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� áâ âì¥ [1] ¨áá«¥¤®¢ ­ ¢®¯à®á ® à ¢­®áå®¤¨¬®áâ¨ ¯® á®¡áâ¢¥­­ë¬ ¨ ¯à¨á®¥¤¨­¥­­ë¬ äã­ª-

æ¨ï¬ ¨­â¥£à «ì­®£® ®¯¥à â®à  Af =
1R
0

A(x; t)f(t)dt ¨ ¢ ®¡ëç­ë© âà¨£®­®¬¥âà¨ç¥áª¨© àï¤ �ãàì¥.

� ¢­®áå®¤¨¬®áâì ¡ë«  ãáâ ­®¢«¥­  ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå:
 ) ¯à®¨§¢®¤­ë¥ Axstj (x; t) = @s+j

@xs@tj
A(x; t), s; j = 0; : : : ; n, ­¥¯à¥àë¢­ë ¯à¨ t � x ¨ t � x;

¡) Psj(t) = �Axstj (x; t)jx=t = Axstj (x; t)jx=t+0 �Axstj (x; t)jx=t�0 2 Cn�1�j[0; 1], j = 0; : : : ; n� 1,
s = 0; : : : ; n;

¢) A�1 áãé¥áâ¢ã¥â;
£) �Axs(x; t)jx=t = �s;n�1, s = 0; : : : ; n (�s;n�1 | á¨¬¢®« �à®­¥ª¥à ).
�ë«® ¯®ª § ­®, çâ® ãá«®¢¨¥ ¢) ­¥®¡å®¤¨¬® ¤«ï à ¢­®áå®¤¨¬®áâ¨, ãá«®¢¨ï  ) ¨ ¡) â®ç­ë,

  ãá«®¢¨¥ £) £®¢®à¨â ® ª ­®­¨ç¥áª®¬ ¢¨¤¥ ¨­â¥£à «ì­®£® ®¯¥à â®à , ¤«ï ª®â®à®£® ¨¬¥¥â ¬¥-
áâ® à áá¬ âà¨¢ ¥¬ ï à ¢­®áå®¤¨¬®áâì. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨©  ){£) A�1 ¯à¥¤áâ ¢«ï¥â á®¡®©
á«¥¤ãîé¨© ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à:

A�1y = (E +N)(y(n) + a1y
(n�1) + � � � + any); (1)

Vj(y) = Uj(y)� (y; 'j) = 0; j = 1; : : : ; n: (2)

�¤¥áì E | ¥¤¨­¨ç­ë© ®¯¥à â®à, Nf =
1R
0

N(x; t)f(t)dt, £¤¥ ï¤à® N(x; t) ­¥¯à¥àë¢­® ¯à¨ t � x ¨

t � x, a1; : : : ; an | ­¥ª®â®àë¥ ª®­áâ ­âë,

Uj(y) =
�jP
�=0

(aj�y(�)(0) + bj�y
(�)(1)), j = 1; : : : ; n,

jaj;�j j+ jbj;�j j > 0, n� 1 � �1 � � � � � �n � 0, �j > �j+2,

(y; 'j) =
1R
0

y(x)'j(x)dx, 'j(x) 2 C[0; 1].
�«ï à ¢­®áå®¤¨¬®áâ¨ âà¥¡ã¥âáï ¥é¥ ãá«®¢¨¥

¤) Uj(y), j = 1; : : : ; n, à¥£ã«ïà­ë ¯® �¨àª£®äã ([2], c. 66).
� ¤ ­­®© áâ âì¥ ¨áá«¥¤ã¥âáï áå®¤¨¬®áâì áà¥¤­¨å �¨áá 

� 1
2�i

Z
j�j=r

g(�; r)R�f d�:

�¤¥áì R� = (E � �A)�1A | à¥§®«ì¢¥­â  �à¥¤£®«ì¬ ,   g(�; r) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®-
¢¨ï¬:

¥) g(�; r) ­¥¯à¥àë¢­  ¯® � ¢ ªàã£¥ j�j � r ¨  ­ «¨â¨ç­  ¯® � ¢ ªàã£¥ j�j < r ¯à¨ «î¡®¬
r > 0,

¦) áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï C > 0, çâ® jg(�; r)j � C ¯à¨ ¢á¥å r > 0 ¨ j�j � r,

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò00-01-00075), ¯à®£à ¬¬ë \�¥¤ãé¨¥ ­ ãç­ë¥ èª®«ë" (¯à®¥ªâ ò 00-15-96123) ¨ ¯à®£à ¬¬ë \�­¨-
¢¥àá¨â¥âë �®áá¨¨".
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§) áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ¢¥«¨ç¨­ë �, �1, h, çâ®

g(r exp i'; r) =

8>>>><>>>>:
O(j'j�) ¯à¨ j'j � h; n = 4n0;

O(j'� �j�) ¯à¨ j'� �j � h; n = 4n0 + 2;

O
���'� �

2

���� ¯à¨
��'� �

2

�� � h;

O
���'+ �

2

���1� ¯à¨
��'+ �

2

�� � h;

)
n ­¥ç¥â­®¥;

¨) g(�; r)! 1 ¯à¨ r !1 ¨ ä¨ªá¨à®¢ ­­®¬ �.

� áâ âì¥ ãáâ ­ ¢«¨¢ îâáï á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï  ){¨). �®£¤  ¤«ï â®£® çâ®¡ë ¢ë¯®«­ï«®áì á®®â-

­®è¥­¨¥

lim
r!1





f(x) + 1
2�i

Z
j�j=r

g(�; r)R�f d�






C�[0;1]

= 0; (3)

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë f(x) 2 C�[0; 1] ¨ Vj(f) = 0 ¤«ï â ª¨å j, çâ® ¢ë¯®«­¥­®

­¥à ¢¥­áâ¢® �j � �. �¤¥áì � | ®¤­® ¨§ ç¨á¥« 0; 1; : : : ; n� 1.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï  ){¨), ªà®¬¥ ¤), ¨ A(x; t) = A(t; x). �®£¤  ¤«ï

á¯à ¢¥¤«¨¢®áâ¨ (3) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë f(x) 2 ��, £¤¥ �� | § ¬ëª ­¨¥ ¢ ¯à®-

áâà ­áâ¢¥ C�[0; 1] ¬­®¦¥áâ¢  ff(x) j f(x) = Ag, g(x) 2 L[0; 1]g.
�â¬¥â¨¬, çâ® ¤«ï á«ãç ï, ª®£¤  A�1 ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬ á à¥£ã«ïà­ë-

¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨,   g(�; r) =
�
1� �4

r4

��
, â¥®à¥¬  1 ãáâ ­®¢«¥­  ¢ [3].

�àã£¨¥ à¥§ã«ìâ âë ® áà¥¤­¨å �¨áá  ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ á®¤¥à¦ âáï ¢ [4]{[6].

