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�à¥¤« £ ¥âáï  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ ãá«®¢®© ¬¨¨¬¨§ æ¨¨ á¨«ì® ¢ë¯ãª«®© ¤¨ää¥-
à¥æ¨àã¥¬®© äãªæ¨¨, ¢ ª®â®à®¬  ¯à ¢«¥¨ï á¯ãáª  § ¤ îâáï ª ª «¨¥© ï ª®¬¡¨ æ¨ï £à -
¤¨¥â®¢  ªâ¨¢ëå ®£à ¨ç¥¨© ¨ æ¥«¥¢®© äãªæ¨¨. �«ï ¯®¨áª  ª®íää¨æ¨¥â®¢ ª®¬¡¨ æ¨¨
à¥è ¥âáï § ¤ ç  ¬¨¨¬¨§ æ¨¨ ¢á¯®¬®£ â¥«ì®© ¢ë¯ãª«®© ª¢ ¤à â¨ç®© äãªæ¨¨   á¯¥æ¨ «ì-
ë¬ ®¡à §®¬ ¯®áâà®¥®¬ ¬®¦¥áâ¢¥. �«ï ¥ª®â®àëå ¢¨¤®¢ § ¤ ç ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨-
à®¢ ¨ï â ª®© ¯®¤å®¤ ¤ ¥â ¢®§¬®¦®áâì á¨§¨âì à §¬¥à®áâì § ¤ ç¨ ¯®áâà®¥¨ï ¨â¥à æ¨®®©
â®çª¨ ¯® áà ¢¥¨î á ¥ª®â®àë¬¨ ¨§¢¥áâë¬¨ ¬¥â®¤ ¬¨ ãá«®¢®© ¬¨¨¬¨§ æ¨¨ ¢â®à®£® ¯®àï¤-
ª .

�¥è ¥âáï § ¤ ç 

min
x2D

f0(x); (1)

£¤¥ D = fx 2 Rn : fj(x) � 0; j 2 Jg, äãªæ¨¨ fj(x), j 2 J , ¢ë¯ãª«ë ¨ ¥¯à¥àë¢® ¤¨ää¥à¥-
æ¨àã¥¬ë ¢ n-¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ Rn, äãªæ¨ï f0(x) á¨«ì® ¢ë¯ãª«  ¨ ¤¢ ¦¤ë
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    D, ¬®¦¥áâ¢® D ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à¥£ã«ïà®áâ¨ �«¥©-
â¥à . �®«®¦¨¬ J = f1; : : : ;mg, I = J [ f0g, x� = argmin

x2D
f0(x), f�0 = f0(x�), K = f0; 1; : : : g.

�¡®§ ç¨¬ ç¥à¥§ f 0i(x), i 2 I, ¨ f 000 (x) á®®â¢¥âáâ¢¥® £à ¤¨¥â äãªæ¨¨ fi(x) ¨ ¬ âà¨æã ¢â®àëå
¯à®¨§¢®¤ëå äãªæ¨¨ f0(x) ¢ â®çª¥ x.

�ãáâì �x 2 D, " � 0. �®«®¦¨¬ J(�x; ") = fj 2 J : �" � fj(�x)g, I(�x; ") = fi 2 J(�x; ") [ f0g :

f 0i(�x) 6= 0g, M(�x; ") =
n
x 2 Rn : x = �x +

P
i2I(�x;")

�if
0
i(�x); �i 2 R1; i 2 I(�x; ")

o
, D1(�x; ") = fx : x 2

M(�x; "); fj(x) � 0 8j 2 Jg, D2(�x; ") = fx : x 2M(�x; "); fj(x) � 0 8j 2 J(�x; ")g.
�â¬¥â¨¬ Di(�x; ") 6= ?, i = 1; 2, â.ª. �x 2 D. �¥âàã¤® ¯à®¢¥à¨âì, çâ® ¬®¦¥áâ¢  Di(�x; "),

i = 1; 2, ¢ë¯ãª«ë ¨ § ¬ªãâë.
�¯à¥¤¥«¨¬ ¢ Rn äãªæ¨î F (x) = hf 00(�x); x� �xi+ 1

2
hf 000 (�x)(x� �x); x� �xi. �§¢¥áâ® ([1], áá.333,

184), çâ® F (x) á¨«ì® ¢ë¯ãª«  ¨ ¤®áâ¨£ ¥â ¬¨¨¬ «ì®£® § ç¥¨ï ¢ ¥¤¨áâ¢¥®© â®çª¥  
«î¡®¬ ¢ë¯ãª«®¬ § ¬ªãâ®¬ ¬®¦¥áâ¢¥ ¨§ Rn.

�ãáâì

f 00(�x) 6= 0; (2)

�y| â®çª  ¬¨¨¬ã¬  äãªæ¨¨ F (x)   ¬®¦¥áâ¢¥ D1(�x; ") ¨«¨D2(�x; "), ¨ �y = �x+
P

i2I(�x;")

�i(�x)f 0i(�x),

£¤¥ �i(�x) 2 R1, i 2 I(�x; "). �á«¨ �y = argmin
x2D1(�x;")

F (x), â® ç¨á«  �i(�x), i 2 I(�x; "), ®ç¥¢¨¤®, ®âëáª¨¢ -
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îâáï ª ª à¥è¥¨¥ § ¤ ç¨

X
i2I(�x;")

�ihf
0
0(�x); f

0
i(�x)i+

1
2

X
i;j2I(�x;")

�i�jhci(�x); f
0
j(�x)i �min; (3)

fj
�
�x+

X
i2I(�x;")

�if
0
i(�x)

�
� 0 8j 2 J; (4)

£¤¥ ci(�x) = f 000 (�x)f
0
i(�x), i 2 I(�x; "). �ãáâì �y = argmin

x2D2(�x;")

F (x). �á«¨ J(�x; ") 6= ?, â® ç¨á«  �i(�x),

i 2 I(�x; "),  å®¤ïâáï ª ª à¥è¥¨¥ § ¤ ç¨ (3) ¯à¨ ®£à ¨ç¥¨ïå

fj
�
�x+

X
i2I(�x;")

�if
0
i(�x)

�
� 0 8j 2 J(�x; "): (5)

�á«¨ J(�x; ") = ?, â® �0(�x) | â®çª  ¬¨¨¬ã¬  ®¤®¬¥à®© äãªæ¨¨ �0hf
0
0(�x); f

0
0(�x)i +

1
2
�2
0hc0(�x); f

0
0(�x)i   ¯àï¬®© D2(�x; ") =M(�x; ") = fx 2 Rn : x = �x+ �0f

0
0(�x); �0 2 R1g.

�à¥¤¯®«®¦¨¬, çâ® ®¯à¥¤¥«¥ ï ¢ëè¥ â®çª  �y ã¤®¢«¥â¢®àï¥â á®®â®è¥¨ï¬ F (�y) < F (�x) =
0. �®ª ¦¥¬, çâ® â®£¤  s = �y � �x | ¯®¤å®¤ïé¥¥ ¤«ï äãªæ¨¨ f0(x) ¢ â®çª¥ �x  ¯à ¢«¥¨¥.
�®áª®«ìªã ¤«ï á¨«ì® ¢ë¯ãª«®© äãªæ¨¨ f(x) ¢ë¯®«ï¥âáï ([1], á.185) ¥à ¢¥áâ¢®

hf 000 (x)�; �i � �k�k2 8x 2 D; � 2 Rn; (6)

£¤¥ � > 0, â® hf 000 (�x)s; si > 0,   § ç¨â, hf 00(�x); si < 0, ¨ s |  ¯à ¢«¥¨¥ á¯ãáª  ¤«ï äãªæ¨¨
f0(x) ¢ â®çª¥ �x. �áâ «®áì ¯®ª § âì, çâ® s | ¢®§¬®¦®¥ ¢ â®çª¥ �x  ¯à ¢«¥¨¥. �ã¤¥¬ áç¨â âì

J(�x; 0) 6= ?; (7)

â.ª. ¢ ¯à®â¨¢®¬ á«ãç ¥ ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®. �®£¤  á®£« á® (4), (5) fj(�x+ s) � 0 8j 2 J(�x; 0).
�®áª®«ìªã fj(�x) < 0 8j 2 JnJ(�x; 0), â®  ©¤¥âáï â ª®¥ ç¨á«®  2 (0; 1], çâ® fj(�x+s) � 0 8j 2 J , ¨
ãâ¢¥à¦¤¥¨¥ ¤®ª § ®. � ª®© á¯®á®¡ ¢ë¡®à  ¯®¤å®¤ïé¨å  ¯à ¢«¥¨© ¡ã¤¥â ¨á¯®«ì§®¢  ¨¦¥
¢ ¯à¥¤« £ ¥¬®¬ ¬¥â®¤¥ à¥è¥¨ï § ¤ ç¨ (1).

