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� ¤ ç¨ ® à á¯à®áâà ¥¨¨ ¯®¢¥àå®áâëå ¢®« ¨¤¥ «ì®© ¦¨¤ª®áâ¨ à áá¬®âà¥ë ¢ [1]. � ¬
®¨ à¥è îâáï á ¯®¬®éìî ¨â¥£à «ì®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥. �¥è¥¨ï § ¤ ç ¢ëà ¦ îâáï
ç¥à¥§ ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥, ª®â®à®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¥á®¡áâ¢¥ë© ¨â¥£à « ®â
ª®«¥¡«îé¨åáï äãªæ¨©, çâ® ¢ë§ë¢ ¥â ¡®«ìè¨¥ ¢ëç¨á«¨â¥«ìë¥ âàã¤®áâ¨.

� ¤ ®© à ¡®â¥ á ¯®¬®éìî ®¡®¡é¥®£® ¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥, ¢¢¥¤¥®£® ¨
¨§ãç¥®£®  ¢â®à®¬ ¢ [2] ¨ [3], áâà®ïâáï ¯®çâ¨-¯¥à¨®¤¨ç¥áª¨¥ ¢ á¬ëá«¥ �®à  à¥è¥¨ï àï¤  § ¤ ç
® à á¯à®áâà ¥¨¨ ¯®¢¥àå®áâëå ¢®«. �â¨ à¥è¥¨ï ¯®«ãç¥ë ¢ ¢¨¤¥  ¡á®«îâ® áå®¤ïé¨åáï
àï¤®¢ �ãàì¥, ª®íää¨æ¨¥âë ª®â®àëå ¢ëà ¦ îâáï ç¥à¥§ § ¤ ë¥ äãªæ¨¨.

�®çâ¨-¯¥à¨®¤¨ç¥áª¨¬ ¯®«¨®¬®¬  §ë¢ ¥âáï äãªæ¨ï p(t), �1 < t < +1, ï¢«ïîé ïáï
«¨¥©®© ª®¬¡¨ æ¨¥© äãªæ¨© ¢¨¤  exp(i�t), £¤¥ � 2 R. �¥à¥§ �C ®¡®§ ç¨¬ § ¬ëª ¨¥ ¯®
®à¬¥ L1(�1;+1) ¬®¦¥áâ¢  ¢á¥å ¯®çâ¨-¯¥à¨®¤¨ç¥áª¨å ¯®«¨®¬®¢. �®¦¥áâ¢® �C ï¢«ï¥âáï
¯®¤ «£¥¡à®© L1(�1;+1), á®áâ®ïé¥© ¨§ ¢á¥å ¯®çâ¨-¯¥à¨®¤¨ç¥áª¨å ¯® �®àã äãªæ¨©. �¥à¥§

�W ®¡®§ ç¨¬ ¯®¤¬®¦¥áâ¢® �C , á®áâ®ïé¥¥ ¨§ äãªæ¨© A(t) 2 �C ¢¨¤  A(t) =
1P
n=1

ane
i�nt,

ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
1P
n=1

janj <1. �®¦¥áâ¢® �W ï¢«ï¥âáï ¡  å®¢®©  «£¥¡à®© [4].

� ¦¤®© äãªæ¨¨ A(t) ¨§ �W ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨î

a(�) =MfA(t)e�i�tg = lim
T!1

1
2T

Z T

�T

A(t)e�i�tdt: (1)

� ª ï äãªæ¨ï áãé¥áâ¢ã¥â ¨ ¬®¦¥â ¡ëâì ®â«¨ç®© ®â ã«ï ¥ ¡®«¥¥ ç¥¬ ¤«ï áç¥â®£® ¬®¦¥-
áâ¢  § ç¥¨© � : �1; �2; : : : ; a(�n) = an 6= 0 [5]. � ª¨¬ ®¡à §®¬, ª ¦¤®© äãªæ¨¨ ¨§ �W ¯®áâ ¢¨¬
¢ á®®â¢¥âáâ¢¨¥ äãªæ¨î a(�) ¨«¨ ¯®á«¥¤®¢ â¥«ì®áâì ¯ à a(�) = f(a1; �1); (a2; �2); : : : g, an 2 C,
�n 2 R.