1. �¯¥à â®à L0

� áá¬®âà¨¬ ®¯¥à â®à L0,
L0y = y(n)(x); x 2 [0; 1];

á ãá«®¢¨ï¬¨ (2). �à¥¤¯®« £ ¥¬, çâ® Uj(y) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ¤). �¡®§­ ç¨¬ ç¥à¥§ R0;� =
(L0 � �E)�1 à¥§®«ì¢¥­âã ®¯¥à â®à  L0. �á­®¢­®© æ¥«ìî íâ®£® ¯ à £à ä  ï¢«ï¥âáï ¨§ãç¥­¨¥
 á¨¬¯â®â¨ª¨ ds

dxs
R0;�f ¯à¨ ¡®«ìè¨å j�j, ª®£¤  f(x) 2 C�[0; 1], £¤¥ �, s æ¥«ë¥ ¨ 0 � �; s � n� 1.

1. �®«®¦¨¬ � = ��n ¨ � 2 S =
�
� j arg � 2 �� �

n
; �
n

�	
. �¥ªâ®à S à §®¡ì¥¬ ­  ç¥âëà¥ à ¢­ë¥

ç áâ¨ Sj =
�
� j �

2n
(j � 3) � arg � � �

2n
(j � 2)

	
, j = 1; 4, ¨ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ®

� 2 S3. �ãáâì f!kgn1 | ª®à­¨ n-© áâ¥¯¥­¨ ¨§ �1, § ­ã¬¥à®¢ ­­ë¥ á«¥¤ãîé¨¬ ®¡à §®¬:

Re �!1 � Re �!2 � � � � � Re �!� � 0 � Re �!�+1 � � � � � Re �!n:

�®«®¦¨¬ yk(x; �) = exp �!kx, zk(t; �) = � !k
n�n�1

exp(��!kt),

g(x; t; �) = �"(t; x)
�X

k=1

yk(x; �)zk(t; �) + "(x; t)
nX

k=�+1

yk(x; �)zk(t; �);

"(x; t) = 1 ¯à¨ t � x, "(x; t) = 0 ¯à¨ t > x.

�¥¬¬  1. �¬¥¥â ¬¥áâ® ä®à¬ã« 

R0;�f = �Y (x; �)M�1(�)(V (g); f) +
Z 1

0
g(x; t; �)f(t)dt; (4)

£¤¥ Y (x; �) = (y1(x; �); : : : ; yn(x; �)), M(�) = (Vjk)n1 , Vjk = Vj(yk), (V (g); f) = ((V1(g); f); : : : ,
(Vn(g); f))T ; Vj(g) ®§­ ç ¥â à¥§ã«ìâ â ¯à¨¬¥­¥­¨ï Vj ª äã­ªæ¨¨ g(x; t; �) ¯® ¯¥à¥¬¥­­®© x,
T | §­ ª âà ­á¯®­¨à®¢ ­¨ï.
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�®ª § â¥«ìáâ¢®. � ª ª ª
1R
0

g(x; t; �)f(t)dt ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î y(n) + �ny = f , â®

R0;�f = Y (x; �)C +
Z 1

0
g(x; t; �)f(t)dt; (5)

£¤¥ C = (c1; : : : ; cn)T { ¯®áâ®ï­­ë© ¢¥ªâ®à. �®¤ç¨­ïï R0;�f ãá«®¢¨ï¬ (2), ¨¬¥¥¬

0 =M(�)C +
Z 1

0

V (g)f(t)dt:

� å®¤ï ®âáî¤  C ¨ ¯®¤áâ ¢«ïï ¢ (5), ¯®«ãç¨¬ (4).

�«¥¤áâ¢¨¥. �à¨ s = 0; : : : ; n� 1 ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë

ds

dxs
R0;�f = �Y (s)(x; �)M�1(�)(V (g); f) +

Z 1

0

g
(s)
xs (x; t; �)f(t) dt:

�¡®§­ ç¨¬ Uj(yk) = Ajk + Bjk exp �!k, £¤¥ Ajk =
�jP
�=0

aj�(�!k)�, Bjk =
�jP
�=0

bj�(�!k)�. � «¥¥

(yk(x; �); 'j) = Cjk exp �!k ¯à¨ k � � ¨ (yk(x; �); 'j) = Cjk ¯à¨ k � � + 1. �®£¤  ®ç¥¢¨¤­®

Vj(yk) = Ajk + eBjk exp �!k; k = 1; : : : ; �;

Vj(yk) = eAjk +Bjk exp �!k; k = � + 1; : : : ; n;

£¤¥ eAjk = Ajk � Cjk, eBjk = Bjk � Cjk.

�¥¬¬  2. �¬¥îâ ¬¥áâ® ä®à¬ã«ë

ds

dss
R0;�f =

nX
m=1

Kms exp �!mx+
Z 1

0

g
(s)
xs (x; t; �)f(t)dt; s = 0; : : : ; n� 1; (6)

£¤¥ Kms = � (�!m)s

�

�
�

�P
k=1

PA
km(zk; f) +

nP
k=�+1

PB
km(zk; f) exp �!k�Qm

�
, � = �(�) = detM(�), PL

km =

nP
j=1

Ljk�jm, L = (Ljk)n1 , �jm |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ í«¥¬¥­â  ®¯à¥¤¥«¨â¥«ï �, áâ®ïé¥£®

¢ j-© áâà®ª¥ ¨ m-¬ áâ®«¡æ¥,

Qm =
nX
j=1

�jm

Z 1

0

Z 1

0

g(x; t; �)'j(x)f(t)dx dt:

�®ª § â¥«ìáâ¢®. �¬¥¥¬ M�1(�) = (Xmj)n1 , £¤¥ Xmj = �jm

�
. �®£¤  M�1(�)

�
V (g); f

�
=

(D1; : : : ;Dn)T , £¤¥ Dm =
nP
j=1

Xmj

�
Vj(g); f

�
. �®

Vj(g) = �
�X

k=1

Ajkzk(t; �) +
nX

k=�+1

Bjkzk(t; �) exp �!k �
Z 1

0

g(x; t; �)'j (x)dx:

�âáî¤ 

�
Vj(g); f

�
= �

�X
k=1

Ajk(zk; f) +
nX

k=�+1

Bjk(zk; f) exp �!k �
Z 1

0

Z 1

0

g(x; t; �)'j (x)f(t)dx dt:
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�­ ç¨â,

Y (s)(x; �)M�1(�)(V (g); f) =

=
nX

m=1

(�!m)sDm exp �!mx =
nX

m=1

(�!m)s
nX
j=1

Xmj(Vj(g); f) exp �!mx =

=
1
�

nX
m=1

(�!m)s
�
�

�X
k=1

(zk; f)
nX
j=1

Ajk�jm +
nX

k=�+1

(zk; f)
nX
j=1

Bjk�jm exp �!k �

�
nX
j=1

�jm

Z 1

0

Z 1

0
g(x; t; �)'j(x)f(t)dx dt

�
exp �!mx;

¨ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï «¥¬¬ë 1.

2. �®à¬ã«ë (6) ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ¤«ï ¯®«ãç¥­¨ï  á¨¬¯â®â¨ª¨ ds

dxs
R0;�f ¯à¨ ¡®«ìè¨å j�j

¨ f(x) 2 C�[0; 1]. � íâ®¬ ¯ã­ªâ¥ ¯®«ãç¨¬  á¨¬¯â®â¨ª¨ ®â¤¥«ì­ëå ª®¬¯®­¥­â ä®à¬ã« (6).
� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì n = 4n0 + 3. �áâ «ì­ë¥ á«ãç ¨ à áá¬ âà¨¢ îâáï  ­ «®£¨ç­®.

