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1. �â¥£à¨àã¥¬ ï �-áâàãªâãà  á  ää¨®à®¬

a��a
�
� = ��� (�; �; �; : : : = 1; 2; : : : ; N)

®¯à¥¤¥«ï¥â [1] ª®¬¯®§¨æ¨î Xn �Xm (n+m = N) ¤¢ãå ¡ §®¢ëå ¬®£®®¡à §¨© Xn ¨ Xm.
� ¤ ®© áâ âì¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¯à®áâà áâ¢® WN ¤®¯ãáª ¥â ª®¬¯®§¨æ¨î Xn�Xm, ¤«ï

ª®â®à®© ¢â®à ï ª®¢ à¨ â ï ¯à®¨§¢®¤ ï  ää¨®à  á¨¬¬¥âà¨ç 

r�ra
�
� = rr�a

�
�: (1)

�á«¨ g�� ¨ ! | á®®â¢¥âáâ¢¥® ¬¥âà¨ç¥áª¨© â¥§®à ¨ ¤®¯®«¨â¥«ìë© ¢¥ªâ®à ¯à®áâà áâ¢ 
WN , â® ¤«ï â¥§®à  ª®¬¯®§¨æ¨¨ [1]

a�� = a��g�� (2)

¢â®àãî ª®¢ à¨ âãî ¯à®¨§¢®¤ãî ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

r�ra�� = r�ra
�
�g�� + 2!�ra�� + 2!r�a�� + 2r�!a�� � 4!�!a��:

�®íâ®¬ã à ¢¥áâ¢® (1) ¬®¦® § ¬¥¨âì á®®â®è¥¨¥¬

r[�r]a�� = 2r[�!]a��: (3)

�«¥¤®¢ â¥«ì®, ¢ ¯à®áâà áâ¢¥ WN ª®¬¯®§¨æ¨î (1) ¬®¦® ®¯à¥¤¥«¨âì á ¯®¬®éìî â¥§®à  ª®¬-
¯®§¨æ¨¨ (2), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (3).

�á«®¢¨¥ (1) à ¢®á¨«ì® ([2], á. 126) á®®â®è¥¨î

�R��
�a�� +R��

�a�� = 0; (4)

£¤¥ R��
� = @�����@����+��������������� | â¥§®à ªà¨¢¨§ë ¯à®áâà áâ¢ . �  ¤ ¯â¨-

à®¢ ®© ª ª®¬¯®§¨æ¨¨ Xn �Xm á¨áâ¥¬¥ ª®®à¤¨ â ¨§ (4) «¥£ª® ¯®«ãç¨âì à ¢¥áâ¢ 

R�i
j = R�i

j = Rkli
j = Rk li

j = 0;

( ) Rik l
j = Ril k

j ; (¡) Rikl
j = Rilk

j

(i; j; k; : : : = 1; 2; : : : ; n; i; j; k; : : : = n+ 1; : : : ; n+m = N):

�«¥¤®¢ â¥«ì®, ®â«¨çë¬¨ ®â ã«ï  ¤ ¯â¨à®¢ ë¬¨ ª®¬¯®¥â ¬¨ â¥§®à  ªà¨¢¨§ë ï¢«ï-
îâáï â®«ìª® ª®¬¯®¥âë Rijk

l, Ri j k
l, Rij k

l, Rijk
l. �®£¤  ¢  ¤ ¯â¨à®¢ ëå ª®®à¤¨ â å ãá«®¢¨ï
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¨â¥£à¨àã¥¬®áâ¨ R��
�g�� + R��

�g�� = �4r[�!]g�� ®á®¢ëå ãà ¢¥¨© rg�� = 2!g�� ¯à¥-
¢à é îâáï ¢ á«¥¤ãîéãî á¨áâ¥¬ã:

( ) Rkli
sgsj +Rklj

sgis = �4r[k!l]gij ;

(¡) Rkli
sgsj +Rklj

sgis = �4r[k!l]gij ;

(¢) r[k!l]gij = 0;

(£) Rklj
sgis = �4r[k!l]gij ;

(¤) Rkli
sgsj +Rklj

sgis = �4r[k!l]gij ; (5)

(¦) Rk l i
sgsj = �4r[k!l]gij ;

(§) r[k!l]gi j = 0;

(¨) Rkli
sgsj +Rklj

sgis = �4r[k!l]gi j ;

(ª) Rk l i
sgsj +Rk l j

sgis = �4r[k!l]gi j :

