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� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï  «£®à¨â¬ ­ å®¦¤¥­¨ï «®ª «ì­®£® ¬¨­¨¬ã¬  ­¥£« ¤ª¨å ­¥-
¢ë¯ãª«ëå äã­ªæ¨©. �à¥¤¯®« £ ¥âáï, çâ® æ¥«¥¢ ï äã­ªæ¨ï ª®¤¨ää¥à¥­æ¨àã¥¬  [1], [2]. � ª ï
§ ¤ ç  ¨¬¥¥â ¬­®£®ç¨á«¥­­ë¥ ¯à¨«®¦¥­¨ï, ­® ¨§¢¥áâ­® ¬ «®  «£®à¨â¬®¢ ¤«ï ¥¥ à¥è¥­¨ï.

�«£®à¨â¬ ¯à¨­ ¤«¥¦¨â ª ª« ááã ¬¥â®¤®¢ ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© [3], [4], ª®â®àë¥ ¡ë«¨
¢¯¥à¢ë¥ à §à ¡®â ­ë ¢ [5] ¨ [6] ¤«ï ¬¨­¨¬¨§ æ¨¨ áã¬¬ë ª¢ ¤à â®¢. �¤­® ¨§ ¯à¥¨¬ãé¥áâ¢ ¬¥-
â®¤®¢ ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© | ¨å £«®¡ «ì­ ï áå®¤¨¬®áâì. �§¢¥áâ­®, çâ® ¨á¯®«ì§®¢ ­¨¥
¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© ¢ àï¤¥ á«ãç ¥¢ «ãçè¥ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ ¯® ­ ¯à ¢«¥­¨î.

�¤¥ï â ª¨å ¬¥â®¤®¢ ¯à®áâ . �âà®¨âáï äã­ªæ¨ï,  ¯¯à®ªá¨¬¨àãîé ï æ¥«¥¢ãî, ¨ ¬¨­¨¬¨§¨-
àã¥âáï á ®£à ­¨ç¥­¨ï¬¨ ­  è £, ¯à¨ ª®â®àëå á«¥¤ãîé ï ¨â¥à æ¨®­­ ï â®çª  ¤®«¦­  ¯à¨­ ¤-
«¥¦ âì ¤®¢¥à¨â¥«ì­®© ®ªà¥áâ­®áâ¨. �á«¨ ¯®«ãç ¥âáï ¤®áâ â®ç­®¥ ã¡ë¢ ­¨¥ æ¥«¥¢®© äã­ªæ¨¨,
¤®¢¥à¨â¥«ì­ ï ®ªà¥áâ­®áâì à áè¨àï¥âáï, ¨ ¯à®¨§¢®¤¨âáï ¯¥à¥å®¤ ª ­®¢®© ¨â¥à æ¨®­­®© â®ç-
ª¥. � ¯à®â¨¢­®¬ á«ãç ¥ ¨â¥à æ¨®­­ ï â®çª  ®áâ ¥âáï ¯à¥¦­¥©, ¨ ¤®¢¥à¨â¥«ì­ ï ®ªà¥áâ­®áâì
á®ªà é ¥âáï. �á¯®¬®£ â¥«ì­ ï § ¤ ç  ¬¨­¨¬¨§ æ¨¨  ¯¯à®ªá¨¬ æ¨¨ æ¥«¥¢®© äã­ªæ¨¨ ¬®¦¥â
à¥è âìáï ¯à¨¡«¨¦¥­­® á ¯®¬®éìî ¤¢®©áâ¢¥­­ëå ®æ¥­®ª.

1. �®áâ ­®¢ª  § ¤ ç¨

� áâ âì¥ à¥è ¥âáï § ¤ ç  ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨

minff(x) j x 2 Rng:

�à¥¤¯®« £ ¥âáï, çâ® æ¥«¥¢ ï äã­ªæ¨ï f(x) ®£à ­¨ç¥­  á­¨§ã. �ãáâì äã­ªæ¨ï m(s)  ¯¯à®ªá¨-
¬¨àã¥â f(x+ s)� f(x) «®ª «ì­® ¢ ®ªà¥áâ­®áâ¨ x, £¤¥ s| ¢¥ªâ®à ¬ «®© ­®à¬ë. �ã¤¥¬ ­ §ë¢ âì
íâã äã­ªæ¨î ¬®¤¥«ìî.