� ¬¥â¨¬, çâ® ¢ § ¤ ç å (3), (4) ¨ (3), (5) ¢ë¡®à   ¯à ¢«¥¨ï ¢ â®çª¥ �x ç¨á«® ¯¥à¥¬¥ëå
§ ¢¨á¨â «¨èì ®â �(I(�x; ")) | ª®«¨ç¥áâ¢  ¨¤¥ªá®¢ ¢ ¬®¦¥áâ¢¥ I(�x; "),   ¥ ®â à §¬¥à®áâ¨ ¯à®-
áâà áâ¢  Rn. �®íâ®¬ã ¯à¨ �(I(�x; ")) < n íâ¨ § ¤ ç¨ ¨¬¥îâ ¬¥ìè¥ ¯¥à¥¬¥ëå, ç¥¬,  ¯à¨¬¥à,
  «®£¨ç ï § ¤ ç  ¯®áâà®¥¨ï ¢ â®çª¥ �x ¯®¤å®¤ïé¥£®  ¯à ¢«¥¨ï ¢¨¤  s = argmin

x2D
F (x) � �x,

¨á¯®«ì§ã¥¬ ï ¢ ¬¥â®¤¥ �ìîâ®  [1]. �à®¬¥ â®£®, § ¤ ç  (3), (5) ¨¬¥¥â ¨ ¬¥ìè¥¥ ç¨á«® ®£à ¨-
ç¥¨© ¯® áà ¢¥¨î á § ¤ ç¥© ¢ë¡®à   ¯à ¢«¥¨ï ¢ ã¯®¬ïãâ®¬ ¨§¢¥áâ®¬ ¬¥â®¤¥.

�¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï áâà®£®© ¢ë¯ãª«®áâ¨ äãªæ¨¨ f(x) á«¥¤ã¥â

�¥¬¬  1. �ãáâì f(x) | áâà®£® ¢ë¯ãª« ï ¢ Rn äãªæ¨ï, �x 2 Rn, ai 2 Rn, ai 6= 0 8i =

1; : : : ; p. �®£¤  äãªæ¨ï '(�) = f
�
�x+

pP
i=1

�iai
�
, £¤¥ � = (�1; : : : ; �p), �i 2 R1 8i = 1; : : : ; p, áâà®£®

¢ë¯ãª«  ¯® ¯¥à¥¬¥ë¬ �.

�¥®à¥¬  1. �ãáâì �x 2 D, " � 0, ¢ë¯®«ï¥âáï ãá«®¢¨¥ (2) ¨ �y | â®çª  ¬¨¨¬ã¬  äãªæ¨¨

F (x)   ¬®¦¥áâ¢¥ D1(�x; ") ¨«¨ D2(�x; "). �«ï â®£® çâ®¡ë â®çª  �x ¡ë«  à¥è¥¨¥¬ § ¤ ç¨ (1),
¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® à ¢¥áâ¢ 

F (�y) = 0: (8)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì �x | â®çª  ¬¨¨¬ã¬  äãªæ¨¨ f0(x)   ¬®¦¥-
áâ¢¥ D. � ª ª ª F (�x) = 0, �x 2 Di(�x; "), i = 1; 2, â® F (�y) � 0. �®¯ãáâ¨¬, çâ® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢®
¢ë¯®«ï¥âáï ª ª áâà®£®¥. �®£¤ , ª ª ¯®ª § ® ¢ëè¥,  ¯à ¢«¥¨¥ �y � �x ï¢«ï¥âáï ¯®¤å®¤ïé¨¬
¤«ï äãªæ¨¨ f0(x) ¢ â®çª¥ �x, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã �x. �«¥¤®¢ â¥«ì®, ãâ¢¥à¦¤¥¨¥ (8) ¤®-
ª § ®.
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�®áâ â®ç®áâì. �ãáâì ¢ë¯®«ï¥âáï à ¢¥áâ¢® (8). �®«®¦¨¬ f 0i(�x) = ai, ci(�x) = ci, i 2 I, ¨
¡ã¤¥¬ áç¨â âì, çâ® �y = �x+

P
i2I(�x;")

��i ai, £¤¥ �
�
i 2 R1 8i 2 I(�x; "). �®ª ¦¥¬ á ç « , çâ® á¯à ¢¥¤«¨¢®

(7). �®¯ãáâ¨¬ ¯à®â¨¢®¥, â.¥. fj(�x) < 0, j 2 J . �®áª®«ìªã äãªæ¨¨ fj(x) ¥¯à¥àë¢ë ¨ hc0; a0i >
0 á®£« á® (6), â®  ©¤¥âáï â ª®¥ ¤®áâ â®ç® ¡«¨§ª®¥ ª ã«î ®âà¨æ â¥«ì®¥ ç¨á«® ��0, çâ®

fj(�x+ ��0a0) � 0 8j 2 J; ��0ha0; a0i+
1
2
��2
0hc0; a0i < 0: (9)

�®«®¦¨¬ ��i = 0 8i 2 I(�x; ") n f0g, ��x = �x +
P

i2I(�x;")

��iai. �®£¤  ¢ á¨«ã ¯¥à¢®£® ¨§ ¥à ¢¥áâ¢

(9) ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ ��x 2 Di(�x; "), i = 1; 2. � ç¨â, ¯® ãá«®¢¨î â¥®à¥¬ë F (�y) � F (��x) =P
i2I(�x;")

��iha0; aii + 1
2

P
i;j2I(�x;")

��i ��jhci; aji = ��0ha0; a0i + 1
2
��2
0hc0; a0i. �âáî¤  á ãç¥â®¬ ¢â®à®£® ¨§ á®-

®â®è¥¨© (9) á«¥¤ã¥â ¥à ¢¥áâ¢® F (�y) < 0, ¯à®â¨¢®à¥ç é¥¥ ãá«®¢¨î (8). � ª¨¬ ®¡à §®¬,
ãâ¢¥à¦¤¥¨¥ (7) ¤®ª § ®.

� «¥¥, ¬®¦¥áâ¢® I(�x; ") ªà®¬¥ ¨¤¥ªá  i = 0 á®¤¥à¦¨â á®£« á® ãá«®¢¨î �«¥©â¥à  â ª¦¥ ¢á¥
¨¤¥ªáë i 2 J(�x; 0). �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® J(�x; 0) = f1; : : : ; rg, I(�x; ") =

f0; 1; : : : ; lg, £¤¥ 1 � r � l � m. �®«®¦¨¬ � = (�0; : : : ; �l), �i 2 R1, i = 0; : : : ; l, �1 =
n
� :

fj
�
�x+

lP
i=0

�iai
�
� 0 8j 2 J

o
| ¤®¯ãáâ¨¬®¥ ¬®¦¥áâ¢® § ¤ ç¨ (3), (4), �2 =

n
� : fj

�
�x+

lP
i=0

�iai
�
�

0 8j 2 J(�x; ")
o
| ¤®¯ãáâ¨¬®¥ ¬®¦¥áâ¢® § ¤ ç¨ (3), (5). � ª ª ª 0 2 �i, i = 1; 2,   ¯® ãá«®¢¨î

â¥®à¥¬ë �� = (��0; : : : ; �
�
l ) | à¥è¥¨¥ § ¤ ç¨ (3), (4) ¨«¨ (3), (5), ¯à¨ç¥¬ ¢ á¨«ã «¥¬¬ë 1 íâ®

à¥è¥¨¥ ¥¤¨áâ¢¥®, â® á®£« á® (8) �� = 0. �¥âàã¤® ¯à®¢¥à¨âì, çâ® ¢ â®çª¥ � = 0 £à ¤¨¥â ¬¨

æ¥«¥¢®© äãªæ¨¨ (3) ¨ äãªæ¨© ®£à ¨ç¥¨© fj
�
�x +

lP
i=0

�iai
�
, j = 1; : : : ; r, § ¤ ç¨ (3), (4) ¨

(3), (5) ï¢«ïîâáï á®®â¢¥âáâ¢¥® ¢¥ªâ®àë d0 = (ha0; a0i; : : : ; ha0; ali), dj = (haj ; a0i; : : : ; haj ; ali),

j = 1; : : : ; r. �®áª®«ìªã fj
�
�x+

lP
i=0

��i ai
�
= fj(�x) = 0, j = 1; : : : ; r, ¨ ¯® «¥¬¬¥ 1 ([2], á.18) ¬®¦¥áâ¢ 

�1, �2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �«¥©â¥à , â®  ©¤ãâáï â ª¨¥ ç¨á«  j � 0, j = 1; : : : ; r, çâ®

d0 =
rP

j=1
jdj ([3], á.50). �âáî¤  á«¥¤ãîâ à ¢¥áâ¢ 

ha0; aji = hb; aji; j = 0; : : : ; l; (10)

