 ¨ �B > 0 | ¨â¥à æ¨®ë¥ ¯ à ¬¥âàë, BH = E + 2�HKH , BB =
E + 2�BKB | ®¯¥à â®àë ¬¥â®¤ . �¨ª« ¢ëç¨á«¥¨© á®áâ®¨â ¢ ¯®®ç¥à¥¤®¬ ¯à¨¬¥¥¨¨ ¨â¥à -
æ¨®ëå ¬¥â®¤®¢ (5) ¨ (6).

2. �®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ����. �«¥¤ãï [1], ãá«®¢¨ï áå®¤¨¬®áâ¨ áä®à¬ã«¨àã¥¬
¢ ¢¨¤¥ «¥£ª® ¯à®¢¥àï¥¬ëå ®¯¥à â®àëå ¥à ¢¥áâ¢, á¢ï§ë¢ îé¨å ®¯¥à â®àë A ¨ B.

�¯à¥¤¥«¨¬ ¯®£à¥è®áâ¨ zk, zk+1=2 ¨ zk+1 ���� ª ª à §®áâ¨ zk = yk�y, zk+1=2 = yk+1=2�y,
zk+1 = yk+1 � y ¬¥¦¤ã à¥è¥¨ï¬¨ yk, yk+1=2 ¨ yk+1 ¢ (5) ¨ (6) ¨ â®çë¬ à¥è¥¨¥¬ y ¨áå®¤®©
á¨áâ¥¬ë (1). �¢¥¤¥ë¥ ¯®£à¥è®áâ¨ ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬

BHz
k+1=2 = (BH � �HA)z

k; BBz
k+1 = (BB � �BA)z

k+1=2;

¨áª«îç¨¢ ¨§ ª®â®àëå zk+1=2, ¯®«ãç¨¬ ãà ¢¥¨¥, á¢ï§ë¢ îé¥¥ â®«ìª® zk ¨ zk+1, zk+1 = Gzk, £¤¥
®¯¥à â®à ¯¥à¥å®¤  G ¨¬¥¥â ¢¨¤ G = B�1

B (BB � �BA)B
�1
H (BH � �HA).

�®á®á¨¬¬¥âà¨ç¥áª¨¥ á®áâ ¢«ïîé¨¥ BH1 ¨ BB1 ®¯¥à â®à®¢ BH = BH0+BH1 ¨ BB = BB0+BB1

á®®â¢¥âáâ¢¥® ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬

BH1 =
1
2
(BH �B�

H) = �HA1; BB1 =
1
2
(BB �B�

B) = �BA1;

çâ® ¤ ¥â á ¬®á®¯àï¦¥®áâì ®¯¥à â®à®¢ (BH � �HA) ¨ (BB � �BA), ¨ ¢ íâ®¬ á«ãç ¥ ®¯¥à â®à
¯¥à¥å®¤  ¨¬¥¥â ¢¨¤ G = B�1

B (BB0 � �BA0)B
�1
H (BH0 � �HA0).

�«ï áãé¥áâ¢®¢ ¨ï ®¯¥à â®à®¢ B1=2
H0 , B

�1=2
H0 ¨ B1=2

B0 , B
�1=2
B0 ¯®âà¥¡ã¥¬ ¯®«®¦¨â¥«ìãî ®¯à¥¤¥-

«¥®áâì á¨¬¬¥âà¨ç¥áª¨å á®áâ ¢«ïîé¨å ®¯¥à â®à®¢ ¬¥â®¤ 

BH0 = B�
H0 > 0; BB0 = B�

B0 > 0: (7)

�¢¥¤¥¬ ®¯¥à â®àë

PB0 = B
�1=2
B0 A0B

�1=2
B0 = P �

B0; PB1 = B
�1=2
B0 A1B

�1=2
B0 = �P �

B1;

PH0 = B
�1=2
H0 A0B

�1=2
H0 = P �

H0; PH1 = B
�1=2
H0 A1B

�1=2
H0 = �P �

H1:
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�®£¤  ®¯¥à â®à ¯¥à¥å®¤  G ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï ¤¢ãå ®¯¥à â®à®¢: G = GBGH ,
£¤¥ GB = B

