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1. �¢¥¤¥¨¥

�¥®à¨ï «®ª «ìëå ®¯¥à â®à®¢ (��) | ®¤® ¨§ ¯¥àá¯¥ªâ¨¢ëå  ¯à ¢«¥¨© á®¢à¥¬¥®£®
¥«¨¥©®£®   «¨§ , ª®â®à®¥ ¡ãà® à §¢¨¢ ¥âáï   ¯à®âï¦¥¨¨ ¢â®à®© ¯®«®¢¨ë ¤¢ ¤æ â®£®
¢¥ª  ¨  å®¤¨â ¬®£®ç¨á«¥ë¥ ¯à¨«®¦¥¨ï ¢ ¬¥å ¨ª¥, ä¨§¨ª¥, â¥®à¨¨ ã¯à ¢«¥¨ï, ¤àã£¨å
 ãª å. �®ïâ¨¥ �� ¢®§¨ª«® ¯ãâ¥¬  ¡áâà £¨à®¢ ¨ï ®â ¨§¢¥áâ®£® á¢®©áâ¢  ®¯¥à â®à  �¥¬ëæ-
ª®£® (áã¯¥à¯®§¨æ¨¨) ¨ § ª«îç ¥âáï ¢ â®¬, çâ® § ç¥¨¥ äãªæ¨¨{®¡à §    ¥ª®â®à®¬ ¬®¦¥-
áâ¢¥ § ¢¨á¨â â®«ìª® ®â § ç¥¨© äãªæ¨¨{¯à®®¡à §    â®¬ ¦¥ ¬®¦¥áâ¢¥ (â®ç®¥ ®¯à¥¤¥«¥¨¥
á¬. ¨¦¥). �¯¥à¢ë¥ ®¯à¥¤¥«¥¨¥ �� ¢ ¥£® á®¢à¥¬¥®¬ ¯®¨¬ ¨¨ ¤ ® ¢ [1] (â ¬ ®¨  §¢ ë
\«®ª «ì® ®¯à¥¤¥«¥ë¬¨ ®¯¥à â®à ¬¨"), å®âï ¡«¨§ª¨¥ ª íâ®¬ã ¯®ïâ¨ï ¢áâà¥ç «¨áì ¨ à ¥¥
([2], [3]).

�ã¤ ¬¥â «ìë¬ ï¢«ï¥âáï â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ¥¯à¥àë¢ë© ¯® ¬¥à¥ �� ¢ \ª« áá¨-
ç¥áª¨å" ¯à®áâà áâ¢ å ¨§¬¥à¨¬ëå äãªæ¨© ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ®¯¥à â®à  �¥¬ëæª®£® á ¯®à®-
¦¤ îé¥© äãªæ¨¥©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ � à â¥®¤®à¨. �â®â ä ªâ ¢ ¥ª®â®àëå ç áâëå
á«ãç ïå ¤®ª §  ¢ [3],   ¢ ®¡é¥¬ á«ãç ¥ | ¢ [4]{[6]. �®«¥¥ ª®áâàãªâ¨¢®¥ ¤®ª § â¥«ìáâ¢® â¥-
®à¥¬ë ® ¯à¥¤áâ ¢«¥¨¨ (¢ ¬¥¥¥ ®¡é¥© ¯® áà ¢¥¨î á [4]{[6] á¨âã æ¨¨) ¡ë«® ¯à¥¤«®¦¥® ¢
[7],[8]. � ª¨¬ ®¡à §®¬, ¥¯à¥àë¢ë© �� ¥áâì ®¯¥à â®à �¥¬ëæª®£® á ¯®à®¦¤ îé¥© äãªæ¨¥©,
ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ � à â¥®¤®à¨ | ®¡ê¥ªâ, ª  áâ®ïé¥¬ã ¢à¥¬¥¨ ¨§ãç¥ë© ¤®áâ -
â®ç® å®à®è® á à §ëå áâ®à® ( ¯à., [1]{[21], ¢ ®¡§®à®© ¬®®£à ä¨¨ [8] ¨¬¥¥âáï ®¡è¨à ï
¡¨¡«¨®£à ä¨ï).

� à ¡®â å [22], [23] ¡ë«® § ¬¥ç¥®, çâ® á¢®©áâ¢® «®ª «ì®áâ¨ ¯à¨áãé¥ â¨¯¨çë¬ ®¯¥à â®à ¬,
¢®§¨ª îé¨¬ ¢ â¥®à¨¨ áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ¨ ¨â¥£à «ìëå ãà ¢¥¨©. � áâ®-
å áâ¨ª¥ å à ªâ¥à  á¨âã æ¨ï, ª®£¤  �� ¨áá«¥¤ã¥âáï ¢ ¯à®áâà áâ¢ å äãªæ¨©, ¨§¬¥à¨¬ëå ¯®
®â®è¥¨î ª à §«¨çë¬ �- «£¥¡à ¬   ®¡« áâ¨ ®¯à¥¤¥«¥¨ï íâ¨å äãªæ¨©. � §ã¬¥¥âáï, §¤¥áì
à¥çì ¨¤¥â ® á¨âã æ¨¨, ª®£¤  äãªæ¨¨ ¨§ ®¡« áâ¨ § ¤ ¨ï �� ¨§¬¥à¨¬ë ®â®á¨â¥«ì® ¡®«¥¥
ã§ª®© �- «£¥¡àë, ç¥¬ äãªæ¨¨ ¨§ ¬®¦¥áâ¢  § ç¥¨© ®¯¥à â®à . �ª §ë¢ ¥âáï, çâ® ¢ â ª®©
\¥ª« áá¨ç¥áª®©" ¯®áâ ®¢ª¥ ¥¯à¥àë¢ë¥ ¯® ¬¥à¥ �� ¥ á¢®¤ïâáï ª ®¯¥à â®à ¬ �¥¬ëæª®£®.
� à ªâ¥àë© ¯à¨¬¥à | áâ®å áâ¨ç¥áª¨¥ ¨â¥£à «ìë¥ ®¯¥à â®àë (¢ â®¬ ç¨á«¥ ¨ ¥«¨¥©ë¥).

�àã£®© ¬®â¨¢ æ¨¥© ¤«ï ¨§ãç¥¨ï �� ï¢«ïîâáï á®¢á¥¬ ¥¤ ¢¨¥ ¨áá«¥¤®¢ ¨ï �.�.�à å-
«¨ , �. �â¥¯ ®¢  ¨ ¢â®à®£® á® ¢â®à  (áâ âìï \Memory properties of operators" ¯à¥¤áâ ¢«¥ 
ª à áá¬®âà¥¨î ¤«ï ¯ã¡«¨ª æ¨¨ ¢ § àã¡¥¦®¬ ¨§¤ ¨¨), ¯®ª §ë¢ îé¨¥, çâ® § ¤ ç  ª« áá¨-
ä¨ª æ¨¨ â ª  §ë¢ ¥¬ëå \ â®¬¨ç¥áª¨å" ®¯¥à â®à®¢ á¢®¤¨âáï ¯® áãâ¨ ª ¨§ãç¥¨î ��, ª®â®àë¥
§ ¤ ë   ¯®¤¯à®áâà áâ¢ å ¯à®áâà áâ¢  L0, á®áâ®ïé¨å ¨§ äãªæ¨©, ¨§¬¥à¨¬ëå ¯® ®â®è¥¨î

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ £à â  ¤«ï ¬®«®¤ëå ãç¥ëå (�®áª®¬¢ã§ ��, 1997) ¨ ¯à¨

ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©, £à âë ò96-01-

01613, 96-15-96195.
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ª �-¯®¤ «£¥¡à¥ § ¤ ®© �- «£¥¡àë. �« ááã  â®¬¨ç¥áª¨å ®¯¥à â®à®¢ ¯à¨ ¤«¥¦ â, ªà®¬¥ ��,
¬®£¨¥ ®¯¥à â®àë á \¯ ¬ïâìî", ¢ ç áâ®áâ¨, à §«¨çë¥ ª®¬¯®§¨æ¨¨ ¯®¤áâ ®¢ª¨ (®¯¥à â®à 
¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ [25], [26]) ¨ �� h. �§ãç¥¨¥ â ª¨å ®¯¥à â®à®¢ ¢ á¢®î ®ç¥à¥¤ì  å®¤¨â
¥¯®áà¥¤áâ¢¥®¥ ¯à¨¬¥¥¨¥ ¤«ï ¨áá«¥¤®¢ ¨ï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
(á¬.,  ¯à., [26], [27]).

� ¤ ®© à ¡®â¥, ª ª  ¬ ¯à¥¤áâ ¢«ï¥âáï, ¢¯¥à¢ë¥ ¨§ãç îâáï �� ¢ ®¯¨á ®© ¢ëè¥ \¥-
ª« áá¨ç¥áª®©" ¯®áâ ®¢ª¥. �®«¥¥ ª®ªà¥â®, ¢ëï¢«¥® ãá«®¢¨¥   �-¯®¤ «£¥¡àã, ¥®¡å®¤¨¬®¥
¨ ¤®áâ â®ç®¥ ¤«ï ¯à¥¤áâ ¢«¥¨ï ¥¯à¥àë¢®£® ¯® ¬¥à¥ �� ¢ ¢¨¤¥ ®¯¥à â®à  �¥¬ëæª®£® á
¯®à®¦¤ îé¥© äãªæ¨¥©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ � à â¥®¤®à¨. �®¤ç¥àª¥¬, çâ® ¢ à ¡®â¥
¬ë ¨§ãç ¥¬ â®«ìª® ¥¯à¥àë¢ë¥ ��. �¥§ ãá«®¢¨ï ¥¯à¥àë¢®áâ¨ ä ªâ¨ç¥áª¨ «î¡®© �� ¥áâì
®¯¥à â®à �¥¬ëæª®£® ([17], [7], [8], [20]), ®¤ ª® ¯®à®¦¤ îé ï äãªæ¨ï ¬®¦¥â ®¡« ¤ âì ¢¥áì¬ 
¯ â®«®£¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ (â ª  §ë¢ ¥¬ë¥ \ãà®¤æë"). � ¬¥â¨¬ «¨èì, çâ® ¢ ãª § ëå à -
¡®â å ä ªâ áãé¥áâ¢®¢ ¨ï \ãà®¤æ¥¢" ¤®ª §  ¢ ¯à¥¤¯®«®¦¥¨¨ ª®â¨ãã¬-£¨¯®â¥§ë (CH), å®âï
  á ¬®¬ ¤¥«¥ ([28], c. 145) ¤®áâ â®ç®  ªá¨®¬ë � àâ¨  (MA) ( ¯®¬¨¬, çâ® (CH))(MA) ¨
(MA)&:(CH) ¥ ¯à®â¨¢®à¥ç¨â  ªá¨®¬ ¬ ä®à¬ «ì®© â¥®à¨¨ ¬®¦¥áâ¢). � ¯à¥¤¯®«®¦¥¨¨ MA
áãé¥áâ¢ã¥â â ª ï ¥¨§¬¥à¨¬ ï (¯® �¥¡¥£ã) äãªæ¨ï f : [0; 1]2 ! R, çâ® ¤«ï «î¡®© ¨§¬¥à¨¬®©
äãªæ¨¨ ' : [0; 1]! [0; 1] ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1] ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® f('(t); t) = f(t; '(t)) = 0.