� ¤¨ää¥à¥­æ¨àã¥¬®¬ á«ãç ¥ ¡¥àãâ

m(s) = hf 0(x); si:

�«ï ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ¬®¦­® ¨á¯®«ì§®¢ âì ª¢ ¤à â¨ç­ãî ¬®¤¥«ì [3]

m(s) = hf 0(x); si+ hf 00(x)s; si:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 01-01-00070.
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2. �¥â®¤ ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥©

�®« £ ¥¬ k := 0. �ë¡¨à îâáï ­ ç «ì­ë© à ¤¨ãá �0 ¨ ­ ç «ì­ ï â®çª  x0. �ë¡¨à îâáï
¯ à ¬¥âàë 0 < � < � < 1 ¨ 0 < �1 < 1 < �2. �ãáâì ­ ©¤¥­  â®çª  xk ¨ ¢ë¡à ­ à ¤¨ãá �k, k � 0.

� â®çª¥ xk à¥è ¥âáï § ¤ ç 
minfm(s) j ksk � �kg;

¯ãáâì sk | ¥¥ à¥è¥­¨¥. �ëç¨á«ï¥âáï lk =
f(xk+sk)�f(xk)

m(sk)
.

�á«¨ lk � �, â® xk+1 = xk + sk; ¨­ ç¥ xk+1 = xk.
�á«¨ ¯à¨ íâ®¬ lk � �, â® ¢ë¡¨à ¥¬ �k+1 2 [�k;�2�k].
�á«¨ � > lk � �, â® ¢ë¡¨à ¥¬ �k+1 2 [�1�k;�k].
�á«¨ lk < �, â® ¢ë¡¨à ¥¬ �k+1 2 (0;�1�k]. �ëç¨á«¥­¨ï ¯®¢â®àïîâáï ¯à¨ § ¬¥­¥ k ­  k + 1.
�¬¥¥âáï ¬­®£® à¥§ã«ìâ â®¢ áå®¤¨¬®áâ¨ ¤«ï «¨­¥©­®© ¨«¨ ª¢ ¤à â¨ç­®© ¬®¤¥«¨ ([3], [4],

[7]). �á«¨ æ¥«¥¢ ï äã­ªæ¨ï ­¥¤¨ää¥à¥­æ¨àã¥¬ , ­ ¬¨ ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ­¥£« ¤ªãî
¬®¤¥«ì.

�à¥¤¯®«®¦¨¬, çâ® æ¥«¥¢ ï äã­ªæ¨ï f(x) ¤¢ ¦¤ë ª®¤¨ää¥à¥­æ¨àã¥¬  ­  Rn , â. ¥.

f(x+ s) = f(x) + max
(A;b;c)2d2(x)

(hAs; si+ hb; si+ c) + min
(P;q;r)2d2(x)

(hPs; si+ hq; si+ r) + o(ksk2);

£¤¥ A, P | ¬ âà¨æë à §¬¥à­®áâ¨ n�n; b; q 2 R
n ; c; r 2 R. � à  [d2(x); d2(x)] ­ §ë¢ ¥âáï ¢â®àë¬

ª®¤¨ää¥à¥­æ¨ «®¬ äã­ªæ¨¨ f ¢ â®çª¥ x ([1], [2]).
�à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ¢ ¬¥â®¤¥ ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© ¬®¤¥«ì ¢¨¤ 

zx(s) = max
(A;b;c)2d2(x)

(hAs; si+ hb; si+ c) + min
(P;q;r)2d2(x)

(hPs; si+ hq; si+ r):

� ®¯¨á ­­®¬ ¬¥â®¤¥ ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© ¬®¤¥«ì m(s) § ¬¥­ï¥âáï ­  zx(s), ­® ¤«ï ¤®-
ª § â¥«ìáâ¢  áå®¤¨¬®áâ¨ ­ã¦­  ¤àã£ ï ¬¥â®¤¨ª .

3. �å®¤¨¬®áâì  «£®à¨â¬ 

� §®¢¥¬ 
 = fx : minksk�� zx(s) � 0g ¬­®¦¥áâ¢®¬ áâ æ¨®­ à­ëå â®ç¥ª ¢â®à®£® ¯®àï¤ª .
�¤¥áì � > 0 | ¬ «ë© ¯®«®¦¨â¥«ì­ë© ¯ à ¬¥âà. �ãáâì 
" | "-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  
.

�¡®§­ ç¨¬ â ª¦¥ L0 = fx : f(x) � f(x0)g, 
" = L0 n 
". �ãáâì L0 ®£à ­¨ç¥­® ¨ ¢ë¯®«­¥­ë
âà¨ ¯à¥¤¯®«®¦¥­¨ï.