�¡®§­ ç¨¬ ç¥à¥§ 
(�) äã­ªæ¨¨, ¤®¯ãáª îé¨¥ ®æ¥­ªã


(�) = O(��n) +O(��n+1{(�)); (7)

£¤¥ {(�) = 1�exp(�Re �!�)

Re �!�
. �á«¨ 
(�) § ¢¨á¨â ¥é¥ ¨ ®â ¤àã£¨å  à£ã¬¥­â®¢, â® ®æ¥­ª  (7) à ¢­®¬¥à­ 

®â­®á¨â¥«ì­® ­¨å. �¡®§­ ç¨¬ 
0(�) = O(exp(�hj�j)), £¤¥ h > 0 ¨ á¢®¥ ¤«ï ª ¦¤®© 
0(�).

�¥¬¬  3. �«ï ®¯à¥¤¥«¨â¥«ï �(�) = detM(�) á¯à ¢¥¤«¨¢   á¨¬¯â®â¨ç¥áª ï ä®à¬ã« 

�(�) = fP1 + P2 exp(��!�) + 
0(�)g exp �
; (8)

P1 =

�������
eB11 : : : eB1�

eA1;�+1 : : : eA1n

: : : : : : : : : : : : : : : : : : : :eBn1 : : : eBn�
eAn;�+1 : : : eAnn

������� ; P2 =

�������
eB11 : : : eB1;��1A1�

eA1;�+1 : : : eA1n

: : : : : : : : : : : : : : : : : : : : : : : : : :eBn1 : : : eBn;��1An�
eAn;�+1 : : : eAnn

������� ;
£¤¥ 
 =

�P
k=1

!k.

�â¢¥à¦¤¥­¨¥ «¥¬¬ë ¯®«ãç ¥âáï ¨§ à §«®¦¥­¨ï �(�) ¢ áã¬¬ã ®¯à¥¤¥«¨â¥«¥©, ¯®á«¥¤ãîé¥£®
¢ë­¥á¥­¨ï ¬­®¦¨â¥«¥© exp �!k ¨ à áá¬®âà¥­¨ï ª ¦¤®£® á« £ ¥¬®£® ¢ ®â¤¥«ì­®áâ¨.

�¢¥¤¥¬ ®¯à¥¤¥«¨â¥«¨: PL
1 (k;m) (á®®â¢¥âáâ¢¥­­® P

L
2 (k;m)) ¯®«ãç ¥âáï ¨§ P1 (á®®â¢¥âáâ¢¥­­®

P2) § ¬¥­®©m-£® áâ®«¡æ  ­  k-© áâ®«¡¥æ ¬ âà¨æë L; P f
i (m) ¨¬¥îâ â®â ¦¥ á¬ëá«, çâ® ¨ P

L
i (k;m),

­®m-© áâ®«¡¥æ ¢ íâ®¬ á«ãç ¥ § ¬¥­ï¥âáï ­  áâ®«¡¥æ á í«¥¬¥­â ¬¨ (f; 'j), j = 1; : : : ; n. �¡®§­ ç¨¬

e!m = !m ¯à¨ m = 1; : : : ; � ¨ e!m = 0 ¯à¨ m = � + 1; : : : ; n. �®«®¦¨¬ Fk(l) =
��1P
j=0

(�!k)�jf (j)(l), £¤¥

l = 0; 1.

�¥¬¬  4. �¬¥îâ ¬¥áâ®  á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë

PL
km = (PL

1 (k;m) + PL
2 (k;m) exp(��!�) + 
0(�)) exp �(
� e!m); (9)

P f
m =

nX
j=1

(f; 'j)�jm = (P f
1 (m) + P f

2 (m) exp(��!�) + 
0(�)) exp �(
� e!m);
£¤¥ L | ®¤­  ¨§ ¬ âà¨æ A = (Ajk)n1 , B = (Bjk)n1 , C = (Cjk)n1 .

�®ª § â¥«ìáâ¢®. �ëà ¦¥­¨¥ PA
km ¯à¥¤áâ ¢«ï¥â á®¡®© ®¯à¥¤¥«¨â¥«ì, ¯®«ãç îé¨©áï ¨§

�(�) § ¬¥­®© m-£® áâ®«¡æ  ­  áâ®«¡¥æ (A1k; : : : ; Ank)T . �®íâ®¬ã ä®à¬ã«ë (9) ¯à¨ L = A ¯®-
«ãç îâáï  ­ «®£¨ç­® (8). �­ «®£¨ç­® à áá¬ âà¨¢ îâáï ¨ ®áâ «ì­ë¥ á«ãç ¨.

�ç¥¢¨¤­®© ï¢«ï¥âáï
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�¥¬¬  5. �¬¥îâ ¬¥áâ® ®æ¥­ª¨

(yk; 'j) =
Z 1

0

yk(x; �)'j(x) dx = 
(�)�n�1 exp �e!k; k; j = 1; : : : ; n:

�¥¬¬  6. �ãáâì f(x) 2 C�[0; 1] ¯à¨ æ¥«®¬ �, 0 � � � n� 1. �®£¤ 

(zk; f) = � 1
n�n

Fk(0) + 
(�)���kfk; k = 1; : : : ; � � 1;

(z� ; f) = � 1
n�n

[F�(0) � F�(1) exp(��!�)] + 
(�)���kfk;

(zk; f) =
�
1
n�n

F�(1) + 
(�)���kfk
�
exp(��!k); k = � + 1; : : : ; n:

�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ kfk | ­®à¬  f(x) ¢ ¯à®áâà ­áâ¢¥ C�[0; 1].

�®ª § â¥«ìáâ¢® ¯®«ãç ¥âáï ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬ á ¯®á«¥¤ãîé¥© ®æ¥­ª®© ­¥ª®â®àëå
á« £ ¥¬ëå.

�¡®§­ ç¨¬ ç¥à¥§ S(�) ®¡« áâì, ¯®«ãç îéãîáï ¨§ á¥ªâ®à  S ¯®á«¥ ã¤ «¥­¨ï ªàã£®¢ëå �-
®ªà¥áâ­®áâ¥© â®ç¥ª �k =

n
p��k, k = 1; 2; : : : , £¤¥ �k | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  L, � |

¤®áâ â®ç­® ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �ãáâì Sj(�) = S(�) [ Sj, j = 1; 4. �®£¤  ¯à¨ � 2 S(�) ¨
¢ë¯®«­¥­¨¨ ¤), ª ª ¨ ¢ ([2], cá. 95, 96), ¨¬¥¥¬ ®æ¥­ªã

��1(�) = O(��� exp(��
)): (10)

�¥¬¬  7. �á«¨ f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 6, â® ¯à¨ � 2 S3(�) ¨¬¥¥â ¬¥áâ®

¯à¥¤áâ ¢«¥­¨¥

Is =
Z 1

0

g
(s)
xs (x; t; �)f(t) dt =

f
(s)
1 (x)
�n

+
nX

m=1

Tms exp �!mx+ 
(�)�s��kfk;

£¤¥ f1(x) = f(x), ¥á«¨ s � � � 1, f1(x) � 0, ¥á«¨ s � �, Tms = � (�!m)s

n�n�
[P1 + P2 exp(��!�)]Fm(l) �

exp �(
� e!m), l = 0 ¯à¨ m � � + 1, l = 1 ¯à¨ m � �.