2. �®ª «ìë¥ ®¯¥à â®àë   áª«¥©ª å äãªæ¨©

�ãáâì (T;�) | ¨§¬¥à¨¬®¥ ¯à®áâà áâ¢®, �0 | �-¯®«ë© ¨¤¥ «  «£¥¡àë � [29]; X, Y |
¯à®¨§¢®«ìë¥ ¥¯ãáâë¥ ¬®¦¥áâ¢ . F(E;X) := XE (E � T ) | ¬®¦¥áâ¢® ¢á¥å ®â®¡à ¦¥¨©
¨§ E ¢ X. �  F(E;X) à áá¬®âà¨¬ ¥áâ¥áâ¢¥®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R: [' �  ] , [ft j
'(t) =  (t)g 2 �0]. F (E;X) := F(E;X)=R | á®®â¢¥âáâ¢ãîé¥¥ ä ªâ®à-¯à®áâà áâ¢® ª« áá®¢
íª¢¨¢ «¥âëå äãªæ¨© ¨§ E ¢ X. �«ï ªà âª®áâ¨ ¯®«®¦¨¬ F(X) := F(T;X), F (X) := F (T;X).

�¯à¥¤¥«¨¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï PE;X : F(X) ! F(E;X) à ¢¥áâ¢®¬ PE;X' := 'jE (áã-
¦¥¨¥ äãªæ¨¨ '   ¬®¦¥áâ¢® E). �ç¥¢¨¤®, ª®àà¥ªâ® ®¯à¥¤¥«¥ á®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à
¯à®¥ªâ¨à®¢ ¨ï   ä ªâ®à-¯à®áâà áâ¢ å PE;X : F (X) ! F (E;X). � «¥¥ ç áâ® ¤«ï ªà âª®áâ¨
¢¬¥áâ® PE;X , PE;X ¡ã¤¥¬ ¯¨á âì PE, PE . �§ ª®â¥ªáâ  ¢á¥£¤  ïá®, ® äãªæ¨ïå á ª ª®© ®¡« áâìî
§ ç¥¨© ¨¤¥â à¥çì.

�ãáâì R = fTngn2I | áç¥â®¥ à §¡¨¥¨¥ ¯à®áâà áâ¢  T . �¤¥áì ¨ ¤ «¥¥ à §¡¨¥¨¥  §ë¢ ¥¬
áç¥âë¬, ¥á«¨ ¬®¦¥áâ¢® ¨¤¥ªá®¢ I ¥¯ãáâ® ¨ «¨¡® ª®¥ç®, «¨¡® áç¥â®.

�¯à¥¤¥«¥¨¥ 1. �ª«¥©ª®© ¬®¦¥áâ¢  M � F (X), á®®â¢¥âáâ¢ãîé¥© à §¡¨¥¨î R (®¡®§ -
ç¥¨¥ SR(M)),  §®¢¥¬ ¬®¦¥áâ¢®

SR(M) := f' 2 F (X) j (9'n 2M) PTn'n = PTn'; n 2 Ig:

�¥¬¬  1. �á«¨ '; 2 F (X) ¨ PTn' = PTn , n 2 I, â® ' =  .

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¥¯®áà¥¤áâ¢¥® ¨§ �-¯®«®âë ¨¤¥ «  �0.

�¥¬¬  2. �ãáâì M; M1; M2 2 F (X). �¬¥îâ ¬¥áâ® á¢®©áâ¢ 

[M1 �M2]) [SR(M1) � SR(M2)]; M � SR(M); SR(SR(M)) = SR(M):

�®ª § â¥«ìáâ¢®. �¥à¢ë¥ ¤¢  á¢®©áâ¢  ®ç¥¢¨¤ë. �«ï ¤®ª § â¥«ìáâ¢  ¯®á«¥¤¥£® à ¢¥-
áâ¢  § ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ' 2 SR(SR(M)) ¨  ©¤¥¬ á®£« á® ®¯à¥¤¥«¥¨î SR(SR(M))
â ª¨¥ 'n 2 SR(M), çâ® PTn'n = PTn', n 2 I. � «¥¥,  ©¤¥¬ á®£« á® ®¯à¥¤¥«¥¨î SR(M) â ª¨¥
 n 2 M , çâ® PTn n = PTn'n, n 2 I. �®£¤  PTn n = PTn', n 2 I, ¨, â ª¨¬ ®¡à §®¬, ' 2 SR(M).
�â ª, ¤®ª § ® SR(SR(M)) � SR(M). �¡à â®¥ ¢ª«îç¥¨¥ ¢ëâ¥ª ¥â ¨§ ¯¥à¢ëå ¤¢ãå á¢®©áâ¢
íâ®© «¥¬¬ë.

51



�¯à¥¤¥«¥¨¥ 2. �¯¥à â®à h : M ! F (Y ) (M � F (X))  §ë¢ ¥âáï «®ª «ìë¬ ®¯¥à â®à®¬

[1] (á®ªà é¥® | ��), ¥á«¨

['; 2M; E 2 �; PE' = PE ] =) [PEh' = PEh ]:

�¥®à¥¬  1. �ãáâì M � F (X), ¨ h : M ! F (Y ) | ��. �®£¤  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë©

�� eh : SR(M)! F (Y ), ¤«ï ª®â®à®£® ehjM = h. �à¨ íâ®¬ eh(SR(M)) = SR(h(M)).

�®ª § â¥«ìáâ¢®. 1) � ç «  ¤®ª ¦¥¬ ¥¤¨áâ¢¥®áâì �� eh : SR(M) ! F (Y ), á®¢¯ ¤ î-
é¥£® á h   M . �ãáâì hk, k = 1; 2, | ¤¢  â ª¨å ¯à®¤®«¦¥¨ï. �«ï «î¡®£® ' 2 SR(M) ¨ ¤«ï
«î¡®£® n 2 I  ©¤¥¬ â ª®¥ 'n 2 M , çâ® PTn' = PTn'n. �§ à ¢¥áâ¢  hkjM = h ¨ «®ª «ì®áâ¨
®¯¥à â®à®¢ hk á«¥¤ã¥â

PTnh1' = PTnh1'n = PTnh'n = PTnh2'n = PTnh2'; n 2 I:

� á¨«ã «¥¬¬ë 1 h1' = h2', ¨ ¢¢¨¤ã ¯à®¨§¢®«ì®áâ¨ ' 2 SR(M) ¨¬¥¥¬ h1 = h2.
2) �«ï ¯à®¨§¢®«ì®£® ' 2 SR(M)  ©¤¥¬ â ª®¥ ¬®¦¥áâ¢® f'ngn2I �M , çâ® PTn' = PTn'n,

n 2 I, ¯à¨ç¥¬ ¥á«¨ ' 2M , â® áç¨â ¥¬ 'n = '. �¯à¥¤¥«¨¬ ®¯¥à â®à eh à ¢¥áâ¢®¬
(eh')(t) = (h'n)(t) text¯®çâ¨¢áî¤ã(¯: ¢:)  Tn; n 2 I: (1)

�ç¥¢¨¤®, ehjM = h, eh(SR(M)) � SR(h(M)). �â ª, ¯®áâà®¥® ¯à®¤®«¦¥¨¥ eh ®¯¥à â®à  h  
SR(M).

3) �®ª ¦¥¬, çâ® eh | ��. �ãáâì '; 2 SR(M), E � T , PE' = PE . �¯à¥¤¥«¨¬ 'n;  n 2 M ,
n 2 I, â ª, çâ® PTn' = PTn'n, PTn = PTn n, n 2 I, ¢ë¯®«¥® à ¢¥áâ¢® (1) ¨ à ¢¥áâ¢®

(eh )(t) = (h n)(t) ¯. ¢.   Tn; n 2 I: (2)

�ç¥¢¨¤®, PE\Tn'n = PE\Tn' = PE\Tn = PE\Tn n, ¨ á®£« á® (1), (2) ¨ «®ª «ì®áâ¨ h

PE\Tn
eh' = PE\Tnh'n = PE\Tnh n = PE\Tn

eh ; n 2 I:

� á¨«ã «¥¬¬ë 1 PEeh' = PEeh .
�áâ «®áì ¯®ª § âì SR(h(M)) � eh(SR(M)). �¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥  2 SR(h(M)) ¨ ¢ë¡¨-

à ¥¬  n 2 h(M) â ª¨¥, çâ® PTn n = PTn , n 2 I. � ©¤¥¬ 'n 2M , ¤«ï ª®â®àëå  n = h'n, n 2 I.
�¯à¥¤¥«¨¬ ' 2 SR(M), ¯®«®¦¨¢ '(t) = 'n(t), t 2 Tn (n 2 I). � á¨«ã «®ª «ì®áâ¨ eh ¨¬¥¥¬

PTn
eh' = PTn

eh'n = PTnh'n = PTn n = PTn ; n 2 I:

�®£« á® «¥¬¬¥ 1  = eh' 2 eh(SR(M)).

� ¬¥ç ¨¥ 1. �®«ì ¨¢ à¨ âëå ®â®á¨â¥«ì® áª«¥©ª¨ ¬®¦¥áâ¢ ¤«ï ¯®¨¬ ¨ï ¯à¨à®-
¤ë �� ¢¯¥à¢ë¥ § ¬¥ç¥ , ¯®-¢¨¤¨¬®¬ã, ¢ à ¡®â å [1], [14] (á¬. â ª¦¥ [17], [20]). �â¨ ¯®ïâ¨ï
â¥á® á¢ï§ ë á ®¯à¥¤¥«¥ë¬ ¨ ¨§ãç¥ë¬ ¢ [8] ¯®ïâ¨¥¬ \thick set".

� ¬¥ç ¨¥ 2. �¡®¡é ï à¥§ã«ìâ âë íâ®£® ¯ à £à ä , ¬®¦® ¤ âì ®¯à¥¤¥«¥¨¥ áª«¥©ª¨
SA(M), á®®â¢¥âáâ¢ãîé¥© ¥ª®â®à®¬ã á¥¬¥©áâ¢ã à §¡¨¥¨© A ( ¯à¨¬¥à, ¬®¦¥áâ¢ã ¢á¥å áç¥â-
ëå ¨§¬¥à¨¬ëå à §¡¨¥¨©). �à¨ ¥áâ¥áâ¢¥ëå ®£à ¨ç¥¨ïå   (S;�) ¨ A ¢ íâ®¬ á«ãç ¥ á¯à -
¢¥¤«¨¢   «®£ â¥®à¥¬ë 1. �â® á¢®©áâ¢® �� (¢ ¬¥¥¥  ¡áâà ªâ®© ¯®áâ ®¢ª¥ ¨ ¥áª®«ìª® ¢
¤àã£¨å â¥à¬¨ å) ãª §ë¢ «®áì ¨ ¨á¯®«ì§®¢ «®áì ¢ à ¡®â å [14], [8]. �ë ¥ ¯à¨¢®¤¨¬ á®®â¢¥â-
áâ¢ãîé¥£® ®¡®¡é¥¨ï, ¯®áª®«ìªã áâ¥¯¥ì ®¡é®áâ¨ ¢ â¥®à¥¬¥ 1 ¤®áâ â®ç  ¤«ï ¤®ª § â¥«ìáâ¢ 
®á®¢ëå à¥§ã«ìâ â®¢ áâ âì¨.
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3. �¥ª®â®àë¥ á¢®©áâ¢  �- «£¥¡à ¨ ¯à®áâà áâ¢  L0(�; X)

�ãáâì (T;�; �) | ¯à®áâà áâ¢® á ¯®«®© ª®¥ç®© ¬¥à®©, (X; d) | á¥¯ à ¡¥«ì®¥ ¬¥âà¨-
ç¥áª®¥ ¯à®áâà áâ¢®, B(X) | �- «£¥¡à  ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ¢ X. �ãªæ¨î ' : T ! X

 §®¢¥¬ �-¨§¬¥à¨¬®©, ¥á«¨ (8U 2 B(X)) '�1(U) 2 �. �áî¤ã L0(�;X) | ¬®¦¥áâ¢® ª« áá®¢
íª¢¨¢ «¥âëå ¨§¬¥à¨¬ëå äãªæ¨© ¨§ T ¢ X,  ¤¥«¥®¥ â®¯®«®£¨¥© áå®¤¨¬®áâ¨ ¯® ¬¥à¥.