�à¥¤¯®«®¦¥­¨¥ 1. �«ï ª ¦¤®£® y 2 
" \ L0 ¨ ª ¦¤®£® " > 0 áãé¥áâ¢ãîâ â ª¨¥ � > 0 ¨
ã¡ë¢ îé ï ­  (0;�] äã­ªæ¨ï c(�), ­¥ § ¢¨áïé¨¥ ®â y, çâ®

c(�) < 0; � 2 (0;�]; min
s2U�

zy(s) � c(�); � 2 (0;�]; £¤¥ U� = fs 2 R
n : ksk � �g:

�à¥¤¯®«®¦¥­¨¥ 2. �«ï ª ¦¤®£® x 2 
" \ L0 ¨ ª ¦¤ëå " > 0, 0 < � < 1 áãé¥áâ¢ã¥â â ª®¥e�, ­¥ § ¢¨áïé¥¥ ®â x, çâ®
jf(x+ s)� f(x)� zx(s)j � �ksk2; ksk 2 (0; e�]:

�à¥¤¯®«®¦¥­¨¥ 3. lim
ksk!0

ksk2

c(ksk)
= C > �1.

�¥®à¥¬  3.1. �à¨ ¯à¥¤¯®«®¦¥­¨ïå 1, 2, 3 ¤«ï ª ¦¤®£® " > 0 áà¥¤¨ â®ç¥ª ¯®á«¥¤®¢ â¥«ì-

­®áâ¨, áâà®ïé¥©áï ¯® ¬¥â®¤ã ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥©, ­ ©¤¥âáï xk 2 
".

�®ª § â¥«ìáâ¢®. �ãáâì � ­ áâ®«ìª® ¬ «®, çâ®

1 +
�ksk2

c(ksk)
� �; ksk 2 (0; e�]:
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�à¥¤¯®«®¦¨¬, çâ® �k 2 (0;min(�; e�)). �¬¥¥¬
f(xk + sk)� f(xk)

zxk(sk)
� 1 +

�kskk
2

c(kskk)
� �;

¯®áª®«ìªã kskk � e�. �®£¤  f(xk+sk)�f(xk) � �c(kskk), ¨ ¨â¥à æ¨®­­ ï â®çª  ¯¥à¥áç¨âë¢ ¥âáï.
�ë¯®«­¥­® ­¥à ¢¥­áâ¢® f(xk + sk) � f(xk) � �c(�k), â. ª. zxk(sk) � c(�k) ¯® ¯à¥¤¯®«®¦¥­¨î 1.
�®íâ®¬ã ¨¬¥¥¬ ã¡ë¢ ­¨¥ äã­ªæ¨¨ f(x) ­  ª®­áâ ­âã.

�á«¨ �k ®áâ ¥âáï ¡®«ìè¥, ç¥¬ min(�; e�), â® ­  ­¥ª®â®àëå ¨â¥à æ¨ïå à ¤¨ãá ¤®¢¥à¨â¥«ì­®©
®ªà¥áâ­®áâ¨ à áâ¥â, ¨ æ¥«¥¢ ï äã­ªæ¨ï ã¡ë¢ ¥â ¯® ªà ©­¥© ¬¥à¥ ­  �min(�; e�). �®£¤  ¯®á«¥
­¥ª®â®à®£® ç¨á«  ¨â¥à æ¨© â ª¦¥ ¯®«ãç¨¬ ã¡ë¢ ­¨¥ äã­ªæ¨¨ f(x) ­  ª®­áâ ­âã. �®áª®«ìªã f
®£à ­¨ç¥­  á­¨§ã, ¨â¥à æ¨®­­ë© ¯à®æ¥áá ®áâ ­®¢¨âáï, ¨ ­ ©¤¥âáï â®çª  ¨§ 
".

�ãáâì s | ­ ¯à ¢«¥­¨¥ ­ ¨áª®à¥©è¥£® á¯ãáª  ¢ ¯à®¨§¢®«ì­®© â®çª¥ y =2 
". �à¥¤¯®«®¦¨¬,
çâ® ¤«ï ­¥ª®â®à®£® � > 0 ¢ë¯®«­¥­®

f(y +�s) < f(y); � 2 (0;�]; f(y +�s) < �(") < 0:

�®£¤  ¬®¦­® ¢§ïâì

c(�) = max
(A;b;c)2d2(x)

(hA�s;�si+ hb;�si+ c) + min
(P;q;r)2d2(x)

(hP�s;�si+ hq;�si+ r):

�à¥¤¯®«®¦¨¬, çâ® ¬ ªá¨¬ã¬ ¨ ¬¨­¨¬ã¬ ¡¥àãâáï ¯® ª®­¥ç­®¬ã ç¨á«ã ¨­¤¥ªá®¢. �®£¤  ¤«ï
¢ë¯®«­¥­¨ï ãá«®¢¨© â¥®à¥¬ë áå®¤¨¬®áâ¨ ¤®áâ â®ç­® ãá«®¢¨ï

lim
�!0

�2

�2h(Aj + Pi)s; si+�(h(bj + qi); si+ (cj + ri))
= C > �1:

�â® ãá«®¢¨¥ ®§­ ç ¥â, çâ® cj + ri, ¨«¨ hbj + qi; si, ¨«¨ h(Aj + Pi)s; si ­¥ à ¢­ë ­ã«î ¤«ï ¢á¥å
¨­¤¥ªá®¢ j, i ¨ ¢á¥å â®ç¥ª y =2 
".