� ¬¥â¨¬, çâ® ¨§ à ¢¥áâ¢ (5 (¡), (¤), (¨)) á®®â¢¥âáâ¢¥® ¬®¦® ¯®«ãç¨âì

Rkli
sgsj = �2r[k!l]gij � 2r[k!i]gjl + 2r[k!j]gil; (6)

Rkl i
sgsj = �2r[k!l]gi j � 2r[k!i]gl j + 2r[k!j]gl i; (7)

r[k!l]gij �r[i!l]gkj �r[k!j]gil +r[i!j]gkj = 0:

�à¨¬¥¨¢ â®¦¤¥áâ¢a �¨çç¨ ª à ¢¥áâ¢ ¬ (5 (¢), (§)), ¡ã¤¥¬ ¨¬¥âì

r[k!l]gji +r[l!j]gki +r[j!k]gli = 0; (8)

r[k!l]gji +r[l!j]gki +r[j!k]gli = 0: (9)

� á¨áâ¥¬¥ (5 (£) ¨ (¦)) ¯® § ç¥¨ï¬ ¯¥à¢ëå ¬®¦¨â¥«¥© ¢ «¥¢ëå ç áâïå ¬®¦® ¢ë¤¥«¨âì
á«¥¤ãîé¨¥ ç¥âëà¥ á«ãç ï:

1: r[k!i] 6= 0; r[k!i] 6= 0; 3: r[k!i] = 0; r[k!i] 6= 0;

2: r[k!i] 6= 0; r[k!i] = 0; 4: r[k!i] = 0; r[k!i] = 0:

� áá¬®âà¨¬ á«ãç © 1. �§ à ¢¥áâ¢ (£) ¨ (¦) ¢ëâ¥ª îâ ãá«®¢¨ï gij = gi j = 0, ®§ ç îé¨¥ [1]
¨§®âà®¯®áâì ¯®§¨æ¨© P (Xn) ¨ P (Xm) ª®¬¯®§¨æ¨¨. � à ¡®â¥ [3] ¤«ï íâ®© ª®¬¯®§¨æ¨¨ ãáâ ®-
¢«¥®, çâ® ¬ âà¨æ  ¬¥âà¨ç¥áª®£® â¥§®à  ¨¬¥¥â ¡«®ç®-¤¨ £® «ìë© ¢¨¤

(g��) =

 
0 gij
gij 0

!
; (10)

¯à®áâà áâ¢® ç¥â®¬¥à® (N = 2n); ç¨á«® ¨§¬¥à¥¨© ¯®§¨æ¨© ®¤¨ ª®¢®; ¡«®ª¨ (gij) ¨ (gij))

¥¢ëà®¦¤¥ë ¨ áãé¥áâ¢ã¥â â¥§®à gij , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬

gijg
jk = �k

i
; gijg

ki = �kj : (11)

�¥âàã¤® ¯®ª § âì, çâ® ¯à¨ n 6= 2 ¨§ à ¢¥áâ¢ (8) ¨ (9) ¢ëâ¥ª îâ á¢®©áâ¢  r[k!l] = r[k!l] = 0,
¯à®â¨¢®à¥ç é¨¥ á«ãç î 1. �«¥¤®¢ â¥«ì®, ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ á«ãç © 1 ¥ ¨¬¥¥â ¬¥áâ .

�®áª®«ìªã ¯®§¨æ¨¨ P (Xn) ¨ P (Xm) à ¢®¯à ¢ë, â® á«ãç ¨ 2 ¨ 3 ¯à¨æ¨¯¨ «ì® ¥ ®â«¨-
ç îâáï. �®íâ®¬ã ¨áå®¤ ï á®¢®ªã¯®áâì á¢®¤¨âáï â®«ìª® ª á«ãç ï¬ 3 ¨ 4. �® ¢ á«ãç ïå 3 ¨
4 ¯à¨áãâáâ¢ã¥â ®¤® ¨ â®¦¥ ãá«®¢¨¥ r[k!l] = 0. � ª¨¬ ®¡à §®¬, ¬®¦¥¬ áª § âì: å®âï ¡ë ®¤ 
á®áâ ¢«îé ï ¤®¯®«¨â¥«ì®£® ¢¥ªâ®à  ï¢«ï¥âáï £à ¤¨¥â®©.
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�«ãç © 3. � ª ª ª ¢¥ªâ®à !i ¥ £à ¤¨¥â¥, â® ¨§ à ¢¥áâ¢  (5 (£)) ¢ëâ¥ª ¥â, çâ® gij = 0 ¨
¬ âà¨æ  (g��) ¬¥âà¨ç¥áª®£® â¥§®à  ¯à¨¨¬ ¥â ¢¨¤