�ãáâì E � T | ä¨ªá¨à®¢ ®¥ (¢®®¡é¥ £®¢®àï, ¥¨§¬¥à¨¬®¥) ¬®¦¥áâ¢®. �®£¤  (E;� \
E;�E) | ¯à®áâà áâ¢® á ¯®«®© ª®¥ç®© ¬¥à®©. �¤¥áì ¨ ¤ «¥¥ �\E := fA\E j A 2 �g [30], �E
| áã¦¥¨¥ ¢¥è¥© ¬¥àë ��   �\E. L0(�\E;X) | ¯à®áâà áâ¢® �\E-¨§¬¥à¨¬ëå äãªæ¨©
¨§ E ¢ X.

�«ï ¯à®¨§¢®«ì®£® A 2 �\E ¯®«®¦¨¬ E(A) := fB 2 � j B\E = Ag, E(A) := fB 2 � j B � Ag.
E(A), E(A) á®áâ®ïâ ¨§ í«¥¬¥â®¢ ¡ã«¥¢®© ä ªâ®à- «£¥¡àë �=�0 (B1 = B2 (mod�) , ¥á«¨
�(B1 4 B2) = 0). �  �=�0 à áá¬ âà¨¢ ¥¬ ¥áâ¥áâ¢¥®¥ ®â®è¥¨¥ ç áâ¨ç®£® ¯®àï¤ª  (â. ¥.
¯® ¢ª«îç¥¨î (mod�) ). � áâ® ¢ ¤ «ì¥©è¥¬, ¤®¯ãáª ï ¥ª®â®àãî ¢®«ì®áâì, ¡ã¤¥¬ á í«¥¬¥-
â ¬¨ �=�0 ®¡à é âìáï ª ª á ¬®¦¥áâ¢ ¬¨, áç¨â ï, çâ® à ¢¥áâ¢  ¨ ¢ª«îç¥¨ï ¢ë¯®«ïîâáï
(mod�) . �â® ¥ ¯à¨¢¥¤¥â ª ¥¤®à §ã¬¥¨ï¬.

�¥¬¬  3. E(A), E(A) ¨¬¥îâ  ¨¬¥ìè¨¥ í«¥¬¥âë, à ¢ë¥ ¬¥¦¤ã á®¡®©.

�®ª § â¥«ìáâ¢®. �ãáâì a = inff�B j B 2 E(A)g, ¨ Bn 2 E(A) â ª®¢ë, çâ® �Bn � a < 1=n,

n = 1; 2; : : : �®£¤  A� :=
1
\
n=1

Bn 2 E(A) ¨ �A� = a.

�à¥¤¯®«®¦¨¬, çâ® A� ¥ ï¢«ï¥âáï  ¨¬¥ìè¨¬ í«¥¬¥â®¬ E(A). �®£¤  áãé¥áâ¢ã¥â A1 2 E(A)
â ª®¥, çâ® �(A� n A1) > 0. � íâ®¬ á«ãç ¥ A2 := A� \ A1 2 E(A), �A2 < a, çâ® ¯à®â¨¢®à¥ç¨â
®¯à¥¤¥«¥¨î ç¨á«  a.

� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® áãé¥áâ¢ã¥â  ¨¬¥ìè¨© í«¥¬¥â E(A). �¡®§ ç¨¬ ¥£® á¨¬¢®-
«®¬ A. �§ ®ç¥¢¨¤®£® ¢ª«îç¥¨ï E(A) � E(A) á«¥¤ã¥â A � A�, ¯®íâ®¬ã A � A\E � A�\E = A.
� ª¨¬ ®¡à §®¬, A \ E = A, ®âªã¤  á«¥¤ã¥â A 2 E(A). �®£« á® ®¯à¥¤¥«¥¨î A� ¨¬¥¥â ¬¥áâ®
A� � A. � ¢¥áâ¢® A� = A (mod�) ¤®ª § ®.

�®«®¦¨¬ A� := inf E(A) = inf E(A).

�¥¬¬  4. �â®¡à ¦¥¨¥ , ®¯à¥¤¥«ï¥¬®¥ á®®â®è¥¨¥¬ A 7! A�, ¥áâì ¨§®¬®àä¨§¬ ¡ã«¥¢®©

 «£¥¡àë (� \E)=�0    «£¥¡àã (� \E�)=�0.

�®ª § â¥«ìáâ¢®. �®á«¥¤®¢ â¥«ì® ¤®ª ¦¥¬ àï¤ á¢®©áâ¢.
1) [A;B 2 � \E; A � B]) [(A) � (B)] (¢ ç áâ®áâ¨, (A) 2 (� \E�)=�0).
�ç¥¢¨¤®, (B) 2 E(A), ¨ ¯®áª®«ìªã (á®£« á® «¥¬¬¥ 3) (A) |  ¨¬¥ìè¨© í«¥¬¥â E(A),

â® (A) � (B).

2) [An 2 � \E; n = 1; 2; : : : ]) [(
1
[
n=1

An) =
1
[
n=1

(An)].

�§ á¢®©áâ¢  1) á«¥¤ã¥â
1
[
n=1

(An) � (
1
[
n=1

An). � «¥¥, ®ç¥¢¨¤®,
1
[
n=1

(An) 2 E(
1
[
n=1

An), ¨ ¯®-

áª®«ìªã 
� 1
[
n=1

An

�
¥áâì  ¨¬¥ìè¨© í«¥¬¥â E

� 1
[
n=1

(An)
�
, â® 

� 1
[
n=1

An

�
�

1
[
n=1

(An).

3) 8B 2 � \ (E) (B \E) = B (¢ ç áâ®áâ¨,  áîàê¥ªâ¨¢®).
�ãáâì B 2 � \ (E). �®£¤  A := B \ E 2 � \ E. �®£« á® «¥¬¬¥ 3 ¨ ®¯à¥¤¥«¥¨î á¥¬¥©áâ¢

E(A), E(A) ¨¬¥¥¬ (A) � B, A = (A) \ E = B \ E. �§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¨ á¢®©áâ¢  1)
á«¥¤ã¥â D := B n(A) � (E)nE. �âáî¤ , ¨§ ®¯à¥¤¥«¥¨ï (E) ª ª  ¨¡®«ìè¥£® í«¥¬¥â  E(E)
¨ ¢ª«îç¥¨ï D 2 � ¢ëâ¥ª ¥â D 2 �0. � ª¨¬ ®¡à §®¬, (A) = B (mod�) .

4) [A;B 2 � \E; A \B 2 �0]) [(A) \ (B) 2 �0].
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�«ï «î¡®£® D 2 � \E ¨¬¥¥â ¬¥áâ® (D) \E = D (íâ® á«¥¤ã¥â ¨§ ¢ª«îç¥¨ï (D) 2 E(D)).
�§ á¢®©áâ¢  3) ¨ íâ®£® à ¢¥áâ¢  ¢ëâ¥ª ¥â

(A) \ (B) = ((A) \ (B) \E) = (A \B) = (;) = ; (mod�) :

5) [A;B 2 � \E]) [(E n B) = (E) n (B)].
�§ 2), 4) á«¥¤ã¥â (B) [ (E n B) = (E), (B) \ (E n B) = ;. �âáî¤ , ®ç¥¢¨¤®, ¢ëâ¥ª ¥â

âà¥¡ã¥¬®¥ à ¢¥áâ¢®.
6)  ¢§ ¨¬® ®¤®§ ç® ®â®¡à ¦ ¥â (�\E)=�0   (�\(E))=�0. �à¨ íâ®¬ �1 ®¯à¥¤¥«ï¥âáï

à ¢¥áâ¢®¬ �1(B) = B \E.
�á«¨ A 6= B, â® á®£« á® 3), 5) (A) 4 (B) = (A 4 B) =2 �0, â. ¥. (A) 6= (B). � ª¨¬

®¡à §®¬, ®â®¡à ¦¥¨¥  ¨ê¥ªâ¨¢®. �îàê¥ªâ¨¢®áâì  ¨ à ¢¥áâ¢® �1(B) = B \ E ¢ëâ¥ª îâ
¨§ ãâ¢¥à¦¤¥¨ï ¯. 3).

�¥®à¥¬  2. �«ï «î¡®£® ä¨ªá¨à®¢ ®£® ex 2 X áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ®¯¥à â®à rE :
L0(� \E;X)! L0(�;X), ¤«ï ª®â®à®£®

PErE' = '; PTn(E)rE' � ex: (3)

�®ª § â¥«ìáâ¢®. 1) �ãáâì P0(� \ E;X), P0(�;X) | ¯à®áâà áâ¢  áç¥â®§ çëå � \ E-
¨§¬¥à¨¬ëå äãªæ¨© ¨§ E ¢ X ¨ á®®â¢¥âáâ¢¥® �-¨§¬¥à¨¬ëå äãªæ¨© ¨§ T ¢ X.

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ' 2 P0(�\E;X) ¢¨¤  '(t) = xk, t 2 Ek, £¤¥ R := fEkgk2I � � |
áç¥â®¥ à §¡¨¥¨¥ E. �¯à¥¤¥«¨¬ äãªæ¨î rE' à ¢¥áâ¢®¬

(rE')(t) = xk; t 2 (Ek); (rE')(t) = ex; t 2 T n (E) (4)

(ex 2 X ¯à®¨§¢®«ì® ¨ ä¨ªá¨à®¢ ®). �¯à¥¤¥«¥¨¥ ª®àà¥ªâ®, â. ª. á®£« á® «¥¬¬¥ 4 f(Ek)gk2I
¥áâì áç¥â®¥ ¨§¬¥à¨¬®¥ à §¡¨¥¨¥ (E).

�¥¬ á ¬ë¬ ¬ë ®¯à¥¤¥«¨«¨ ®¯¥à â®à rE : P0(� \ E;X) ! P0(�; X). �«ï ' 2 P0(� \ E;X)
à ¢¥áâ¢  (3) ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª îâ ¨§ ¯®áâà®¥¨ï.