�®ª § â¥«ìáâ¢®. �­â¥£à¨àãï ¯® ç áâï¬ � à §, ¨¬¥¥¬

Is =
Z x

0

+
Z 1

x

=
1

n�n�s

� nX
k=�+1

��1X
j=0

1
�j
!s�jk f (j)(x)�

nX
k=�+1

��1X
j=0

1
�j
!s�jk f (j)(0) exp �!kx�

�
�X

k=1

��1X
j=0

1
�j
!s�jk f (j)(1) exp �!k(x� 1) +

�X
k=1

��1X
j=0

1
�j
!s�jk f (j)(x)

�
+ 
(�)�s��kfk:

�£àã¯¯¨àã¥¬ á« £ ¥¬ë¥, ­¥ á®¤¥à¦ é¨¥ íªá¯®­¥­â,   § â¥¬ ¢ ¯®«ãç¨¢è¥©áï ¤¢®©­®© áã¬¬¥
¯®¬¥­ï¥¬ ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï.

�®£¤  á ãç¥â®¬ ®¯à¥¤¥«¥­¨ï Fk(l)

Is =
1

n�n�s

� ��1X
j=0

1
�j

� nX
k=1

!s�jk

�
f (j)(x)�

nX
k=�+1

!skFk(0) exp �!kx�

�
�X

k=1

!skFk(1) exp �!k(x� 1)
�
+ 
(�)�s��kfk: (11)

�®
nP

k=1
!s�jk = n�sj , £¤¥ �sj | á¨¬¢®« �à®­¥ª¥à . �®íâ®¬ã ¤¢®©­ ï áã¬¬  ¢ (11) à ¢­  ­ã«î,

¥á«¨ s � �, ¨ à ¢­  nf (s)(x)
�s

, ¥á«¨ s � � � 1. �ç¨âë¢ ï, çâ® ¢ á¨«ã (8) ¢ë¯®«­¥­® à ¢¥­áâ¢®

1 = P1+P2 exp(��!�)
�

exp �
+ 
0(�), ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.
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�«¥¤áâ¢¨¥. �á«¨ f(x) 2 C�[0; 1], 0 � � � n� 1, â®

Z 1

0

Z 1

0
g(x; t; �)'j(t)f(x)dt dx =

=
1
n�n

�
n(f; 'j)�

nX
k=�+1

cjkFk(0)�
�X

k=1

cjkFk(1)
�
+ 
(�)���kfk: (12)

�â  ä®à¬ã«  ¯®«ãç ¥âáï ¨§ (11) ¯à¨ s = 0.

�¥¬¬  8. �ãáâì f(x) ¨ Qm â¥ ¦¥, çâ® ¨ ¢ «¥¬¬ å 2 ¨ 6. �®£¤ 

Qm =
1
�n

�
P f
1 (m) + P f

2 (m) exp(��!�)�
1
n

� nX
k=�+1

Fk(0)(P�
1 (k;m) +

+ P�
2 (k;m) exp(��!�)) +

�X
k=1

Fk(1)(P�
1 (k;m) + P�

2 (k;m) exp(��!�))
�
+

+ 
(�)����kfk
�
exp �(
� e!m): (13)

�®ª § â¥«ìáâ¢®. � á¨«ã (12) ¨¬¥¥¬

Qm =
1
�n

�
P f
m �

1
n

nX
k=�+1

P�
kmFk(0) �

1
n

�X
k=1

P�
kmFk(1) +

nX
s=1

�sm
(�)�
��kfk

�
:

�® �sm = O(�� exp �(
� e!m)). �®íâ®¬ã ¯® «¥¬¬¥ 4 ¯®«ãç ¥¬ (13).

�¥¬¬  9. �¬¥îâ ¬¥áâ® ä®à¬ã«ë

nX
k=1

!�sk Ajk =

(
najs�

s; �j � s;

0; �j < s;

nX
k=1

!�sk Bjk =

(
nbjs�

s; �j � s;

0; �j < s:
(14)

�®ª § â¥«ìáâ¢®. � ª ª ª
nP

k=1
!�sk Ajk =

nP
k=1

!�sk
�jP
�=0

aj�!
�
k�

� =
�jP
�=0

aj��
�

nP
k=1

!��sk ¨
nP

k=1
!s�jk =

n�sj , â® ®âáî¤  ¯®«ãç ¥¬ ¯¥à¢ãî ¨§ ä®à¬ã« (14). �â®à ï ¯®«ãç ¥âáï  ­ «®£¨ç­®.

3. �à®¢¥¤¥¬ ­¥®¡å®¤¨¬®¥ ¨áá«¥¤®¢ ­¨¥ ds

dxs
R0;�f , ª®£¤  f(x) 2 C�[0; 1] ¯à¨ 0 � � � n� 1.

�¥¬¬  10. �á«¨ f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 6, â® ¯à¨ � 2 S3(�)

ds

dxs
R0;�f =

nX
m=1

(Kms + Tms) exp �!mx+
f
(s)
1 (x)
�n

+ 
(�)�s��kfk:

�â¢¥à¦¤¥­¨¥ «¥¬¬ë ¢ëâ¥ª ¥â ¨§ «¥¬¬ 2 ¨ 7 á ãç¥â®¬ ®æ¥­ª¨ (10).

�¥¬¬  11. �á«¨ f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 6, â®

Kms + Tms = �(�!m)
s

n�n�
fZ1m + P1Fm(1) + (Z2m + P2Fm(1)) exp(��!�)g �

� exp �(
� e!m) + 
(�)�s��kfk exp(��e!m); (15)
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£¤¥

Z1m =
�X

k=1

PA
1 (k;m)Fk(0) +

nX
k=�+1

PB
1 (k;m)Fk(1) � nP f

1 (m) +

+
�X

k=1

PC
1 (k;m)Fk(1) +

nX
k=�+1

PC
1 (k;m)Fk(0);

Z2m =
��1X
k=1

PA
2 (k;m)Fk(0)� PA

1 (�;m)F�(1) +
nX

k=�+1

PB
2 (k;m)Fk(1) � nP f

2 (m) +

+
�X

k=1

P�
2 (k;m)Fk(1) +

nX
k=�+1

P�
2 (k;m)Fk(0):

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ 4{6, 8

Kms = �(�!m)
s

n�n�

� ��1X
k=1

[PA
1 (k;m) + PA

2 (k;m) exp(��!�)]Fk(0) + PA
1 (�;m)�

� [F�(0)� F�(1) exp(��!�)] +
nX

k=�+1

[PB
1 (k;m) + PB

2 (k;m) exp(��!�)]Fk(1)�

� n[P f
1 (m) + P f

2 (m) exp(��!�)] +
�X

k=1

[PC
1 (k;m) + PC

2 (k;m) exp(��!�)]Fk(1) +

+
nX

k=�+1

[PC
1 (k;m) + PC

2 (k;m) exp(��!�)]Fk(0) + 
(�)�n+���kfk
�
exp �(
� e!m):

�âáî¤ , £àã¯¯¨àãï ®â¤¥«ì­® á« £ ¥¬ë¥, ­¥ á®¤¥à¦ é¨¥ exp(��!�) ¨ á®¤¥à¦ é¨¥ ¥¥, ¯à¨¤¥¬ ª
(15).