� §®¢¥¬
Z = fx : min

ksk��
( max
(a;b)2d(x)

(ha; si+ b) + min
(q;r)2d(x)

(hq; si+ r)) � 0g

¬­®¦¥áâ¢®¬ áâ æ¨®­ à­ëå â®ç¥ª ¯¥à¢®£® ¯®àï¤ª . �¤¥áì ¯ à  [d(x); d(x)] | ª®¤¨ää¥à¥­æ¨ «
äã­ªæ¨¨ f ¢ x (á¬. [1]), � > 0 | ¬ «ë© ¯ à ¬¥âà. �ãáâì Z" | "-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  Z.
�¡®§­ ç¨¬ Z" = L0 n Z".

�¬¥áâ® ¬®¤¥«¨ ¢â®à®£® ¯®àï¤ª  ¬®¦­® ¨á¯®«ì§®¢ âì ¬®¤¥«ì ¯¥à¢®£® ¯®àï¤ª , ¯à¥¤¯®« £ ï,
çâ® æ¥«¥¢ ï äã­ªæ¨ï â®«ìª® ª®¤¨ää¥à¥­æ¨àã¥¬ . � íâ®¬ á«ãç ¥ ¬®¤¥«ì ¨¬¥¥â ¢¨¤

zx(s) = max
(a;b)2d(x)

(ha; si + b) + min
(q;r)2d(x)

(hq; si+ r):

�¢¥¤¥¬ âà¨ ãá«®¢¨ï.

�á«®¢¨¥ 1. �«ï ª ¦¤®£® x 2 Z"\L0 ¨ ª ¦¤®£® " > 0 áãé¥áâ¢ãîâ â ª¨¥ � > 0 ¨ ã¡ë¢ îé ï
­  (0;�] äã­ªæ¨ï c(�), ­¥ § ¢¨áïé¨¥ ®â x, çâ®

c(�) < 0; � 2 (0;�]; min
s2U�

zx(s) � c(�); � 2 (0;�];

£¤¥ U� = fs 2 R
n : ksk � �g.

�á«®¢¨¥ 2. �«ï ª ¦¤®£® x 2 Z" \ L0 ¨ ª ¦¤ëå " > 0, 0 < � < 1 ­ ©¤¥âáï â ª®¥ e�, ­¥
§ ¢¨áïé¥¥ ®â x, çâ®

jf(x+ s)� f(x)� zx(s)j � �ksk; ksk 2 (0; e�]:
�á«®¢¨¥ 3. lim

ksk!0

ksk

c(ksk)
= C > �1.

�¥®à¥¬  3.2. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© 1, 2, 3 ¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï xk 2 Z".
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�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¤®á«®¢­ë¬ ¯®¢â®à¥­¨¥¬ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3.1 á § ¬¥­®©
ááë«ª¨ ­  ¯à¥¤¯®«®¦¥­¨¥ 1 ááë«ª®© ­  ãá«®¢¨¥ 1. �

�å®¤¨¬®áâì ¢ íâ®¬ á«ãç ¥ ¬¥¤«¥­­¥¥, ­® «¥£ç¥ à¥è âì ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ¬¨­¨¬¨§ æ¨¨
¬®¤¥«¨.

�ãáâì s | ­ ¯à ¢«¥­¨¥ ­ ¨áª®à¥©è¥£® á¯ãáª  ¢ ¯à®¨§¢®«ì­®© â®çª¥ y =2 Z". �à¥¤¯®«®¦¨¬,
çâ® ¤«ï ­¥ª®â®à®£® � > 0 ¢ë¯®«­ï¥âáï

f(y +�s) < f(y); � 2 (0;�]; f(y +�s) < !(") < 0:

�®£¤  ¬®¦­® ¢§ïâì

c(�) = max
(a;b)2d2(x)

(ha;�si+ b) + min
(q;r)2d2(x)

(hq;�si+ r):

�à¥¤¯®«®¦¨¬, çâ® ¬ ªá¨¬ã¬ ¨ ¬¨­¨¬ã¬ ¡¥àãâáï ¯® ª®­¥ç­®¬ã ç¨á«ã ¨­¤¥ªá®¢. �®£¤  ¤«ï
¢ë¯®«­¥­¨ï ãá«®¢¨© â¥®à¥¬ë áå®¤¨¬®áâ¨ ¤®áâ â®ç­®, çâ®¡ë

lim
�!0

�
�h(aj + qi); si+ (bj + ri)