2) � ä¨ªá¨àã¥¬ â¥¯¥àì ¯à®¨§¢®«ì®¥ ' 2 L0(� \ E;X) ¨  ©¤¥¬ â ª¨¥ 'n 2 P0(� \ E;X),
n = 1; 2; : : : , çâ® 'n ! ' ¯. ¢. �«ï ¯à®¨§¢®«ì®£® � > 0 ¯®«®¦¨¬ Gnm = (Anm), £¤¥ Anm = ft 2
E j d('n(t); 'm(t)) > �g. �®£« á® (4) Gnm = ft 2 T j d((rE'n)(t); (rE'm)(t)) > �g. �®áª®«ìªã
'n

�E�! ', â® ¢ á¨«ã «¥¬¬ë 4 �Gnm = �EAnm ! 0, n;m!1. � ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì®áâì
frE'ng äã¤ ¬¥â «ì  ¯® ¬¥à¥, ¨ á®£« á® á¥ª¢¥æ¨ «ì®© ¯®«®â¥ ¯à®áâà áâ¢  L0(�;X)
®  áå®¤¨âáï ª ¥ª®â®à®¬ã í«¥¬¥âã ¯à®áâà áâ¢  L0(�;X), ª®â®àë© ®¡®§ ç¨¬ ç¥à¥§ rE'.
�§¢«¥ª ï ¨§ frE'ng áå®¤ïéãîáï ¯®çâ¨ ¢áî¤ã ¯®¤¯®á«¥¤®¢ â¥«ì®áâì frE'nkg, ¯®«ãç ¥¬ ¨§
á¢®©áâ¢ PErE'nk = 'nk , PTn(E)rE'nk � ex ¨ áå®¤¨¬®áâ¨ 'nk ¯.¢.

��! ' á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢ (3).
� ª¨¬ ®¡à §®¬, ®¯¥à â®à rE   L0(� \E;X), ã¤®¢«¥â¢®àïîé¨© á¢®©áâ¢ã (3), ¯®áâà®¥.
3) �®ª ¦¥¬ ¥¤¨áâ¢¥®áâì ®¯¥à â®à  rE, ã¤®¢«¥â¢®àïîé¥£® (3). �ãáâì ' 2 L0(� \ E;X),

 i 2 L0(�;X), i = 1; 2 â ª®¢ë, çâ®

PE i = '; PTn(E) i � ex; i = 1; 2:

�ç¥¢¨¤®, B := ft 2 T j  1(t) 6=  2(t)g = B1 [ N , £¤¥ �N = 0,   B1 � (E) n E. �® «¥¬¬¥ 4
��((E) nE)=0, ¯®íâ®¬ã ��B1=0. � á¨«ã ¯®«®âë ¬¥àë �B1=0. � ª¨¬ ®¡à §®¬,  1= 2.

4. 
-ãá«®¢¨¥ ¨ ¥£® á¢®©áâ¢ 

�ãáâì (T;�; �) | ¯à®áâà áâ¢® á ¯®«®© ª®¥ç®© ¬¥à®©, (X; d), (Y; �) | ¯®«ë¥ á¥¯ à -
¡¥«ìë¥ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ , �1 � � | �-¯®¤ «£¥¡à   «£¥¡àë �, ¯®« ï ®â®á¨â¥«ì®
�. �®á«¥¤¥¥ ®§ ç ¥â �1 � �0 := ��1(f0g).

54



�¯à¥¤¥«¥¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® �-¯®¤ «£¥¡à  �1 �- «£¥¡àë � ã¤®¢«¥â¢®àï¥â 
-ãá-
«®¢¨î (á®ªà é¥® �1 2 
(�)), ¥á«¨ áãé¥áâ¢ã¥â áç¥â®¥ ¨§¬¥à¨¬®¥ à §¡¨¥¨¥ R = fTngn2I
¯à®áâà áâ¢  T á® á¢®©áâ¢®¬

�1 \ Tn = � \ Tn; n 2 I: (5)

�«ï �1 2 
(�) ç¥à¥§ <(�1) ¡ã¤¥¬ ®¡®§ ç âì á¥¬¥©áâ¢® áç¥âëå ¨§¬¥à¨¬ëå à §¡¨¥¨©
(mod�) R = fTngn2I , ã¤®¢«¥â¢®àïîé¨å (5).

� ¬¥ç ¨¥ 3. � [25] ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥ !(h1; h2; : : : ; hn)   äãªæ¨î g : Rm ! Rm (á«ã-
ç © n = 1 ¥ ¨áª«îç ¥âáï), ¯à¨ ¢ë¯®«¥¨¨ ª®â®à®£® �-¯®¤ «£¥¡à  ¨áå®¤®© �- «£¥¡àë ¢ Rn

ª ª à § ã¤®¢«¥â¢®àï¥â 
-ãá«®¢¨î ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 3. � [25] ãá«®¢¨¥ ! ¨£à ¥â ª«îç¥¢ãî
à®«ì ¤«ï  å®¦¤¥¨ï   «¨â¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï ®¯¥à â®à , á®¯àï¦¥®£® ª «¨¥©®¬ã
®¯¥à â®àã ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨. �à¨¬¥ç â¥«ì®, çâ® ¡«¨§ª®¥ 
-ãá«®¢¨¥ ¨£à ¥â ¥ ¬¥¥¥
¢ ¦ãî à®«ì ¢ ¢®¯à®á¥ ® ¯à¥¤áâ ¢«¥¨¨ ¥«¨¥©®£® �� ¢ ¢¨¤¥ ®¯¥à â®à  �¥¬ëæª®£® (á¬. x 5
¨¦¥).

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ìãî �-¯®¤ «£¥¡àã �1  «£¥¡àë � ¨ à áá¬®âà¨¬ ¥¥ áâà®¥¨¥. �áî-
¤ã ¤ «¥¥ áç¨â ¥¬, çâ® í«¥¬¥âë �=�0 ã¯®àï¤®ç¥ë ¥áâ¥áâ¢¥ë¬ ®¡à §®¬, â. ¥. ¯® ¢ª«îç¥¨î
(mod�) .

�¥¬¬  5. �á«¨ á¥¬¥©áâ¢® E � �=�0 § ¬ªãâ® ®â®á¨â¥«ì® áç¥âëå ®¡ê¥¤¨¥¨©, â®

®® ¨¬¥¥â  ¨¡®«ìè¨© í«¥¬¥â.

�®ª § â¥«ìáâ¢®. �ãáâì a = sup
E2E

�E. � ©¤¥¬ En 2 E , ¤«ï ª®â®àëå �En > a � 1=n, n =

1; 2; : : : , ¨ ¯®«®¦¨¬ E =
1
[
n=1

En. �® ãá«®¢¨î E 2 E , ¨ á®£« á® ¯®áâà®¥¨î �E = a. �®ª ¦¥¬,

çâ® E |  ¨¡®«ìè¨© í«¥¬¥â E .
�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â. ¥. çâ® (9D 2 E) �(D n E) > 0. �®£¤  D [E 2 �, ¨ �(D [ E) > a,

çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î ç¨á«  a.

�¥¬¬  6. �¥¬¥©áâ¢® �c := fE 2 �1 j �1 \E = � \Eg=�0 ¨¬¥¥â  ¨¡®«ìè¨© í«¥¬¥â.

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 5 ¤®áâ â®ç® ¯®ª § âì, çâ® �c § ¬ªãâ® ®â®á¨â¥«ì® áç¥â-
ëå ®¡ê¥¤¨¥¨©. �ãáâì En 2 �c, n = 1; 2; : : : , E =

1
[
n=1

En, ¨ A 2 � \E ¯à®¨§¢®«ì®. �®áª®«ìªã

En 2 �c, â® An := A \ En 2 �1 \ En � �1. �®£¤  A =
1
[
n=1

An 2 �1. � ª ª ª ¢¤®¡ ¢®ª A � E, â®

A 2 �1 \E. �ª«îç¥¨¥ E 2 �c ¤®ª § ®.
� ¨¡®«ìè¨© í«¥¬¥â á¥¬¥©áâ¢  �c, ª®â®àë© áãé¥áâ¢ã¥â ¢ á¨«ã «¥¬¬ë 4, ®¡®§ ç¨¬ á¨¬¢®-

«®¬ Tc.

�¥¬¬  7. �¥¬¥©áâ¢® �d := fE 2 � \ (T n Tc) j áãé¥áâ¢ã¥â â ª®¥ áç¥â®¥ ¨§¬¥à¨¬®¥

à §¡¨¥¨¥ fEngn2I ¬®¦¥áâ¢  E, çâ® �1\En = �\En; n 2 Ig=�0 ¨¬¥¥â  ¨¡®«ìè¨© í«¥¬¥â.

�®ª § â¥«ìáâ¢®. � ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 6, ¤®áâ â®ç® ¤®ª § âì § ¬ªãâ®áâì �d

®â®á¨â¥«ì® áç¥âëå ®¡ê¥¤¨¥¨©.
1) �à®¢¥à¨¬ á¢®©áâ¢®

[E 2 �d; A 2 � \E] ) [A 2 �d]: (6)

�¥©áâ¢¨â¥«ì®, ¥á«¨ E 2 �d ¨ fEngn2I | áç¥â®¥ ¨§¬¥à¨¬®¥ à §¡¨¥¨¥ E, ¤«ï ª®â®à®£®
�1 \En = �\En, n 2 I, â® ¤«ï í«¥¬¥â®¢ An := En \A áç¥â®£® ¨§¬¥à¨¬®£® à §¡¨¥¨ï fAngn2I
¬®¦¥áâ¢  A á¯à ¢¥¤«¨¢® à ¢¥áâ¢® �1 \An = � \An. �ª«îç¥¨¥ A 2 �d ¤®ª § ®.

2) �ãáâì â¥¯¥àì En 2 �d, E =
1
[
n=1

En, ¨ áç¥âë¥ ¨§¬¥à¨¬ë¥ à §¡¨¥¨ï fTnkgk2In ¬®¦¥áâ¢

En, n = 1; 2; : : : , ¢ë¡à ë â ª, çâ® �1 \ Tnk = � \ Tnk (8k; n).

55



�®«®¦¨¬ A1 = E1, An = En n
n�1
[
k=1

Ek, k = 2; 3; : : : �ç¥¢¨¤®, E =
1
[
n=1

An ¨ ¬®¦¥áâ¢  An

¯®¯ à® ¤¨§êîªâë. � á¨«ã (6) An 2 �d.
�ãáâì ¨§¬¥à¨¬ë¥ à §¡¨¥¨ï fAnkgk2In ¬®¦¥áâ¢ An, n = 1; 2; : : : , ¢ë¡à ë â ª, çâ®

�1 \Ank = � \Ank; k 2 In; n = 1; 2; : : : (7)

�ç¥¢¨¤®, fAnkgk2In; n2I | áç¥â®¥ ¨§¬¥à¨¬®¥ à §¡¨¥¨¥ E, ¨ ¢ á¨«ã (7) ¨¬¥¥¬ A 2 �d.

� ¨¡®«ìè¨© í«¥¬¥â á¥¬¥©áâ¢  �d ®¡®§ ç¨¬ á¨¬¢®«®¬ Td. �®«®¦¨¬ Ts = T n (Tc [ Td).