�á«¨ A(t) 2 �W , â® á®®â¢¥âáâ¢ãîé ï íâ®© äãªæ¨¨ ¯®á«¥¤®¢ â¥«ì®áâì fakg 2 l1 (¡ã¤¥¬
£®¢®à¨âì a(�) 2 l1). �  ®¡®à®â, ¤«ï ª ¦¤®© äãªæ¨¨ a(�) 2 l1 áãé¥áâ¢ã¥â äãªæ¨ï A(t), ¤«ï
ª®â®à®© ¢ë¯®«¥® (1) ¨

A(t) =
1X
n=1

ane
i�nt: (2)

�ï¤ áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯à¨ �1 < t < 1. �«¥¤®¢ â¥«ì®, ãáâ ®¢«¥® ¢§ -
¨¬®®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã äãªæ¨ï¬¨ ¨§ �W ¨ ¤¢ã¬¥àë¬¨ ¯®á«¥¤®¢ â¥«ì®áâï¬¨
a(�) 2 l1. �à¨ íâ®¬ ¬ë áç¨â ¥¬, çâ® ¤¢¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ a(�); b(�) 2 l1 á®¢¯ ¤ îâ, ¥á«¨ ¨¬
á®®â¢¥âáâ¢ãîâ ®¤¨ ¨ â¥ ¦¥ äãªæ¨¨, â. ¥. ¯®á«¥¤®¢ â¥«ì®áâì a(�) ¥ ¨§¬¥¨âáï, ¥á«¨ ª ¥©
¤®¡ ¢¨âì áç¥â®¥ ¬®¦¥áâ¢® ¯ à ¢¨¤  (0; �).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

ª®¤ ¯à®¥ªâ  01-01-00720.
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� ¢¥áâ¢® (2), ª®â®àë¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ a(�) 2 l1 áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨ïA(t) 2
�W ,  §®¢¥¬ ®¡®¡é¥ë¬ ¤¨áªà¥âë¬ ¯à¥®¡à §®¢ ¨¥¬ �ãàì¥ (���). � ¢¥áâ¢® (1) ¯à®¨§¢®¤¨â
®¡à â®¥ ¯à¥®¡à §®¢ ¨¥. ��� ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ A(t) =W0a(�), a(�) =W�1

0 A(t).
�®íää¨æ¨¥âë ¯®á«¥¤®¢ â¥«ì®áâ¨ a(�) ¬®£ãâ § ¢¨á¥âì â ª¦¥ ®â ¯ à ¬¥âà®¢,  ¯à¨¬¥à,

®â x ¨ y: a(�; x; y) = f(a1(x; y); �1); (a2(x; y); �2); : : : g. �®£¤ , ¥á«¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-
®áâì ¯®«®¦¨â¥«ìëå ç¨á¥« fang 2 l1 â ª¨å, çâ® jan(x; y)j � �n ¤«ï ¢á¥å ¤®¯ãáâ¨¬ëå x ¨ y, â®
A(t; x; y) = W0a(�; x; y) 2 �W ¯à¨ «î¡ëå ä¨ªá¨à®¢ ëå x ¨ y. �â®â ä ªâ ¡ã¤¥¬ § ¯¨áë¢ âì ¢
¢¨¤¥ A(t; x; y) 2 �x;y

W .
�á«¨ äãªæ¨ï A(t; x; y) ¤¨ää¥à¥æ¨àã¥¬  p à § ¯® y ¨ q à § ¯® x ¨

@jA(t; x; y)
@yj

2 �x;y
W ; j = 1; p;

@lA(t; x; y)
@xl

2 �x;y
W ; l = 1; q;

â®

W0

@pA(t; x; y)
@yp

=
@pa(�; x; y)

@yp
; W0

@qA(t; x; y)
@xq

=
@qa(�; x; y)

@xq
: (3)

� ¯¥à¢®© ¨§ à áá¬ âà¨¢ ¥¬ëå ªà ¥¢ëå § ¤ ç ¯à¥¤¯®«®¦¨¬, çâ® ¦¨¤ª®áâì ¨¬¥¥â ¡¥áª®¥ç-
ãî £«ã¡¨ã y � 0 ¨ ¢®«ë ¢®§¨ª îâ ¯®¤ ¤¥©áâ¢¨¥¬ ¤¨ ¬¨ç¥áª®£® ¤ ¢«¥¨ï   ¯®¢¥àå®áâ¨
¦¨¤ª®áâ¨ y = 0. �¢¨¦¥¨¥ ¦¨¤ª®áâ¨ ¢ íâ®¬ á«ãç ¥ ¬®¦® ®¯¨á âì ¯à¨ ¯®¬®é¨ ¯®â¥æ¨ « 
áª®à®áâ¥© '. � ª ¯®ª § ® ¢ [1], ¤«ï ®¯à¥¤¥«¥¨ï ¯®â¥æ¨ «   ¤® à¥è¨âì á«¥¤ãîéãî ªà ¥¢ãî
§ ¤ çã:

@2'

@x2
+

@2'

@y2
= 0; (4)

@2'

@t2
+ g

@'

@y
¯à¨ y = 0; (5)

' =
p0(x)
�

¯à¨ y = 0; t = 0; (6)

@'

@t
= 0 ¯à¨ y = 0; t = 0: (7)

�ã¤¥¬ áç¨â âì, çâ® p0(x) 2 �W , â. ¥. äãªæ¨ï p0(x) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥  ¡á®«îâ® áå®¤ïé¥£®áï
àï¤  p0(x) =

P
�6=0

p(�)ei�x.

�¥è¥¨¥ § ¤ ç¨ (4){(7) ¡ã¤¥¬ ¨áª âì ¢ â ª®¬ ª« áá¥ äãªæ¨© '(x; y; t), ª®£¤  á ¬  äãªæ¨ï
¨ ¥¥ ç áâë¥ ¯à®¨§¢®¤ë¥ ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ¯à¨ ¤«¥¦ â ª« ááã �y;t

W ¨

'(x; y; t)! 0 ¯à¨ y ! �1 à ¢®¬¥à® ¯® x ¨ t: (8)

�®£¤ 

'(x; y; t) =
X
�

a�(y; t)e
i�x; (9)

¨ íâ®â àï¤ ¬®¦® ¤¢ ¦¤ë ¯®ç«¥® ¤¨ää¥à¥æ¨à®¢ âì. (�ã¬¬¨à®¢ ¨¥ §¤¥áì ¯à®¨§¢®¤¨âáï ¯®
áç¥â®¬ã ¬®¦¥áâ¢ã § ç¥¨© �, ® íâ® ¬®¦¥áâ¢® ¯®ª  ¥ ®¯à¥¤¥«¥®.)
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�à¨¬¥ïï ª ãà ¢¥¨î (4) ¯à¥®¡à §®¢ ¨¥ W�1
0 ¨ ãç¨âë¢ ï (3), ¯à¨¤¥¬ ª á«¥¤ãîé¨¬ ¤¨ä-

ä¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ ¤«ï ª®íää¨æ¨¥â®¢:

d2a�(y; t)
dy2

� �2a�(y; t) = 0; t | ¯ à ¬¥âà;

d2a0(y; t)
dy2

= 0 ) a0(y; t) = b0(t) + c0(t)y ¯à¨ � = 0;

d2a�(y; t)
dy2

� �2a�(y; t) = 0 ) a�(y; t) = b�(t)ej�jy + c�(t)e�j�jy ¯à¨ � 6= 0:

�ç¨âë¢ ï, çâ® ¨áª®¬®¥ à¥è¥¨¥ ¤®«¦® ¯à¨ ¤«¥¦ âì ª« ááã �y;t
W , ¯®«ãç ¥¬ '(x; y; t) = b0(t)+P

�

(b�(t)ej�jy + c�(t)e�j�jy)ei�x. �¤®¢«¥â¢®à¨¬ ãá«®¢¨î (8), â®£¤  '(x; y; t) =
P
�6=0

b�(y; t)ej�jyei�x. �á-

¯®«ì§ãï (5), ¯®«ãç¨¬

d2b�(t)
dt2

+ gj�jb�(t) = 0 )

'(x; y; t) =
X
�6=0

(c(1)� ei
p

gj�jt + c
(2)
� e�i

p
gj�jt)ei�x;

@'

@t

����y=0
t=0

=
X
�6=0

(c(1)� i
q
gj�j � c

(2)
� i
q
gj�j)ei�x = 0:

�§ (7) á«¥¤ã¥â, çâ® c
(1)
� = c

(2)
� , â®£¤  à¥è¥¨¥ § ¤ ç¨ § ¯¨è¥âáï ¢ ¢¨¤¥

'(x; y; t) =
X
�6=0

c� cos(
q
gj�jt)ej�jy+i�x;

