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1. �¢¥¤¥¨¥

�  ï áâ âìï ¯®á¢ïé¥  ¨§ãç¥¨î ¤¢ã¬¥àëå ¯®¢¥àå®áâ¥© ¢ n-¬¥à®¬ ¯à®áâà áâ¢¥ �¨-
ª®¢áª®£® Mn ¨ ¨å ª®ä®à¬ë¬ G-¯à¥®¡à §®¢ ¨ï¬. �â®¡à ¦¥¨¥ ¯®¢¥àå®áâ¥© F 2 ! eF 2 ¢ Mn

 §ë¢ ¥âáï G-¯à¥®¡à §®¢ ¨¥¬, ¥á«¨ ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å ¯®¢¥àå®áâ¥© F 2 ¨ eF 2 ¨å ª -
á â¥«ìë¥ ¯«®áª®áâ¨ ¯ à ««¥«ìë. � ç¥ £®¢®àï, G-¯à¥®¡à §®¢ ¨¥ å à ªâ¥à¨§ã¥âáï â¥¬, çâ®
®® ¯®â®ç¥ç® á®åà ï¥â £à áá¬ ®¢ ®¡à § ¯®¢¥àå®áâ¨. G-¯à¥®¡à §®¢ ¨¥ F 2 ! eF 2  §ë¢ -
¥âáï ª®ä®à¬ë¬, ¥á«¨ ¢ á®®â¢¥âáâ¢ãîé¨å ¯® ®â®¡à ¦¥¨î â®çª å ¯à®¯®àæ¨® «ìë ¯¥à¢ë¥
ª¢ ¤à â¨çë¥ ä®à¬ë ¯®¢¥àå®áâ¥© F 2 ¨ eF 2. �à¨¢¨ «ìë¬¨ ¯à¨¬¥à ¬¨ ª®ä®à¬ëå G-¯à¥®¡-
à §®¢ ¨© ï¢«ïîâáï âà á«ïæ¨¨ ¨ £®¬®â¥â¨¨ ®¡ê¥¬«îé¥£® ¯à®áâà áâ¢  Mn.

� ¤ ç   å®¦¤¥¨ï ¯®¢¥àå®áâ¥© ¢ ¯à®áâà áâ¢¥ �¨ª®¢áª®£®, ¤®¯ãáª îé¨å ¥âà¨¢¨ «ì-
ë¥ ¥¯à¥àë¢ë¥ ª®ä®à¬ë¥ G-¤¥ä®à¬ æ¨¨, ¬®â¨¢¨à®¢   â¥¬, çâ® ¢ ¥¢ª«¨¤®¢®¬ á«ãç ¥ â -
ª¨¥ ¤¥ä®à¬ æ¨¨ ¤®¯ãáª îâáï â®«ìª® «¨èì ¬¨¨¬ «ìë¬¨ ¯®¢¥àå®áâï¬¨ ( ¯à., [1]). � áâ¨ç®
íâ®â à¥§ã«ìâ â ¯®¤â¢¥à¦¤ ¥âáï ¨ ¢ ¯à®áâà áâ¢¥ �¨ª®¢áª®£®. � ¨¬¥®, ¤®ª § ®, çâ® ¥á«¨

à¥£ã«ïà ï ¯®¢¥àå®áâì F 2 ¢Mn ï¢«ï¥âáï ¯à®áâà áâ¢¥®- ¨«¨ ¢à¥¬¥¨-¯®¤®¡®©, â® ®  ¤®-

¯ãáª ¥â ¥âà¨¢¨ «ìë¥ ¥¯à¥àë¢ë¥ ª®ä®à¬ë¥ G-¤¥ä®à¬ æ¨¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¥¥ áà¥¤ïï ªà¨¢¨§  à ¢  ã«î.

�â® ª á ¥âáï ¨§®âà®¯ëå (á¢¥â®¯®¤®¡ëå) ¯®¢¥àå®áâ¥© ¢ Mn, â® ä®à¬ã«¨à®¢ª  ãâ¢¥à¦¤¥-
¨ï,   «®£¨ç ï ¥¢ª«¨¤®¢®¬ã á«ãç î, âà¥¡ã¥â ãâ®ç¥¨ï. �¥âà¨ª , ¨¤ãæ¨à®¢  ï   ¨§®-
âà®¯®© ¯®¢¥àå®áâ¨ F 2, ï¢«ï¥âáï ¢ëà®¦¤¥®©, ¯®íâ®¬ã ¥«ì§ï áâ ¤ àâë¬ ®¡à §®¬ à áá¬ -
âà¨¢ âì â ª¨¥ í«¥¬¥âë ¢¥è¥© £¥®¬¥âà¨¨ F 2, ª ª áà¥¤ïï ªà¨¢¨§ . �à¥¤¯®«®¦¥¨¥ ® â®¬,
çâ® «î¡ ï ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¢ Mn ¤®¯ãáª ¥â ¥âà¨¢¨ «ìë¥ ¥¯à¥àë¢ë¥ ª®ä®à¬-
ë¥ G-¤¥ä®à¬ æ¨¨, â ª¦¥ ®ª §ë¢ ¥âáï ¥¢¥àë¬ ¯à¨ n � 5. � ¨¬¥®, ¤®ª § ® á«¥¤ãîé¥¥
ª« áá¨ä¨æ¨àãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬ . �ãáâì F 2 | ¨§®âà®¯ ï ¯®¢¥àå®áâì ¢ ¯à®áâà áâ¢¥ �¨ª®¢áª®£® Mn, § -

¤  ï à ¤¨ãá-¢¥ªâ®à®¬ x = �(u1; u2) â ª, çâ® ¨¤ãæ¨à®¢  ï   F 2 ¬¥âà¨ª  ¨¬¥¥â ¢¨¤

ds2 = g22(du2)2, â. ¥. ª®®à¤¨ âë¥ «¨¨¨ u2 = const   F 2 ï¢«ïîâáï ¨§®âà®¯ë¬¨ ªà¨¢ë-

¬¨ ¯à®áâà áâ¢  Mn. �®¢¥àå®áâì F 2 ¤®¯ãáª ¥â ¥âà¨¢¨ «ìãî ¥¯à¥àë¢ãî ª®ä®à¬ãî

G-¤¥ä®à¬ æ¨î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «¨¡®

1) @u1�, @u2�, @u1u1� «¨¥©® § ¢¨á¨¬ë, «¨¡®
2) @u1�, @u2�, @u1u1� «¨¥©® ¥§ ¢¨á¨¬ë,   @u1u2� «¨¥©® § ¢¨á¨â ®â ¨å.

� ¯¥à¢®¬ á«ãç ¥ F 2 ï¢«ï¥âáï ã«ì-«¨¥©ç â®© ¨§®âà®¯®© ¯®¢¥àå®áâìî, â. ¥. ¨§®âà®¯ë¥
ªà¨¢ë¥ u2 = const   ¯®¢¥àå®áâ¨ F 2 ï¢«ïîâáï ¨§®âà®¯ë¬¨ £¥®¤¥§¨ç¥áª¨¬¨ ®¡ê¥¬«îé¥£®
¯à®áâà áâ¢  �¨ª®¢áª®£® | â ª®© ª« áá ¨§®âà®¯ëå ¯®¢¥àå®áâ¥© å®à®è® ¨áá«¥¤®¢  ¢ «¨â¥-
à âãà¥ ª ª á ¬ë© ¯à®áâ®© ¨ ¥áâ¥áâ¢¥ë© (c¬. [2]{[4] ¨ á®¤¥à¦ é¨¥áï ¢ íâ¨å à ¡®â å ááë«ª¨). �®
¢â®à®¬ á«ãç ¥ à¥çì ¨¤¥â ®¡ ¨§®âà®¯ëå ¯®¢¥àå®áâïå ¢Mn, ¥ ï¢«ïîé¨åáï ã«ì-«¨¥©ç âë¬¨,
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| íâ¨ ¯®¢¥àå®áâ¨  §¢ ë ¢ ¤ ®© áâ âì¥ á¨«ì® ¨§®âà®¯ë¬¨; â ª¨¥ ¯®¢¥àå®áâ¨ à áá¬ âà¨-
¢ «¨áì à ¥¥,  ¯à¨¬¥à, ¢ à ¡®â å �.�.�«ì¥ª® [4], [5]. �áå®¤ï ¨§ á®®¡à ¦¥¨© à §¬¥à®áâ¨,
¥ á®áâ ¢«ï¥â ®á®¡®£® âàã¤  ã¢¨¤¥âì, çâ® ¢ M 3 «î¡ ï ¨§®âà®¯ ï ¯®¢¥àå®áâì ï¢«ï¥âáï ã«ì-
«¨¥©ç â®©; ¢ M 4 «î¡ ï ¨§®âà®¯ ï ¯®¢¥àå®áâì ï¢«ï¥âáï «¨¡® ã«ì-«¨¥©ç â®©, «¨¡® á¨«ì®-
¨§®âà®¯®©, ¯à¨ç¥¬ ¢â®à®© ª« áá ï¢«ï¥âáï ¡®«¥¥ ®¡é¨¬; ¢Mn, n � 5, ã«ì-«¨¥©ç âë¥ ¨ á¨«ì®
¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨ ®¡à §ãîâ á¯¥æ¨ «ìë¥ ª« ááë ¨§®âà®¯ëå ¯®¢¥àå®áâ¥©,   ¢ á¨âã æ¨¨
®¡é¥£® ¯®«®¦¥¨ï ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¢ Mn, n � 5, ¥ ï¢«ï¥âáï ¨ ã«ì-«¨¥©ç â®©,
¨ á¨«ì®-¨§®âà®¯®©.