�®«®¦¨¬ V �
j (f) =

��1P
�=0

(aj�f (�)(0) + bj�f
(�)(1)) � (f; 'j), ¥á«¨ �j � �, V �

j (f) = Vj(f), ¥á«¨

�j � �� 1.

�¥¬¬  12. �á«¨ f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 6, â® ¯à¨ � 2 S3(�) ¢ë¯®«­ï¥âáï
à ¢¥­áâ¢®

Kms + Tms = �(�!m)
s

�n�
fP V �

1 (m) + P V �

2 (m) exp(��!�) + 
(�)�n+���kfkg �
� exp �(
� e!m); m = 1; 2; : : : ; n; s = 0; 1; : : : ; n� 1;

£¤¥ P V �

1 (m) (P V �

2 (m)) ¯®«ãç ¥âáï ¨§ P1(m) (P2(m)) § ¬¥­®©m-£® áâ®«¡æ  ­  áâ®«¡¥æ (V �
1 (f); : : : ,

V �
n (f))

T .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á«ãç ©, ª®£¤  1 � m � � � 1.

�à¨¢¥¤¥¬ Z2m + P2Fm(1) ª ¢¨¤ã
��1P
j=0

��jDj � nP f
2 (m), £¤¥

Dj =
��1X
k=1

!�jk PA
2 (k;m)f

(j)(0)� !�j� PA
1 (�;m)f

(j)(1) +
nX

k=�+1

!�jk PB
2 (k;m)f

(j)(1) +

+
�X

k=1

!�jk PC
2 (k;m)f

(j)(1) +
nX

k=�+1

!�jk PC
2 (k;m)f

(j)(0) + P2Fm(1):
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�ç¨âë¢ ï, çâ® PA
1 (�;m) = �P ~B

2 (�;m), £¤¥ P
~B
2 (�;m) | ®¯à¥¤¥«¨â¥«ì, ¯®«ãç îé¨©áï ¢ à¥-

§ã«ìâ â¥ § ¬¥­ë m-£® áâ®«¡æ  ¢ PA
2 (�;m) ­  áâ®«¡¥æ ( eB1m; : : : ; eBnm)T , § ¬¥ç ¥¬, çâ® ¢á¥ ®¯à¥¤¥-

«¨â¥«¨, ¢å®¤ïé¨¥ ¢ Dj , ®â«¨ç îâáï ®â P2 «¨èì m-¬ áâ®«¡æ®¬. �®íâ®¬ã Dj = P d
2 (m), £¤¥ P

d
2 (m)

| ®¯à¥¤¥«¨â¥«ì, ¯®«ãç îé¨©áï ¨§ P2 § ¬¥­®© m-£® áâ®«¡æ  ­  áâ®«¡¥æ d = (d1; : : : ; dn)T , £¤¥

dl =
� ��1X

k=1

!�jk Alk

�
f (j)(0) + !�j�

eBl�f
(j)(1) +

� nX
k=�+1

!�jk Blk

�
f (j)(1) +

+
� �X

k=1

!�jk Clk

�
f (j)(1) +

� nX
k=�+1

!�jk Clk

�
f (j)(0) + !�jm

eBlmf
(j)(1):

�à¨¡ ¢¨¬ ª m-¬ã áâ®«¡æã ®¯à¥¤¥«¨â¥«ï P d
2 (m) áâ®«¡æë á ­®¬¥à ¬¨ k = �; : : : ; n, ã¬­®-

¦¥­­ë¥ á®®â¢¥âáâ¢¥­­® ­  !�jk f (j)(0), ¨ áâ®«¡æë á ­®¬¥à ¬¨ k = 1; : : : ;m � 1;m + 1; : : : ; � � 1,
ã¬­®¦¥­­ë¥ á®®â¢¥âáâ¢¥­­® ­  !�jk f (j)(1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®¯à¥¤¥«¨â¥«ì P ~d

2 (m),m-© áâ®«-
¡¥æ ª®â®à®£® ed = ( ed1; : : : ; edn)T ¯®á«¥ § ¬¥­ eAjk = Ajk � Cjk, eBjk = Bjk � Cjk ¯à¨¢®¤¨âáï

ª ¢¨¤ã, ª®£¤  edl = � nP
k=1

!�jk Alk

�
f (j)(0) +

� nP
k=1

!�jk Alk

�
f (j)(1), l = 1; : : : ; n. �§ «¥¬¬ë 9 ¨¬¥¥¬

nP
k=1

!�jk Alk = nealj�j , nP
k=1

!�jk Blk = neblj�j , £¤¥ ealj = alj , eblj = blj , ¥á«¨ j � �l, ealj = eblj = 0,

¥á«¨ j > �l. �®íâ®¬ã Z2m + P2Fm(1) =
��1P
j=0

��jDj � nP f
2 (m) = P 


2 (m), £¤¥ 
 = (
1; : : : ; 
n)T ,


l = n
� ��1P
j=0

[ealjf (j)(0) + ebljf (j)(1)] � (f; 'l)
�
. �§ ®¯à¥¤¥«¥­¨ï V �

l (f) á«¥¤ã¥â 
l = nV �
l (f). �®íâ®¬ã

Z2m + P2Fm(1) = nP V �

2 (m). �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® Z1m + P1Fm(1) = nP V �

1 (m).
�áâ «ì­ë¥ á«ãç ¨ à áá¬ âà¨¢ îâáï  ­ «®£¨ç­®.
�¥¯¥àì ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 11.

�¥®à¥¬  3. �á«¨ f(x) 2 C�[0; 1], £¤¥ � æ¥«®¥, 0 � � � n� 1, â® ¯à¨ � 2 S(�)

ds

dxs
R0;�f =

f
(s)
1 (x)
�n

� 1
�n�(�)

� �X
m=1

(�!m)
s[P V �

1 (m) + P V �

2 (m) exp(��!�)]�

� exp �(
� !m(1� x)) +
nX

m=�+1

(�!m)s[P V �

1 (m) + P V �

2 (m) exp(��!�)]�

� exp �(
 + !mx)
�
+ �s��
(�)kfk; s = 0; 1; : : : ; n� 1;

£¤¥ f1(x) = f(x), ¥á«¨ s � �� 1, f1(x) � 0, ¥á«¨ s � �.

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ «¥¬¬ 10 ¨ 12.

�«¥¤áâ¢¨¥. �á«¨ f(x) 2 C�[0; 1] ¨ ã¤®¢«¥â¢®àï¥â â¥¬ ¨§ ãá«®¢¨© (2), ¤«ï ª®â®àëå �j � ��1,
â® ¯à¨ � 2 S(�) ¨ s = 0; : : : ; n � 1 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ Ds

xR0;�f = O
�
1
�n
kfk� ¯à¨ s � � � 1,

Ds
xR0;�f = �s��
(�)kfk ¯à¨ s � �. �«ï ¤®ª § â¥«ìáâ¢  íâ¨å ®æ¥­®ª ¤®áâ â®ç­® ¢ ¯à¥¤áâ ¢«¥­¨¨

dS

dxS
R0;�f à §«®¦¨âì ®¯à¥¤¥«¨â¥«¨ P V �

i (m), i = 1; 2, ¯® í«¥¬¥­â ¬m-£® áâ®«¡æ  ¨ ¢®á¯®«ì§®¢ âì-
áï ®æ¥­ª®© (10).