�¥®à¥¬  3. �¥¬¥©áâ¢® T ®¤®§ ç® (mod�) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ¤¨§êîªâ®£® ®¡ê¥¤¨-

¥¨ï âà¥å ¬®¦¥áâ¢: Tc; Td; Ts 2 �, ª®â®àë¥ ®¡« ¤ îâ á¢®©áâ¢ ¬¨

1) Tc 2 �c; ¤«ï «î¡®£® D 2 �1, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î �1 \D = � \D, ¨¬¥¥â ¬¥áâ®

¢ª«îç¥¨¥ D � Tc (mod�) ;
2) Td 2 �d ¨ (8D 2 �d) D � Td (mod�) , ¡®«¥¥ â®£®, (8D 2 (�1 \ Td) n �0) �1 \ D 6=

�\D (mod�) , ¢ ç áâ®áâ¨, í«¥¬¥âë «î¡®£® áç¥â®£® ¨§¬¥à¨¬®£® à §¡¨¥¨ï fTngn2I
¬®¦¥áâ¢  T , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î �1 \ Tn = �\ Tn, n 2 I, ¥ ¯à¨ ¤«¥¦ â �1;

3) (8D 2 (� \ Ts) n �0) �1 \D 6= � \D.

�®ª § â¥«ìáâ¢®. �á¥ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª îâ ¨§ «¥¬¬ 6, 7.
� ¬¥â¨¬ «¨èì, çâ® ¥á«¨ ¯à¥¤¯®«®¦¨âì ¤«ï ¥ª®â®à®£®D 2 �1\Td á¯à ¢¥¤«¨¢®áâì �1\D = �\D,
â® ¯®«ãç¨¬ Tc [D 2 �c ¢ ¯à®â¨¢®à¥ç¨¥ á ®¯à¥¤¥«¥¨¥¬ Tc,   ¥á«¨ ¡ë  è«®áì D 2 � \ Ts, ¤«ï
ª®â®à®£® �1 \D = � \D, â® D 2 �c [ �d ¢ ¯à®â¨¢®à¥ç¨¥ á ®¯à¥¤¥«¥¨ï¬¨ Tc ¨ Td.

�«¥¤áâ¢¨¥ 1. 1) [Tc = T (mod�) ], [� = �1];
2) [Ts = ;], [�1 2 
(�)];
3) [Ts = T (mod�) ], [(8E 2 �) �1 \E 62 
(� \E)];
4) Ts ¥ á®¤¥à¦¨â  â®¬®¢ �- «£¥¡àë �.

�§ ¢â®àëå ãâ¢¥à¦¤¥¨© â¥®à¥¬ë 3 ¨ á«¥¤áâ¢¨ï 1 ¯®«ãç ¥¬ á«¥¤ãîé¨© ªà¨â¥à¨©.

�«¥¤áâ¢¨¥ 2. �-¯®¤ «£¥¡à  �1 ã¤®¢«¥â¢®àï¥â 
-ãá«®¢¨î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

(8E 2 �) (9D 2 � \E) : �1 \D = � \D:

� ¬¥ç ¨¥ 4. �® áãâ¨ ¡®«ìè¨áâ¢® à¥§ã«ìâ â®¢ íâ®£® ¯ à £à ä  á«¥¤ã¥â ¨§ ¡®«¥¥ ®¡é¨å
à¥§ã«ìâ â®¢ â¥®à¨¨ ¬¥àë ([29], [32], [33]) ¨ ¤®¯ãáª ¥â à §®®¡à §ãî ¨â¥à¯à¥â æ¨î. � ç áâ®-
áâ¨, 
-ãá«®¢¨¥ ®§ ç ¥â, çâ® ¢ T ¥â �1-®¤®à®¤ëå ¥ áëé¥ëå ¬®¦¥áâ¢ ([33], £«. 2) | ®¡
íâ®¬ £®¢®à¨â á«¥¤áâ¢¨¥ 2. �¤ ª® ¬ë áâà¥¬¨«¨áì ¢ áâ âì¥ ¨§¡¥¦ âì ¢¢¥¤¥¨ï ¤®¯®«¨â¥«ì®©
â¥à¬¨®«®£¨¨ ¨ ¤ âì ¥¯®áà¥¤áâ¢¥ë¥ ¤®ª § â¥«ìáâ¢ , ¥ ááë« ïáì   á¯¥æ¨ «ìë¥ à¥§ã«ìâ âë
® à §«®¦¥¨¨ ¯à®áâà áâ¢ á ¬¥à®© ¨ ¡ã«¥¢ëå  «£¥¡à.

�¢¥¤¥ë¥ ¢ íâ®¬ ¯ à £à ä¥ ®¯à¥¤¥«¥¨ï ¯à®¨««îáâà¨àã¥¬ â¥¯¥àì   ¯à®áâëå ¯à¨¬¥à å.
� ¯¥à¢ëå âà¥å ¨§ ¨å T = [0; 1], � | �- «£¥¡à  ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã ¬®¦¥áâ¢ ¢ T , � | ¬¥à 
�¥¡¥£ .

�à¨¬¥à 1. �1 =
n

m

[
n=1

�
A+ n�1

m

	 ���A 2 � \
�
0; 1

m

�o
( âãà «ì®¥ m > 1 ä¨ªá¨à®¢ ®). �ç¥-

¢¨¤®, �1 2 
(�), ¡®«¥¥ â®£®, Td = T , Tc = Ts = ; ¨ ¤«ï Tn =
�
n�1
m
; n
m

�
¨¬¥¥â ¬¥áâ®

fTngmn=1 2 <(�1).

�à¨¬¥à 2. �1 =
�
ft 2 T j cos �

t
2 V g

��V 2 �
	
. � ª ¨ ¢ ¯à¨¬¥à¥ 1, ¨¬¥¥¬ �1 2 
(�), Td = T ,

Tc = Ts = ;, ¨ ¤«ï Tn =
�

1
n+1

; 1
n

�
á¯à ¢¥¤«¨¢® fTng1n=1 2 <(�1).

�à¨¬¥à 3. �1 | �- «£¥¡à , ¯®à®¦¤¥ ï á¥¬¥©áâ¢®¬ (�\ [0; a])[�0 [fTg, £¤¥ a 2 (0; 1). �
íâ®¬ á«ãç ¥ �1 =2 
(�), ¯®áª®«ìªã Tc = [0; a], Ts = [a; 1], Td = ;.
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�à¨¬¥à 4. T = [0; 1]2, �, e� | �- «£¥¡àë ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã ¬®¦¥áâ¢ ¢ [0; 1]2 ¨ [0; 1]
á®®â¢¥âáâ¢¥®, �1 = fA� [0; 1] j A 2 e�g. �®£¤  �1 =2 
(�), Ts = T , Tc = Td = ;.

�ç¥¢¨¤®, ¢ ¯à¨¬¥à å 1, 2 �-¯®¤ «£¥¡àë �1 2 
(�) ¯®à®¦¤ îâáï äãªæ¨ï¬¨, ã¤®¢«¥â¢®-
àïîé¨¬¨ ãá«®¢¨î !(h1; h2; : : : ; hn) à ¡®âë ([25], á. 97). �¨â â¥«ì ¡¥§ âàã¤  á¬®¦¥â  ©â¨ íâ¨
äãªæ¨¨ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ äãªæ¨¨ hk.

�¥à¥§ e� ®¡®§ ç¨¬ áã¦¥¨¥ ¬¥àë �   �- «£¥¡àã �1,   ç¥à¥§ e�E (E 2 �) | áã¦¥¨¥ ¢¥è¥©
¬¥àë e��   �- «£¥¡àã � \E.

�¥¬¬  8. �á«¨ �1 2 
(�), R = fTngn2I 2 <(�1), â® ¯à¨ ª ¦¤®¬ n 2 I äãªæ¨ï ¬®¦¥áâ¢ e�Tn ¥áâì ¬¥à ,  ¡á®«îâ® ¥¯à¥àë¢ ï ®â®á¨â¥«ì® ¬¥àë �Tn := �j�\Tn .

�®ª § â¥«ìáâ¢®. �§ à ¢¥áâ¢  (5) ¢ëâ¥ª ¥â áç¥â ï  ¤¤¨â¨¢®áâì äãªæ¨¨ e�Tn ,   ¨§ «¥¬-
¬ë 4 | á¢®©áâ¢® [A 2 � \ Tn; e�TnA = 0]) [�TnA = 0].

� ¬¥ç ¨¥ 5. 1) �à¨ �1 =2 
(�), E 2 � n �1 äãªæ¨ï ¬®¦¥áâ¢  e�E ¬®¦¥â ¥ ¡ëâì áç¥â®
 ¤¤¨â¨¢®©. �â® á¯à ¢¥¤«¨¢®, ¢ ç áâ®áâ¨, ¤«ï E = [a; 1] ¨§ ¯à¨¬¥à  3 ¨«¨ ¤«ï E = f(t; s) 2
[0; 1]2 j t � sg ¨§ ¯à¨¬¥à  4.

2) Ec«¨ ¢ ãá«®¢¨ïå «¥¬¬ë 8 n 2 N â ª®¢®, çâ® Tn 6= Tc, â® ¬¥à  e�Tn ¥ á®¢¯ ¤ ¥â á �Tn . �â®
«¥£ª® ¢¨¤¥âì   ¯à¨¬¥à å 1, 2, ¢ ç áâ®áâ¨, ¤«ï Tn ¨§ ¯à¨¬¥à  1 ¨¬¥¥¬ e�TnA = m � �Tn .

5. �à¨â¥à¨© ¯à¥¤áâ ¢¨¬®áâ¨ «®ª «ì®£® ®¯¥à â®à 

¢ ¢¨¤¥ ®¯¥à â®à  �¥¬ëæª®£®

�ãáâì, ª ª ¨ à ¥¥, (T;�; �) | ¯à®áâà áâ¢® á ¯®«®© ª®¥ç®© ¬¥à®©, a (X; d), (Y; �) |
¯®«ë¥ á¥¯ à ¡¥«ìë¥ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ . �¯«®âì ¤® â¥®à¥¬ë 6 ¡ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® �1 2 
(�), R = fTngn2I 2 <(�1). �¥à¥§ n, rn ¡ã¤¥¬ ®¡®§ ç âì ®¯¥à â®àë, ®¯à¥¤¥«¥ë¥
ª ª  ¢ «¥¬¬¥ 4 ¨ rE ¢ â¥®à¥¬¥ 2, £¤¥ à®«ì E ¨£à ¥â Tn. �«ï ã¤®¡áâ¢  ¯®«®¦¨¬ â ª¦¥ Pn := PTn;X .
�¥à¥§ e� ®¡®§ ç¨¬ áã¦¥¨¥ ¬¥àë �   �- «£¥¡àã �1,   ç¥à¥§ �n | áã¦¥¨¥ ¢¥è¥© ¬¥àë e��
  �- «£¥¡àã � \ Tn (â. ¥. �n = e�Tn).

�¥¬¬  9. L0(�;X) = SR(L0(�1;X)).

�®ª § â¥«ìáâ¢®. �§ ¢ª«îç¥¨© Tn 2 �, L0(�1;X) � L0(�;X) á«¥¤ã¥â á®£« á® «¥¬¬¥ 2
SR(L0(�1; X)) � SR(L0(�;X)) = L0(�;X).