� ª¨¬ ®¡à §®¬, ã«ì-«¨¥©ç âë¥ ¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨ ¨ á¨«ì®-¨§®âà®¯ë¥ ¯®¢¥àå®-

áâ¨ ¬®£ãâ à áá¬ âà¨¢ âìáï ª ª   «®£¨ ¯à®áâà áâ¢¥®- ¨ ¢à¥¬¥¨-¯®¤®¡ëå ¯®¢¥àå®áâ¥©

á ã«¥¢®© áà¥¤¥© ªà¨¢¨§®©. �à¨¢¥¤¥¬ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àï-
îâ à ¤¨ãá-¢¥ªâ®àë x = �(u1; u2) íâ¨å ¯®¢¥àå®áâ¥© ¢ c®®â¢¥âáâ¢ãîé¨å á¯¥æ¨ «ìëå á¨áâ¥¬ å
ª®®à¤¨ â [6].

�¥à¥ç¨á«¨¬ ç¥âëà¥ ª« áá  ¯®¢¥àå®áâ¥© ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ãá«®¢¨ï ¤«ï à ¤¨ãá-¢¥ªâ®à®¢:

@u1u1�+ @u2u2� = 0;

h@u1�; @u1�i = h@u2�; @u2�i; h@u1�; @u2�i = 0

| ¯à®áâà áâ¢¥®-¯®¤®¡ ï ¯®¢¥àå®áâì ¨ ¨§®â¥à¬¨ç¥áª¨¥ ª®®à¤¨ âë;

@u1u1�� @u2u2� = 0;

h@u1�; @u1�i = �h@u2�; @u2�i; h@u1�; @u2�i = 0

| ¢à¥¬¥¨-¯®¤®¡ ï ¯®¢¥àå®áâì ¨ ¨§®â¥à¬¨ç¥áª¨¥ ª®®à¤¨ âë;

@u1u2� = P@u1�+Q@u2�;

h@u1�; @u1�i = 0; h@u1�; @u2�i = 0

| á¨«ì® ¨§®âà®¯ ï ¯®¢¥àå®áâì ¨ «¨ã¢¨«¥¢ë ª®®à¤¨ âë;

@u1u1� = 0;

h@u1�; @u1�i = 0; h@u1�; @u2�i = 0

| ã«ì-«¨¥©ç â ï ¨§®âà®¯ ï ¯®¢¥àå®áâì.
�â¥à¥á®© ¯à®¡«¥¬®© ¯à¥¤áâ ¢«ï¥âáï ¯®áâà®¥¨¥ £¥®¬¥âà¨ç¥áª®© ¢ à¨ æ¨®®© § ¤ ç¨,

íªáâà¥¬ «ï¬¨ ª®â®à®©  àï¤ã á ¢à¥¬¥¨- ¨ ¯à®áâà áâ¢¥®-¯®¤®¡ë¬¨ ¯®¢¥àå®áâï¬¨ ã«¥¢®©
áà¥¤¥© ªà¨¢¨§ë ï¢«ïîâáï ã«ì-«¨¥©ç âë¥ ¨ á¨«ì® ¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨ [7], [8].

� ¯¥à¢®© ç áâ¨ à ¡®âë ¯®¤à®¡® ®¯¨áë¢ îâáï ª®ä®à¬ë¥ G-¯à¥®¡à §®¢ ¨ï ¯à®áâà áâ-
¢¥®-¯®¤®¡ëå, ¢à¥¬¥¨-¯®¤®¡ëå ¨ ¨§®âà®¯ëå ¯®¢¥àå®áâ¥©. � â¥¬ à áá¬®âà¥ë ¯à¥®¡à §®-
¢ ¨ï � ¯« á  á¨«ì® ¨§®âà®¯ëå ¯®¢¥àå®áâ¥© ¨ á¢ï§  ï á ¨¬¨ âà ªâ®¢ª  ¨§®âà®¯ëå ¤¢ã-
¬¥àëå ¯®¢¥àå®áâ¥© ª ª ª ãáâ¨ª âà¥å¬¥àëå ã«ì-«¨¥©ç âëå ¨§®âà®¯ëå ¯®¤¬®£®®¡à §¨©
¢Mn. � ¢¥àè ¥â áâ âìî  ¡®à ª®ªà¥âëå ¯à¨¬¥à®¢ ¨§®âà®¯ëå ¯®¢¥àå®áâ¥© ¢ ¯à®áâà áâ¢ å
�¨ª®¢áª®£®, ¢ â®¬ ç¨á«¥ á¨«ì® ¨§®âà®¯ëå.

2. �¡é¨¥ ª®ä®à¬ë¥ G-¯à¥®¡à §®¢ ¨ï

�¢¥¤¥¬ ¢ n-¬¥à®¬ ¯à®áâà áâ¢¥ �¨ª®¢áª®£® Mn áâ ¤ àâë¥ ª®®à¤¨ âë x0; : : : ; xn�1, ¢
ª®â®àëå ¬¥âà¨ª Mn § ¯¨è¥âáï ¢ ¢¨¤¥ d�2 = (dx0)2�(dx1)2�(dx2)2�� � ��(dxn�1)2. � áá¬®âà¨¬
à¥£ã«ïàãî ¤¢ã¬¥àãî ¯®¢¥àå®áâì F 2 ¢ Mn, § ¤ ãî ¯ à ¬¥âà¨ç¥áª¨ à ¤¨ãá-¢¥ªâ®à®¬

x =

0
@ x0

: : :
xn�1

1
A =

0
@ �0(u1; u2)

: : :
�n�1(u1; u2)

1
A = �(u1; u2):
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� á â¥«ì ï ¯«®áª®áâì TPF 2 ª F 2 ¢ â®çª¥ P 2 F 2  âïãâ    ¢¥ªâ®àë @u1� ¨ @u2�. �¤ãæ¨à®-
¢  ï ¬¥âà¨ª    F 2 ¨¬¥¥â ¢¨¤ ds2 = gijdu

iduj , £¤¥ gij = h@ui�; @uj�i| áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï
¢ Mn.

�ãáâì ¯®¢¥àå®áâì F 2 ¯à¥®¡à §ã¥âáï ¢ ¯®¢¥àå®áâì eF 2 á à ¤¨ãá-¢¥ªâ®à®¬ e�(u1; u2). �à¥¤¯®«®-
¦¨¬, çâ® ª á â¥«ìë¥ ¯«®áª®áâ¨ ¯®¢¥àå®áâ¥© F 2 ¨ eF 2 ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å ¯ à ««¥«ìë,
â. ¥. ¢ë¯®«¥ë á®®â®è¥¨ï

@u1 e� = A@u1�+B@u2�; (1)

@u2 e� = C@u1�+D@u2�; (2)

£¤¥ A, B, C, D | ¥ª®â®àë¥ äãªæ¨¨ ®â u1, u2. �®   «®£¨¨ á ¥¢ª«¨¤®¢ë¬ á«ãç ¥¬, ¡ã¤¥¬
£®¢®à¨âì, çâ® ¢ ¤ ®© á¨âã æ¨¨ ¨¬¥¥â ¬¥áâ® G-¯à¥®¡à §®¢ ¨¥ F 2 ! eF 2. �ç¥¢¨¤®, ¯ à ««¥«ì-
ë© ¯¥à¥®á ¨ £®¬®â¥â¨ï ¢ Mn ï¢«ïîâáï G-¯à¥®¡à §®¢ ¨ï¬¨ ¤«ï «î¡®© ¯®¢¥àå®áâ¨, ¡ã¤¥¬
 §ë¢ âì ¨å âà¨¢¨ «ìë¬¨ G-¯à¥®¡à §®¢ ¨ï¬¨. � íâ¨å á«ãç ïå A = D = 1, B = C = 0 ¨
A = D = const, B = C = 0 á®®â¢¥âáâ¢¥®. �à®¬¥ âà¨¢¨ «ìëå ¬®£ãâ â ª¦¥ áãé¥áâ¢®¢ âì
¨ ¥âà¨¢¨ «ìë¥ G-¯à¥®¡à §®¢ ¨ï, ¨§ãç¥¨¥ ª®â®àëå ¯à¥¤áâ ¢«ï¥â ®â¤¥«ìë© ¨â¥à¥á. � -
«¨ç¨¥ ¥âà¨¢¨ «ìëå G-¯à¥®¡à §®¢ ¨© ®¯à¥¤¥«ï¥âáï ®£à ¨ç¥¨ï¬¨   ª®íää¨æ¨¥âë A, B,
C, D, ¢ëâ¥ª îé¨¬¨ ¨§ ãá«®¢¨ï á®¢¬¥áâ®áâ¨ @u1u2 e� = @u2u1 e� ãà ¢¥¨© (1){(2). �â® ãá«®¢¨¥
§ ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

(@u2A� @u1C)@u1�+ (@u2B � @u1D)@u2�� C@u1u1�+ (A�D)@u1u2�+B@u2u2� = 0: (3)

� ª á«¥¤áâ¢¨¥, ¢ ®¡é¥¬ á«ãç ¥ ¡ã¤¥¬ ¨¬¥âì  ¡®à ¤¨ää¥à¥æ¨ «ìëå ¨  «£¥¡à ¨ç¥áª¨å ãà ¢¥-
¨© ¤«ï  å®¦¤¥¨ï A, B, C, D, ª®«¨ç¥áâ¢® ª®â®àëå ®¯à¥¤¥«ï¥âáï «¨¥©ë¬¨ § ¢¨á¨¬®áâï¬¨
¬¥¦¤ã ¢¥ªâ®à ¬¨ @u1�, @u2�, @u1u1�, @u1u2�, @u2u2�. �«¥¤ã¥â â ª¦¥ ãç¥áâì ¨ ãá«®¢¨¥ à¥£ã«ïà®áâ¨
G-¯à¥®¡à §®¢ ¨ï