£¤¥

b =
rX

j=1

jaj : (11)

�¬®¦¨¢ à ¢¥áâ¢  (10)   j ¨ ¯à®áã¬¬¨à®¢ ¢ ¨å ¯® j ®â 1 ¤® l, ¯®«ãç¨¬ ha0; bi = hb; bi. �âáî¤ 
á ãç¥â®¬ (10) á«¥¤ã¥â, çâ® ha0; bi2 = ha0; a0ihb; bi, ¯®íâ®¬ã ¢¥ªâ®àë a0 ¨ b «¨¥©® § ¢¨á¨¬ë, â.¥.
a0 = b. � ª ª ª ¨§ (10) ¨ (2) á«¥¤ã¥â ¥à ¢¥áâ¢® ha0; bi > 0, â®  > 0. �®£¤  ¢ á¨«ã (11)

f 00(�x) =
rP

j=1
jf

0
j(�x). �®«®¦¨¢ �j = j , j = 1; : : : ; r; �j = 0, j = r + 1; : : : ;m, ¯®«ãç¨¬ ®âáî¤ 

à ¢¥áâ¢  f 00(�x) =
mP
j=1

�jf
0
j(�x),

mP
j=1

�jfj(�x) = 0. �«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ �ã -� ªª¥à  ([3], á.54)

�x | â®çª  ¬¨¨¬ã¬  äãªæ¨¨ f0(x)   ¬®¦¥áâ¢¥ D.

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1. �«ï â®£® çâ®¡ë â®çª  �x ¡ë«  à¥è¥¨¥¬
§ ¤ ç¨ (1), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® à ¢¥áâ¢ 

�y = �x: (12)
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�®ª § â¥«ìáâ¢®. �ãáâì �x | à¥è¥¨¥ § ¤ ç¨ (1). �®¯ãáâ¨¬, çâ® (12) ¥ ¢ë¯®«ï¥âáï. �®
â¥®à¥¬¥ 1 á¯à ¢¥¤«¨¢® (8),   § ç¨â, F (�x) = F (�y). �®£¤  ¢ á¨«ã ¢ë¯ãª«®áâ¨ ¬®¦¥áâ¢Di(�x; "), i =
1; 2, ¨ á¨«ì®© ¢ë¯ãª«®áâ¨ äãªæ¨¨ F (x)  ¯à ¢«¥¨¥ �x� �y ï¢«ï¥âáï ¯®¤å®¤ïé¨¬ ¤«ï äãªæ¨¨
F (x) ¢ â®çª¥ �y, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã â®çª¨ �y. �«¥¤®¢ â¥«ì®, à ¢¥áâ¢® (12) ¤®ª § ®.

�ãáâì á¯à ¢¥¤«¨¢® (12). �®áª®«ìªã F (�x) = 0, â® ¢ë¯®«ï¥âáï (8),   § ç¨â, ¯® â¥®à¥¬¥ 1
â®çª  �x | à¥è¥¨¥ § ¤ ç¨ (1).

�à¥¤« £ ¥¬ë©  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ (1) § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �ë¡¨à ¥âáï â®çª 
 ç «ì®£® ¯à¨¡«¨¦¥¨ï x0 2 D ¨ ç¨á«  �" > 0, 1 < � < +1. �ãáâì ã¦¥ ¯®áâà®¥  â®çª  xk,
k 2 K.

1. �á«¨ f 00(xk) = 0, â® xk | à¥è¥¨¥ § ¤ ç¨, ¨ ¯à®æ¥áá § ª ç¨¢ ¥âáï.
2. �à¨ "k � �" ®âëáª¨¢ ¥âáï yk | â®çª  ¬¨¨¬ã¬  äãªæ¨¨

Fk(x) = hf 00(xk); x� xki+
1
2
hf 000 (xk)(x� xk); x� xki

  ¬®¦¥áâ¢¥ D1(xk; "k) ¨«¨ D2(xk; "k). �á«¨ Fk(yk) = 0, â® xk = x�, ¨ ¯à®æ¥áá § ª ç¨-
¢ ¥âáï.

3. �®« £ ¥âáï pk = yk � xk, sk = �kpk, £¤¥ �k = 1, ¥á«¨ yk 2 D, ¨ �k ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨©

�k > 0; xk + �kpk 2 D; xk + ��kpk =2 D ¢ ¯à®â¨¢®¬ á«ãç ¥. (13)

4. �®« £ ¥âáï xk+1 = xk + �ksk. �¨á«  �k ¢ë¡¨à îâáï «¨¡® ¨§ ãá«®¢¨ï ([4], á.209; [1], á.331)
�k = �ik 8k 2 K, £¤¥ ik |  ¨¬¥ìè¨© ¨§ ®¬¥à®¢ i � 0, ¯à¨ ª®â®àëå ¢ë¯®«ï¥âáï
¥à ¢¥áâ¢®

f0(xk)� f0(xk + �isk) � ��i�kjFk(yk)j; (14)

  ¯ à ¬¥âàë �, � â ª®¢ë, çâ® 0 < � < 1, 0 < � < 1, «¨¡® ¨§ ãá«®¢¨© ([3], á.212)

0 � � � 1; f0(xk + �ksk) � (1� �k)f0(xk) + �k!k;

0 < � � �k � 1; !k = min
0���1

f0(xk + �sx) 8k 2 K: (15)

�â¬¥â¨¬, çâ® ¢  «£®à¨â¬¥ I(xk; "k) 6= ? 8k 2 K, â.ª. f 00(xk) 6= 0 8k 2 K. �á«¨ xk | à¥è¥¨¥
§ ¤ ç¨ (1), â® ¢ëå®¤ ¨§ æ¨ª«  ¢ ¯.2 ¯à®¨áå®¤¨â ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1, ¢ ¯à®â¨¢®¬ á«ãç ¥,
ª ª ¯®ª § ® ¢ëè¥, pk | ¯®¤å®¤ïé¥¥ ¤«ï äãªæ¨¨ f0(x) ¢ â®çª¥ xk  ¯à ¢«¥¨¥, ¨ ¢ë¡®à ç¨á¥«
�k ¢®§¬®¦¥. �á«¨ â®çª  yk ¤«ï ¢á¥å k 2 K ®âëáª¨¢ ¥âáï á ¯®¬®éìî à¥è¥¨ï § ¤ ç¨ (3), (4) ¯à¨
�x = xk, " = "k, â® yk 2 D 8k 2 K, ¨ § ¤ ç   å®¦¤¥¨ï ç¨á¥« �k ¨§ ãá«®¢¨© (13) ¥ ¢®§¨ª ¥â.

�®§¬®¦®áâì ®âëáª ¨ï è £®¢ �k ¨§ ãá«®¢¨© (14) ¡ã¤¥â ®¡®á®¢   ¯®§¦¥. �®¤ç¥àª¥¬ â ª-
¦¥, çâ® ç¨á«  �k ¢ë¡¨à îâáï ¢  «£®à¨â¬¥ ¤«ï ¢á¥å k 2 K â®«ìª® ®¤¨¬ ¨§ ¯à¥¤«®¦¥ëå
á¯®á®¡®¢, â.¥. ç¥à¥¤®¢ ¨¥ á¯®á®¡®¢ ¢ ¯à®æ¥áá¥ ¯®áâà®¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg ¥ ¯à¥¤¯®-
« £ ¥âáï. �®§¦¥ ¯à¨ ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨ïå ¡ã¤¥â ®¡áã¦¤¥  ¢®§¬®¦®áâì ¨á¯®«ì-
§®¢ ¨ï ¢  «£®à¨â¬¥ ¨ ¤àã£¨å á¯®á®¡®¢ § ¤ ¨ï è £®¢.

�¥¬¬  2. �®á«¥¤®¢ â¥«ì®áâ¨ fxkg ¨ fpkg, ¯®áâà®¥ë¥ ¯® ¯à¥¤«®¦¥®¬ã  «£®à¨â¬ã,

®£à ¨ç¥ë.