£¤¥ c� | ¯à®¨§¢®«ì ï ¯®áâ®ï ï, ª®â®àãî  å®¤¨¬ ¨§ £à ¨ç®£® ãá«®¢¨ï (6). � ª ª ª

'(x; 0; 0) =
X
�6=0

c�e
i�x =

1
�

X
�6=0

p(�)ei�x ) c� =
p(�)
�

;

â® ®ª®ç â¥«ì® ¨¬¥¥¬

'(x; y; t) =
1
�

X
�6=0

p(�) cos(
q
gj�jt)ej�jy+i�x: (10)

�â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �á«¨ p0(x) =
P
�6=0

p(�)ei�x ¨ �jp(�) 2 l1, j = 0; 1; 2, â® § ¤ ç  (4){(7) ¨¬¥¥â

¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¢ ä®à¬¥ (10), ª®â®à®¥ ¢¬¥áâ¥ á® á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¤®

¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ¯à¨ ¤«¥¦¨â ª« ááã �y;t
W .

� áá¬®âà¨¬ á®¢  ¯®«ã¡¥áª®¥çãî ¦¨¤ªãî áà¥¤ã y � 0, ® ¡ã¤¥¬ áç¨â âì, çâ® ¢®«®¢®¥
¤¢¨¦¥¨¥ ¢ë§ë¢ ¥âáï  ç «ìë¬ á¬¥é¥¨¥¬ ¯®¢¥àå®áâ¨ ¦¨¤ª®áâ¨. � ª ¯®ª § ® ¢ [1], ¤«ï
®¯à¥¤¥«¥¨ï ¯®â¥æ¨ «  áª®à®áâ¥© '  ¤® à¥è¨âì ãà ¢¥¨ï (4) ¨ (5) á £à ¨çë¬¨ ãá«®¢¨ï¬¨

' = 0;
@'

@t
= gf(x) ¯à¨ y = 0, t = 0: (11)

�§ à ááã¦¤¥¨©,   «®£¨çëå ¯à¨¢¥¤¥ë¬, ¢ëâ¥ª ¥â

�¥®à¥¬  2. �á«¨ f(x) =
P
�6=0

f(�)ei�x ¨ �jf(�) 2 l1, j = 0; 1; 2, â® § ¤ ç  (4), (5), (11) ¨¬¥¥â

¥¤¨áâ¢¥®¥ à¥è¥¨¥

'(x; y; t) =
X
�6=0

s
g

j�jf(�) sin(
q
gj�jt)ej�jy+i�x;

ª®â®à®¥ ¢¬¥áâ¥ á® á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ¯à¨ ¤-

«¥¦¨â ª« ááã �y;t
W .
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�¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® £«ã¡¨  ¦¨¤ª®áâ¨ ª®¥ç  ¨ à ¢  h, â. ¥. ¯à¥¤¯®«®¦¨¬, çâ® �h �
y � 0. � íâ®¬ á«ãç ¥ ¢®«®¢®¥ ¤¢¨¦¥¨¥, ¢ë§¢ ®¥ ¤¨ ¬¨ç¥áª¨¬ ¤ ¢«¥¨¥¬, ®¯¨áë¢ ¥âáï
ãà ¢¥¨ï¬¨ (4){(7), ® ª ¨¬ ¯à¨¡ ¢«ï¥âáï ¥é¥ ãá«®¢¨¥

@'

@y
= 0 ¯à¨ y = �h: (12)

�ã¤¥¬ áç¨â âì, çâ® p(x) = p0 +
P
�6=0

p(�)ei�x. � ááã¦¤ ï   «®£¨ç® â®¬ã, ª ª íâ® á¤¥« ® ¯à¨

à¥è¥¨¨ ¯à¥¤ë¤ãé¨å § ¤ ç, ¯®«ãç¨¬ '(x; y; t) = b0(t)+
P
�6=0

(b�(t)ej�jy+c�(t)e�j�jy)ei�x. �§ ãá«®¢¨ï

(12) ¨¬¥¥¬
@'

@y
=
X
�6=0

j�j(b�(t)e�j�jh � c�(t)e
j�jh)ei�x = 0 ) b�(t) = c�(t)e

2j�jh:

�®£¤ 

a�(y; t) = c�(t)e
2j�jhej�jy + c�(t)e

�j�jy = 2ej�jhc�(t)
ej�j(h+y) + e�j�j(h+y)

2
= ej�jhc�(t) ch[j�j(h+ y)];

§ ç¨â, '(x; y; t) = b0(t) +
P
�6=0

c�(t) ch[j�j(h + y)]ej�jh+i�x.