AD �BC 6= 0: (4)

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® à áá¬ âà¨¢ ¥¬®¥ G-¯à¥®¡à §®¢ ¨¥ ®¡« ¤ ¥â ¤®¯®«¨â¥«ìë¬
á¢®©áâ¢®¬ ª®ä®à¬®áâ¨ | ¬¥âà¨ª  des2 = egijduiduj ¯®¢¥àå®áâ¨ eF 2 ¯à®¯®àæ¨® «ì  ¬¥âà¨ª¥
¨áå®¤®© ¯®¢¥àå®áâ¨ F 2, â. ¥.

eg11
g11

=
eg12
g12

=
eg22
g22

: (5)

�ç¨âë¢ ï (1){(2), ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãá«®¢¨ï ¤«ï ª®íää¨æ¨¥â®¢ A, B, C, D:

A2g11 + 2ABg12 +B2g22
g11

=
ACg11 + (AD + CB)g12 +BDg22

g12
=
C2g11 + 2CDg12 +D2g22

g22
: (6)

� ª¨¬ ®¡à §®¬, áãé¥áâ¢®¢ ¨¥ ¨ ª®«¨ç¥áâ¢® ª®ä®à¬ëå G-¯à¥®¡à §®¢ ¨© § ¤ ®© ¯®-
¢¥àå®áâ¨ F 2 �Mn ®¯à¥¤¥«ï¥âáï à §à¥è¨¬®áâìî á¨áâ¥¬ë ãà ¢¥¨© (3){(4) ¨ (6) ®â®á¨â¥«ì®
äãªæ¨© A, B, C, D. � á¨âã æ¨¨ ®¡é¥£® ¯®«®¦¥¨ï ¨¬¥îâáï â®«ìª® âà¨¢¨ «ìë¥ à¥è¥¨ï, ® ¢
®â¤¥«ìëå á«ãç ïå ¯®ï¢«ïîâáï ª®¥çë¥  ¡®àë ¥âà¨¢¨ «ìëå à¥è¥¨©,   ¨®£¤  ¤ ¦¥ ¨ ¥-
¯à¥àë¢ë¥ á¥¬¥©áâ¢  ¥âà¨¢¨ «ìëå à¥è¥¨© | ¢ íâ®¬ á«ãç ¥ ¬®¦® £®¢®à¨âì ® ¥¯à¥àë¢®©
ª®ä®à¬®© G-¤¥ä®à¬ æ¨¨ ¯®¢¥àå®áâ¨ F 2. �ëïá¨¬, ª®£¤  ã á¨áâ¥¬ë (3){(4), (6) áãé¥áâ¢ã¥â
¥¯à¥àë¢®¥ á¥¬¥©áâ¢® ¥âà¨¢¨ «ìëå à¥è¥¨© A(u1; u2; "), B(u1; u2; "), C(u1; u2; "), D(u1; u2; "),
£¤¥ " | ¯ à ¬¥âà á¥¬¥©áâ¢ . �à¨ íâ®¬ ¥áâ¥áâ¢¥® áç¨â âì

A(u1; u2; 0) = 1; B(u1; u2; 0) = 0; C(u1; u2; 0) = 0; D(u1; u2; 0) = 1: (7)

�à®  «¨§¨àã¥¬ á¨âã æ¨î, à áá¬®âà¥¢ ®â¤¥«ì® á«ãç ¨, ª®£¤  F 2 ï¢«ï¥âáï ¯à®áâà áâ¢¥®-
¯®¤®¡®©, ¢à¥¬¥¨-¯®¤®¡®© ¨ ¨§®âà®¯®©.
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3. �à®áâà áâ¢¥®-¯®¤®¡ë¥ ¯®¢¥àå®áâ¨

�à¥¤¯®«®¦¨¬, çâ® ¯®¢¥àå®áâì F 2 ¯à®áâà áâ¢¥®-¯®¤®¡ , â. ¥.   F 2 ¨¤ãæ¨àã¥âáï ®âà¨-
æ â¥«ì® ®¯à¥¤¥«¥ ï ¬¥âà¨ª : g11 < 0, g22 < 0, g11g22 � g212 > 0. �¥ ã¬¥ìè ï ®¡é®áâ¨, ¡ã¤¥¬
¯à¥¤¯®« £ âì, çâ® ª®®à¤¨ âë u1, u2   F 2 ï¢«ïîâáï ¨§®â¥à¬¨ç¥áª¨¬¨, â. ¥. ¬¥âà¨ª    F 2 ¨¬¥¥â
¢¨¤ ds2 = ��2((du1)2 + (du2)2) | â ª¨¥ ª®®à¤¨ âë ¢á¥£¤  ¬®¦® ¢¢¥áâ¨   ¯à®áâà áâ¢¥®-
¯®¤®¡®© ¯®¢¥àå®áâ¨. � íâ®¬ á«ãç ¥ ãà ¢¥¨ï (6) ¯¥à¥¯¨èãâáï ¢ ¢¨¤¥

A2 +B2 = C2 +D2; AC +BD = 0:

� ãç¥â®¬ (7) § ¯¨á ë¥ ãà ¢¥¨ï à §à¥è îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

A = �cos�; B = �sin�; C = �� sin�; D = �cos�; (8)

§¤¥áì �(u1; u2; ") > 0, �(u1; u2; ") | ¯à®¨§¢®«ìë¥ äãªæ¨¨, ¯à¨¨¬ îé¨¥ ¯à¨ " = 0 § ç¥¨ï
�(u1; u2; 0) = 1, �(u1; u2; 0) = 0. �®¤áâ ¢«ïï  ©¤¥ë¥ ª®íää¨æ¨¥âë ¢ (3), ¯®«ãç ¥¬ ãá«®¢¨¥
  � ¨ �

sin�(@u1u1�+ @u2u2�) +
�
(@u2 ln� + @u1�) cos�+ (@u1 ln�� @u2�) sin�

�
@u1�+

+
�
(@u2 ln� + @u1�) sin�� (@u1 ln�� @u2�) cos�

�
@u2� = 0: (9)

�¢¨¤ã ¨§®â¥à¬¨ç®áâ¨ ª®®à¤¨ â u1, u2 ¨§ ¤¥à¨¢ æ¨®ëå ä®à¬ã« � ãáá {�¥©£ àâ¥  á«¥¤ã¥â,
çâ® @u1u1� + @u2u2� à ¢ï¥âáï ¢ â®ç®áâ¨ ¢¥ªâ®àã áà¥¤¥© ªà¨¢¨§ë ¯à®áâà áâ¢¥®-¯®¤®¡®©
¯®¢¥àå®áâ¨ F 2. � ª á«¥¤áâ¢¨¥, ¥á«¨ áà¥¤ïï ªà¨¢¨§  ®â«¨ç  ®â ã«ï, â® @u1u1� + @u2u2� ¥
§ ¢¨á¨â «¨¥©® ®â ª á â¥«ìëå ¢¥ªâ®à®¢ @u1� ¨ @u2�,   § ç¨â, à¥è¥¨¥¬ (9) ¡ã¤¥â � = 0,
� = const, çâ® á®®â¢¥âáâ¢ã¥â âà¨¢¨ «ì®© ¤¥ä®à¬ æ¨¨ A = D = const, B = C = 0. �®íâ®¬ã
¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨ «ì®© ¤¥ä®à¬ æ¨¨ ï¢«ï¥âáï à ¢¥áâ¢® ã«î
áà¥¤¥© ªà¨¢¨§ë F 2, â. ¥.

@u1u1�+ @u2u2� = 0: (10)

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�â¢¥à¦¤¥¨¥ 1. �á«¨ ¯à®áâà áâ¢¥®-¯®¤®¡ ï ¯®¢¥àå®áâì F 2 ¢ Mn ¤®¯ãáª ¥â ¥¯à¥-

àë¢ãî ¥âà¨¢¨ «ìãî ª®ä®à¬ãî G-¤¥ä®à¬ æ¨î, â® áà¥¤ïï ªà¨¢¨§  F 2 à ¢  ã«î.

�á«¨ áà¥¤ïï ªà¨¢¨§  à ¢  ã«î, â. ¥. ¢ë¯®«¥® à ¢¥áâ¢® (10), â® ãá«®¢¨¥ (9) ¬®¦®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

@u2 ln� + @u1� = 0;

@u1 ln�� @u2� = 0:

� ç¥ £®¢®àï, ln� ¨ � | ¯à®¨§¢®«ìë¥ á®¯àï¦¥ë¥ £ à¬®¨ç¥áª¨¥ äãªæ¨¨. �®íâ®¬ã, ¢ ¤®-
¯®«¥¨¥ ª ãâ¢¥à¦¤¥¨î 1, ¨¬¥¥â ¬¥áâ®

�â¢¥à¦¤¥¨¥ 2. �à®áâà áâ¢¥®-¯®¤®¡ ï ¯®¢¥àå®áâì F 2 �Mn á ã«¥¢®© áà¥¤¥© ªà¨-

¢¨§®© ¤®¯ãáª ¥â ¥¯à¥àë¢ë¥ ¥âà¨¢¨ «ìë¥ ª®ä®à¬ë¥ G-¤¥ä®à¬ æ¨¨. � â¥à¬¨ å ¨§®-

â¥à¬¨ç¥áª¨å ª®®à¤¨ â   F 2 ª ¦¤®¥ G-¯à¥®¡à §®¢ ¨¥ ¯à¥¤áâ ¢«ï¥âáï ¯ à®© á®¯àï¦¥ëå

£ à¬®¨ç¥áª¨å äãªæ¨©.