= C > �1:

�â® ãá«®¢¨¥ ®§­ ç ¥â, çâ® bj + ri ¨«¨ h(aj + qi); si ­¥ àa¢­ë ­ã«î ¤«ï ¢á¥å ¨­¤¥ªá®¢ j, i.
�«ï ¬¨­¨¬¨§ æ¨¨ ¬®¤¥«¨ ¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ë ¨¬¨â æ¨¨ § ¬®à ¦¨¢ ­¨ï (simulated

annealing, á¬. [8]), â. ª. ç¨á«® «®ª «ì­ëå ¬¨­¨¬ã¬®¢ ¢ ¬ «®© ®ªà¥áâ­®áâ¨ ®¡ëç­® ­¥¢¥«¨ª®.

4. �¥è¥­¨¥ § ¤ ç¨ ¬¨­¨¬¨§ æ¨¨ ¬®¤¥«¨

� á«¥¤ãîé¨å á«ãç ïå § ¤ çã ¬¨­¨¬¨§ æ¨¨ ¬®¤¥«¨ à¥è¨âì «¥£ª®.

1) zx(s) = min
i2I

(hPs; si+ hq; si+ r), £¤¥ I | ª®­¥ç­®¥ ç¨á«® ¨­¤¥ªá®¢, Pi | ¯à®¨§¢®«ì­ë¥ ¬ -

âà¨æë. � íâ®¬ á«ãç ¥ âà¥¡ã¥âáï à¥è¨âì àï¤ § ¤ ç ¬¨­¨¬¨§ æ¨¨ ª¢ ¤à â¨ç­®© äã­ªæ¨¨
á ®£à ­¨ç¥­¨¥¬ ¯® ­®à¬¥ (¨å ¬®¦­® à¥è âì ¬¥â®¤ ¬¨ ¨§ [3], [7]).

� ª¨¥ ¬¥â®¤ë ¡ §¨àãîâáï ­  á«¥¤ãîé¨å â¥®à¥¬ å ¨§ [7].

�¥®à¥¬  4.1. �á«¨ x | à¥è¥­¨¥ § ¤ ç¨

minff + hgT ; wi + 1
2
wTBw; kwk � �g; (1)

£¤¥ B | ¬ âà¨æ  à §¬¥à­®áâ¨ n�n, g | ¢¥ªâ®à, â® x | à¥è¥­¨¥ ãà ¢­¥­¨ï (B+�I)x = �g,
£¤¥ � > 0, �(wTw��2) = 0, B+�I | ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï,   I | ¥¤¨­¨ç­ ï ¬ âà¨æë.

�¥®à¥¬  4.2. �ãáâì � 2 R; x 2 R
n ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (B + �I)x = �g ¨ B + �I

¯®«®¦¨â¥«ì­® ¯®«ã®¯à¥¤¥«¥­ . � á«ãç ïå, ª®£¤  � = 0, kxk � � ¨ � � 0, kxk = �, x | à¥è¥­¨¥

§ ¤ ç¨ (1). �á«¨ ¦¥ � = 0, kxk = �, â® x | à¥è¥­¨¥ § ¤ ç¨

minff + hgT ; !i+ 1
2
!TB!; k!k = �g:

�á«¨ ¬ âà¨æ  B+�I ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ , â® à¥è¥­¨¥ x ¥¤¨­áâ¢¥­­® ¢ ª ¦¤®¬ á«ãç ¥.

2) zx(s) = max
i2I

(hAis; si+ hbi; si+ ci)+min
j2J

(hPjs; si+ hqj ; si+ rj), £¤¥ ¬ âà¨æë Ai+Pj ¯®«®¦¨-

â¥«ì­® ®¯à¥¤¥«¥­ë. �®£¤  ­ã¦­® ¯à¨¬¥­ïâì ¬­®£® à § ¬¥â®¤ë ¬¨­¨¬¨§ æ¨¨ ¢ë¯ãª«ëå
­¥¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨©.

3) �«ï ¤®áâ â®ç­® ¬ «®£® � äã­ªæ¨ï zx(s) ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî â®çªã £«®¡ «ì­®£® ¬¨­¨-
¬ã¬  ¢ ®ªà¥áâ­®áâ¨ ­ã«ï ¤«ï ª ¦¤®£® x 2 
".