�1=2
B0

bGBB
1=2
B0 , GH = B

�1=2
H0

bGHB
1=2
H0 , bGB = (E + �BPB1)�1(E � �BPB0), bGH = (E +

�HPH1)�1(E � �HPH0). �âáî¤  ¢¨¤®, çâ® ®¯¥à â®à GH ¯®¤®¡¥ ®¯¥à â®àã bGH ,   ®¯¥à â®à GB

¯®¤®¡¥ ®¯¥à â®àã bGB.
� ¦¤ë© ¨§ ®¯¥à â®à®¢ BH0 ¨ BB0 ¯®à®¦¤ ¥â í¥à£¥â¨ç¥áªãî ®à¬ã ¢ £¨«ì¡¥àâ®¢®¬ ¯à®-

áâà áâ¢¥ H. �§ï¢ á¯¥ªâà «ìãî ®à¬ã ®¯¥à â®à  G

kGHkBH0
= k bGHk; kGBkBB0 = k bGBk;

¨ ¨á¯®«ì§ãï á¢®©áâ¢  ®à¬ [10], ¯®«ãç¨¬

kGk � k bGHk k bGBk:

� ª ª ª ®¯¥à â®àë PB1 ¨ PH1 ª®á®á¨¬¬¥âà¨çë¥, â®, ª ª ¯®ª § ® ¢ [4], k(E+ �BPB1)�1k � 1
¨ k(E + �HPH1)�1k � 1.

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  1. �«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®®£® ¬¥â®¤  (5){(6) á ®¯¥à â®à ¬¨ BB ¨ BH , ã¤®-
¢«¥â¢®àïîé¨¬¨ à ¢¥áâ¢ã (3) ¨ ¥à ¢¥áâ¢ ¬ (7), ¤®áâ â®ç®, çâ®¡ë

kGk � kE � �BPB0k kE � �HPH0k < 1: (8)

�¥®à¥¬  2 ([8]). �«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®®£® ¬¥â®¤  (5){(6) á ®¯¥à â®à ¬¨ BB ¨ BH ,
ã¤®¢«¥â¢®àïîé¨¬¨ à ¢¥áâ¢ã (3) ¨ ¥à ¢¥áâ¢ ¬ (7), ¤®áâ â®ç® ¢ë¯®«¥¨ï ®¯¥à â®àëå
¥à ¢¥áâ¢

BB0 >
�B

1 +m
A0 >

1�m

1 +m
BB0; BH0 >

�H
1 + 1

m

A0 >
m� 1
1 +m

BH0: (9)

�®ª § â¥«ìáâ¢®. �á«¨ ¢ë¯®«ï¥âáï á¨áâ¥¬  ¥à ¢¥áâ¢

kE � �BPB0k < m; kE � �HPH0k < 1=m;

£¤¥ m | ¯®«®¦¨â¥«ì®¥ ç¨á«®, â® ¢ë¯®«ï¥âáï ¨ ¥à ¢¥áâ¢® (8). �âáî¤  ¢ á¨«ã á ¬®á®¯àï-
¦¥®áâ¨ ®¯¥à â®à®¢ PB0 ¨ PH0 ¨¬¥¥¬

�mE < E � �BPB0 < mE; �
1
m
E < E � �HPH0 <

1
m
E;

¯®íâ®¬ã

(1�m)E < �BPB0 < (1 +m)E;
�
1�

1
m

�
E < �HPH0 <

�
1 +

1
m

�
E:

�¬®¦ ï ®¡¥ ç áâ¨ ¯¥à¢®£® ¥à ¢¥áâ¢  íâ®© á¨áâ¥¬ë á«¥¢  ¨ á¯à ¢    B1=2
B0 ,   ¢â®à®£® ¥à -

¢¥áâ¢  |   B1=2
H0 , ¯®«ãç¨¬ (9).

� ¬¥ç ¨¥. �à¨ m = 1 ª ¦¤®¥ ¨§ ®¯¥à â®àëå ¥à ¢¥áâ¢ á¨áâ¥¬ë (9) ¨¬¥¥â â®â ¦¥ ¢¨¤,
çâ® ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¤«ï ��� B0 >

�
2
A0 > 0, ¯®«ãç¥®¥ ¢ [9].