�â®¡ë ¯®áâà®¨âì ¥âà¨¢¨ «ìãî ¥¯à¥àë¢ãî ª®ä®à¬ãî G-¤¥ä®à¬ æ¨î à áá¬ âà¨¢ ¥-
¬®© ¯®¢¥àå®áâ¨, ¢®§ì¬¥¬ ¯à®¨§¢®«ì®¥ ¥¯à¥àë¢®¥ á¥¬¥©áâ¢® ¯ à á®¯àï¦¥ëå £ à¬®¨ç¥-
áª¨å äãªæ¨© ln�(u1; u2; "), �(u1; u2; ") â ª®¥, çâ® ln�(u1; u2; 0) = 0 ¨ �(u1; u2; 0) = 0. �á¯®«ì§ãï
á ç «  á®®â®è¥¨ï (8),   § â¥¬ ¯®«ãî á®¢¬¥áâãî á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
(1){(2), ¯à¨ ª ¦¤®¬ " ¡ã¤¥¬ ¯®«ãç âì ¯à®áâà áâ¢¥®-¯®¤®¡ãî ¯®¢¥àå®áâì F 2

" c ã«¥¢®©
áà¥¤¥© ªà¨¢¨§®©, ¯ à ¬¥âà¨§®¢ ãî ¨§®â¥à¬¨ç¥áª¨¬¨ ª®®à¤¨ â ¬¨ u1, u2.
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4. �à¥¬¥¨-¯®¤®¡ë¥ ¯®¢¥àå®áâ¨

�à¥¤¯®«®¦¨¬, çâ® ¯®¢¥àå®áâì F 2 ¢à¥¬¥¨-¯®¤®¡ , â. ¥. ¬¥âà¨ª  ¯®¢¥àå®áâ¨ ï¢«ï¥âáï § -
ª®¯¥à¥¬¥®©, g11g22� g212 < 0, g11 > 0, g22 < 0. �¥ ã¬¥ìè ï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ª®®à-
¤¨ âë u1; u2   F 2 ï¢«ïîâáï ¨§®â¥à¬¨ç¥áª¨¬¨, â. ¥. ¬¥âà¨ª  ¨¬¥¥â ¢¨¤ ds2 = �2((du1)2� (du2)2)
| â ª¨¥ ª®®à¤¨ âë ¢á¥£¤  ¬®¦® ¢¢¥áâ¨   ¢à¥¬¥¨-¯®¤®¡®© ¯®¢¥àå®áâ¨. �à ¢¥¨ï (6)
¯¥à¥¯¨èãâáï á«¥¤ãîé¨¬ ®¡à §®¬:

A2 �B2 = �C2 +D2; AC �BD = 0:

� ãç¥â®¬ (7) à¥è¥¨ï § ¯¨á ëå ãà ¢¥¨© ¯à¥¤áâ ¢«ïîâáï ¢ ä®à¬¥

A = �ch�; B = �sh�; C = �sh�; D = �ch�; (11)

§¤¥áì �(u1; u2; ") > 0, �(u1; u2; ") | ¯à®¨§¢®«ìë¥ äãªæ¨¨, ¯à¨¨¬ îé¨¥ ¯à¨ " = 0 § ç¥¨ï
�(u1; u2; 0) = 1, �(u1; u2; 0) = 0. �®¤áâ ¢«ïï  ©¤¥ë¥ ª®íää¨æ¨¥âë ¢ (3), ¯®«ãç ¥¬ ãá«®¢¨¥
  � ¨ �

� sh�(@u1u1�� @u2u2�) +
�
(@u2 ln�� @u1�) ch�+ (�@u1 ln� + @u2�) sh�

�
@u1�+

+
�
(@u2 ln�� @u1�) sh�+ (�@u1 ln� + @u2�) ch�

�
@u2� = 0: (12)

� ¢¨¤ã ¨§®â¥à¬¨ç®áâ¨ ª®®à¤¨ â u1, u2 ¨§ ¤¥à¨¢ æ¨®ëå ä®à¬ã« � ãáá {�¥©£ àâ¥  á«¥¤ã-
¥â, çâ® @u1u1� � @u2u2� à ¢ï¥âáï ¢¥ªâ®àã áà¥¤¥© ªà¨¢¨§ë ¢à¥¬¥¨-¯®¤®¡®© ¯®¢¥àå®áâ¨ F 2.
� ª á«¥¤áâ¢¨¥, ¥á«¨ áà¥¤ïï ªà¨¢¨§  ®â«¨ç  ®â ã«ï, â® @u1u1��@u2u2� ¥ § ¢¨á¨â «¨¥©® ®â
ª á â¥«ìëå ¢¥ªâ®à®¢ @u1� ¨ @u2�,   § ç¨â, à¥è¥¨¥¬ (12) ¡ã¤¥â � = 0, � = const, çâ® á®®â¢¥â-
áâ¢ã¥â âà¨¢¨ «ì®© ¤¥ä®à¬ æ¨¨ A = D = const, B = C = 0. �®íâ®¬ã ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬
áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨ «ì®© ¤¥ä®à¬ æ¨¨ ï¢«ï¥âáï à ¢¥áâ¢® ã«î áà¥¤¥© ªà¨¢¨§ë F 2, â. ¥.

@u1u1�� @u2u2� = 0: (13)

� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�â¢¥à¦¤¥¨¥ 3. �á«¨ ¢à¥¬¥¨-¯®¤®¡ ï ¯®¢¥àå®áâì F 2 � Mn ¤®¯ãáª ¥â ¥¯à¥àë¢ãî

¥âà¨¢¨ «ìãî ª®ä®à¬ãî G-¤¥ä®à¬ æ¨î, â® áà¥¤ïï ªà¨¢¨§  F 2 à ¢  ã«î.

�á«¨ áà¥¤ïï ªà¨¢¨§  à ¢  ã«î, â. ¥. ¢ë¯®«¥® à ¢¥áâ¢® (13), â® ãá«®¢¨¥ (12) ¬®¦®
§ ¯¨á âì ¢ ä®à¬¥

@u2 ln�� @u1� = 0; @u1 ln�� @u2� = 0:

�â  á¨áâ¥¬  «¥£ª® ¨â¥£à¨àã¥âáï

� = p(u1 + u2) + q(u1 � u2); ln� = p(u1 + u2)� q(u1 � u2);

£¤¥ p(t) ¨ q(�) { ¯ à  ¯à®¨§¢®«ìëå äãªæ¨©. �®íâ®¬ã ¢ ¤®¯®«¥¨¥ ª ãâ¢¥à¦¤¥¨î 3 ¨¬¥¥â
¬¥áâ®

�â¢¥à¦¤¥¨¥ 4. �à¥¬¥¨-¯®¤®¡ ï ¯®¢¥àå®áâì F 2 � Mn á ã«¥¢®© áà¥¤¥© ªà¨¢¨§-

®© ¤®¯ãáª ¥â ¥¯à¥àë¢ë¥ ¥âà¨¢¨ «ìë¥ ª®ä®à¬ë¥ G-¤¥ä®à¬ æ¨¨. � ¦¤®¥ ª®ä®à¬®¥

G-¯à¥®¡à §®¢ ¨¥ ¢ â¥à¬¨ å ¨§®â¥à¬¨ç¥áª¨å ª®®à¤¨ â   F 2 ¯à¥¤áâ ¢«ï¥âáï ¯ à®© äãª-

æ¨© ®¤®© ¯¥à¥¬¥®©.

�â®¡ë ¯®áâà®¨âì ¥âà¨¢¨ «ìãî ¥¯à¥àë¢ãî ª®ä®à¬ãî G-¤¥ä®à¬ æ¨î à áá¬ âà¨¢ -
¥¬®© ¯®¢¥àå®áâ¨, ¢®§ì¬¥¬ ¯à®¨§¢®«ì®¥ ¥¯à¥àë¢®¥ á¥¬¥©áâ¢® äãªæ¨© p(t; "), q(� ; ") â ª®¥,
çâ® p(t; 0) = 0 ¨ q(� ; 0) = 0. �á¯®«ì§ãï á ç «  á®®â®è¥¨ï (11),   § â¥¬ ¯®«ãî á®¢¬¥áâãî á¨-
áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1){(2), ¯à¨ ª ¦¤®¬ " ¡ã¤¥¬ ¯®«ãç âì ¢à¥¬¥¨-¯®¤®¡ãî
¯®¢¥àå®áâì F 2

" c ã«¥¢®© áà¥¤¥© ªà¨¢¨§®©, ¯ à ¬¥âà¨§®¢ ãî ¨§®â¥à¬¨ç¥áª¨¬¨ ª®®à¤¨ -
â ¬¨ u1, u2.
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5. �§®âà®¯ë¥ ¯®¢¥àå®áâ¨

�à¥¤¯®«®¦¨¬, çâ® à¥£ã«ïà ï ¯®¢¥àå®áâì F 2 ¨§®âà®¯  (á¢¥â®¯®¤®¡ ), â. ¥. ¬¥âà¨ª  ¯®-
¢¥àå®áâ¨ ¢ëà®¦¤¥ , g11g22 � g2