2. � ¬ëª ­¨¥ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  L0 ¢ ¯à®áâà ­áâ¢¥ C�[0; 1]

�ãáâì, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥, � æ¥«®¥, 0 � � � n�1. �¡®§­ ç¨¬ ç¥à¥§ n� ­ ¨¬¥­ì-
è¥¥ ¨§ j, ¤«ï ª®â®àëå �j � �, ¨ ç¥à¥§ D0 | ¬­®¦¥áâ¢® äã­ªæ¨© ¨§ C�[0; 1], ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬ Vj(y) = 0, j = n�; : : : ; n.
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�¥¬¬  13. �á«¨ f(x) 2 D0, â® áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

fym(x)g1m=1, çâ® 1) ym(x) 2 Cn[0; 1]; 2) Vj(ym) = 0, j = n�; : : : ; n; 3) ym(x) ! f(x) ¯® ­®à¬¥

C�[0; 1].

�®ª § â¥«ìáâ¢®. �ãáâì fpm(x)g1m=1 | ¯®á«¥¤®¢ â¥«ì­®áâì  «£¥¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢,
áå®¤ïé ïáï ª f(x) ¢ C�[0; 1]. �®£¤  ¨¬¥¥¬ Vj(pm) ! 0 (j = n�; : : : ; n) ¯à¨ m ! 1. �¡®§­ ç¨¬
ç¥à¥§ f i(x)gni=n� ¯à®¨§¢®«ì­ë© ­ ¡®à äã­ªæ¨© ¨§ Cn[0; 1], ¤«ï ª®â®àëå Uj( i) = �ij ¯à¨ j � i.
�®ª ¦¥¬, çâ® â ª¨¥ äã­ªæ¨¨ áãé¥áâ¢ãîâ. �ãáâì ¢ ä®à¬¥ Ui(y) ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ai�i 6=0. �
íâ®¬ á«ãç ¥ ¢ ª ç¥áâ¢¥  i(x) ¬®¦­® ¢§ïâì ¨­â¥à¯®«ïæ¨®­­ë©  «£¥¡à ¨ç¥áª¨© ¯®«¨­®¬, ¯®¤ç¨-
­¥­­ë© ãá«®¢¨ï¬  (s)

i (0) = 0, s = 0; : : : ; �i�1,  (�i)
i (0) = a�1i�i ,  

(s)
i (1) = 0, s = 0; : : : ; �i. �¡®§­ ç¨¬

ç¥à¥§ h�(x), � = 1; 2; : : : , â ª¨¥ äã­ªæ¨¨ ¨§ Cn[0; 1], çâ®
1) h�(x) � 1, x 2 �0; 1

2�

� [ �1� 1
2�
; 1
�
;

2) h�(x) � 0, x 2 � 1
�
; 1� 1

�

�
;

3) 0 � h�(x) � 1 ¯à¨ x 2 � 1
2�
; 1
�

� [ �1� 1
�
; 1� 1

2�

�
.

�®«®¦¨¬  i�(x) =  i(x)h�(x). �®£¤  ( i;� ; 'j) = o(1) ¯à¨ � ! 1 ¨ Uj( i�) = Uj( i). �­ ç¨â,
Vj( i�) = Uj( i) + o(1) ¯à¨ � !1 .�ã¤¥¬ ¨áª âì âà¥¡ã¥¬ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¢¨¤¥ ym(x) =

pm(x)�
nP

i=n�

cim i�(x), £¤¥ � = �(m) ¡ã¤ãâ ¢ë¡à ­ë ­¨¦¥. �«ï ®¯à¥¤¥«¥­¨ï cim ¨¬¥¥¬ á¨áâ¥¬ã

nX
i=n�

cim(Uj( i) + o(1)) = Vj(pm); j = n�; : : : ; n: (16)

� âà¨æ  kUj( i)knj;i=n� ï¢«ï¥âáï âà¥ã£®«ì­®©, ­  ¥¥ £« ¢­®© ¤¨ £®­ «¨ áâ®ïâ ¥¤¨­¨æë,   ­¨¦¥
£« ¢­®© ¤¨ £®­ «¨| ­ã«¨. �«¥¤®¢ â¥«ì­®, det kUj( i)knn� = 1, ¨ ¯®â®¬ã ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å
� ¬®¤ã«ì ®¯à¥¤¥«¨â¥«ï á¨áâ¥¬ë (16) ­¥ ¬¥­ìè¥ 1=2. �¤­® ¨§ â ª¨å � ¢®§ì¬¥¬ ¢ ¢¨¤¥ � = �(m).
�®£¤ , â. ª. Vj(pm) = o(1) ¯à¨ m!1, ¯®«ãç ¥¬ cim = o(1) ¯à¨ m!1.

�¡®§­ ç¨¬ Di = fy(x) 2 Cn[0; 1] j Vj(y) = 0, j = i; i + 1; : : : ; ng, i = 1; 2; : : : ; n�, ¨ ç¥à¥§ Di |
§ ¬ëª ­¨¥ Di ¯® ­®à¬¥ C�[0; 1].

�¥¬¬  14. �à¨ i = 2; : : : ; n� á¯à ¢¥¤«¨¢ë ¢ª«îç¥­¨ï Di � Di�1.

�®ª § â¥«ìáâ¢®. �ãáâì i | ä¨ªá¨à®¢ ­­®¥ ç¨á«® áà¥¤¨ 2; : : : ; n� ¨ f(x) 2 Di. �®áâà®¨¬
¯®á«¥¤®¢ â¥«ì­®áâì ffm(x)g1m=1 â ªãî, çâ® fm(x) 2 Di�1 ¨ fm(x) ! f(x) ¢ C�[0; 1], á«¥¤ãîé¨¬
®¡à §®¬.

�¡®§­ ç¨¬

 i�1;m(x) =
(1� x)�i�1+1 sin�i�1(mx)

�i�1!m�i�1
; m = 1; 2; : : :

�®£¤   (�i�1)
i�1;m (0) = 1,  (�i�1)

i�1;m (1) = 0,  (j)
i�1;m(0) =  (j)

i�1;m(1) = 0 ¯à¨ j = 0; : : : ; �i�1�1 ¨  i�1;m(x)! 0
¯à¨ m!1 ¯® ­®à¬¥ C�[0; 1]. � «¥¥, ¯ãáâì  s(x) (s = i; : : : ; n),  s�(x) =  s(x)h�(x) â¥ ¦¥, çâ® ¨

¢ «¥¬¬¥ 13. �ã¤¥¬ ¨áª âì fm(x) ¢ ¢¨¤¥ fm(x) = f(x)� ci�1;m i�1;m i�1;m(x)�
nP
s=i

csm s�(x).