3. �®áâ â®çë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ ���� ¢ ®£à ¨ç¥¨ïå   ¨â¥à æ¨®ë¥ ¯ à ¬¥âàë.
�ç¨âë¢ ï á ¬®á®¯àï¦¥®áâì ®¯¥à â®à®¢ BH0, BB0 ¨ A0 ¨ á¢®©áâ¢  ®¯¥à â®àëå ¥à ¢¥áâ¢
[10], ¨áª«îç¨¬ ¨§ á¨áâ¥¬ë ¥à ¢¥áâ¢ (9) ¯ à ¬¥âà m. �¯¥à â®àë¥ ¥à ¢¥áâ¢  BB0 >

�B
1+m

A0,
BH0 >

�H
1+1=m

A0 ®§ ç îâ, çâ® á¯¥ªâàë íâ¨å ®¯¥à â®à®¢ ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬

�k

�
BB0 �

�B
1 +m

A0

�
> 0; �k

�
BH0 �

�H
1 + 1=m

A0

�
> 0: (10)

� áá¬®âà¨¬ á¨¬¬¥âà¨ç¥áª¨¥ á®áâ ¢«ïîé¨¥ ®¯¥à â®à®¢ BH ¨ BB:

BH0 = E + �H(KH +K�
H) = E + �H(KH �KB) = E + �HK; (11)

BB0 = E + �B(KB +K�
B) = E + �B(KB �KH) = E � �BK; (12)
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£¤¥ K = KH �KB .
� ¬¥â¨¬, çâ® C-®à¬ë ¬ âà¨æ K ¨ A1 á®¢¯ ¤ îâ, â. ª. ®¨ ¨¬¥îâ ¢ áâà®ª å ®¤¨ ª®¢ë¥

¯® ¬®¤ã«î í«¥¬¥âë. �ç¨âë¢ ï ®à¬ «ì®áâì ¬ âà¨æ K ¨ A1, ¯®«ãç ¥¬, ª ª ¨ ¢ [11], ¤«ï
á¯¥ªâà «ì®© ®à¬ë íâ¨å ¬ âà¨æ ¥à ¢¥áâ¢® kKk2 � kKk1 = kA1k1.

�ç¨âë¢ ï ¥à ¢¥áâ¢  (11) ¨ (12), ¯®«ãç¨¬ ®æ¥ª¨ (1��BkA1k1)E < BB0 < (1+�BkA1k1)E,
(1 � �HkA1k1)E < BH0 < (1 + �HkA1k1)E. �à¨ íâ®¬ ¤®áâ â®çë¥ ãá«®¢¨ï (7) ¯®«®¦¨â¥«ì®©
®¯à¥¤¥«¥®áâ¨ ®¯¥à â®à®¢ BH ¨ BB ¯à¨¬ãâ ¢¨¤

0 < �H <
1

kA1k1
; 0 < �B <

1
kA1k1

: (13)

�á«¨ á¯à ¢¥¤«¨¢ë ®æ¥ª¨ �1E � A0 � �nE, â® ¯® á¢®©áâ¢ ¬ ®¯¥à â®àëå ¥à ¢¥áâ¢ [11] ¨§
«¥¢®© ç áâ¨ á¨áâ¥¬ë ¥à ¢¥áâ¢ (9) á ãç¥â®¬ (13) á«¥¤ãîâ ¥à ¢¥áâ¢ 

1� �BkA1k1 �
�B

1 +m
�n > 0; 1� �HkA1k1 �

�H
1 + 1=m

�n > 0:

�ç¨âë¢ ï ¯®«®¦¨â¥«ì®áâì m, ¯à¥®¡à §ã¥¬ ¯à¥¤ë¤ãéãî á¨áâ¥¬ã ¥à ¢¥áâ¢ ª ¢¨¤ã (1+m)(1�
�BkA1k1)��B�n > 0, (1+1=m)(1��HkA1k1)��H�n > 0 ¨«¨m(1��BkA1k1) > �B(�n+kA1k1)�1,
1
m
(1� �HkA1k1) > �H(�n + kA1k1)� 1. � á¨«ã ¥à ¢¥áâ¢ (13) ¨¬¥¥¬

m >
�B(�n + kA1k1)� 1

1� �BkA1k1
;

1
m

>
�H(�n + kA1k1)� 1

1� �HkA1k1
: (14)

� áá¬®âà¨¬ â¥¯¥àì ¤¢  ¢ à¨ â  ®£à ¨ç¥¨©   ¨â¥à æ¨®ë¥ ¯ à ¬¥âàë. �á«¨ ¢ (14)

�H(�n + kA1k1)� 1 > 0; (15)