12
= 0. � ª ¦¤®© â®çª¥ P 2 F 2 ¢ ª á â¥«ì®© ¯«®áª®áâ¨ TPF 2

®¤®§ ç® ®¯à¥¤¥«¥® ¨§®âà®¯®¥  ¯à ¢«¥¨¥. � ª á«¥¤áâ¢¨¥, F 2 à áá« ¨¢ ¥âáï ¢ ®¤®¯ à -
¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¨§®âà®¯ëå ªà¨¢ëå. �¥ ã¬¥ìè ï ®¡é®áâ¨, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®
ª®®à¤¨ âë u1; u2   F 2 ¢¢¥¤¥ë â ª, çâ® ª®®à¤¨ âë¥ «¨¨¨ u2 = const ï¢«ïîâáï ¨§®âà®¯ë-
¬¨. �®£¤  ¬¥âà¨ª  ¯®¢¥àå®áâ¨ ¯à¨¬¥â ¢¨¤ ds2 = g22(du2)2, â. ¥.

g11 = h@u1�; @u1�i = 0; g12 = h@u1�; @u2�i = 0: (14)

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨ ¯à®¨§¢®«ì®© à¥£ã«ïà®© § ¬¥¥ ª®®à¤¨ â u1 = u1(bu1; bu2), u2 =
u2(bu2), á¥¬¥©áâ¢® ª®®à¤¨ âëå «¨¨© bu2 = const   F 2 ¡ã¤¥â ¯à¥¤áâ ¢«¥® â¥¬¨ ¦¥ ¨§®âà®¯-
ë¬¨ ªà¨¢ë¬¨,   ¬¥âà¨ª  ¢á¥ â ª ¦¥ ¡ã¤¥â ¨¬¥âì ¢¨¤ ds2 = bg22(dbu2)2.

�à¨ â ª®¬ ¢ë¡®à¥ ª®®à¤¨ â ãá«®¢¨¥ (6) ¡ã¤¥â ¢ë¯®«¥® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

B = 0: (15)

� ç¥ £®¢®àï, ¢ ¤ ®© á¨âã æ¨¨ ãá«®¢¨¥ ª®ä®à¬®áâ¨ (6) ®§ ç ¥â, çâ® ¯à¨ G-¯à¥®¡à §®¢ ¨¨
F 2 ! eF 2 ¨§®âà®¯ë¥ «¨¨¨   á¢¥â®¯®¤®¡®© ¯®¢¥àå®áâ¨ F 2 ¯¥à¥©¤ãâ ¢ ¨§®âà®¯ë¥ «¨¨¨  
á¢¥â®¯®¤®¡®© ¯®¢¥àå®áâ¨ eF 2.

�®¤áâ ¢«ïï (15) ¢ (3), ¯®«ãç ¥¬

(@u2A� @u1C)@u1�� @u1D@u2�� C@u1u1�+ (A�D)@u1u2� = 0: (16)

�à¨ íâ®¬ ¨ A, ¨ D ¥ ¤®«¦ë ®¡à é âìáï ¢ ã«ì ¢ ¢¨¤ã ãá«®¢¨ï à¥£ã«ïà®áâ¨ (4).
�á«¨ ¢¥ªâ®àë @u1�, @u2�, @u1u1� ¨ @u1u2� «¨¥©® ¥§ ¢¨á¨¬ë, â® à¥è¥¨¥¬ ãà ¢¥¨ï (16)

¡ã¤ãâ äãªæ¨¨ C = 0, A = D = const, çâ® á®®â¢¥âáâ¢ã¥â âà¨¢¨ «ì®¬ã ª®ä®à¬®¬ã G-¯à¥®¡-
à §®¢ ¨î. �®íâ®¬ã ¨¬¥¥â ¬¥áâ®

�â¢¥à¦¤¥¨¥ 5. �á«¨ ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¢ Mn á à ¤¨ãá-¢¥ªâ®à®¬ x = �(u1; u2)
¨ ¬¥âà¨ª®© ds2 = g22(du2)2 ¤®¯ãáª ¥â ¥âà¨¢¨ «ìë¥ ª®ä®à¬ë¥ G-¯à¥®¡à §®¢ ¨ï, â® ¢¥ª-

â®àë @u1�, @u2�, @u1u1� ¨ @u1u2� «¨¥©® § ¢¨á¨¬ë.

�®«ãç¥®¥ ãá«®¢¨¥ ¤«ï à ¤¨ãá-¢¥ªâ®à  �(u1; u2) ¨¢ à¨ â® ®â®á¨â¥«ì® ã¯®¬ïãâëå
¢ëè¥ ª®®à¤¨ âëå ¯à¥®¡à §®¢ ¨©   F 2, á®åà ïîé¨å ¨§®âà®¯®áâì ®¤®£® á¥¬¥©áâ¢  ª®®à-
¤¨ âëå «¨¨©. �£à ¨ç¨â¥«ì®áâì íâ®£® ãá«®¢¨ï § ¢¨á¨â ®â à §¬¥à®áâ¨ ®¡ê¥¬«îé¥£® ¯à®-
áâà áâ¢ .

�¥¬¬  1. �ãáâì F 2 | ¨§®âà®¯ ï ¯®¢¥àå®áâì ¢ n-¬¥à®¬ ¯à®áâà áâ¢¥ �¨ª®¢áª®-

£® Mn. �à¥¤¯®«®¦¨¬, çâ® F 2 § ¤   à ¤¨ãá-¢¥ªâ®à®¬ �(u1; u2) â ª, çâ® ª®®à¤¨ âë¥ «¨¨¨
u2 = const ¨§®âà®¯ë, â. ¥. ¬¥âà¨ª  ¯®¢¥àå®áâ¨ ¨¬¥¥â ¢¨¤ ds2 = g22(du2)2. �®£¤ 

1) @u1u1� ¨ @u1u2� «¨¥©® § ¢¨áïâ ®â @u1�, @u2� ¯à¨ n = 3,
2) @u1�, @u2�, @u1u1� ¨ @u1u2� «¨¥©® § ¢¨á¨¬ë ¯à¨ n = 4.

�®ª § â¥«ìáâ¢®. �®®à¤¨ âë   ¨§®âà®¯®© ¯®¢¥àå®áâ¨ F 2 ¢ë¡à ë â ª, çâ®

h@u1�; @u1�i = 0; (17)

h@u1�; @u2�i = 0: (18)

�à®¤¨ää¥à¥æ¨à®¢ ¢ ª ¦¤®¥ ¨§ íâ¨å â®¦¤¥áâ¢, «¥£ª® ¯®«ãç¨âì á«¥¤ãîé¨¥ à ¢¥áâ¢ :

h@u1�; @u1u1�i = 0; (19)

h@u1�; @u1u2�i = 0; (20)

h@u2�; @u1u1�i = 0; (21)

h@u2�; @u1u2�i+ h@u1�; @u2u2�i = 0:
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� ç áâ®áâ¨, ¨§ (17){(20) á«¥¤ã¥â, çâ® @u2�, @u1u1� ¨ @u1u2� ®àâ®£® «ìë ¨§®âà®¯®¬ã ¢¥ªâ®àã
@u1�. � ¤àã£®© áâ®à®ë, ¯®¤¯à®áâà áâ¢® ¢¥ªâ®à®¢, ®àâ®£® «ìëå ¤ ®¬ã ¨§®âà®¯®¬ã ¢¥ªâ®-
àã, ¨¬¥¥â à §¬¥à®áâì n� 1 ¨ á®¤¥à¦¨â á ¬ íâ®â ¢¥ªâ®à. �®íâ®¬ã, ¥á«¨ n = 3, â® @u1u1� ¨ @u1u2�
ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ ¢¥ªâ®à®¢ @u1� ¨ @u2�.

�á«¨ n = 4, â® ¯®¤¯à®áâà áâ¢® ¢¥ªâ®à®¢, ®àâ®£® «ìëå ª @u1�, âà¥å¬¥à®,   § ç¨â á®¤¥à-
¦ é¨¥áï ¢ ¥¬ ¢¥ªâ®àë @u1�, @u2�, @u1u1� ¨ @u1u2� ®¡ï§ ë ¡ëâì «¨¥©® § ¢¨á¨¬ë¬¨.

�á«¨ n > 4, â® à §¬¥à®áâì ¯®¤¯à®áâà áâ¢  ¢¥ªâ®à®¢, ®àâ®£® «ìëå ª @u1�, ¥ ¬¥ìè¥ 4.
�®íâ®¬ã ¢ á¨âã æ¨¨ ®¡é¥£® ¯®«®¦¥¨ï @u1�, @u2�, @u1u1� ¨ @u1u2� «¨¥©® ¥§ ¢¨á¨¬ë. �¤ -
ª® ¢ ®â¤¥«ìëå á«ãç ïå ¬¥¦¤ã íâ¨¬¨ ¢¥ªâ®à ¬¨ ¬®£ãâ ¢®§¨ª âì «¨¥©ë¥ § ¢¨á¨¬®áâ¨, çâ®
¯à¨¢®¤¨â ª ¢ë¤¥«¥¨î á¯¥æ¨ «ìëå ª« áá®¢ ¨§®âà®¯ëå ¯®¢¥àå®áâ¥© ¢ Mn.