�§ ãà ¢¥¨ï (5) á«¥¤ã¥â

d2b0(t)
dt2

= 0 ) b0(t) = c
(1)
0 + c

(2)
0 t;

d2c�(t)
dt2

ch(j�jh) + j�jgc�(t) sh(j�jh) = 0 )
d2c�(t)
dt2

+ j�jgc�(t) th(j�jh) = 0 )

c�(t) = b
(1)
� ei

p
gj�j th(j�jh)t + b

(2)
� e�i

p
gj�j th(j�jh)t )

'(x; y; t) = c
(1)
0 + c

(2)
0 t+

X
�6=0

(b(1)� ei
p

gj�j th(j�jh)t + b
(2)
� e�i

p
gj�j th(j�jh)t ch(j�j(h + y))ej�jh+i�x:

�® ãá«®¢¨î (7)  å®¤¨¬

@'

@t

����y=0
t=0

= c
(2)
0 +

X
�6=0

i
q
gj�j th(j�jh)(b(1)� � b

(2)
� ) ch(j�jh)ej�jh+i�x = 0 ) c

(2)
0 = 0; b

(1)
� = b

(2)
� = b�;

â®£¤ 

c�(t) = 2b�
ei
p

gj�j th(j�jh)t � e�i
p

gj�j th(j�jh)t

2
= b� cos(

q
gj�j th(j�jh)t);

¨

'(x; y; t) = c0 +
X
�6=0

b� cos(
q
gj�j th(j�jh)t) ch(j�j(h + y))ej�jh+i�x;

'(x; 0; 0) = c0 +
X
�6=0

b� ch(j�j(h))ej�jh+i�x = 1
�

�
p0 +

X
�6=0

p(�)ei�x
�
)

c0 =
p0

�
; b� =

p(�)
� ch(j�jh)ej�jh :

�ª®ç â¥«ì® ¨¬¥¥¬

'(x; y; t) =
p0

�
+
1
�

X
�6=0

p(�) cos(
q
gj�j th(j�jh)t)ch(j�j(h + y))

ch(j�jh) ei�x: (13)

�â ª, á¯à ¢¥¤«¨¢ 
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�¥®à¥¬  3. �á«¨ p(x) = p0+
P
� 6=0

p(�)ei�x ¨ �jp(�) 2 l1, j = 0; 1; 2, â® § ¤ ç  (4){(7), (12) ¨¬¥-

¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ (13), ª®â®à®¥ ¢¬¥áâ¥ á® á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¤® ¢â®à®£®

¯®àï¤ª  ¢ª«îç¨â¥«ì® ¯à¨ ¤«¥¦¨â ª« ááã �y;t
W .

� ª®¥æ, à áá¬®âà¨¬ § ¤ çã ®¡ ®¡à §®¢ ¨¨ ¯®¢¥àå®áâëå ¢®« ¢ á«ãç ¥ ª®¥ç®© £«ã¡¨-
ë ¦¨¤ª®áâ¨, ®¡ãá«®¢«¥ëå  ç «ìë¬ á¬¥é¥¨¥¬. � íâ®¬ á«ãç ¥ ª ãá«®¢¨ï¬ (4), (5), (11)
¤®¡ ¢«ï¥âáï ãá«®¢¨¥ (12).

�¤¥áì ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. �á«¨ f(x) =
P
�6=0

f(�)ei�x ¨ �lf(�) 2 l1, j = 0; 1; 2, â® § ¤ ç  (4), (5), (11), (12)

¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

'(x; y; t) =
X
� 6=0

s
g

j�j th(j�jh)f(�) sin(
q
gj�j th(j�jh)t)ch(j�j(h + y))

ch(j�jh) ei�x;

ª®â®à®¥ ¢¬¥áâ¥ á® á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì® ¯à¨ ¤-

«¥¦¨â ª« ááã �y;t
W .

�¨â¥à âãà 
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