(g��) =
�
0 gij
gji gi j

�
: (12)

�â®á¨â¥«ì® à §¬¥à®áâ¥© m ¨ n ¢®§¬®¦ë ¯à¥¤¯®«®¦¥¨ï: m < n, m � n. �à¨ m < n ¢ëç¨-
á«¥¨ï ¯®ª §ë¢ îâ, çâ® ®¯à¥¤¥«¨â¥«ì det(g��) à ¢¥ ã«î, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î ¥¢ëà®-
¦¤¥®áâ¨ ¢¥©«¥¢®© ¬¥âà¨ª¨. �«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® â®«ìª® m � n. �à¨ m = n ¬ âà¨æ 
(gij) ª¢ ¤à â ï ¥¢ëà®¦¤¥ ï. �®íâ®¬ã áãé¥áâ¢ã¥â â¥§®à gij , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬
(11). �®£¤  ¨§ à ¢¥áâ¢  (9) ¯à¨ n 6= 2 ¢ëâ¥ª ¥â £à ¤¨¥â®áâì ¢¥ªâ®à  !i (¯à®â¨¢®à¥ç¨¥). �«¥-
¤®¢ â¥«ì®, m 6= n. �à¨ m > n ¬ âà¨æ  (gij) ¯àï¬®ã£®«ì ï à §¬¥à®áâ¨ n�m, ¥¥ à £ à ¢¥
n [3]. � á¯®«®¦¨¬ à £®¢ë© ¬¨®à ¢ ¢¥àå¥¬ ã£«ã á¯à ¢  ¢ ¬ âà¨æ¥ (gij). �®£¤  ¬ âà¨æã (12)
¬¥âà¨ç¥áª®£® â¥§®à  ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥0

BBBBBBBB@

0
... giA

... giA
: : : : : : : : : : : : : : : : :

gAi
... gBA

... gBA
: : : : : : : : : : : : : : : : :

gAi
... gAB

... gB A

1
CCCCCCCCA

(A;B; : : : = n+ 1; : : : ;m; A;B; : : : =m+ 1; : : : ;m+ n):

� «¨§ á®®â®è¥¨ï (9) ¯à¨ â ª®¬ áâà®¥¨¨ ¬¥âà¨ç¥áª®© ¬ âà¨æë ¯à¨¢®¤¨â ª à ¢¥áâ¢ã
r[i!j] = 0, ¯à®â¨¢®à¥ç é¥¬ã ¨áå®¤®¬ã. � ª¨¬ ®¡à §®¬, ¨ á«ãç © 3 ¥ ¨¬¥¥â ¬¥áâ .

�â ª, ¢ ¢¥©«¥¢®¬ ¯à®áâà áâ¢¥, ¤®¯ãáª îé¥¬ ª®¬¯®§¨æ¨î ¢¨¤  (3), ª®¬¯®¥âë ¤®¯®«¨-

â¥«ì®£® ¢¥ªâ®à  £à ¤¨¥âë.
�á«¨ ª®¬¯®§¨æ¨ï ¨§®âà®¯ ï [3], â. ¥. gij = gi j = 0, â® ¬ âà¨æ  ¬¥âà¨ç¥áª®£® â¥§®à  ¨¬¥¥â

¢¨¤ (10) ¨ ¡«®ª¨ gij , gji ¥¢ëà®¦¤¥ë. �¬®¦¨¢ à ¢¥áâ¢® (8)   g
ij , ¨¬¥¥¬ (n�2)r[k!l] = 0. �«¥-

¤®¢ â¥«ì®, ¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ¨§®âà®¯ãî ª®¬¯®§¨æ¨î ¢¨¤  (3) ¯à¨ n > 2 ï¢«ï¥âáï
à¨¬ ®¢ë¬. �à¨ íâ®¬ à ¢¥áâ¢® (5 (£)) ¯à¨¨¬ ¥â ¢¨¤ Rklj

sgis = 0, ®âªã¤  á«¥¤ã¥â Rklj
s = 0.