�ç¨âë¢ ï ¢ëè¥áª § ®¥ ¨ ®ââ «ª¨¢ ïáì ®â ¢§ ¨¬®§ ¢¨á¨¬®áâ¥© ¬¥¦¤ã @u1�, @u2�, @u1u1� ¨
@u1u2�, á «®ª «ì®© â®çª¨ §à¥¨ï ¬®¦® ¢ë¤¥«¨âì âà¨ ª« áá  ¨§®âà®¯ëå ¯®¢¥àå®áâ¥©:

�) @u1u1� «¨¥©® § ¢¨á¨â ®â @u1� ¨ @u2�,
�) @u1�, @u2� ¨ @u1u1� «¨¥©® ¥§ ¢¨á¨¬ë,   @u1u2� «¨¥©® § ¢¨á¨â ®â ¨å,
�) @u1�, @u2�, @u1u1� ¨ @u1u2� «¨¥©® ¥§ ¢¨á¨¬ë.
� ¯®á«¥¤¥¬ á«ãç ¥ «î¡®¥ ª®ä®à¬®¥ G-¯à¥®¡à §®¢ ¨¥ ï¢«ï¥âáï âà¨¢¨ «ìë¬ ¢ á¨«ã

ãâ¢¥à¦¤¥¨ï 5. �®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¯à®  «¨§¨àã¥¬ ¯¥à¢ë¥ ¤¢  ª« áá  ¯®¢¥àå®áâ¥©.

5.1. �¨¥©ç âë¥ ¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨. �à¥¤¯®«®¦¨¬, çâ® ¢¥ªâ®à @u1u1� «¨¥©® § ¢¨-
á¨â ®â @u1� ¨ @u2�, â. ¥.

@u1u1� = P@u1�+Q@u2�: (22)

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ®àâ®£® «ì®áâì @u1u1� ¨ @u2�, ¢ëà ¦¥ãî à ¢¥áâ¢®¬ (21), ¯®«ãç ¥¬
Q = 0. �®íâ®¬ã ¢¬¥áâ® (22) ¬®¦¥¬ § ¯¨á âì

@u1u1� = P@u1�: (23)

�®á«¥¤¥¥ à ¢¥áâ¢® ®§ ç ¥â, çâ® ¨§®âà®¯ë¥ ªà¨¢ë¥ u2 = const ï¢«ïîâáï ã«ì-£¥®¤¥§¨ç¥áª¨¬¨
¯à®áâà áâ¢  �¨ª®¢áª®£® Mn, â. ¥. ¢ íâ®¬ á«ãç ¥ ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ï¢«ï¥âáï ã«ì-
«¨¥©ç â®©. � ª á«¥¤ã¥â ¨§ «¥¬¬ë 1, ¢ M 3 «î¡ ï ¨§®âà®¯ ï ¯®¢¥àå®áâì ï¢«ï¥âáï ã«ì-
«¨¥©ç â®©. � ¯à®â¨¢, ¢Mn, n > 3, â ª¨¥ ¯®¢¥àå®áâ¨ ®¡à §ãîâ ¤®áâ â®ç® ã§ª¨© á¯¥æ¨ «ìë©
ª« áá. �ã«ì-«¨¥©ç âë¥ ¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨ ¨¬¥îâ ¯à®áâãî áâàãªâãàã, ®¨ ¨â¥á¨¢® ¨á-
á«¥¤®¢ «¨áì à ¥¥ [2]{[4].

�®¤®¡à ¢ § ¬¥ã ª®®à¤¨ â u1 = u1(bu1; bu2), u2 = u2(bu2), ¬®¦® ¯¥à¥¯¨á âì (23) ¢ ¢¨¤¥
@û1û1� = 0: (24)

�¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® ¨¬¥® â ª¨¥ ª®®à¤¨ âë   F 2 ¨ ¡ë«¨ ¢ë¡à ë
¨§ ç «ì®. �à ¢¥¨¥ (24) «¥£ª® ¨â¥£à¨àã¥âáï, � = �(u2)u1+ �(u2), ¯à¨ íâ®¬ ¢¥ªâ®à-äãªæ¨¨
�(u2) ¨ �(u2) ®¡ï§ ë ã¤®¢«¥â¢®àïâì á®®â®è¥¨ï¬ (14), ¯à¨¨¬ îé¨¬ â¥¯¥àì ¢¨¤ h�; �i = 0,
h�; �0i = 0. �à®¬¥ â®£®, � ¨ �0u1 + �0 ®¡ï§ ë ¡ëâì «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¢ ¢¨¤ã à¥£ã«ïà®áâ¨
¯®¢¥àå®áâ¨ F 2.

�®§¢à é ïáì ª ãà ¢¥¨ï¬ (16), ¯®«ãç ¥¬

�(@u2A� @u1C)� �0@u1D � �0(@u1Du1 +D �A) = 0: (25)

�¥âà¨¢¨ «ì ï à §à¥è¨¬®áâì íâ®£® ãà ¢¥¨ï ®¯à¥¤¥«ï¥âáï ®âáãâáâ¢¨¥¬ ¨«¨  «¨ç¨¥¬ «¨¥©-
ëå § ¢¨á¨¬®áâ¥© ¬¥¦¤ã �, �0 ¨ �0.

5.2. �¨«ì® ¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨. �à¥¤¯®«®¦¨¬, çâ® ¢® ¢á¥å â®çª å ¯®¢¥àå®áâ¨ F 2

¢¥ªâ®àë @u1�, @u2� ¨ @u1u1� «¨¥©® ¥§ ¢¨á¨¬ë,   @u1u2� § ¢¨á¨â ®â ¨å, â. ¥.

@u1u2� = P@u1�+Q@u2�+R@u1u1�: (26)
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� íâ®© á¨âã æ¨¨ ¨§®âà®¯ãî ¯®¢¥àå®áâì F 2 ¡ã¤¥¬  §ë¢ âì á¨«ì® ¨§®âà®¯®©. �¥£ª® ¢¨¤¥âì,
çâ® F 2 ã¦¥ ¥ ï¢«ï¥âáï ã«ì-«¨¥©ç â®©. �à®¬¥ â®£®, ª®íää¨æ¨¥â R ¢ à §«®¦¥¨¨ (26) ¬®¦®
®¡à â¨âì ¢ ã«ì, á¤¥« ¢ ¯®¤å®¤ïéãî § ¬¥ã ª®®à¤¨ â u1 = u1(bu1; bu2), u2 = u2(bu2)   F 2. �¥
ã¬¥ìè ï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ¨¬¥® â ª¨¥ á¯¥æ¨ «ìë¥ ª®®à¤¨ âë   F 2 ¨ ¡ë«¨
§ ä¨ªá¨à®¢ ë á á ¬®£®  ç « , â. ¥.

@u1u2� = P@u1�+Q@u2�: (27)

�ë¡à ë¥ ª®®à¤¨ âë u1 ¨ u2   F 2, ª®â®àë¥ ¡ã¤¥¬  §ë¢ âì «¨ã¢¨««¥¢ë¬¨, ®¯à¥¤¥«¥ë
®¤®§ ç® á â®ç®áâìî ¤® èª «¨àãîé¨å ¯à¥®¡à §®¢ ¨© u1 ! eu1(u1), u2 ! eu2(u2). �ç¨âë¢ ï
(17){(21), ¥ á®áâ ¢«ï¥â âàã¤  ¢ëç¨á«¨âì ª®íä¨æ¨¥âë à §«®¦¥¨ï (27):

P =
h@u1u1u2�; @u1u1�i

h@u1u1�; @u1u1�i
; Q =

h@u1u2�; @u2�i

h@u2�; @u2�i
:

�¬¥® íâ®â ª« áá ¥«¨¥©ç âëå ¨§®âà®¯ëå ¯®¢¥àå®áâ¥© ¡ë« à áá¬®âà¥,  ¯à¨¬¥à, ¢ [4], [5].

�â¢¥à¦¤¥¨¥ 6. �¨«ì® ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¢Mn ¤®¯ãáª ¥â ¥¯à¥àë¢ë¥ ¥âà¨-

¢¨ «ìë¥ ª®ä®à¬ë¥ G-¤¥ä®à¬ æ¨¨. � ¦¤®¥ à¥£ã«ïà®¥ ª®ä®à¬®¥ G-¯à¥®¡à §®¢ ¨¥ ¯¥à¥-
¢®¤¨â F 2 ¢ á¨«ì® ¨§®âà®¯ãî ¯®¢¥àå®áâì eF 2, ¯à¨ íâ®¬ «¨ã¢¨««¥¢ë ª®®à¤¨ âë   F 2 ¯¥-

à¥å®¤ïâ ¢ «¨ã¢¨««¥¢ë ª®®à¤¨ âë   eF 2.