�¡à â®, § ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ' 2 L0(�;X). � á¨«ã â¥®à¥¬ë 2 (à®«ì E §¤¥áì ¨£à îâ
Tn,   à®«ì � | á ç «  �,   § â¥¬ �1) ¨ ®¯à¥¤¥«¥¨ï 
-ãá«®¢¨ï

Pn(L0(�;X)) = L0(� \ Tn;X) = L0(�1 \ Tn;X) = Pn(L0(�1;X)); n 2 I:

�âáî¤  á«¥¤ã¥â L0(�;X) � SR(L0(�1;X)) á®£« á® «¥¬¬¥ 1.

�¥®à¥¬  4. �à¥¤¯®«®¦¨¬, çâ® (T;�; �) | ¯à®áâà áâ¢® á ¯®«®© ª®¥ç®© ¬¥à®©, ¯®« ï

�-¯®¤ «£¥¡à  �1 � � ã¤®¢«¥â¢®àï¥â 
-ãá«®¢¨î, (X; d), (Y; �) | á¥¯ à ¡¥«ìë¥ ¬¥âà¨ç¥áª¨¥

¯à®áâà áâ¢ , ¨ h : L0(�1;X)! L0(�; Y ) | ��.

�®£¤  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© �� eh : L0(�;X) ! L0(�; Y ), áã¦¥¨¥ ª®â®à®£®  

L0(�1;X) á®¢¯ ¤ ¥â á h.

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¥¯®áà¥¤áâ¢¥® ¨§ â¥®à¥¬ë 1 ¨ «¥¬¬ë 9.
� «¥¥ �� eh, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 4, ¡ã¤¥¬  §ë¢ âì «®ª «ìë¬

¯à®¤®«¦¥¨¥¬ ®¯¥à â®à  h   ¯à®áâà áâ¢® L0(�;X).

�¥®à¥¬  5. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 4 �� h : L0(�1;X) ! L0(�; Y ) ¥¯à¥àë¢¥, â® ¥£®

«®ª «ì®¥ ¯à®¤®«¦¥¨¥ eh : L0(�; X)! L0(�; Y ) ¥áâì â ª¦¥ ¥¯à¥àë¢ë© ®¯¥à â®à.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥¨¥ ¥ ¨¬¥¥â ¬¥áâ . �®ª ¦¥¬ á ç «  áãé¥-
áâ¢®¢ ¨¥ â ª¨å � > 0, m 2 I ¨ 'n 2 L0(�;X), n = 0; 1; : : : , çâ® 'n

�
�! '0, ®

�En > �; (8)

£¤¥
En := ft 2 Tm j d((eh'n)(t); (eh'0)(t)) > �g:

� ª ª ª ®¯¥à â®à eh ¥ ï¢«ï¥âáï ¥¯à¥àë¢ë¬ ¢ â®çª¥ '0, â® ¤«ï ¥ª®â®à®£® � > 0 ¨ ¥ª®â®à®©
¯®á«¥¤®¢ â¥«ì®áâ¨ f kg, áå®¤ïé¥©áï ¯® ¬¥à¥ ª '0, ¨¬¥¥¬ �Dk > �, £¤¥

Dk := ft 2 T j �((eh k)(t); (eh'0)(t)) > �g; k = 1; 2; : : :

�§ á¥¯ à ¡¥«ì®áâ¨ Y ¢ëâ¥ª ¥â Dk 2 � (á¬. «¥¬¬ã 2 à ¡®âë [15]). � ©¤¥¬ â ª®¥ M 2 I, çâ®

� [
k>M

Tk < �=2. �®£¤  �
�

M

[
j=1

(Dk \ Tj)
�
> �=2, k 2 I. �âáî¤  á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯®¤¯®á«¥¤®-

¢ â¥«ì®áâ¨ fkng ¨ ¨¤¥ªá  m 2 f1; 2; : : : ;Mg, ¤«ï ª®â®àëå �(Dkn \Tm) >
�

2M
, n = 1; 2; : : : �®£¤ 

¥à ¢¥áâ¢® (8) ¨¬¥¥â ¬¥áâ® ¤«ï 'n =  kn , � =
�

2M
, En = Dkn \ Tm.

�¯à¥¤¥«¨¬ äãªæ¨¨ e'n 2 L0(�1;X) à ¢¥áâ¢®¬ e'n = rmPm'n ( e'n ¤¥©áâ¢¨â¥«ì® ¯à¨ ¤«¥-
¦ â L0(�1;X), ¯®áª®«ìªã Pm'n 2 L0(� \ Tm;X) = L0(�1 \ Tm;X)). �«ï ¯à®¨§¢®«ì®£® ä¨ªá¨-
à®¢ ®£® " > 0 à áá¬®âà¨¬ ¬®¦¥áâ¢ 

An := ft 2 Tm j d( e'n(t); e'0(t)) > "g; Bn := ft 2 T j d( e'n(t); e'0(t)) > "g:

�§ áå®¤¨¬®áâ¨ 'n
�
�! '0 ¨ à ¢¥áâ¢  Pmf'n = Pm'n á«¥¤ã¥â �An ! 0, n ! 1,   ¨§ «¥¬¬ë 8

¢ëâ¥ª ¥â �mAn ! 0, n!1. � «¥¥, á®£« á® â¥®à¥¬¥ 2 Bn = m(An), ¯®íâ®¬ã �Bn = �mAn ! 0,
n!1.

�â ª, ¨¬¥¥¬ (a) e'n 2 L0(�1;X), (b) e'n �
�! e'0, (c) Pm'n = Pm e'n, n = 1; 2; : : :

�§ (á), «®ª «ì®áâ¨ eh ¨ á¢®©áâ¢  ehjL0(�1;X) = h á«¥¤ã¥â

Pmh e'n = Pmeh'n:
�âáî¤  ¨ ¨§ ¥à ¢¥áâ¢  (8) ¢ëâ¥ª ¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fh e'ng ¥ áå®¤¨âáï ¯® ¬¥à¥ ª fh e'g.
�â® ãâ¢¥à¦¤¥¨¥ ¨ á¢®©áâ¢  (a), (b) ¯®ª §ë¢ îâ, çâ® ®¯¥à â®à h ¥ ï¢«ï¥âáï ¥¯à¥àë¢ë¬, çâ®
¯à®â¨¢®à¥ç¨â ãá«®¢¨î â¥®à¥¬ë.

�� eh, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 5, ¡ã¤¥¬  §ë¢ âì «®ª «ìë¬ ¥¯à¥-
àë¢ë¬ ¯à®¤®«¦¥¨¥¬ ®¯¥à â®à  h   ¯à®áâà áâ¢® L0(�;X).

�¥¬¬  10. �á«¨ á¥¯ à ¡¥«ì®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® (X; d) á®¤¥à¦¨â å®âï ¡ë ®¤-

® á¢ï§®¥ ¬®¦¥áâ¢®, ®â«¨ç®¥ ®â â®çª¨, â® áãé¥áâ¢ãîâ â ª¨¥ x0 2 X ¨ � > 0, çâ®
¢ë¯®«¥ë á¢®©áâ¢ 

1) fd(x; x0) j x 2 Xg � [0; �],
2) ¤«ï «î¡®£® u 2 (0; �) áãé¥áâ¢ã¥â â ª ï â®çª  x 2 X, çâ® ¢ ª ¦¤®© ®ªà¥áâ®áâ¨ â®çª¨

x  ©¤ãâáï ¯® ªà ©¥© ¬¥à¥ ¤¢¥ â ª¨¥ â®çª¨ x+ ¨ x�, çâ® d(x+; x0) > u, d(x�; x0) < u.

�®ª § â¥«ìáâ¢®. 1) �®£« á® ãá«®¢¨î áãé¥áâ¢ã¥â á¢ï§®¥ ¬®¦¥áâ¢® D � X, á®¤¥à¦ é¥¥
¯® ªà ©¥© ¬¥à¥ ¤¢¥ à §«¨çë¥ â®çª¨ x0, x�. �ãáâì � = d(x0; x�). � ª ¨§¢¥áâ® ( ¯à., [31],
á. 122), ¢áïª ï ¢¥é¥áâ¢¥ ï ¥¯à¥àë¢ ï äãªæ¨ï   á¢ï§®¬ ¯à®áâà áâ¢¥ ¢¬¥áâ¥ á ¤¢ã¬ï
à §«¨çë¬¨ § ç¥¨ï¬¨ ¯à¨¨¬ ¥â ¢á¥ ¯à®¬¥¦ãâ®çë¥ § ç¥¨ï. �â® á¯à ¢¥¤«¨¢®, ¢ ç áâ®-
áâ¨, ¤«ï äãªæ¨¨ f(�) := d(�; x0) : D ! R, ¤«ï ª®â®à®© f(x0) = 0, f(x�) = �. � ª¨¬ ®¡à §®¬,
f(D) � [0; �].

2) � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ u 2 (0; �) ¨ à áá¬®âà¨¬ ¬®¦¥áâ¢ 

D+ := f�1((u;+1)); D0 := f�1(fug); D� := f�1([0; u)):
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� á¨«ã ã¦¥ ¤®ª § ®£® á¢®©áâ¢  1) ª ¦¤®¥ ¨§ íâ¨å âà¥å ¬®¦¥áâ¢ ¥¯ãáâ®. �ç¥¢¨¤®,

D+ � D+ [D0; D� � D� [D0; D+ [D� = D (9)

(§¤¥áì ¨ ¤ «¥¥ ç¥àâ  ¢¢¥àåã ®§ ç ¥â § ¬ëª ¨¥ ¬®¦¥áâ¢  ¢ D).
� áá¬®âà¨¬ § ¬ªãâë¥ ¬®¦¥áâ¢  Z+ := D+ \D0, Z� := D� \D0. � ¬¥â¨¬, çâ® ®¨ ¥¯ã-

áâë. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯à¥¤¯®«®¦¨âì,  ¯à¨¬¥à, çâ® Z+ = ;, â® ¯®«ãç¨¬ à ¢¥áâ¢® D+ = D+,
®§ ç îé¥¥, çâ® D+ | ®âªàëâ®-§ ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ D. �â® ¯à®â¨¢®à¥ç¨â á¢ï§®áâ¨ D ( -
¯à., [31], á. 118).

�§ á¢ï§®áâ¨ ¬®¦¥áâ¢  D ¨ (9) á«¥¤ã¥â Z := Z+ \ Z� = D+ \ D� 6= ;. � ª ª ª Z �
D+ \D� \D0, â® ¬®¦¥áâ¢® Z á®áâ®¨â ¨§ â®ç¥ª, ¯à¥¤¥«ìëå ª ª ¤«ï ¬®¦¥áâ¢  D+, â ª ¨ ¤«ï
D�. � ª¨¬ ®¡à §®¬, «î¡ ï â®çª  x 2 Z ¡ã¤¥â ¨áª®¬®©.

�¯à¥¤¥«¥¨¥ 4. �¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®  §ë¢ ¥âáï áãá«¨áª¨¬ («ã§¨áª¨¬), ¥á«¨ ®®
ï¢«ï¥âáï ¥¯à¥àë¢ë¬ (á®®â¢¥âáâ¢¥® ¥¯à¥àë¢ë¬ ¨ ¡¨¥ªâ¨¢ë¬) ®¡à §®¬ ¥ª®â®à®£® ¯®«-
®£® á¥¯ à ¡¥«ì®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ .

� ª« ¤ë¢ ¥¬®¥ ¨¦¥ ®£à ¨ç¥¨¥: X | áãá«¨áª®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, á®¤¥à¦ -
é¥¥ á¢ï§®¥ ¬®¦¥áâ¢®, ®â«¨ç®¥ ®â â®çª¨, ®á¨â ¢¥áì¬  ®¡é¨© å à ªâ¥à. �® ¢ë¯®«¥®, ¢
ç áâ®áâ¨, ¤«ï § ¬ªãâëå ¯®¤¬®¦¥áâ¢ á ¥¯ãáâ®© ¢ãâà¥®áâìî á¥¯ à ¡¥«ìëå ¡  å®¢ëå
¯à®áâà áâ¢.

� «¥¥ áç¨â ¥¬, çâ® �1 | ¥ª®â®à ï ¯®« ï �-¯®¤ «£¥¡à   «£¥¡àë �, ¥  ª« ¤ë¢ ï  ¯à¨-
®à® ®£à ¨ç¥¨ï �1 2 
(�).

�à¨¢¥¤¥¬ ¤«ï ã¤®¡áâ¢  àï¤ ¨§¢¥áâëå ®¯à¥¤¥«¥¨© (á¬.,  ¯à., [32]{[34]).

�¯à¥¤¥«¥¨¥ 5. �à®áâà áâ¢® á ¯®«®© ª®¥ç®© ¬¥à®© (T;�; �)  §ë¢ ¥âáï ¯à®áâà áâ-

¢®¬ �¥¡¥£ , ¥á«¨ áãé¥áâ¢ã¥â áç¥â ï ¯®¤ «£¥¡à  A � � â ª ï, çâ® ¢ë¯®«¥ë ãá«®¢¨ï

a) � ¥áâì ¯®¯®«¥¨¥ ¯® ¬¥à¥ � �- «£¥¡àë, ¯®à®¦¤¥®© A,
b) A à §¤¥«ï¥â â®çª¨ T , â. ¥.

(8t; s 2 T; t 6= s) (9A 2 A) : (t 2 A; s 2 T n A);

c) A|ª®¬¯ ªâë© ª« áá ¬®¦¥áâ¢, â. ¥. ª ¦¤ ï ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¬®¦¥áâ¢
¨§ A ¨¬¥¥â ¥¯ãáâ®¥ ¯¥à¥á¥ç¥¨¥.

�¯à¥¤¥«¥¨¥ 6. �§¬¥à¨¬ë¥ ¯à®áâà áâ¢  (Ti;Ti), i = 1; 2,  §ë¢ îâáï ¡®à¥«¥¢áª¨ ¨§®-

¬®àäë¬¨, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ f ¨§ T1   T2, çâ® f�1(T2) � T1
¨ (f�1)�1(T1) � T2. �à¨ íâ®¬ ®â®¡à ¦¥¨¥ f  §ë¢ ¥âáï ¡®à¥«¥¢áª¨¬ ¨§®¬®àä¨§¬®¬ T1   T2.

�¯à¥¤¥«¥¨¥ 7. �à®áâà áâ¢  á ¯®«®© ª®¥ç®© ¬¥à®© (Ti;Ti; �i), i = 1; 2,  §ë¢ îâáï
¨§®¬®àäë¬¨ (mod�) , ¥á«¨ áãé¥áâ¢ã¥â ®â®¡à ¦¥¨¥ f : T1 ! T2 ¨ ¬®¦¥áâ¢  Ni � Ti á ¬¥à®©
�iNi = 0, i = 1; 2, â ª¨¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï

a) f jT1nN1
¥áâì ¡®à¥«¥¢áª¨© ¨§®¬®àä¨§¬ ¨§¬¥à¨¬®£® ¯à®áâà áâ¢  (T1 nN1;T1 \ (T1 nN1))  

(T2 nN2;T2 \ (T2 nN2)),
b) �1f�1 = �2.

�à¨ íâ®¬ ®â®¡à ¦¥¨¥ f  §ë¢ ¥âáï ¨§®¬®àä¨§¬®¬ ¨§ ¯à®áâà áâ¢  á ¬¥à®© (T1;T1; �1)  
(T2;T2; �2).

�®à®è® ¨§¢¥áâ 

�¥®à¥¬  �®å«¨  ([32]). 1) �à®áâà áâ¢®, ¨§®¬®àä®¥ ¯®¯®«¥¨î áâ ¤ àâ®£® ¯à®-

áâà áâ¢  (â. ¥. ¯®«®£® á¥¯ à ¡¥«ì®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  á ¡®à¥«¥¢áª®© ¬¥à®©),
¥áâì ¯à®áâà áâ¢® �¥¡¥£ .
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2) �à®áâà áâ¢® �¥¡¥£  (T;�; �) á ¥ â®¬¨ç¥áª®© ¬¥à®© ¨§®¬®àä® (mod�) ¯à®áâà -

áâ¢ã ([0; 1];L;mT ), £¤¥ L | «¥¡¥£®¢áª ï �- «£¥¡à    [0; 1],   mT | ¬¥à , à ¢ ï ¬¥à¥ �¥¡¥£ ,

ã¬®¦¥®©   ç¨á«® �T (â ª çâ® mT [0; 1] = �T ).

�¯à¥¤¥«¥¨¥ 8. �«ï äãªæ¨¨ f : T �X ! Y ®¯¥à â®à Nf : F (X) ! F (Y ), ®¯à¥¤¥«ï¥¬ë©
à ¢¥áâ¢®¬

(Nf')(t) = f(t; '(t)) ¯à¨ ¯®çâ¨ ¢á¥å t 2 T;

 §ë¢ ¥âáï ®¯¥à â®à®¬ �¥¬ëæª®£® (áã¯¥à¯®§¨æ¨¨), ¯®à®¦¤¥ë¬ äãªæ¨¥© f .

�¯à¥¤¥«¥¨¥ 9. �ãªæ¨ï f : T � X ! Y  §ë¢ ¥âáï äãªæ¨¥© �à £¨  ([7], [8]), ¥á«¨
áãé¥áâ¢ã¥â â ª®¥ T0 2 �0, çâ® áã¦¥¨¥ äãªæ¨¨ f   ¬®¦¥áâ¢® (T nT0)�X �
B(X)-¨§¬¥à¨-
¬® (�
B(X) | �- «£¥¡à , ¯®à®¦¤¥ ï ¢á¥¢®§¬®¦ë¬¨ ¯àï¬®ã£®«ì¨ª ¬¨ A�B, £¤¥ A 2 �,
B 2 B(X)).

�â¬¥â¨¬, çâ® ¢ [12] ¨ [13] â ª ï äãªæ¨ï  §¢   áâ ¤ àâ®©.

�¯à¥¤¥«¥¨¥ 10. �®¢®àïâ, çâ® äãªæ¨ï f : T �X ! Y ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ � à â¥®-

¤®à¨, ¥á«¨ ¤«ï «î¡®£® x 2 X äãªæ¨ï f(�; x) �-¨§¬¥à¨¬  ¨ ¯à¨ ¯®çâ¨ ¢á¥å t 2 T äãªæ¨ï f(t; �)
¥¯à¥àë¢ .

�¥®à¥¬  6. �ãáâì (T;�; �) | ¯à®áâà áâ¢® �¥¡¥£ , X | áãá«¨áª®¥ ¬¥âà¨ç¥áª®¥ ¯à®-

áâà áâ¢®, á®¤¥à¦ é¥¥ á¢ï§®¥ ¬®¦¥áâ¢®, ®â«¨ç®¥ ®â â®çª¨, ¨ Y á®áâ®¨â ¡®«¥¥ ç¥¬ ¨§

®¤®© â®çª¨.

�®£¤ , ¥á«¨ �-¯®¤ «£¥¡à  �1 ¥ ã¤®¢«¥â¢®àï¥â 
-ãá«®¢¨î, â® áãé¥áâ¢ã¥â ¥¯à¥àë¢ë© ��

h : L0(�1;X)! L0(�; Y ), ¥ ¯à®¤®«¦ ¥¬ë© «®ª «ì® ¨ ¥¯à¥àë¢®   L0(�; X) (â. ¥. ¤«ï «î¡®£®
¥¯à¥àë¢®£® �� h� : L0(�;X)! L0(�; Y ) ¨¬¥¥â ¬¥áâ® h�jL0(�1;X) 6= h).

�®ª § â¥«ìáâ¢®. �®£« á® á«¥¤áâ¢¨î 1 �s 6= ;,   á®£« á® ãâ¢¥à¦¤¥¨î 3) â¥®à¥¬ë 3
¬®¦¥áâ¢® Ts (¯®«®¦¨â¥«ì®© ¬¥àë) ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

A) [A � Ts; �A > 0] ) [� \A 6= �1 \A];
B) Ts ¥ á®¤¥à¦¨â  â®¬®¢ ¬¥àë �.
�®£« á® â¥®à¥¬¥ �®å«¨  áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ � ¯à®áâà áâ¢  (T;� \ Ts; �j�\Ts)  

([0; 1];L;mTs )
�ãáâì y1, y2 |¤¢  à §«¨çëå í«¥¬¥â  ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  Y . �ë¡¥à¥¬ â®çªã x0 2 X

¨ � 2 (0; 1) â ª¨¥, çâ® á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥¨¥ «¥¬¬ë 10. �¯à¥¤¥«¨¬ äãªæ¨î f : T �X ! Y

à ¢¥áâ¢®¬

f(t; x) =

(
y1; ¥á«¨ t 2 T n Ts ¨«¨ d(x; x0) � �(t);
y2; ¥á«¨ t 2 Ts ¨ d(x; x0) < �(t);

(10)

¨ à áá¬®âà¨¬ ®¯¥à â®à �¥¬ëæª®£® Nf , ¯®à®¦¤¥ë© äãªæ¨¥© f .
�¥£ª® ¢¨¤¥âì, ãç¨âë¢ ï ([15], «¥¬¬  2), çâ® äãªæ¨ï f �
B(X)-¨§¬¥à¨¬ , â¥¬ ¡®«¥¥ ï¢«ï-

¥âáï äãªæ¨¥© �à £¨ . �®íâ®¬ã, ª ª ¤®ª § ® ¢ [12], [13], Nf : L0(�;X) ! L0(�; Y ). � «¥¥
¤®ª ¦¥¬ ¯®á«¥¤®¢ â¥«ì® á¢®©áâ¢  1), 2), ¨§ ª®â®àëå ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

1) Nf : L0(�1;X)! L0(�; Y ) ¨ ¥¯à¥àë¢¥.
2) �¥ áãé¥áâ¢ã¥â ¥¯à¥àë¢®£® �� h� : L0(�;X)! L0(�; Y ), áo¢¯ ¤ îé¥£® á Nf   ¯®¤¯à®-

áâà áâ¢¥ L0(�1;X).
�¥á«®¦®¥ à ááã¦¤¥¨¥ \®â ¯à®â¨¢®£®" á ¨á¯®«ì§®¢ ¨¥¬ â¥®à¥¬ë �£®à®¢  ¯®ª §ë¢ ¥â, çâ®

¤«ï ¤®ª § â¥«ìáâ¢  1) ¤®áâ â®ç® ¤«ï ¯à®¨§¢®«ì®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f'ng1n=1 � L0(�1;X),
áå®¤ïé¥©áï ¯. ¢. ª '0, ¤®ª § âì, çâ® Nf'n ! Nf'0 ¯. ¢.   T . � ä¨ªá¨àã¥¬ â ªãî ¯®á«¥¤®¢ -
â¥«ì®áâì ¨, ¯®«®¦¨¢

A := ft 2 Ts j d('0(t); x0) = �(t)g [ ft 2 T j 'n(t) 6! '0(t)g;
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¯®ª ¦¥¬, çâ®

�A = 0: (11)

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �§ â¥®à¥¬ë 3 á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¬®¦¥áâ¢  eE ¥ã«¥¢®© ¬¥-
àë, ¯à¨ ¤«¥¦ é¥£® á¥¬¥©áâ¢ã (� \ A) n (�1 \ A). �§ ®¯à¥¤¥«¥¨ï äãªæ¨¨ � ¢ëâ¥ª ¥â ¢ª«î-
ç¥¨¥ �( eE) 2 L. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¬®¦¥áâ¢® E, à ¢®¥ eE (mod�) , ¤«ï ª®â®à®£®
V := �(D) 2 B([0; 1]).