â® (14) ¨ (15) ¯à¨¢®¤ïâ ª á¨áâ¥¬¥

�B(�n + kA1k1)� 1
1� �BkA1k1

<
1� �HkA1k1

�H(�n + kA1k1)� 1
; �H(�n + kA1k1)� 1 > 0:

�âáî¤  ¯®á«¥ ¥á«®¦ëå ¢ëª« ¤®ª ¨¬¥¥¬ ¤¢¥ à ¢®á¨«ìëå á¨áâ¥¬ë:

�B(�H(�n + 2kA1k1)� 1) < �H ; �H(�n + kA1k1)� 1 > 0 (16)

¨

�H(�B(�n + 2kA1k1)� 1) < �B; �H(�n + kA1k1)� 1 > 0: (17)

�à¥¤¯®«®¦¨¬, çâ® ¢ (14)

�B(�n + kA1k1)� 1 > 0: (18)

�á¯®«ì§ãï ãá«®¢¨¥ (15), ¯®«ãç ¥¬ �H(�n + 2kA1k1) � 1 = �H(�n + kA1k1) � 1 + �HkA1k1 > 0.
�à¨ ãá«®¢¨¨ (18) ¨¬¥¥¬ �B(�n+2kA1k1)� 1 = �B(�n+ kA1k1)� 1+ �BkA1k1 > 0. �à¥®¡à §®¢ ¢
(16), ¯®«ãç¨¬ ¤®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¬¥â®¤  ¢ ¢¨¤¥ ¥à ¢¥áâ¢

1
kA1k1 + �n

< �B <
�H

�H(�n + 2kA1k1)� 1
;

1
kA1k1 + �n

< �H <
1

kA1k1
:

(19)

�á¯®«ì§ãï   «®£¨ç®áâì ¢ëª« ¤®ª ¤«ï (17), § ¯¨è¥¬ ¤®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¢
¢¨¤¥

1
kA1k1 + �n

< �H <
�B

�B(�n + 2kA1k1)� 1
;

1
kA1k1 + �n

< �B <
1

kA1k1
:

(20)
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�¥®à¥¬  3. �ãáâì ¤«ï ®¯¥à â®à  A ¨áå®¤®© á¨áâ¥¬ë (1) ¢ë¯®«¥  ®æ¥ª  0 < �1E �
A0 � �nE. �®£¤  ¤«ï áå®¤¨¬®áâ¨ ¨â¥à æ¨®®£® ¬¥â®¤  (5), (6) ¤®áâ â®ç® ¢ë¯®«¥¨ï á¨-
áâ¥¬ë ¥à ¢¥áâ¢ (19) ¨«¨ (20).

� ¬¥ç ¨¥ 1. �à¨ m = 1 ¤®áâ â®çë¥ ãá«®¢¨ï áå®¤¨¬®áâ¨ (19) ¨ (20) ¯à¨¨¬ îâ ¢¨¤

0 < �H <
1

kA1k1 + �n=2
<

1
kA1k1

;

0 < �B <
1

kA1k1 + �n=2
<

1
kA1k1

:

�®«ãç¥ë¥ ®æ¥ª¨ á®¢¯ ¤ îâ á �áå ¤«ï ��� [4].

� ¬¥ç ¨¥ 2. �¨áâ¥¬ë ¥à ¢¥áâ¢ (19) ¨ (20) ¤ îâ ®æ¥ª¨ ¨â¥à¢ «®¢ áå®¤¨¬®áâ¨ ¬¥â®¤®¢,
£¤¥  ¤® ¨áª âì ®¯â¨¬ «ìë¥ ¯ à ¬¥âàë. � «¨ç¨¥ â ª¨å ®æ¥®ª ®¡«¥£ç ¥â à¥è¥¨¥ íâ®© § ¤ ç¨.