�®ª § â¥«ìáâ¢®. � ãç¥â®¬ (27) ¯¥à¥¯¨è¥¬ ãá«®¢¨¥ (16)�
@u2A� @u1C + P (A�D)

�
@u1�+ (Q(A�D)� @u1D)@u2�� C@u1u1� = 0:

�®áª®«ìªã @u1�, @u2� ¨ @u1u1� «¨¥©® ¥§ ¢¨á¨¬ë, ¯®«ãç ¥¬ C = 0,   ¥®¡à é îé¨¥áï ¢ ã«ì
äãªæ¨¨ A ¨ D ï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë

@u2A = P (D �A); (28.1)

@u1D = Q(A�D): (28.2)

�ç¥¢¨¤®, ã íâ®© á¨áâ¥¬ë ¨¬¥¥âáï ¬®£® à¥è¥¨©, ®â«¨çëå ®â A = D = const,   íâ® ®§ -
ç ¥â, çâ® à áá¬ âà¨¢ ¥¬ ï á¨«ì® ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¤®¯ãáª ¥â ¬®£® ¥âà¨¢¨ «ìëå
ª®ä®à¬ëå G-¯à¥®¡à §®¢ ¨©, ¨§ ª®â®àëå ¬®¦® ®¡à §®¢ë¢ âì ¥¯à¥àë¢ë¥ ¥âà¨¢¨ «ìë¥
ª®ä®à¬ë¥ G-¤¥ä®à¬ æ¨¨.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¨§¢¥áâ® ¥ª®â®à®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ A, D á¨áâ¥¬ë (28).
�®£¤  ¬®¦® ¯®áâà®¨âì ¥âà¨¢¨ «ì®¥ ª®ä®à¬®¥ G-¯à¥®¡à §®¢ ¨¥  : F 2 ! eF 2 ¯®¢¥àå®áâ¨
F 2, ¯à®¨â¥£à¨à®¢ ¢ á¨áâ¥¬ã á®¢¬¥áâëå ãà ¢¥¨© (1){(2), ª®â®à ï ¢ ¤ ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

@u1 e� = A@u1�; (29.1)

@u2 e� = D@u2�: (29.2)

�ëïá¨¬ á¢®©áâ¢  ¯à¥®¡à §®¢ ®© ¯®¢¥àå®áâ¨ eF 2, § ¤ ®© à ¤¨ãá-¢¥ªâ®à®¬ e�(u1; u2). �à¥-
¦¤¥ ¢á¥£®, «¥£ª® ¢¨¤¥âì, çâ® eF 2 ï¢«ï¥âáï ¨§®âà®¯®©, ª®®à¤¨ âë¥ «¨¨¨ u2 = const   eF 2

¨§®âà®¯ë,   ¬¥âà¨ª  ¨¬¥¥â ¢¨¤ des2 = eg22(du2)2, £¤¥ eg22 = g22D
2. � «¥¥, ¤¨ää¥à¥æ¨àãï (29.1)

¨ ãç¨âë¢ ï (28.1), ¯®«ãç ¥¬

@u1u1 e� = @u1A@u1�+A@u1u1�; (30)

@u1u2 e� = PD@u1�+QA@u2�: (31)

�§ (29){(30) á«¥¤ã¥â, çâ® @u1 e�, @u2 e� ¨ @u1u1 e� «¨¥©® ¥§ ¢¨á¨¬ë. �à®¬¥ â®£®,  å®¤ï @u1� ¨ @u2�
¨§ (29) ¨ ¯®¤áâ ¢«ïï ¢ (31), ¯®«ãç ¥¬

@u1u2 e� = eP@u1 e�+ eQ@u2 e�;
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£¤¥ eP = P D
A
¨ eQ = QA

D
. � ª á«¥¤áâ¢¨¥, ¯®¢¥àå®áâì eF 2 ï¢«ï¥âáï á¨«ì® ¨§®âà®¯®©, ª®®à¤¨ âë

u1 ¨ u2   eF 2 ï¢«ïîâáï «¨ã¢¨««¥¢ë¬¨,   à ¤¨ãá-¢¥ªâ®à e� ¯®¢¥àå®áâ¨ eF 2 ã¤®¢«¥â¢®àï¥â ãà ¢-
¥¨î ¢¨¤  (27), ª ª ¨ à ¤¨ãá-¢¥ªâ®à � ¯®¢¥àå®áâ¨ F 2, ® ã¦¥ á ª®íää¨æ¨¥â ¬¨ eP ¨ eQ.

6. �à¥®¡à §®¢ ¨ï � ¯« á  á¨«ì® ¨§®âà®¯ëå ¯®¢¥àå®áâ¥©

�«ï ¨§ãç¥®© ¢ëè¥ á¨«ì® ¨§®âà®¯®© ¯®¢¥àå®áâ¨ F 2, ¯à¥¤áâ ¢«¥®© ¢ «¨ã¢¨««¥¢ëå
ª®®à¤¨ â å à ¤¨ãá-¢¥ªâ®à®¬ �(u1; u2), à áá¬®âà¨¬ ¯à¥®¡à §®¢ ¨¥ L : F 2 ! bF 2, § ¤ ¢ ¥¬®¥ ¢
¢¨¤¥

b� = ��
1
Q
@u1�: (32)

�â®¡à ¦¥¨¥ L ®¯à¥¤¥«¥® ¯®¢¥àå®áâìî F 2 ®¤®§ ç®, ¯®áª®«ìªã ¢¥ªâ®à 1

Q
@u1� ¥ ¨§¬¥ï-

¥âáï ¯à¨ èª «¨àãîé¨å ¯à¥®¡à §®¢ ¨ïå ª®®à¤¨ â u1 ! u1(u1), u2 ! u2(u2), á®åà ïîé¨å
«¨ã¢¨««¥¢®áâì. � á®®â¢¥âáâ¢¨¨ á âà ¤¨æ¨®®© â¥à¬¨®«®£¨¥© [9] ®â®¡à ¦¥¨¥ L  §ë¢ ¥âáï
¯à¥®¡à §®¢ ¨¥¬ � ¯« á  ¯®¢¥àå®áâ¨ F 2. �áâ¥áâ¢¥® â ª®¥ ¯à¥®¡à §®¢ ¨¥ ¢®§¬®¦® ¢ á«ã-
ç ¥, ª®£¤  ª®íää¨æ¨¥â Q ¨§ à §«®¦¥¨ï (27) ¥ ®¡à é ¥âáï ¢ ã«ì. �¨ää¥à¥æ¨àãï (32) ¨
¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (27), ¯®«ãç ¥¬

@u1 b� =
�
1 +

@u1Q

Q2

�
@u1��

1
Q
@u1u1�; (33.1)

@u2 b� =
�
@u2Q

Q2
�
P

Q

�
@u1�: (33.2)

� ª á«¥¤áâ¢¨¥, ¯à¥®¡à §®¢  ï ¯®¢¥àå®áâì bF 2 á à ¤¨ãá-¢¥ªâ®à®¬ b� ¡ã¤¥â à¥£ã«ïà®© â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  @u2Q� PQ ¥ ®¡à é ¥âáï ¢ ã«ì. �®«¥¥ â®£®, «¥£ª® ¢¨¤¥âì, ãç¨âë¢ ï (17)
¨ (19), çâ® bF 2 ¡ã¤¥â ¨§®âà®¯®©, ª®®à¤¨ âë¥ «¨¨¨ u1 = const   bF 2 ï¢«ïîâáï ¨§®âà®¯ë¬¨
ªà¨¢ë¬¨,   ¬¥âà¨ª  bF 2 ¨¬¥¥â ¢¨¤ dbs2 = bg11(du1)2, £¤¥ bg11 = h@u1u1�; @u1u1�i=Q

2. �à®¤¨ää¥à¥-
æ¨à®¢ ¢ (33.2) ¯® u2, ¯®«ãç¨¬

@u2u2 b� =
�
@u2

�
@u2Q

Q2
�
P

Q

�
+ P

�
@u2Q

Q2
�
P

Q

��
@u1�+

�
@u2Q

Q
� P

�
@u2�:

�âáî¤  ¢ëâ¥ª ¥â, çâ® @u1 b�, @u2 b� ¨ @u2u2 b� «¨¥©® ¥§ ¢¨á¨¬ë, ¯®áª®«ìªã @u2Q� PQ 6= 0 ¢ ¢¨¤ã
¯à¥¤¯®«®¦¥¨ï ® à¥£ã«ïà®áâ¨ bF 2. � ª®¥æ, ¯à®¤¨ää¥à¥æ¨à®¢ ¢ (33.2) ¯® u1 ¨ ¯®¤áâ ¢¨¢ ¢
¯®«ãç¥®¥ à ¢¥áâ¢® ¢ëà ¦¥¨ï ¤«ï @u1� ¨ @u1u1� ¢ â¥à¬¨ å @u1 b� ¨ @u2 b�, ¨¬¥¥¬

@u1u2 b� = bP@u1 b�+ bQ@u2 b�;
£¤¥ bP = P �

@u2Q

Q
; bQ =

Q2@u2Q� @u1Q@u2Q�Q3P +Q@u1u2Q�Q2@u1P

Q(@u2Q� PQ)
:

�«¥¤®¢ â¥«ì®, ¯à¥®¡à §®¢  ï ¯®¢¥àå®áâì bF 2 ï¢«ï¥âáï á¨«ì® ¨§®âà®¯®©,   ª®®à¤¨ âë u1

¨ u2   bF 2 ¡ã¤ãâ «¨ã¢¨««¥¢ë¬¨.

�â¢¥à¦¤¥¨¥ 7. �¥£ã«ïà®¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á  L : F 2 ! bF 2 ¯¥à¥¢®¤¨â á¨«ì® ¨§®-

âà®¯ãî ¯®¢¥àå®áâì F 2, ¯ à ¬¥âà¨§®¢ ãî «¨ã¢¨««¥¢ë¬¨ ª®®à¤¨ â ¬¨, ¢ á¨«ì® ¨§®-

âà®¯ãî ¯®¢¥àå®áâì bF 2, â ª¦¥ ¯ à ¬¥âà¨§®¢ ãî «¨ã¢¨««¥¢ë¬¨ ª®®à¤¨ â ¬¨.

C«¥¤ã¥â ¯®¤ç¥àªãâì, çâ® ¥á«¨ ¨§®âà®¯ë¬¨ «¨¨ï¬¨   F 2 ¡ë«¨ ª®à¤¨ âë¥ ªà¨¢ë¥ u2 =
const, â®   ¯à¥®¡à §®¢ ®© ¯®¢¥àå®áâ¨ bF 2 ¨§®âà®¯ë¬¨ «¨¨ï¬¨ ¡ã¤ãâ ã¦¥ ª®®à¤¨ âë¥
ªà¨¢ë¥ u1 = const.