�®ª § â¥«ìáâ¢®. � ª ª ª äãªæ¨ï f0(x) á¨«ì® ¢ë¯ãª«  ¨ ¥¯à¥àë¢    D, â® ¬®¦¥áâ¢®
M(x0) = fx 2 D : f0(x) � f0(x0)g ®£à ¨ç¥®. �®áª®«ìªã yk 6= xk 8k 2 K, â®, ª ª ¯®ª § ® ¢ëè¥,
 ¯à ¢«¥¨¥ pk ¤«ï ¢á¥å k 2 K ï¢«ï¥âáï ¯®¤å®¤ïé¨¬ ¤«ï äãªæ¨¨ f0(x) ¢ â®çª¥ xk. �®£¤ 
á®£« á® (14), (15) xk 2M(x0) 8k 2 K, ¨ ¯®á«¥¤®¢ â¥«ì®áâì fxkg ®£à ¨ç¥ .

� «¥¥, ¨§ ¯®á«¥¤¥£® ãâ¢¥à¦¤¥¨ï á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®© ª®áâ âë d > 0, çâ®

kf 00(xk)k � d 8k 2 K: (16)
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�®áª®«ìªã Fk(yk) = hf 00(xk); pki+
1
2
hf 000 (xk)pk; pki < Fk(xk) = 0 8k 2 K, â® ®âáî¤  á ãç¥â®¬ (16),

(6) á«¥¤ã¥â ¥à ¢¥áâ¢® �dkpkk+
�

2
kpkk

2 < 0 8k 2 K. �®£¤  kpkk < 2d=� 8k 2 K.

�¥¬¬  3. �ãáâì �x | ¯à¥¤¥«ì ï â®çª  ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, ¯®áâà®¥®© ¯® ¯à¥¤-

«®¦¥®¬ã  «£®à¨â¬ã, ¨ xk ! �x ¯à¨ k ! 1, k 2 K 0 � K. �®£¤   ©¤¥âáï â ª®© ®¬¥à N ,

çâ® ¤«ï ¢á¥å k � N , k 2 K 0, á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥

I(�x; 0) � I(xk; "k): (17)

�®ª § â¥«ìáâ¢®. �á«¨ J(�x; 0) = ?, â® I(�x; 0) = f0g «¨¡® I(�x; 0) = ?,   ¯®áª®«ìªã ¯®  «£®-
à¨â¬ã

0 2 I(xk; "k) 8k 2 K 0; (18)

â® ¢ª«îç¥¨¥ (17) á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å k 2 K 0. �®íâ®¬ã ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® ¢ë¯®«-
ï¥âáï (7). �®£¤  ¯® ãá«®¢¨î à¥£ã«ïà®áâ¨ �«¥©â¥à  f 0i(�x) 6= 0 8i 2 J(�x; 0), ¨, á«¥¤®¢ â¥«ì-
®, I(�x; 0) = f0g [ J(�x; 0), «¨¡® I(�x; 0) = J(�x; 0). �®£« á® (18) ®áâ ¥âáï ¯®ª § âì ¢ª«îç¥-
¨¥ J(�x; 0) � I(xk; "k) ¤«ï ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å ®¬¥à®¢ k 2 K 0. �ãáâì l 2 J(�x; 0),
E = fx 2 D : ��" � fl(x)g. �®áª®«ìªã f 0l (�x) 6= 0 ¨ äãªæ¨ï fl(x) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨-
àã¥¬ , â®  ©¤¥âáï â ª ï ®ªà¥áâ®áâì ! â®çª¨ �x, çâ® f 0l (x) 6= 0 8x 2 ! \ E. �ë¡¥à¥¬ ®¬¥à N
â ª, çâ®¡ë xk 2 ! \ E 8k � N , k 2 K 0. �®£¤  �"k � �" � fl(xk) � 0, k � N , k 2 K 0,   § ç¨â,
l 2 J(xk; "k), k � N , k 2 K 0. �®áª®«ìªã f 0l (xk) 6= 0, k � N , k 2 K 0, â® l 2 I(xk; "k), k � N ,
k 2 K 0.

�¥¬¬  4. �«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ f�kg, k 2 K, ®¯à¥¤¥«¥®© á®£« á® ¯.3  «£®à¨â¬ ,

áãé¥áâ¢ã¥â â ª®¥ ç¨á«® � 0 > 0, çâ® �k � � 0 8k 2 k.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¥¢¥à®, â.¥. áãé¥áâ¢ã¥â â ª ï ¯®¤-
¯®á«¥¤®¢ â¥«ì®áâì f�kg, k 2 K1 � K, çâ®

�k ! 0; k !1; k 2 K1: (19)

�®áª®«ìªã �k 2 (0; 1] 8k 2 K, ¨ �k = 1 «¨èì ¢ á«ãç ¥, ª®£¤  yk 2 D, â® ¢ á¨«ã ¯à¥¤¯®«®¦¥¨ï
(19) ¬®¦® áç¨â âì, çâ®

yk =2 D 8k 2 K1: (20)

�®£¤  ¯à¨ ¢á¥å k 2 K1 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï (13),   § ç¨â, ¤«ï ¯à®¨§¢®«ì® ä¨ªá¨à®¢ -
®£® ®¬¥à  k 2 K1  ©¤¥âáï â ª®© ¨¤¥ªá i 2 J , çâ®

fi(xk + �kpk) � 0; fi(xk + ��kpk) > 0; fi(xk + pk) > 0: (21)

� ª ª ª ¬®¦¥áâ¢® J ª®¥ç®, â® ®âáî¤  á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¨¤¥ªá  i0 2 J ¨ ¯®¤¯®á«¥-
¤®¢ â¥«ì®áâ¨ K2 � K1 â ª¨å, çâ® ¤«ï ¢á¥å k 2 K2 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  (21) ¯à¨ i = i0.
�®£« á® «¥¬¬¥ 2 ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, k 2 K2, ¬®¦® ¢ë¤¥«¨âì áå®¤ïéãîáï ¯®¤¯®á«¥-
¤®¢ â¥«ì®áâì fxkg, k 2 K3 � K2. �ãáâì �x | ¥¥ ¯à¥¤¥«ì ï â®çª . �®£¤ , ¯¥à¥å®¤ï ª ¯à¥¤¥«ã
¢ ¯¥à¢ëå ¤¢ãå ¥à ¢¥áâ¢ å (21) ¯à¨ i = i0, k ! 1, k 2 K3, á ãç¥â®¬ (19) ¨ «¥¬¬ë 2 ¯®«ãç¨¬
à ¢¥áâ¢® fi0(�x) = 0. �«¥¤®¢ â¥«ì®, i0 2 J(�x; 0),   ¯®áª®«ìªã f 0i0(�x) 6= 0 ¢ á¨«ã à¥£ã«ïà®áâ¨ D,
â® i0 2 I(�x; 0). � ç¨â, ¯® «¥¬¬¥ 3  ©¤¥âáï â ª®© ®¬¥à N , çâ®

i0 2 J(xk; "k) 8k � N; k 2 K3: (22)

� «¥¥, á®£« á® (20) yk | â®çª  ¬¨¨¬ã¬  Fk(x)   ¬®¦¥áâ¢¥ D2(xk; "k) ¤«ï ¢á¥å k � N ,
k 2 K3, â.ª. ¯à¨ ¢â®à®¬ á¯®á®¡¥ § ¤ ¨ï yk ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ yk 2 D. � ª¨¬ ®¡à §®¬,
yk = xk + pk 2 D2(xk; "k), k � N , k 2 K3. �®£¤  ¨§ (22) á«¥¤ã¥â ¥à ¢¥áâ¢® fi0(xk + pk) � 0,
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k � N , k 2 K3, ª®â®à®¥ ¯à®â¨¢®à¥ç¨â âà¥âì¥¬ã ¨§ á®®â®è¥¨© (21) ¯à¨ i = i0, k � N , k 2 K3.
� ç¨â, ¯à¥¤¯®«®¦¥¨¥ (19) ¥¢¥à®.