� ¬¥ç ¨¥ 3. �«ï  å®¦¤¥¨ï ®¯â¨¬ «ìëå ¨â¥à æ¨®ëå ¯ à ¬¥âà®¢, ®¡¥á¯¥ç¨¢ îé¨å
 ¨¢ëáèãî áª®à®áâì áå®¤¨¬®áâ¨ ����, ¥®¡å®¤¨¬®  ©â¨ ¬¨¨¬ã¬ ®à¬ë ®¯¥à â®à  ¯¥à¥å®¤ 
G ¨«¨ ¬¨¨¬ã¬ ¯à®¨§¢¥¤¥¨ï ®à¬ ®¯¥à â®à®¢ (E � �BPB0) ¨ (E � �HPH0) ¢ á¨«ã ¤®áâ â®ç®£®
ãá«®¢¨ï áå®¤¨¬®áâ¨ (8). � áâë¬ á«ãç ¥¬ íâ®© § ¤ ç¨ ï¢«ï¥âáï à áá¬®âà¥ ï ¢ [4] ¬¨¨¬ ªá-
 ï § ¤ ç   å®¦¤¥¨ï ®¯â¨¬ «ì®£® ¯ à ¬¥âà  ®â¤¥«ì® ¤«ï ª ¦¤®£® ¨§ íâ¨å ®¯¥à â®à®¢,
á¢®¤ïé ïáï ª à¥è¥¨î á«¥¤ãîé¥© § ¤ ç¨ ¤«ï �B ¨«¨ �H ,

f(�) =
��1

1 + �kA1k1
� 2 +

��n
1� �kA1k1

= 0:

� ¬¥â¨¬, çâ®

f

�
1

�n + kA1k1

�
=

�1
�n + 2kA1k1

� 1 < 0;

f

�
1

�n=2 + kA1k1

�
=

�1
�n=2 + 2kA1k1

> 0:

�âáî¤  ¬®¦® á¤¥« âì ¢ë¢®¤, çâ® ¤®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ £ à â¨àã¥â áãé¥áâ¢®¢ ¨¥
� = �®¯â 2

�
1

�n+kA1k1
; 1
�n=2+kA1k1

�
, ¨ íâ® § ç¥¨¥ �®¯â ¥¤¨áâ¢¥®¥, â. ª. ¯à®¨§¢®¤ ï f 0(�) ¯à¨

íâ®¬ á®åà ï¥â § ª. �á«¨ ¤®¯®«¨â¥«ì® kA1k � kA0k, â® § ç¥¨¥ �®¯â ¯à¨ à áç¥â å ¬®¦®
¡à âì à ¢ë¬ 1

�n=2+kA1k1
, â. ª. ¢¥«¨ç¨  f

�
1

�n=2+kA1k1

�
¤®¢®«ì® ¡«¨§ª  ª ã«î.

�¨á«¥®¥ ¨áá«¥¤®¢ ¨¥ ¡ë«® ¯à®¢¥¤¥® ¤«ï ¤¢ãå ¬¥â®¤®¢: ��� ¨ ����. �â«¨ç¨¥ íâ¨å
¬¥â®¤®¢ § ª«îç ¥âáï ¢ â®¬, çâ® ¢ ��� ®¯¥à â®à ¬¥â®¤  B á®¤¥à¦¨â «¨¡® KH , «¨¡® KB ,   ¢
���� KH ¨ KB ç¥à¥¤ãîâáï.

�¨á«¥®¥ ¨áá«¥¤®¢ ¨¥ ¨â¥à æ¨®ëå ¬¥â®¤®¢ ¯à®¢®¤¨«®áì   á«¥¤ãîé¥© ¬®¤¥«ì®© § ¤ -
ç¥. � § ¬ªãâ®© ®¡« áâ¨ 
 = [0; 1] � [0; 1] à áá¬ âà¨¢ «®áì áâ æ¨® à®¥ ãà ¢¥¨¥ ª®¢¥ªæ¨¨-
¤¨ääã§¨¨

�
1
Pe
�s+

1
2

�
u
@s

@x
+
@(us)
@x

+ v
@s

@y
+
@(vs)
@y

�
= f(x; y);

ª®¢¥ªâ¨¢ë¥ ç«¥ë ª®â®à®£® § ¯¨á ë ¢ ¢¨¤¥ ¯®«ãáã¬¬ë ¤¨¢¥à£¥â®© ¨ ¥¤¨¢¥à£¥â®©
ä®à¬. �  £à ¨æ¥ áâ ¢¨«¨áì ãá«®¢¨ï 1-£® à®¤ . � à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ áâà®¨« áì à ¢-
®¬¥à ï á¥âª  á à ¢ë¬¨ è £ ¬¨ ¯® ®¡®¨¬  ¯à ¢«¥¨ï¬

!h = f(ih; jh); i; j = 0; 1; : : : ; N; h = 1=Ng:

�®á«¥  ¯¯à®ªá¨¬ æ¨¨ íâ®£® ãà ¢¥¨ï   áâ ¤ àâ®¬ ¯ïâ¨â®ç¥ç®¬ è ¡«®¥, £¤¥ ª®¢¥ª-
â¨¢ ï ç áâì  ¯¯à®ªá¨¬¨àã¥âáï æ¥âà «ìë¬¨ à §®áâï¬¨, ¯®«ãç ¥âáï á¨áâ¥¬  «¨¥©ëå  «-
£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á ¤¨áá¨¯ â¨¢®© ¯ïâ¨¤¨ £® «ì®© ¬ âà¨æ¥© A. � áç¥âë ¯à®¢®¤¨«¨áì
¯à¨ à §ëå ç¨á« å Pe.

�â¥à æ¨®ë© ¯à®æ¥áá ¯à¥ªà é «áï, ¥á«¨ kr(k)k2=kr(0)k2 < ", " = 10�6, £¤¥ r(k) ¨ r(0) |
¥¢ï§ª¨ á®®â¢¥âáâ¢¥®   k-© ¨ 0-© ¨â¥à æ¨ïå.
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� ª ç¥áâ¢¥ â®ç®£® £« ¤ª®£® à¥è¥¨ï ¡à « áì äãªæ¨ï es(x; y) = exy sin�x sin�y, ®¡à é î-
é ïáï ¢ ã«ì   £à ¨æ¥. �®ç®áâì ®¯à¥¤¥«ï« áì ®â®á¨â¥«ì®© ¯®£à¥è®áâìî � = ks�~sk

k~sk
100%,

£¤¥ s | ¯®«ãç¥®¥ à¥è¥¨¥, es | â®ç®¥ à¥è¥¨¥.
�à¨ ¯à®¢¥¤¥¨¨ ç¨á«¥®£® ¨áá«¥¤®¢ ¨ï ¡ë«® à áá¬®âà¥® ç¥âëà¥ ¢ à¨ â  § ¤ ¨ï ª®-

íää¨æ¨¥â®¢ ¯à¨ ª®¢¥ªâ¨¢ëå ç«¥ å (â ¡«. 1).

� ¡«¨æ  1.

� ¤ ç  1 � ¤ ç  2 � ¤ ç  3 � ¤ ç  4
u = 1, u = 1� 2x, u = x+ y, u = sin 2�x,
v = �1 v = 2y � 1 v = x� y v = �2�y cos 2�x

�áá«¥¤®¢ «®áì ¢«¨ï¨¥ ç¨á«  Pe ¨ ¨â¥à æ¨®®£® ¯ à ¬¥âà  �   ¢¥«¨ç¨ã n ç¨á«  ¨â¥à -
æ¨©. �¨á«¥® ¯®¤â¢¥à¤¨«®áì áãé¥áâ¢®¢ ¨¥ â ª¨å § ç¥¨© �®¯â, ¤«ï ª®â®àëå ¯à¨ ¤®áâ¨¦¥¨¨
§ ¤ ®© â®ç®áâ¨ ç¨á«® ¨â¥à æ¨© ¬¨¨¬ «ì®. �à¨¢¥¤¥ë¥ ¢ â ¡«. 2 ¤ ë¥ ¯®ª §ë¢ îâ,
çâ® ç¥à¥¤®¢ ¨¥ ®¯¥à â®à®¢ KH ¨ KB ¢ âà¥ã£®«ìëå ª®á®á¨¬¬¥âà¨çëå ¬¥â®¤ å ¤ ¥â ¢ë¨£àëè
¤«ï ¢á¥å à áá¬®âà¥ëå § ¤ ç ¯® ç¨á«ã ¨â¥à æ¨© ®â 2% ¤® 37% â®«ìª® §  áç¥â ¯®®ç¥à¥¤®£® ¨å
¨á¯®«ì§®¢ ¨ï.

� ¡«¨æ  2.

Pe ��� ���� n���=2n����
u = 1, v = �1

103 237 103 1.15
104 1779 753 1.18
105 12097 5725 1.05

u = 1� 2x, v = 2y � 1
103 397 149 1.33
104 1368 611 1.12
105 9604 4733 1.02

u = x+ y, v = x� y
103 304 111 1.37
104 1400 603 1.16
105 10985 4457 1.22

u = sin 2�x, v = �2�y cos 2�x
103 532 222 1.20
104 3936 1601 1.23
105 33344 13714 1.22

�¨â¥à âãà 
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