�®®â¢¥âáâ¢¥® ¨§ (5 (¦)) ¨¬¥¥¬ Rk l j
s = 0. � ª¨¬ ®¡à §®¬, ®â«¨çë¬¨ ®â ã«ï ª®¬¯®¥â ¬¨

â¥§®à  ªà¨¢¨§ë ï¢«ïîâáï â®«ìª® Rlk i
j ¨ Rlki

j , ¯à¨ç¥¬ ®¨ á¢ï§ ë á®®â®è¥¨¥¬ (5 (¤))

Rklj
sgis �Rlk i

sgsj = 0; Rlk i
j = Rli k

j ; Rlki
j = Rlik

j :

2. � WN ¨¬¥¥â ¬¥áâ® ¥áâ¥áâ¢¥®¥ ®á é¥¨¥ ([2], [3]) ¯®§¨æ¨©. �ãâà¥ïï á¢ï§®áâì, ¨-
¤ãæ¨à®¢  ï   ¯®§¨æ¨ïå, ¥áâì á¢ï§®áâì �¥©«ï. �¤ ¯â¨à®¢ ë¥ ª®¬¯®¥âë ¯®«ïà¨â¥â  ¨
¤®¯®«¨â¥«ì®£® ¢¥ªâ®à    ¯®§¨æ¨ïå á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ ª®¬¯®¥â ¬¨ ®á®¢ëå
â¥§®à®¢ ¯à®áâà áâ¢ . �á«¨ gij ¨ gi j ¥¢ëà®¦¤¥ë, â® ª®íää¨æ¨¥âë Gk

ij ¨ Gk

i j
¢ãâà¥¨å

á¢ï§®áâ¥© ¯®§¨æ¨© ¢ëà ¦ îâáï á ¯®¬®éìî ä®à¬ã« [3]

Gk
ij = �ijk + �ijsgspgpk; Gk

i j
= �i j

k + �i j
sgspg

pk:

� ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ®  ¤ ¯â¨à®¢ ë¥ ¯®«ïà¨â¥âë   ¯®§¨æ¨ïå ¥ ¢ëà®¦¤¥ë.
�®£¤  ¨§ á®®â®è¥¨© (6), (7) ¬®¦® ®¯à¥¤¥«¨âì ª®¬¯®¥âë

( ) Rkli
j = �2r[k!l]�

j
i � 2r[k!i]�

j
l +r[k!s]g

sjgil;

(¡) Rkl i
j = �r[k!l]�

j

i
� 2r[k!i]�

j

l
+r[k!s]g

sjgi l;
(13)

£¤¥ ®¨ á¢ï§ ë á®®â®è¥¨¥¬ (5 (¤)) á ¯®¬®éìî ¢¥«¨ç¨ gij . �¤¥áì á«¥¤ã¥â à áá¬®âà¥âì ¤¢ 
á«ãç ï.
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 ) gij = 0. �â® ãá«®¢¨¥ å à ªâ¥à¨§ã¥â [4] ª®¬¯®§¨æ¨î ª ª ®àâ®£® «ìãî (âà á¢¥àá «ìë¥
¯®§¨æ¨¨ ¢§ ¨¬® ®àâ®£® «ìë). �§ á®®â®è¥¨ï (13) á«¥¤ã¥â, çâ® ª®íää¨æ¨¥âë ¢ãâà¥¨å
á¢ï§®áâ¥© ¯®§¨æ¨© á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨  ¤ ¯â¨à®¢ ë¬¨ ª®¬¯®¥â ¬¨ ª®íää¨-
æ¨¥â®¢ á¢ï§®áâ¨ ¯à®áâà áâ¢ . �¥®¬¥âà¨¨   ¯®§¨æ¨ïå à¨¬ ®¢ë.

¡) gij 6= 0. � íâ®¬ á«ãç ¥ n > 2 ¨ m > 2 ¨ ¨§ (5 (¤)) á«¥¤ã¥â r[l!i] = 0. �«¥¤®¢ â¥«ì®, ¯à¨ ¥-
®àâ®£® «ì®áâ¨ ¤®¯ãáª ¥¬®© ª®¬¯®§¨æ¨¨ à áá¬ âà¨¢ ¥¬®¥ ¯à®áâà áâ¢® à¨¬ ®¢®. �á®, çâ®
®â«¨çë¬¨ ®â ã«ï  ¤ ¯â¨à®¢ ë¬¨ ª®¬¯®¥â ¬¨ â¥§®à  ªà¨¢¨§ë ï¢«ïîâáï â®«ìª® Rkli

j

¨ Rk l i
j .

�¨â¥à âãà 
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