�á«¨ ¬®¤¥«ì ¨¬¥¥â ¬­®£® «®ª «ì­ëå ¬¨­¨¬ã¬®¢, á«¥¤ã¥â ¬®¤¨ä¨æ¨à®¢ âì  «£®à¨â¬. �ëç¨-
á«ïîâáï ­ ¯à ¢«¥­¨¥ ­ ¨áª®à¥©è¥£® á¯ãáª  vk, kvkk = 1, ¢ xk ¨ «®ª «ì­ë© ¬¨­¨¬ã¬ sk äã­ªæ¨¨
zxk(s). �¥« ¥âáï áà ¢­¥­¨¥

(f(xk + sk)� f(xk))=zxk(sk) � �;
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¨ ¢ëç¨á«ï¥âáï â®çª 
xk + 
kvk = arg min

�2(0;�k]

f(xk +�vk):

�®£¤  ¯®« £ ¥âáï xk+1 = arg min(f(xk + sk); f(xk + 
kvk)). � íâ®¬ á«ãç ¥ ¬®¦­® ã¢¥«¨ç¨¢ âì ¨
ã¬¥­ìè âì �k, ­® ®­® ¤®«¦­® ¡ëâì ®£à ­¨ç¥­® á­¨§ã.

� ¤ ç 
minmax

j2J
f([Ajs; s] + [bj ; s] + cj); ksk � �kg

íª¢¨¢ «¥­â­  ¯®á«¥¤®¢ â¥«ì­®áâ¨ § ¤ ç

minKm(s) = [Ams; s] + [bm; s] + cm;

Ki(s) = [Ais; s] + [bi; s] + ci � [Ams; s]� [bm; s]� cm � 0; i 6= m;

K0(s) = ksk � �k;

ã ª®â®àëå æ¥«¥¢ ï äã­ªæ¨ï ¨ ®£à ­¨ç¥­¨ï ª¢ ¤à â¨ç­ë. � ª¨¥ § ¤ ç¨ ¬®£ãâ à¥è âìáï ¬¥â®-
¤ ¬¨ ¨§ [8]. �á«¨ à¥è¥­¨¥ ¨é¥âáï ¢ ¯®¤¯à®áâà ­áâ¢¥, â® § ¤ ç¨ ¨¬¥îâ ¬¥­ìèãî à §¬¥à­®áâì ¨
¬®£ãâ ¡ëâì à¥è¥­ë íää¥ªâ¨¢­®.

� ª¨¥ § ¤ ç¨ ¬®£ãâ à¥è âìáï ¬¥â®¤ ¬¨ ¢¥â¢¥© ¨ £à ­¨æ á ¤¢®©áâ¢¥­­ë¬¨ ®æ¥­ª ¬¨ ¨§ [9],
ª®â®àë¥ áâà®ïâáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì N = jJ j ¨ � 2 RN+ . �ãáâì

L(s; �) = Km(s) +
X
i6=m

Ki(s)

| äã­ªæ¨ï � £à ­¦ , ®¯à¥¤¥«¥­­ ï ­  Rn � R
N
+ . �ãáâì T | ¬­®¦¥áâ¢® ¤®¯ãáâ¨¬ëå à¥è¥­¨©

§ ¤ ç¨. �á«¨ s 2 T , � 2 R
N
+ , â® �Ki(s) � 0 ¤«ï i 6= m ¨ L(s; �) � Km(s). �®íâ®¬ã

'(�) = inf
s2Rn

L(s; �) � inf
s2T

L(s; �) � inf
s2T

Km(s) = K�;

£¤¥ K� | ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ ¤«ï ¢á¥å � 2 R
N
+ . �®£¤   (�) = infs2Rn L(x; �) ¨  � =

sup�2RN  (�) | ­¨¦­¨¥ ®æ¥­ª¨ ¤«ï K� ¯à¨ � 2 R
N
+ . �ã­ªæ¨î � £à ­¦  ¬®¦­® ¯à¥¤áâ ¢¨âì

ª ª
L(s; �) = [A(�)s; s] + [b(�); s] + c(�);

£¤¥

A(�) = Am +
X
i6=m

�i(Ai �Am); b(�) = bm +
X
i6=m

�i(bi � bm); c(�) = cm +
X
i6=m

�i(ci � cm):

�ãáâì D ¨ D| ¯®¤¬­®¦¥áâ¢  RN , ­  ª®â®àëå A(�) ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­  ¨«¨ ¯®«®¦¨â¥«ì-
­® ¯®«ã®¯à¥¤¥«¥­  á®®â¢¥âáâ¢¥­­®. �ã­ªæ¨ï  (�) ª®­¥ç­  ¨ ¢®£­ãâ  ­  D ([9]). �á«¨ � 2 D, â®
§ ¤ ç  ¢ëç¨á«¥­¨ï  (�) | § ¤ ç  ¢ë¯ãª«®£® ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï. � ¯à®â¨¢­®¬
á«ãç ¥ ®­  ¬­®£®íªáâà¥¬ «ì­  ¨ á«®¦­ .