�¥¬¬  5. �ãáâì ¤«ï ¬®¦¥áâ¢  D ¨ äãªæ¨© fi(x), i 2 I, ¢ë¯®«ïîâáï ãª § ë¥ ¢ëè¥
ãá«®¢¨ï, ¨, ªà®¬¥ â®£®,

hf 000 (x)�; �i �Mk�k2 8x 2 D; � 2 Rn; (23)

£¤¥ M � �, ª®áâ â  � ®¯à¥¤¥«¥  ¢ (6). �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì fxkg ¯®áâà®¥  ¯® ¯à¥¤-
«®¦¥®¬ã  «£®à¨â¬ã, â® áãé¥áâ¢ã¥â ª®¥çë© ¯à¥¤¥«

lim
k!1

f0(xk) � f�0 ; (24)

¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢®

lim
k!1

kpkk = 0: (25)

�®ª § â¥«ìáâ¢®. �á«¨ yk = xk ¤«ï ¥ª®â®à®£® k 2 K, â® ¯® á«¥¤áâ¢¨î ª â¥®à¥¬¥ 1 xk |
à¥è¥¨¥ § ¤ ç¨ (1). �®íâ®¬ã ¡ã¤¥¬ áç¨â âì, çâ® yk 6= xk,   § ç¨â, sk 6= 0 ¨ Fk(yk) < 0 ¤«ï ¢á¥å
k 2 K.

�®ª ¦¥¬ á ç « , çâ®

f0(xk)� f0(xk + �sk) � �(1� �M=�)�kjFk(yk)j (26)

8k 2 K, � 2 [0; 1]. � ª ª ª ¯®  «£®à¨â¬ã �k 2 (0; 1], k 2 K, â® ¨§ ¢ë¯ãª«®áâ¨ äãªæ¨¨ Fk(x) ¯à¨
¯à®¨§¢®«ì®¬ � 2 [0; 1] á«¥¤ãîâ á®®â®è¥¨ï

Fk(xk + �sk) = Fk(xk + ��k(yk � xk)) � ��kFk(yk) + (1� ��k)Fk(xk) = ��kFk(yk); k 2 K: (27)

�âáî¤  á ãç¥â®¬ à ¢¥áâ¢ 

f0(xk + �sk)� f0(xk) = Fk(xk + �sk) + (�2=2)h[f 000 (xk + �0�sk)� f 000 (xk)]sk; ski; (28)

£¤¥ 0 � �0 � 1, ¨ ¥à ¢¥áâ¢ (6), (23) ¯®«ãç¨¬ ®æ¥ªã

f0(xk + �sk)� f0(xk) � ��kFk(yk) + (�2=2)Mkskk
2; (29)

k 2 K, � 2 [0; 1]. �®áª®«ìªã yk | â®çª  ¬¨¨¬ã¬  á¨«ì® ¢ë¯ãª«®© äãªæ¨¨ Fk   ¬®¦¥áâ¢¥
D1(xk; "k) ¨«¨ D2(xk; "k),   xk 2 Di(xk; "k), i = 1; 2, â® ([1], áá.182, 185) kxk�ykk

2 � (2=�)(Fk(xk)�
Fk(yk)) = (2=�)jFk(yk)j, ¨, § ç¨â,

kskk
2 = � 2kkpkk

2 � (2=�)�kjFk(yk)j; (30)

k 2 K. �®¤áâ ¢«ïï íâã ®æ¥ªã ¢ (29), ¯®«ãç¨¬ (26).
�®ª ¦¥¬ â¥¯¥àì ãâ¢¥à¦¤¥¨ï «¥¬¬ë ®â¤¥«ì® ¤«ï ª ¦¤®£® ¨§ ¯à¥¤«®¦¥ëå á¯®á®¡®¢ ¢ë-

¡®à  è £®¢ �k. �ãáâì ¯à¨ ¯®áâà®¥¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg è £¨ ¢ë¡¨à «¨áì ¨§ ãá«®¢¨ï
(14). �®ª ¦¥¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¯à¨ ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®¬ k 2 K  ©¤¥âáï å®âï ¡ë
®¤¨ ®¬¥à i � 0, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® (14). �¥©áâ¢¨â¥«ì®, ¯à¨ ¢á¥å § ç¥¨ïå �, ã¤®¢«¥-
â¢®àïîé¨å ãá«®¢¨ï¬

0 < �0 = �(1� �)�=M � � � (1� �)�=M < 1; (31)

á®£« á® (26) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

f0(xk)� f0(xk + �sk) � ���kjFk(yk)j: (32)

�ë¡¥à¥¬ ®¬¥à rk � 1 â ª, çâ®¡ë �rk � (1� �)�=M < �rk�1. �®£¤ 

�0 < �rk � (1� �)�=M; (33)
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¨ ç¨á«® � = �rk ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (31),   § ç¨â, ¨ ¥à ¢¥áâ¢ã (32). �«¥¤®¢ â¥«ì®,
(14) ¢ë¯®«ï¥âáï ¯à¨ i = rk, ¨ áà¥¤¨ ®¬¥à®¢ i � rk, ã¤®¢«¥â¢®àïîé¨å (14), ¬®¦® ¢ë¡à âì
 ¨¬¥ìè¨© ®¬¥à i = ik. � ª¨¬ ®¡à §®¬, ¢®§¬®¦®áâì ¢ë¡®à  è £®¢ ¨§ ãá«®¢¨ï (14) ¤®ª §  .
� «¥¥, ¯®áª®«ìªã f0(xk) � f0(xk+1) � f�0 , k 2 K, â® ãâ¢¥à¦¤¥¨¥ (24) «¥¬¬ë á¯à ¢¥¤«¨¢®, ¨,
§ ç¨â,

lim
k!1

(f0(xk)� f0(xk+1)) = 0: (34)

� ª ª ª ¯®  «£®à¨â¬ã f0(xk) � f0(xk+1) � ��k�kjFk(yk)j ¨ á®£« á® (33) �k = �ik � �rk > �0 ¤«ï
¢á¥å k 2 K, â®

f0(xk)� f0(xk+1) � ��0�kjFk(yk)j 8k 2 K:

�âáî¤  á ãç¥â®¬ (34), (30) ¨ «¥¬¬ë 4 á«¥¤ã¥â (25).
�ãáâì â¥¯¥àì ¯®á«¥¤®¢ â¥«ì®áâì fxkg ¯®áâà®¥  á ¢ë¡®à®¬ è £®¢ ¨§ ãá«®¢¨ï (15). �á¯®«ì-

§ãï (26), ¤«ï «î¡®£® � 2 [0; 1] ¯®«ãç¨¬ ¥à ¢¥áâ¢  f0(xk)�f0(xk+1) � �k(f0(xk)�f0(xk+�sk)) �
�k�k(� � �2M=�)jFk(yk)j, k 2 K. �âáî¤  ¯à¨ � = �=2M < 1 á«¥¤ã¥â ®æ¥ª  f0(xk) � f0(xk+1) �
(�=4M)��kjFk(yk)j 8k 2 K. � ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì ff0(xk)g ¬®®â®® ã¡ë¢ ¥â ¨ ®£à ¨-
ç¥  á¨§ã, â® á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥¨¥ (24) «¥¬¬ë ¨ à ¢¥áâ¢® (34). � ç¨â, ¨§ ¯®á«¥¤¥£®
¥à ¢¥áâ¢  ¨ ®æ¥ª¨ (30) á ãç¥â®¬ «¥¬¬ë 4 á«¥¤ã¥â (25).

�¥¬¬  6. �ãáâì H | ¥ª®â®à®¥ ¬®¦¥áâ¢® ¨¤¥ªá®¢, 0 < �0 � 1, �00 > 0, V | ¢ë¯ãª« ï

®¡®«®çª  ¢¥ªâ®à®¢ ai 2 Rn, i 2 H, ¨ O =2 V , £¤¥ O | ã«ì ¯à®áâà áâ¢  Rn. �®£¤  ¤«ï ª ¦¤®£®

¥¯ãáâ®£® ¯®¤¬®¦¥áâ¢  H1 � H  ©¤ãâáï â ª¨¥ ç¨á«  �i � 0, i 2 H1, çâ®
P
i2H1

�i � �1 ¨

�0
D
aj ;

X
i2H1

�iai
E
+ �00


X
i2H1

�iai

2

< 0 8j 2 H1:

�®ª § â¥«ìáâ¢®. �ãáâì V1 | ¢ë¯ãª« ï ®¡®«®çª  ¢¥ªâ®à®¢ ai, i 2 H1, q1 | ¯à®¥ªæ¨ï O  
¬®¦¥áâ¢® V1. �®áª®«ìªã V1 � V , â® O =2 V1 ¢ á¨«ã ãá«®¢¨ï «¥¬¬ë, ¨ kq1k > 0. � ª ª ª q1 2 V1,
â®  ©¤ãâáï â ª¨¥ ç¨á«  i � 0, çâ® q1 =