�¡®§­ ç¨¬ Vi�1(f) = a. �®£¤  ¤«ï ®¯à¥¤¥«¥­¨ï ásm ¯®«ãç ¥¬ á¨áâ¥¬ã

Vj( i�1;m)ái�1;m +
nX
s=i

Vj( s�)csm = a�i�1;j ; j = i� 1; : : : ; n: (17)

� ª ª ª Vi�1( i�1;m) = ai�1;�i�1 + o(1) ¯à¨ m ! 1, â® ¬ âà¨æ  V á¨áâ¥¬ë (17) ­  £« ¢­®©
¤¨ £®­ «¨ ¨¬¥¥â í«¥¬¥­âë ai�1;�i�1 + o(1), 1+ o(1); : : : ; 1+ o(1), £¤¥ 1+ o(1)! 1 ¯à¨ � !1. �®¤
£« ¢­®© ¤¨ £®­ «ìî áâ®ïâ í«¥¬¥­âë ¢¨¤  o(1), ¯à¨ç¥¬ ¢ ¯¥à¢®¬ áâ®«¡æ¥ o(1) ! 0 ¯à¨ m!1,
  ¢ ®áâ «ì­ëå áâ®«¡æ å o(1) ! 0 ¯à¨ � ! 1. �ëè¥ £« ¢­®© ¤¨ £®­ «¨ í«¥¬¥­âë ®£à ­¨ç¥­ë
¯® m ¨ �. �®íâ®¬ã ¤«ï «î¡®£® ¤®áâ â®ç­® ¡®«ìè®£® m ¬®¦­® ãª § âì â ª®¥ � = �(m), çâ®
jdet V j � 1

2
jai�1;�i�1 j. �®£¤  ¨§ á¨áâ¥¬ë (17) ¯®«ãç ¥¬ ci�1;m = O(1), csm = o(1) (s = i; : : : ; n) ¯à¨

m!1. �âáî¤  § ª«îç ¥¬, çâ® fm(x)! f(x) ¯® ­®à¬¥ C�[0; 1].
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�¥®à¥¬  4. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢® D1 = D0.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® D0 § ¬ª­ãâ® ¢ C�[0; 1] ¨, §­ ç¨â, D1 � D0.
�®§ì¬¥¬ f(x) 2 D0. �«ï ¯à®¨§¢®«ì­®£® " > 0 ¯® «¥¬¬¥ 13 ­ ©¤¥âáï äã­ªæ¨ï fn� 2 Dn� â -
ª ï, çâ® kf � fn�k < ". �® «¥¬¬¥ 14 áãé¥áâ¢ã¥â á¨áâ¥¬  ffi(x)gn��1i=1 â ª ï, çâ® fi(x) 2 Di ¨

kfi � fi�1k < ". �âáî¤  kf � f1k � kf � fn�k+
n��1P
i=2

kfi � fi�1k � n�".

�«ï á«ãç ï � = 0 ¨ 'j(x) � 0, j = 1; : : : ; n, íâ  â¥®à¥¬  ¯®«ãç¥­  ¢ [7].

3. �¡®¡é¥­­ë¥ áà¥¤­¨¥ �¨áá 

� ¯®¬­¨¬, çâ® A�1 ¯à¥¤áâ ¢«ï¥â á®¡®© ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à (1) á ãá«®¢¨-
ï¬¨ (2). � [1] ¡ë«® ¯®ª § ­®, çâ® ¥á«¨ Uj(y), j = 1; : : : ; n, à¥£ã«ïà­ë, â® (1) ¬®¦­® ¯à¨¢¥áâ¨
ª ¢¨¤ã, ª®£¤  a1 = � � � = an�1 = 0. � ª ª ª ¯à¨áãâáâ¢¨¥ an ¢ (1) ­¥áãé¥áâ¢¥­­® ¢ ­¨¦¥á«¥-
¤ãîé¨å à ááã¦¤¥­¨ïå, â® ¤«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì, çâ® an = 0, â. ¥. ¢ (1) ¡ã¤¥¬ ¯®« £ âì
a1 = � � � = an = 0. �ãáâì g(�; r) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¥){¤) ¨§ ¢¢¥¤¥­¨ï.

�¥¬¬  15. �ãáâì f(x) 2 C�[0; 1], £¤¥ � æ¥«®¥, 0 � � � n�1, f0(x) 2 D1 (D1 ¨§ ¯à¥¤ë¤ãé¥£®

¯ à £à ä ). �®£¤  ¤«ï ¢áïª®£® r > 0 â ª®£®, çâ® ­  ®ªàã¦­®áâ¨ j�j = r ­¥â å à ªâ¥à¨áâ¨ç¥-

áª¨å ç¨á¥« ®¯¥à â®à  A, á¯à ¢¥¤«¨¢ë ä®à¬ã«ë

f (s)(x) +
1
2�i

Z
j�j=r

g(�; r)
ds

dxs
R�f d� = f (s)(x)(1 � g(�; r)) +

+ g(�; r)(f (s)(x)� f
(s)
0 (x)) +

1
2�i

Z
j�j=r

g(�; r)
�� �

ds

dxs
R�g0 d�+

+
1
2�i

Z
j�j=r

g(�; r)
ds

dxs
R�(f � f0)d�; s = 0; 1; : : : ; �; (18)

£¤¥ R� = (E��A)�1A = (A�1��E)�1, g0(x) = A�1f0��f0 = (E+N)f (n)0 ��f0, �| ¯à®¨§¢®«ì­®¥

ç¨á«®, ­¥ ï¢«ïîé¥¥áï å à ªâ¥à¨áâ¨ç¥áª¨¬ §­ ç¥­¨¥¬ ®¯¥à â®à  A.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ A�1f0 � �f0 = (� � �)f0 + g0. � ª ª ª f0 ã¤®¢«¥â¢®àï¥â (2), â®
R�f0 =

f0
���

+ 1
���

R�g0. �®íâ®¬ã

1
2�i

Z
j�j=r

g(�; r)R�f d� =
1
2�i

Z
j�j=r

g(�; r)R�f0 d�+
1
2�i

Z
j�j=r

g(�; r)R�(f � f0)d� =

= �g(�; r)f0 + 1
2�i

Z
j�j=r

g(�; r)
�� �

R�g0 d�+
1
2�i

Z
j�j=r

g(�; r)R�(f � f0)d�:

�âáî¤  ¯®«ãç ¥¬ (18) ¯à¨ s = 0. �áâ «ì­ë¥ á®®â­®è¥­¨ï ¢ (18) ¯®«ãç îâáï ¤¨ää¥à¥­æ¨à®¢ -
­¨¥¬ (18) ¯à¨ s = 0.