�¢¨¤ã íâ®£® ¢¬¥áâ®  � à áá¬®âà¨¬ ®æ¥­ªã  � = sup
�2D\RN

+

 (�). �«ï � 2 D ([10])  (�) =

� 1
4
[A�1(�)b(�); b(�)] + c(�). �ã­ªæ¨ï  (�) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  D \ R

N
+ . �«ï ¥¥

¬ ªá¨¬¨§ æ¨¨ ¬®¦­® ¯à¨¬¥­¨âì ¬¥â®¤ í««¨¯á®¨¤®¢, èâà ä­ë¥ äã­ªæ¨¨ ¨«¨ ¬¥â®¤ ®¡®¡é¥­-
­®£® £à ¤¨¥­â­®£® á¯ãáª . �á«¨ â®ç­ ï ¢¥àå­ïï £à ­ì ­  D \ RN+ ¤®áâ¨£ ¥âáï ­  D, â®  � = K�

¨ ®æ¥­ª  â®ç­ ï.
�à¨ ¨á¯®«ì§®¢ ­¨¨ ¬®¤¥«¨ ¯¥à¢®£® ¯®àï¤ª  à¥è âì ¢á¯®¬®£ â¥«ì­ãî § ¤ çã «¥£ª® (¬®¦­®

¨á¯®«ì§®¢ âì k � k1). �®£¤  ¤«ï ª®­¥ç­ëå ¬­®¦¥áâ¢ ¨­¤¥ªá®¢ ¯®«ãç ¥¬ § ¤ çã

min (min
i2I

([ai; s] + bi) + max
j2J

([pj ; s] + rj); ksk1 � �k);

¨«¨
min
i2I

max
j2J

([ai; s] + bi + [pj ; s] + rj); ksk1 � �k:
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�®áâ â®ç­® à¥è¨âì ¤«ï ª ¦¤®£® i § ¤ çã

min max
j2J

([ai; s] + bi + [pj ; s] + rj); ksk1 � �k;

ª®â®à ï á¢®¤¨âáï ª § ¤ ç¥ «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï.

5. �¥â®¤ ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© á ¬ áèâ ¡¨à®¢ ­¨¥¬

� ¤ ­­®¬ ¯ à £à ä¥ ¬¥â®¤ë ¤®¢¥à¨â¥«ì­ëå ®ªà¥áâ­®áâ¥© ®¡®¡é îâáï ¢¢¥¤¥­¨¥¬ ¬ áèâ ¡¨-
à®¢ ­¨ï. � ­¨å ¯®¤§ ¤ ç  ¨¬¥¥â ¢¨¤

minfzxk(s); kDksk � 
kg;

£¤¥ Dk | ¬ âà¨æë ¬ áèâ ¡ . �¥£ª® ¤®ª § âì áå®¤¨¬®áâì, ¥á«¨ ¬ âà¨æë Dk ¤¨ £®­ «ì­ë ¨
­¥®âà¨æ â¥«ì­ë.

�®« £ ¥âáï k := 0. �ë¡¨à îâáï ­ ç «ì­ë© à ¤¨ãá 
0 ¨ ­ ç «ì­ ï ¬ âà¨æ  ¬ áèâ ¡  D0.
�ë¡¨à ¥âáï ­ ç «ì­ ï â®çª  x0. � ¤ îâáï ¯ à ¬¥âàë 0 < � < � < 1 ¨ 0 < �1 < 1 < �2.

�«ï ª ¦¤®£® k = 0; 1; : : : à¥è ¥âáï § ¤ ç 

minfm(s); kDksk � 
kg:

�ãáâì sk | ¥¥ à¥è¥­¨¥. �ëç¨á«ï¥âáï lk =
f(xk+sk)�f(xk)

m(sk)
.

�á«¨ lk � �, â® xk+1 = xk + sk; ¨­ ç¥ xk+1 = xk.
�á«¨ lk � �, â® ¢ë¡¨à ¥âáï 
k+1 2 [
k;�2
k].
�á«¨ � > lk � �, â® ¢ë¡¨à ¥âáï 
k+1 2 [�1
k; 
k].
�á«¨ lk < �, â® ¢ë¡¨à ¥âáï 
k+1 2 (0;�1
k]. �¥à¥áç¨âë¢ ¥âáï ¬ âà¨æ  ¬ áèâ ¡  ¨ ¢ëç¨á«ï-

¥âáï Dk+1.
�à¨¢¥¤¥¬ â¥®à¥¬ã áå®¤¨¬®áâ¨ ¤«ï ¬®¤¥«¨ ¢â®à®£® ¯®àï¤ª .