P
i2H1

iai ¨
P
i2H1

i = 1. �® ¨§¢¥áâ®¬ã á¢®©áâ¢ã ¯à®¥ªæ¨¨

hq1; x � q1i � 0 8x 2 V1. �âáî¤  �0h�0q1; xi � h�0q1; �
0q1i 8x 2 V1. �®«®¦¨¬ �0q1 = q01 ¨ ¢ë¡¥à¥¬

ç¨á«®  2 (0; 1] â ª, çâ®¡ë 2�00 < . �®£¤  ¤«ï ¢á¥å x 2 V1, ¢ â®¬ ç¨á«¥ ¨ ¤«ï ¢á¥å ¢¥ªâ®à®¢ aj ,
j 2 H1, ¢ë¯®«ïîâáï á®®â®è¥¨ï

�0hq01; xi � hq01; q
0
1i > 2�00kq01k

2 = �00kq01k
2:

�«¥¤®¢ â¥«ì®, ¤«ï ¢á¥å j 2 H1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® �0haj ; q01i > �00kq01k
2, ¨«¨

�0
D
aj ;

X
i2H1

�0iai
E
> �00


X
i2H1

(��0i)ai

2

:

�®«®¦¨¢ ��0i = �i, i 2 H1, ¯®«ãç¨¬ ®âáî¤  ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

�¥®à¥¬  2. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï «¥¬¬ë 5. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì fxkg, ¯®-
áâà®¥ ï ¯® ¯à¥¤«®¦¥®¬ã  «£®à¨â¬ã, áå®¤¨âáï ª â®çª¥ x�.

�®ª § â¥«ìáâ¢®. �ãáâì ç¨á«  �i(xk), i 2 I(xk; "k), â ª®¢ë, çâ® yk = xk+
P

i2I(xk;"k)

�i(xk)f 0i(xk),

k 2 K. �®£¤  ¨§ (25) á ãç¥â®¬ (16) á«¥¤ãîâ ¯à¥¤¥«ìë¥ á®®â®è¥¨ï

lim
k!1


X

i2I(xk;"k)

�i(xk)f
0
i(xk)

 = 0; lim
k!1

X
i2I(xk;"k)

hf 00(xk); f
0
i (xk)i�i(xk) = 0: (35)

�®£« á® «¥¬¬¥ 5 ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg á¯à ¢¥¤«¨¢® (24). �®¯ãáâ¨¬, çâ® ¥à ¢¥áâ¢®
(24) ¢ë¯®«ï¥âáï ª ª áâà®£®¥, â.¥. ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¥¢¥à®. �ë¡¥à¥¬ ¨§ ®£à ¨ç¥®©
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¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, k 2 K, áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì fxkg, k 2 K1 � K, ¨ ¯ãáâì
�x | ¥¥ ¯à¥¤¥«ì ï â®çª . �® ¯à¥¤¯®«®¦¥¨î �x 6= x�. � ç¨â, ¢ë¯®«ï¥âáï (2), I(�x; 0) 6= ?,
¨ áãé¥áâ¢ã¥â â ª®© ¢¥ªâ®à s 2 Rn, çâ® hf 0i(�x); si < 0 8i 2 I(�x; 0). �®£¤  ã«ì ¯à®áâà áâ¢  ¥
¯à¨ ¤«¥¦¨â ¢ë¯ãª«®© ®¡®«®çª¥ ¢¥ªâ®à®¢ f 0i(�x), i 2 I(�x; 0), ¨ ¯® «¥¬¬¥ 6  ©¤ãâáï â ª¨¥ ç¨á« 
�0i � 0, i 2 I(�x; 0), çâ®

D
f 0j(�x);

X
i2I(�x;0)

�0if
0
i(�x)

E
+
M

2


X

i2I(�x;0)

�0if
0
i(�x)


2

< 0 8j 2 I(�x; 0): (36)

�®«®¦¨¬ p =
P

i2I(�x;0)

�0if
0
i(�x). �®£« á® (36) p 6= 0. �®ª ¦¥¬, çâ® ¯à¨ ¥ª®â®à®¬ § ç¥¨¨ 0 <

0 < 1 á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

fj(�x+ 0p) < 0 8j 2 J: (37)

�á«¨ J(�x; 0) = ?, â® fj(�x) < 0 8j 2 J , ¨ áãé¥áâ¢®¢ ¨¥ ç¨á«  0, ã¤®¢«¥â¢®àïîé¥£® (37),
®ç¥¢¨¤®. �ãáâì ¢ë¯®«ï¥âáï (7). � á¨«ã à¥£ã«ïà®áâ¨ ¤®¯ãáâ¨¬®£® ¬®¦¥áâ¢  f 0j(�x) 6= 0 8j 2
J(�x; 0), â.¥. J(�x; 0) � I(�x; 0). �®£¤  á®£« á® (36) p |  ¯à ¢«¥¨¥ á¯ãáª  ¤«ï äãªæ¨© fj(x),
j 2 J(�x; 0), ¢ â®çª¥ �x. � ç¨â, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® � 2 (0; 1), çâ® fj(�x + p) < fj(�x) = 0
8j 2 J(�x; 0),  2 (0; �],   ¯®áª®«ìªã fj(�x) < 0 8j 2 J n J(�x; 0), â® ¯à¨ ¥ª®â®à®¬ 0 2 (0; �]
¢ë¯®«ï¥âáï (37). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï (37) ¤®ª §   ¯à¨ ãá«®¢¨¨ (7).
� «¥¥, á ãç¥â®¬ ¢ë¡®à  0 ¨§ (36) ¯à¨ j = 0 á«¥¤ã¥â ¥à ¢¥áâ¢® 0hf 00(�x); pi +

M

2
(0)2kpk2 < 0.

�®£¤ , ¯®«®¦¨¢ 0�0i = ��i, i 2 I(�x; 0), ¯®«ãç¨¬ ®âáî¤  ¨ ¨§ (37)

D
f 00(�x);

X
i2I(�x;0)

��if
0
i(�x)

E
+
M

2


X

i2I(�x;0)

��if
0
i(�x)


2

= � < 0;

fj
�
�x+

X
i2I(�x;0)

��if
0
i(�x)

�
< 0 8j 2 J:

� ª ª ª äãªæ¨¨ fj(x), j 2 J , ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë   D, ¬®¦¥áâ¢® D à¥£ã«ïà®
¨ ¯® ¯à¥¤¯®«®¦¥¨î ¢ë¯®«ï¥âáï (2), â®  ©¤¥âáï â ª ï ®ªà¥áâ®áâì ! â®çª¨ �x, çâ® ¤«ï ¢á¥å
x 2 ! \ D á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

D
f 00(x);

X
i2I(�x;0)

��if
0
i(x)

E
+
M

2


X

i2I(�x;0)

��if
0
i(x)


2

�
�

2
;

fj
�
x+

X
i2I(�x;0)

��if
0
i(x)

�
� 0 8j 2 J; f 0i(x) 6= 0 8i 2 I(�x; 0):

�®áª®«ìªã xk ! �x, k !1, k 2 K1, â®  ©¤¥âáï â ª®© ®¬¥à N1, çâ® xk 2 !\D 8k � N1, k 2 K1.
�®£¤ 

D
f 00(xk);

X
i2I(�x;0)

��if
0
i(xk)

E
+
M

2


X

i2I(�x;0)

��if
0
i(xk)


2

�
�

2
;

fj
�
xk +

X
i2I(�x;0)

��if 0i(xk)
�
� 0 8j 2 J;

(38)

f 0i(xk) 6= 0 8i 2 I(�x; 0), k � N1, k 2 K1. �® «¥¬¬¥ 3 áãé¥áâ¢ã¥â â ª®© ®¬¥à N2 � N1, çâ®
¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ (17) ¯à¨ ¢á¥å k � N2, k 2 K1. �®«®¦¨¬ ��i = 0 8i 2 J n J(�x; 0), â®£¤ 
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P
i2I(�x;0)

��if 0i(xk) =
P

i2I(xk;"k)

��if 0i(xk), k � N2, k 2 K1, ¨ ¨§ (38) á«¥¤ãîâ ¥à ¢¥áâ¢ 

D
f 00(xk);

X
i2I(xk;"k)

��if
0
i(xk)

E
+
M

2


X

i2I(xk;"k)

��if
0
i(xk)


2

�
�

2
; (39)

fj
�
xk +

X
i2I(xk;"k)

��if
0
i(xk)

�
� 0 8j 2 J; (40)

k � N2, k 2 K1.
�®ª ¦¥¬ ¤ «¥¥, çâ® á«ãç ©, ª®£¤  ¯à¨ ¥ª®â®à®¬ k 2 K ®¤®¢à¥¬¥® ¢ë¯®«ïîâáï à ¢¥-