�¥®à¥¬  5. �ãáâì f(x) 2 D0. �®£¤  ¯à¨ � 2 S�
ds

dxs
R�f = 
(�)kfk; s = 0; 1; : : : ; �:

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ y(x; �) = R�f . �®£¤  ¨¬¥¥¬ (E + N)y(n) � �y = f(x). �âáî¤ ,
¨­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬

y(n) � �y = f(x) +N(x; 0)y(n�1)(0; �)�N(x; 1)y(n�1)(1; �) +N 0
ty

(n�1); (19)

£¤¥ N 0
tf =

1R
0

N 0
t(x; t)f(t)dt.
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�à¨¬¥­¨¬ ª ®¡¥¨¬ ç áâï¬ (19) ®¯¥à â®à R0;�

y(x; �) = R0;�f(x) + y(n�1)(0; �)R0;�N(x; 0) � y(n�1)(0; �)R0;�N(x; 1) +R0;�N
0
ty

(n�1): (20)

�à®¤¨ää¥à¥­æ¨àã¥¬ (20) n� 1 à §

y(n�1)(x; �) =
dn�1

dxn�1
R0;�f(x) + y(n�1)(0; �)

dn�1

dxn�1
R0;�N(x; 0) �

� y(n�1)(1; �)
dn�1

dxn�1
R0;�N(x; 1) +

dn�1

dxn�1
R0;�N

0
ty

(n�1): (21)

�§¢¥áâ­® [1], çâ® ¥á«¨ f(x; t) ­¥¯à¥àë¢­  ¯à¨ t � x ¨ t � x, â®


 ds

dxs
R0;�f(x; t)




1
= o

�
1

�n�1�s

�
,

s = 0; : : : ; n�1, ¯à¨ j�j ! 1 à ¢­®¬¥à­® ¯® t (k �k1 | ­®à¬  ¢ C[0; 1]). �®íâ®¬ã ¨§ (21) á ãç¥â®¬
á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 3 á«¥¤ã¥â y(n�1)(x; �) = �n�1��
(�)kfk + o(1)ky(n�1)k1. �âáî¤ 

ky(n�1)k1 = �n�1��
(�)kfk: (22)

�¥¯¥àì ¯à®¤¨ää¥à¥­æ¨àã¥¬ (20) s à §

y(s)(x; �) =
ds

dxs
R0;�f(x) + y(n�1)(0; �)

ds

dxs
R0;�N(x; 0) �

� y(n�1)(1; �)
ds

dxs
R0;�N(x; 1) +

ds

dxs
R0;�N

0
ty

(n�1):

�á¯®«ì§ãï ®æ¥­ªã (22), ¯®«ãç¨¬ y(s)(x; �) = 
(�)kfk + �n�1��
(�)kfko� 1
�n�1�s

�
, â. ¥.

y(s)(x; �) = 
(�)kfk: �

�¥¬¬  16. �á«¨ f(x) 2 C[0; 1] ¨ � 2 S�, â®



 dkdxkR0;�f






1

= �k
(�)kfk1; k = 0; : : : ; n� 1:

�â¢¥à¦¤¥­¨¥ «¥¬¬ë ä ªâ¨ç¥áª¨ á®¤¥à¦¨âáï ¢ «¥¬¬¥ 8 [1].

�¥¬¬  17. �á«¨ f(x) 2 C[0; 1], â® ¯à¨ � 2 S�



 dkdxkR�f






1

= �k
(�)kfk1; k = 0; : : : ; n� 1:

�®ª § â¥«ìáâ¢® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 5 á ãç¥â®¬ «¥¬¬ë 16.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¥®¡å®¤¨¬®áâì ®ç¥¢¨¤­ .
�áâ ­®¢¨¬ ¤®áâ â®ç­®áâì. �æ¥­¨¬ Irs(f) =

R
j�j=r

g(�; r) ds

dxs
R�f d�, ª®£¤  s = 0; : : : ; � ¨ f 2 D0.

�ë¯®«­¨¬ § ¬¥­ã � = ��n, ��
n
� arg � � �

n
. �®£¤  Irs(f) = �n R

Cr1

g(��n; r) ds

dxs
R��nf�

n�1 ds, £¤¥

r1 = n
p
r, Cr1 | ¤ã£  ®ªàã¦­®áâ¨ j�j = r1, ¯®¯ ¢è ï ¢ á¥ªâ®à S. �à¥¤áâ ¢¨¬ Cr1 =

4S
k=1

Cr1k,

£¤¥ Cr1k | ç áâì ¤ã£¨ Cr1 , «¥¦ é ï ¢ á¥ªâ®à¥ Sk. �®£¤  Irs(f) =
4P

k=1
I(k)rs (f). � ¤¨¬ ®æ¥­ªã I(3)rs .

�áâ «ì­ë¥ á«ãç ¨ à áá¬ âà¨¢ îâáï  ­ «®£¨ç­®. �¬¥¥¬ ¯® â¥®à¥¬¥ 5

I(3)rs (f) = kfkrn�11 �r1 ; (23)

£¤¥ �r1 =
R

Cr13

jg(��n; r)j
(�)jd�j. � «¥¥, ¨¬¥¥¬

�r1 = O

�Z
Cr13

jg(��n; r)j 1
rn1
jd�j+

Z
Cr13

jg(��n; r)j 1
rn�11

{(�)jd�j
�
= O(I1 + I2):
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�ç¥¢¨¤­®, I1 = O
�

1
rn�11

�
. �æ¥­¨¬ I2. �®«®¦¨¬ � = r1 exp i'. � ­ è¥¬ á«ãç ¥ !� = exp

�
1
2
� 1

2n

�
�i.

�®íâ®¬ã

{(�) =
1� exp(�r1 sin( �

2n
� '))

r1 sin( �
2n
� ')

� �(1� exp(�r1�))
2r1�

;

£¤¥ � = �

2n
� ', ¨, â. ª. g(�r expn'; r) = O(�h) ¯à¨ ­¥ª®â®à®¬ h > 0, â®

I2 = O

�
1

rn�11

Z �
2n

0
�h�1(1� exp(�r1�))d�

�
= O

�
rh1
rn�11

Z �
2n r1

0
�h�1(1� exp(��))d�

�
= O

�
1

rn�11

�
:

� ª¨¬ ®¡à §®¬, ¨§ (23) ¯®«ãç ¥¬ ®æ¥­ªã I(3)rs (f) = O(kfk). �«¥¤®¢ â¥«ì­®,
Irs(f) = O(kfk): (24)

�®á¯®«ì§ã¥¬áï «¥¬¬®© 15. �ãáâì f(x) 2 D0, § ¤ ¤¨¬ " > 0. �® â¥®à¥¬¥ 4 ¯®¤¡¥à¥¬ â ªãî
f0(x) 2 D1, çâ® kf � f0k < ". �®£¤  ¯à ¢ ï ç áâì (18) ¯® «¥¬¬¥ 17 ¨ (24) ¤®¯ãáª ¥â ®æ¥­ªã

kfk � j1� g(�; r)j+ "jg(�; r)j + C(")rs�n1 + C";

£¤¥ C(") § ¢¨á¨â â®«ìª® ®â � ¨ ",   C ­¥ § ¢¨á¨â ®â r1; �; ". � ª¨¬ ®¡à §®¬,



f(x) + 1
2�i

Z
j�j=r

g(�; r)R�f d�





 = o(1)

¯à¨ r !1 ¨ â ª¨å, çâ® Cr1 æ¥«¨ª®¬ ­ å®¤ïâáï ¢ S�.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � [8] ¯®ª § ­®, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ä®à¬ë Uj(y),
j = 1; : : : ; n, à¥£ã«ïà­ë ¯® �¨àª£®äã. �®íâ®¬ã ¯® â¥®à¥¬¥ 1 á®®â­®è¥­¨¥ (3) ¨¬¥¥â ¬¥áâ® â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  f(x) 2 D0 = ��.
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