�¥®à¥¬  5.1. �ãáâì ¢ë¯®«­ïîâáï è¥áâì á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨©.

1) �«ï ª ¦¤®£® y 2 
" \ L0 ¨ ª ¦¤®£® " > 0 ­ ©¤ãâáï â ª¨¥ � > 0 ¨ ã¡ë¢ îé ï ­  (0;�]
äã­ªæ¨ï c(�), ­¥ § ¢¨áïé¨¥ ®â y, çâ®

c(�) < 0; � 2 (0;�]; min
s2U�

zy(s) � c(�); � 2 (0;�];

£¤¥ U� = fs 2 Rn : ksk � �g.
2) �«ï ª ¦¤®£® x 2 
" \L0 ¨ ª ¦¤ëå " > 0; 0 < � < 1 ­ ©¤¥âáï â ª®¥ e�, ­¥ § ¢¨áïé¥¥ ®â

x, çâ®

jf(x+ s)� f(x)� zx(s)j � �ksk2; ksk 2 (0; e�]:
3) �«ï ª ¦¤®£® k ¨ ª ¦¤®£® � > 0 ­ ©¤¥âáï 
 > 0 â ª®¥, çâ®

kDksk � 
 ) ksk � �:

4) �­®¦¥áâ¢® kDksk � 
 ¤«ï ¢á¥å k ¢ª«îç ¥â è à ksk � c1
, £¤¥ c1 > 0.
5)

lim
�!0

�2

c(��)
= C(�) > �1 8� > 0:

6) 
k ¨ � â ª¨¥, çâ® ksk � b�(�) � minf�; e�g.
�®£¤  
k � � b�(�) ¤«ï ­¥ª®â®à®£® � > 0 ¨ ¢á¥å k.

�®ª § â¥«ìáâ¢®. �ë¯®«­ï¥âáï

f(xk + sk)� f(xk)
m(sk)

� 1 �
�kskk

2

c(c1
k)
�
b�2(�)
c(c1
k)

�
b�2(�)

c(c1� b�(�)) � � � 1

¤«ï ¤®áâ â®ç­® ¬ «®£® � ¯® ­ è¨¬ ¯à¥¤¯®«®¦¥­¨ï¬.
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�®¦­® à¥è âì á«¥¤ãîéãî ¢á¯®¬®£ â¥«ì­ãî § ¤ çã, âà¥¡ãï, çâ®¡ë ­ ¯à ¢«¥­¨¥ s ¯à¨­ ¤-
«¥¦ «® ¯®¤¯à®áâà ­áâ¢ã S ¬ «®© à §¬¥à­®áâ¨:

minfzxk(s); ksk � �k; s 2 Sg:

� ¯à¨¬¥à, ¬®¦­® ¢§ïâì S = fx = �sN +�vg, £¤¥ v | ­ ¯à ¢«¥­¨¥ ­ ¨áª®à¥©è¥£® á¯ãáª , sN |
­ ¯à ¢«¥­¨¥, ­ ©¤¥­­®¥ ¬¥â®¤®¬ �ìîâ®­  ¤«ï ¤¢ ¦¤ë ª®¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ([1]).

�ãáâì ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥­¨ï.

a) �«ï ª ¦¤®£® y 2 
" \ L0 ¨ ª ¦¤®£® " > 0 ­ ©¤ãâáï â ª¨¥ � > 0 ¨ ã¡ë¢ îé ï ­  (0;�]
äã­ªæ¨ï c(�), ­¥ § ¢¨áïé¨¥ ®â y, çâ®

c(�) < 0; � 2 (0;�]; min
s2U�;s2S

zy(s) � c(�); � 2 (0;�];

£¤¥ U� = fs 2 R
n : ksk � �g.

b) �«ï ª ¦¤®£® x 2 
" \ L0 ¨ ª ¦¤ëå " > 0, 0 < � < 1 ­ ©¤¥âáï â ª®¥ e�, ­¥ § ¢¨áïé¥¥ ®â
x, çâ®

jf(x+ s)� f(x)� zx(s)j � �ksk2; ksk 2 (0; e�]:
c) lim

ksk!0

ksk2

c(ksk)
= C > �1.

�¥®à¥¬  5.2. �à¨ ¯à¥¤¯®«®¦¥­¨ïå a), b), c) ¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï xk 2 
".

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 5.1.
�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì �.�.�¥¬ìï­®¢ã ¨ �.�. � ¡®â¨­ã §  àï¤ æ¥­­ëå á®¢¥â®¢ ¨

§ ¬¥ç ­¨©.
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