áâ¢ 

yk = argmin
x2D2(xk;"k)

Fk(x); J(xk; "k) = ?; (41)

¢®§¬®¦¥ «¨èì ¤«ï ª®¥ç®£® ç¨á«  ®¬¥à®¢ k 2 K1. �®¯ãáâ¨¬ ¯à®â¨¢®¥, â.¥. áãé¥áâ¢ã¥â â ª ï
¯®¤¯®á«¥¤®¢ â¥«ì®áâì K2 � K1, çâ® (41) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å k 2 K2. �®£¤  D2(xk; "k) =
M(xk; "k) = fx 2 Rn : x = xk + �0f

0
0(xk); �0 2 R1g, yk = xk + �0(xk)f 00(xk), £¤¥ �0(xk) =

�kf 00(xk)k
2=hf 000 (xk)f

0
0(xk); f 00(xk)i, k 2 K2. � ç¨â, ¢ á¨«ã (25) �0(xk)kf 00(xk)k ! 0, k ! 1,

k 2 K2, çâ® ¥¢®§¬®¦®, ¯®áª®«ìªã á¯à ¢¥¤«¨¢® (2) ¨ 0 � hf 000 (xk)f
0
0(xk); f

0
0(xk)i �Md2 8k 2 K2

á®£« á® (6), (23), (16). � ª¨¬ ®¡à §®¬, ¢ë¡à âì ãª § ãî ¯®¤¯®á«¥¤®¢ â¥«ì®áâì ®¬¥à®¢ K2

¥«ì§ï, ¨  ©¤¥âáï â ª®© ®¬¥à N3 � N2, çâ® ¤«ï ¢á¥å k � N3, k 2 K1, â®çª¨ yk,   § ç¨â, ¨ ç¨á« 
�i(xk), i 2 I(xk; "k), ¯®«ãç¥ë á ¯®¬®éìî à¥è¥¨ï § ¤ ç¨ (3), (4) ¨«¨ (3), (5) ¯à¨ �x = xk, " = "k.
�®£¤  ¯à¨ ¢á¥å k � N3, k 2 K1, § ç¥¨ï �i = �i(xk), i 2 I(xk; "k), ã¤®¢«¥â¢®àïîâ ®£à ¨ç¥¨ï¬

fj
�
xk +

X
i2I(xk;"k)

�if
0
i(xk)

�
� 0 (42)

¤«ï ¢á¥å j 2 J ¨«¨ j 2 J(xk; "k) ¢ § ¢¨á¨¬®áâ¨ ®â á¯®á®¡  § ¤ ¨ï â®çª¨ yk. �®£« á® (40)
ç¨á«  �i = ��i, i 2 I(xk; "k), â ª¦¥ ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ (42) ¯à¨ k � N3, k 2 K1.
�«¥¤®¢ â¥«ì®,
D
f 00(xk);

X
i2I(xk;"k)

�i(xk)f
0
i(xk)

E
+
1
2

X
i;j2I(xk;"k)

�i(xk)�j(xk)hci(xk); f
0
j(xk)i �

�
D
f 00(xk);

X
i2I(xk;"k)

��if 0i(xk)
E
+
1
2

X
i;j2I(xk;"k)

��i ��jhci(xk); f 0j(xk)i; k � N3; k 2 K1:

�æ¥¨¢ ï á ¯®¬®éìî (6), (23) ¢â®àë¥ á« £ ¥¬ë¥ ¢ ®¡¥¨å ç áâïå ¯®á«¥¤¥£® ¥à ¢¥áâ¢ , ¯®«ãç¨¬

�k =
D
f 00(xk);

X
i2I(xk;"k)

�i(xk)f 0i(xk)
E
+
�

2


X

i2I(xk;"k)

�i(xk)f 0i(xk)

2

�

�
D
f 00(xk);

X
i2I(xk;"k)

��if
0
i(xk)

E
+
M

2


X

i2I(xk;"k)

��if
0
i(xk)


2

8k � N3; k 2 K1:

�®£¤  ¨§ (39) ¡ã¤¥¬ ¨¬¥âì �k � �=2 8k � N3, k 2 K1. �â® ¥à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â ¯à¥¤¥«ìë¬
á®®â®è¥¨ï¬ (35). � ª¨¬ ®¡à §®¬, ¯à¥¤¯®«®¦¥¨¥ ® â®¬, çâ® ¥à ¢¥áâ¢® (24) ¢ë¯®«ï¥âáï
ª ª áâà®£®¥, ¥¢¥à®. � ç¨â, ¯®á«¥¤®¢ â¥«ì®áâì fxkg, k 2 K, ï¢«ï¥âáï ¬¨¨¬¨§¨àãîé¥©, ¨
¨§ ãá«®¢¨© á¨«ì®© ¢ë¯ãª«®áâ¨ ¨ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f0(x)   D á«¥¤ã¥â, çâ® xk ! x�,
k !1.

�ãáâì è £¨ ¢  «£®à¨â¬¥ ¢ë¡¨à îâáï ¨§ ãá«®¢¨ï (14), ¨ ¢ ¤®¯®«¥¨¥ ª ãá«®¢¨ï¬ «¥¬¬ë 5
¤«ï f 000 (x)   ¬®¦¥áâ¢¥ D ¢ë¯®«ï¥âáï ãá«®¢¨¥ �¨¯è¨æ  á ª®áâ â®© L0, â.¥.

kf 000 (x)� f 000 (y)k � L0kx� yk 8x; y 2 D:
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�®ª ¦¥¬, çâ® â®£¤   ©¤¥âáï â ª®© ®¬¥à N , çâ® �k = 1 8k � N . �§ (27), (28) ¯à¨ � = 1 á
ãç¥â®¬ ãá«®¢¨ï �¨¯è¨æ  ¨ ®æ¥ª¨ (30) á«¥¤ãîâ ¥à ¢¥áâ¢  f0(xk + sk) � f0(xk) � �kFk(yk) +
(L0=2)kskk3 � ��kjFk(yk)j+(L0=�)�kjFk(yk)j kskk 8k 2 K. �®£« á® (25) kskk ! 0, k !1, ¯®íâ®¬ã
áãé¥áâ¢ã¥â â ª®© ®¬¥à N , çâ® (L0=�)kskk � 1 � � 8k � N . � ç¨â, f0(xk) � f0(xk + sk) �
�kjFk(yk)j(1 � (L0=�)kskk) � ��kjFk(yk)j 8k � N , â.¥. ãá«®¢¨¥ (14) ¢ë¯®«ï¥âáï ¯à¨ i = ik = 0
8k � N , çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. � ª¨¬ ®¡à §®¬, ¥á«¨ â®çª  yk ¤«ï ¢á¥å k 2 K ¢ë¡¨à ¥âáï
¯¥à¢ë¬ á¯®á®¡®¬, â® xk+1 = yk 8k � N .

� «¥¥, ®â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¥ ¨á¯®«ì§ã¥â ¥¯®áà¥¤áâ¢¥® ãá«®¢¨ï (14),
(15) ¢ë¡®à  è £®¢ ¢  «£®à¨â¬¥,   ®¯¨à ¥âáï   à¥§ã«ìâ âë (24) ¨ (25). �®íâ®¬ã  «£®à¨â¬ ¤®-
¯ãáª ¥â ¨ ¤àã£¨¥ á¯®á®¡ë § ¤ ¨ï è £®¢ �k, ¥á«¨ ®¨ £ à â¨àãîâ ¢ë¯®«¥¨¥ ãá«®¢¨© (24),
(25). �à¥¤¯®« £ ï ¤®¯®«¨â¥«ì®, çâ® f 00(x) ã¤®¢«¥â¢®àï¥â   ¬®¦¥áâ¢¥ D ãá«®¢¨î �¨¯è¨æ 
á ª®áâ â®© L, ¯à¨¢¥¤¥¬ ¨¦¥ ¥é¥ ¤¢  á¯®á®¡  ¢ë¡®à  ç¨á¥« �k.