�§ �1-¨§¬¥à¨¬®áâ¨ äãªæ¨¨ '0 á«¥¤ã¥â F := [d('0(�); x0)]�1(V ) 2 �1. �®£« á® ®¯à¥¤¥«¥¨î
¬®¦¥áâ¢ A, E, V , F

�1 \A 3 F \A = ��1(V ) \A = E:

�â® ¯à®â¨¢®à¥ç¨â á¢®©áâ¢ã E =2 �1 \A. � ª¨¬ ®¡à §®¬, à ¢¥áâ¢® (11) ¤®ª § ®.
� «¥¥, (8t 2 Ts n A) d('0(t); x0) 6= �(t), ¯®íâ®¬ã ¢ á¨«ã áå®¤¨¬®áâ¨ 'n(t) ! '0(t) ¨¬¥¥¬ ¯à¨

¢á¥å n, ¡�®«ìè¨å ¥ª®â®à®£® N(t),

sign (d('n(t); x0)� �(t)) = sign (d('0(t); x0)� �(t)):

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì®áâì ff(t; 'n(t))g1n=N(t) áâ æ¨® à . �ë ¯®ª § «¨, çâ®
(Nf'n)(t) ! (Nf'0)(t). �âáî¤  ¨ ¨§ (11), (12) á«¥¤ã¥â áå®¤¨¬®áâì Nf'n ! Nf'0 ¯. ¢.   T .
�¢®©áâ¢® 1) ¤®ª § ®.

�à¥¤¯®«®¦¨¬, çâ® á¢®©áâ¢® 2) ¥ ¨¬¥¥â ¬¥áâ . �®£« á® â¥®à¥¬¥ ® ¯à¥¤áâ ¢«¥¨¨ [4]{[6]
áãé¥áâ¢ã¥â äãªæ¨ï g : T �X ! Yc ((Yc; �c) | ¯®¯®«¥¨¥ ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  (Y; �)),
ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ � à â¥®¤®à¨ ¨ ¯®à®¦¤ îé ï ®¯¥à â®à h� (â ª¨¬ ®¡à §®¬, h� =
Ng).

�®«®¦¨¬ eT = ft 2 Ts \ �
�1((0; 1)) j f(t; �) ¥¯à¥àë¢    Xg:

�ç¥¢¨¤®, � eT > 0. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ áç¥â®¥ ¢áî¤ã ¯«®â®¥ ¢ X ¬®¦¥áâ¢® fxng1n=1
¨ à áá¬®âà¨¬ ¬®¦¥áâ¢ 

En := ft 2 eT j f(t; xn) 6= g(t; xn)g (12)

(â®çª¨ Y ®â®¦¤¥áâ¢«ï¥¬ á â®çª ¬¨ Yc ¯à¨ ¥áâ¥áâ¢¥®¬ ¢«®¦¥¨¨). �ç¥¢¨¤®, (8n) f(�; xn),
g(�; xn) 2 L0(�; Yc), ¯®íâ®¬ã En 2 �. �®ª ¦¥¬, çâ®

1[
n=1

En = eT : (13)

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ t 2 eT ¨  ©¤¥¬ á®£« á® ãâ¢¥à¦¤¥¨î 2) «¥¬¬ë 10 â ª®¥ x 2 X,
çâ®

Br \X1 6= ;; Br \X2 6= ; (8r > 0); (14)

£¤¥

Br := f� 2 X j d(�; x) < rg; X1 := f� 2 X j d(�; x0) > �(t)g; X2 := f� 2 X j d(�; x0) < �(t)g:

� á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨ g(t; �) áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ®

sup
�2B�

�c(g(t; �); g(t; x)) < �(y1; y2)=2: (15)

�¢¨¤ã ®âªàëâ®áâ¨ ¬®¦¥áâ¢ B�\Xi, i = 1; 2, ¨ á¢®©áâ¢  (14) áãé¥áâ¢ãîâ â ª¨¥  âãà «ìë¥
ç¨á«  ni, çâ® xni 2 B�\Xi, i = 1; 2. �®£« á® (10) f(t; xni) = yi, i = 1; 2. �âáî¤  ¨ ¨§ (15) á«¥¤ã¥â,
çâ® «¨¡® ¤«ï i = 1, «¨¡® ¤«ï i = 2 ¨¬¥¥â ¬¥áâ® f(t; xni) 6= g(t; xni). � ª¨¬ ®¡à §®¬, à ¢¥áâ¢®
(13) ¤®ª § ®.
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�§ (13) ¨ á¢®©áâ¢  � eT > 0 á«¥¤ã¥â, çâ® ¤«ï ¥ª®â®à®£®  âãà «ì®£® m �Em > 0. �®£¤  ¤«ï
äãªæ¨¨ ' 2 L0(�1;X) ¢¨¤  '(t) � xm ¯®«ãç ¥¬ ¢ á¨«ã (12) ¥à ¢¥áâ¢® Nf' 6= Ng'. � ª¨¬
®¡à §®¬, áã¦¥¨ï ®¯¥à â®à®¢ Nf ¨ Ng   L0(�1;X) ¥ á®¢¯ ¤ îâ. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥
¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥ 2).

�§ â¥®à¥¬ 5, 6 ¨ â¥®à¥¬ë ® ¯à¥¤áâ ¢«¥¨¨ [4]{[6] ¢ëâ¥ª ¥â ®á®¢®© à¥§ã«ìâ â áâ âì¨.

�¥®à¥¬  (®á®¢ ï). �ãáâì (T;�; �) | ¯à®áâà áâ¢® �¥¡¥£ , �1 | ¯®« ï �-¯®¤ «£¥¡à 

�- «£¥¡àë �, X | áãá«¨áª®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, á®¤¥à¦ é¥¥ á¢ï§®¥ ¬®¦¥áâ¢®,

®â«¨ç®¥ ®â â®çª¨, ¨ Y | «ã§¨áª®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, á®áâ®ïé¥¥ ¡®«¥¥ ç¥¬ ¨§

®¤®© â®çª¨.

�«ï â®£® çâ®¡ë «î¡®© ¥¯à¥àë¢ë© �� h : L0(�1;X) ! L0(�; Y ) ¡ë« ¯à¥¤áâ ¢¨¬ ¢ ¢¨-

¤¥ ®¯¥à â®à  �¥¬ëæª®£® á ¯®à®¦¤ îé¥© äãªæ¨¥©, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ � à â¥®¤®à¨,

¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë �-¯®¤ «£¥¡à  �1 ã¤®¢«¥â¢®àï«  
-ãá«®¢¨î (á¬. (5)).

� ¬¥ç ¨¥ 6. �â¢¥à¦¤¥¨¥ â¥®à¥¬ë 7 ï¢«ï¥âáï, ¯®-¢¨¤¨¬®¬ã, ®¢ë¬ ¤ ¦¥ ¤«ï ¯à®áâ¥©-
è¥£® á«ãç ï T = [0; 1] (á ¬¥à®© �¥¡¥£ ), X = Y = R.

� ¬¥ç ¨¥ 7. �®¯à®á ® â®¬, ¯à¨ ª ª¨å ®£à ¨ç¥¨ïå   ¯®«ãî �-¯®¤ «£¥¡àã �1 «î¡®©
¥¯à¥àë¢ë© �� h : L0(�1;X)! L0(�; Y ) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ®¯¥à â®à  �¥¬ëæª®£® á ¯®à®¦¤ -
îé¥© äãªæ¨¥©�à £¨ , ¢  áâ®ïé¥¥ ¢à¥¬ï ®âªàëâ. �¤¥áì ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â ¨áá«¥¤®¢ ¨¥
\ã§ª¨å" �-¯®¤ «£¥¡à, ¥ ã¤®¢«¥â¢®àïîé¨å 
-ãá«®¢¨î (¤«ï �1 2 
(�) ¯®«®¦¨â¥«ìë© ®â¢¥â
®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 7 ¨ â®£® ä ªâ , çâ® «î¡ ï äãªæ¨ï � à â¥®¤®à¨ ¥áâì
äãªæ¨ï �à £¨  [12]).

�¥®à¥¬ë 5{7 ¯®§¢®«ïîâ ¢ ä®à¬ã«¨àã¥¬®¬ ¨¦¥ á«¥¤áâ¢¨¨ ¯®«®áâìî ®¯¨á âì á¢ï§ì ¬¥¦¤ã

-ãá«®¢¨¥¬   �-¯®¤ «£¥¡àã �1, á¢®©áâ¢®¬ ¥¯à¥àë¢®© ¯à®¤®«¦ ¥¬®áâ¨ �� ¨ ä ªâ®¬ ¯à¥¤-
áâ ¢¨¬®áâ¨ ®¯¥à â®à  ¢ ¢¨¤¥ ®¯¥à â®à  �¥¬ëæª®£® á ¯®à®¦¤ îé¥© äãªæ¨¥© � à â¥®¤®à¨.

�¥à¥§ N (�) ®¡®§ ç¨¬ ª« áá â ª¨å ¯®«ëå �-¯®¤ «£¥¡à  «£¥¡àë �, çâ® ¤«ï «î¡®£® ¥¯à¥-
àë¢®£® �� h : L0(�1;X) ! L0(�; Y ) áãé¥áâ¢ã¥â «®ª «ì®¥ ¥¯à¥àë¢®¥ ¯à®¤®«¦¥¨¥ h  
L0(�;X).

�¥à¥§ K(�) ®¡®§ ç¨¬ ª« áá â ª¨å ¯®«ëå �-¯®¤ «£¥¡à  «£¥¡àë �, çâ® «î¡®© ¥¯à¥àë¢ë©
�� h : L0(�1; X)! L0(�; Y ) ¥áâì ®¯¥à â®à �¥¬ëæª®£® á ¯®à®¦¤ îé¥© äãªæ¨¥©, ã¤®¢«¥â¢®àï-
îé¥© ãá«®¢¨ï¬ � à â¥®¤®à¨.

�«¥¤áâ¢¨¥ 3. 1. K(�) � N (�) � 
(�).
2. �á«¨ (T;�; �) | ¯à®áâà áâ¢® �¥¡¥£ ,   ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  X, Y ã¤®¢«¥â¢®àïîâ

ãá«®¢¨ï¬ â¥®à¥¬ë 7, â® K(�) = N (�) = 
(�).
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