�á«¨ ¨§¢¥áâ  ª®áâ â  L ¨«¨ ¥¥ ¢¥àåïï ®æ¥ª , â® ¢  «£®à¨â¬¥ ¬®¦® ¯®«®¦¨âì

�k = minf1; �k�kjFk(yk)j=kskk
2g;

£¤¥ 0 < �0 � �k � 2(1 � �00)=L, 0 < �00 < 1, 8k 2 K. �®ª ¦¥¬, çâ® â®£¤  á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥-
¨ï «¥¬¬ë 5. �® ¨§¢¥áâ®¬ã á¢®©áâ¢ã ¢ë¯ãª«ëå äãªæ¨© f0(xk)� f0(xk+1) � ��khf

0
0(xk); ski �

�2kLkskk
2=2 8k 2 K. �ç¨âë¢ ï, çâ® hf 00(xk); ski = �khf

0
0(xk); pki = �kFk(yk) � (�k=2)hf 000 (xk)pk; pki,

¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ ãá«®¢¨ï (6) ¯®«ãç¨¬ ®æ¥ªã f0(xk) � f0(xk+1) � �k�kjFk(yk)j �
�2kLkskk

2=2 8k 2 K. �âáî¤  ¯à¨ �k = 1 � �k�kjFk(yk)j=kskk2 á«¥¤ã¥â ¥à ¢¥áâ¢®

f0(xk)� f0(xk+1) � �00�kjFk(yk)j;

  ¯à¨ �k = �k�kjFk(yk)j=kskk2 < 1 | ¥à ¢¥áâ¢®

f0(xk)� f0(xk+1) � �0�00� 2k jFk(yk)j
2=kskk

2:

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì®áâì ff0(xk)g ¬®®â®® ã¡ë¢ ¥â,   ¯®áª®«ìªã ®  ®£à ¨ç¥ , â®
á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨¥ (24) ¨ à ¢¥áâ¢® (34). � ª ¨ ¢ «¥¬¬¥ 2, ¯à¨ ãá«®¢¨¨ à¥« ªá æ¨®®áâ¨
¯à®æ¥áá  «¥£ª® ¯®ª § âì ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¥© fxkg, fskg. � ç¨â, ¨§ ¯®á«¥¤¨å
¤¢ãå ¥à ¢¥áâ¢ ¨ (34) ¢ëâ¥ª ¥â ¯à¥¤¥«ì®¥ á®®â®è¥¨¥ �kjFk(yk)j ! 0, k !1. �®£¤  ¨§ ®æ¥ª¨
(30) ¨ «¥¬¬ë 4 á«¥¤ã¥â (25), â.¥. â¥®à¥¬  2 á¯à ¢¥¤«¨¢  ¯à¨ ¤ ®¬ á¯®á®¡¥ § ¤ ¨ï è £®¢.

�ãáâì â¥¯¥àì è £¨ �k ¢  «£®à¨â¬¥ ¢ë¡¨à îâáï á«¥¤ãîé¨¬ ®¡à §®¬ ([1], á.293):

0 � �k � 1; f0(xk + �ksk) = min
0���1

f0(xk + �sk) + �k;

�k � 0;
1X
k=0

�k <1; 8k 2 K:

� ¬¥â¨¬, çâ® â ª®© á¯®á®¡ § ¤ ¨ï è £®¢ ¥ £ à â¨àã¥â à¥« ªá æ¨®®áâì ¯à®æ¥ááã ¬¨-
¨¬¨§ æ¨¨. �®ª ¦¥¬ ¯à¨ ãá«®¢¨¨ ®£à ¨ç¥®áâ¨ ¬®¦¥áâ¢  D, çâ® ãâ¢¥à¦¤¥¨ï (24), (25)
á¯à ¢¥¤«¨¢ë ¨ ¢ íâ®¬ á«ãç ¥. �¥©áâ¢¨â¥«ì®, ¤«ï ¢á¥å � 2 [0; 1], k 2 K á ãç¥â®¬ (6) ¢ë¯®«ï-
îâáï ¥à ¢¥áâ¢  f0(xk) � f0(xk+1) + �k � f0(xk) � f0(xk + �sk) � ��hf 00(xk); ski � �2Lkskk

2=2 �
��kjFk(yk)j � �2Lkskk

2=2. � ª ª ª xk 2 D, k 2 K, â® ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg, fskg ®£à ¨ç¥ë,
¨, § ç¨â, kskk2 � d0 <1 8k 2 K. �®£¤  ¨§ ¯®á«¥¤¨å ¥à ¢¥áâ¢ ¨ ®æ¥ª¨ (30) á«¥¤ã¥â

kskk
2 � (f0(xk)� f0(xk+1) + �k)2=�� + �Ld0=� (43)

8� 2 (0; 1], k 2 K. �®áª®«ìªã f0(xk+1) � f0(xk) + �k, k 2 K, ¨ ¯®á«¥¤®¢ â¥«ì®áâì ff0(xk)g ®£à -
¨ç¥  á¨§ã, â® áãé¥áâ¢ã¥â ([1], á.93) ª®¥çë© ¯à¥¤¥« (24),   § ç¨â, ¢ë¯®«ï¥âáï (34). �®£¤ ,
¢ á¨«ã �k ! 0, k ! 1, ¨§ (43) á«¥¤ãîâ ¥à ¢¥áâ¢  0 � lim

k!1

kskk
2 � lim

k!1
kskk

2 � �Ld0=� ¯à¨
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ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ � 2 (0; 1]. �áâà¥¬«ïï � ! 0+, ¯®«ãç¨¬ ¨§ íâ¨å ¥à ¢¥áâ¢ ãâ¢¥à¦¤¥-
¨¥ (25). � ª¨¬ ®¡à §®¬, ¥á«¨ D ®£à ¨ç¥®, â®  «£®à¨â¬ á ãª § ë¬ á¯®á®¡®¬ ¢ë¡®à  è £®¢
ï¢«ï¥âáï áå®¤ïé¨¬áï.

�â¬¥â¨¬, çâ® ¥á«¨ fj(x) = haj ; xi, aj 2 Rn, j 2 J , â® § ¤ ç  ®âëáª ¨ï â®çª¨ yk   è £¥ 2
 «£®à¨â¬  ¬®¦¥â ¡ëâì à¥è¥  §  ª®¥ç®¥ ç¨á«® ¨â¥à æ¨© (á¬.,  ¯à, [4], [5]).

�à¨ J(xk; "k) = ?  ¯à ¢«¥¨¥ á¯ãáª    k-© ¨â¥à æ¨¨  «£®à¨â¬  ¢ë£®¤¥¥ ¯®«ãç âì á
¯®¬®éìî § ¤ ç¨ (3), (5) ¯à¨ �x = xk, " = "k. �¥ à¥è¥¨¥ ¢ ãª § ®¬ á«ãç ¥ ¥ ¯à¥¤áâ ¢«ï¥â
âàã¤ , ¯®áª®«ìªã I(xk; "k) = f0g, D2(xk; "k) = fx 2 Rn : x = xk + �0f

0
0(xk); �0 2 R1g, ¨ § ç¥¨¥

�0(xk)  å®¤¨âáï ¯® ï¢®© ä®à¬ã«¥. � ¬¥â®¤¥ �ìîâ® ,  ¯à¨¬¥à, ¢ â ª®© ¦¥ á¨âã æ¨¨ ¤«ï
¯®áâà®¥¨ï  ¯à ¢«¥¨ï ¯à¨å®¤¨âáï à¥è âì ¢á¯®¬®£ â¥«ìãî § ¤ çã ãá«®¢®© ¬¨¨¬¨§ æ¨¨.
�à®¬¥ â®£®, ¥é¥ à § ¯®¤ç¥àª¥¬, çâ® ç¨á«® ¯¥à¥¬¥ëå ¨ ç¨á«® ®£à ¨ç¥¨© ¢á¯®¬®£ â¥«ìëå
§ ¤ ç ¢ë¡®à   ¯à ¢«¥¨ï ¢ ¯à¥¤«®¦¥®¬  «£®à¨â¬¥ § ¢¨áïâ «¨èì ®â ª®«¨ç¥áâ¢   ªâ¨¢ëå
  ª ¦¤®¬ è £¥ ®£à ¨ç¥¨© ¨áå®¤®© § ¤ ç¨. �®íâ®¬ã ¯à¨ m < n  «£®à¨â¬ ¨¬¥¥â ¥ª®â®àë¥
¯à¥¨¬ãé¥áâ¢  ¯¥à¥¤ ¨§¢¥áâë¬¨ ¬¥â®¤ ¬¨ ¢â®à®£® ¯®àï¤ª  (á¬.,  ¯à, [1], [4], [6]), ¢ ª®â®àëå  
ª ¦¤®© ¨â¥à æ¨¨   «®£¨ç ï § ¤ ç  ¢ë¡®à  ¯®¤å®¤ïé¥£®  ¯à ¢«¥¨ï ¨¬¥¥â n ¯¥à¥¬¥ëå ¨
m ®£à ¨ç¥¨©.

�¨â¥à âãà 
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