�â¬¥â¨¬, çâ® à áá¬®âà¥®¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á  ¥ ï¢«ï¥âáï G-¯à¥®¡à §®¢ ¨¥¬, ¯®-
áª®«ìªã ª á â¥«ìë¥ ¯«®áª®áâ¨ ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å   F 2 ¨ bF 2 ¥ ¯ à ««¥«ìë. �à¥-
®¡à §®¢ ¨¥ � ¯« á  ¥ ï¢«ï¥âáï â ª¦¥ ¨ ª®ä®à¬ë¬, ¯®áª®«ìªã ¨§®âà®¯ë¥ «¨¨¨ u2 =
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const   F 2 ¯¥à¥å®¤ïâ ¢ ¥¨§®âà®¯ë¥ «¨¨¨ u2 = const   bF 2. �¥¬ ¥ ¬¥¥¥, ª®ä®à¬ë¥
G-¯à¥®¡à §®¢ ¨ï ¨ ¯à¥®¡à §®¢ ¨¥ � ¯« á  á¢ï§ ë á«¥¤ãîé¨¬ ª®¬¬ãâ æ¨®ë¬ á®®â®è¥-
¨¥¬.

�â¢¥à¦¤¥¨¥ 8. �ãáâì F 2 | á¨«ì® ¨§®âà®¯ ï ¯®¢¥àå®áâì ¢ Mn. � áá¬®âà¨¬ ª®-

ä®à¬®¥ G-¯à¥®¡à §®¢ ¨¥ � : F 2 ! eF 2, ¯à¥®¡à §®¢ ¨ï � ¯« á  L : F 2 ! bF 2 ¨ eL : eF 2 !
ceF 2.

�à¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥¨ï L ¨ eL ï¢«ïîâáï à¥£ã«ïàë¬¨. �®£¤  ®â®¡à ¦¥¨¥ eL���L�1 :bF !
ceF 2 ï¢«ï¥âáï ª®ä®à¬ë¬ G-¯à¥®¡à §®¢ ¨¥¬ á¨«ì® ¨§®âà®¯ëå ¯®¢¥àå®áâ¥©.

�®ª § â¥«ìáâ¢®. B®á¯®«ì§ã¥¬áï à áá¬®âà¥®© ¯ à ¬¥âà¨§ æ¨¥© á¨«ì® ¨§®âà®¯®© ¯®-
¢¥àå®áâ¨ F 2 «¨ã¢¨««¥¢ë¬¨ ª®®à¤¨ â ¬¨ u1, u2. � ¤¨ãá-¢¥ªâ®à � ¯®¢¥àå®áâ¨ F 2 ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨î (27). �à¨ ª®ä®à¬®¬ G-¯à¥®¡à §®¢ ¨¨ � ¯®«ãç ¥¬ á¨«ì® ¨§®âà®¯ãî ¯®¢¥àå-
®áâì eF 2, ¯ à ¬¥âà¨§®¢ ãî «¨ã¢¨««¥¢ë¬¨ ª®®à¤¨ â ¬¨ u1, u2: à ¤¨ãá-¢¥ªâ®à e� ¯®¢¥àå®áâ¨eF 2 á¢ï§  á F 2 á®â®è¥¨ï¬¨ (29), £¤¥ äãªæ¨¨ A ¨ D ã¤®¢«¥â¢®àïîâ (28). �à¥®¡à §®¢ ¨¥ � -
¯« á  L § ¤ ® ä®à¬ã«®© (32), â®£¤  ª ª eL § ¤ ¥âáï   «®£¨ç®© ä®à¬ã«®©

be� = e�� 1eQ@u1 e�:
�®   «®£¨¨ á (33) ¬®¦¥¬ § ¯¨á âì

@u1be� =
�
1 +

@u1 eQeQ2

�
@u1 e�� 1eQ@u1u1 e�; @u2be� =

�
@u2 eQeQ2

�
ePeQ
�
@u1 e�:

� ¯®¬¨¬, çâ® eP = P D
A
, eQ = QA

D
. �á¯®«ì§ãï íâ¨ ¢ëà ¦¥¨ï ¨ ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (28), (29),

¯®«ãç ¥¬

@u1be� = D

�
1 +

@u1Q

Q2

�
@u1��

D

Q
@u1u1�; @u2be� = (@u2Q� PQ)D �Q@u2D

Q2
@u1�:

� ª®¥æ, ¢®á¯®«ì§®¢ ¢è¨áì ä®à¬ã« ¬¨ (33), ¯®á«¥ àï¤  ¢ëç¨á«¥¨© ¯à¨å®¤¨¬ ª á«¥¤ãîé¨¬
®ª®ç â¥«ìë¬ ¢ëà ¦¥¨ï¬:

@u1be� = D@u1 b�;
@u2be� =

�
D � @u2D

Q

@u2Q� PQ

�
@u2 b�: (34)

� ª á«¥¤áâ¢¨¥, ª á â¥«ìë¥ ¯«®áª®áâ¨ ¯®¢¥àå®áâ¥© bF 2 ¨ ceF 2 ¢ á®®â¢¥âáâ¢ãîé¨å ¯® à ¢¥áâ¢ã
ª®®à¤¨ â â®çª å ¯ à ««¥«ìë, â. ¥. ®â®¡à ¦¥¨¥ eL � � � L�1 ï¢«ï¥âáï G-¯à¥®¡à §®¢ ¨¥¬ ¯®-

¢¥àå®áâ¨ bF ¢ ¯®¢¥àå®áâì ceF 2. �à®¬¥ â®£®, ¨§ (34) á«¥¤ã¥â, çâ® ¨§®âà®¯ë¥ ª®®à¤¨ âë¥ «¨¨¨

u1 = const   bF 2 ¯¥à¥å®¤ïâ ¢ ¨§®âà®¯ë¥ ª®®à¤¨ âë¥ «¨¨¨ u1 = const   ceF 2,   § ç¨â, ®â®-
¡à ¦¥¨¥ eL � � � L�1 ï¢«ï¥âáï ª®ä®à¬ë¬.

7. �¢ã¬¥àë¥ ¨§®âà®¯ë¥ ¯®¢¥àå®áâ¨ ª ª ª ãáâ¨ª¨ âà¥å¬¥àëå
¨§®âà®¯ëå ¯®¢¥àå®áâ¥©

�ãáâì F 2 �Mn | ¨§®âà®¯ ï ¯®¢¥àå®áâì, § ¤  ï à ¤¨ãá-¢¥ªâ®à®¬ x = �(u1; u2) â ª, çâ®
¬¥âà¨ª  F 2 ¨¬¥¥â ¢¨¤ ds2 = g22(du2)2. � áá¬®âà¨¬ ¯®¤¬®£®®¡à §¨¥ N 3 � Mn, ®¡à §®¢ ®¥
¨§®âà®¯ë¬¨ ¯àï¬ë¬¨ ¢ Mn, ª á â¥«ìë¬¨ ª ¨§®âà®¯ë¬ ª®®à¤¨ âë¬ «¨¨ï¬ u2 = const  
F 2. �®¤¬®£®®¡à §¨¥ N 3 § ¤ ¥âáï à ¤¨ãá-¢¥ªâ®à®¬ x = ��(u1; u2; u3) = �(u1; u2) + u3@u1�(u1; u2).
�ëç¨á«¨¬ ¯¥à¢ë¥ ¯à®¨§¢®¤ë¥ ��: @u1�� = @u1�+ u3@u1u1�, @u2�� = @u2�+ u3@u1u2�, @u3�� = @u1�.

�á«¨ @u1u1� ª®««¨¥ à¥ @u1�, â. ¥. ¥á«¨ F 2 ï¢«ï¥âáï ã«ì-«¨¥©ç â®© (á«ãç © A), â® @u1��

ª®««¨¥ à¥ @u3�
�,   § ç¨â, ¯®¤¬®£®®¡à §¨¥ N 3 ¢ëà®¦¤ ¥âáï ¨ ¡ã¤¥â ¯à¥¤áâ ¢«ïâì á®¡®©

¤¢ã¬¥àãî ¯®¢¥àå®áâì | ª ª «¥£ª® ¢¨¤¥âì, ¢ ¤ ®¬ á«ãç ¥ N 3 ¯à®áâ® á®¢¯ ¤ ¥â á F 2.
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�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® @u1�, @u2� ¨ @u1u1� «¨¥©® ¥§ ¢¨á¨¬ë,   @u1u2� § ¢¨á¨â ®â ¨å
¨ ¨¬¥¥â ¬¥áâ® (26), â. ¥. ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® F 2 ï¢«ï¥âáï á¨«ì® ¨§®âà®¯®© (á«ãç © �).
�®£¤  «¥£ª® ¢¨¤¥âì, çâ® ¢¥ªâ®àë @u1�

�, @u2��, @u3�� ¡ã¤ãâ «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¢áî¤ã, §  ¨á-
ª«îç¥¨¥¬ â¥å â®ç¥ª, £¤¥ «¨¡® u3 = 0, «¨¡® 1 + u3Q = 0. � ç¥ £®¢®àï, ¯®¤¬®£®®¡à §¨¥ N 3

¡ã¤¥â à¥£ã«ïàë¬ ¢áî¤ã §  ¨áª«îç¥¨¥¬ â®ç¥ª ¨áå®¤®© ¯®¢¥àå®áâ¨ F 2, £¤¥ u3 = 0, ¨ â®ç¥ª
¯®¢¥àå®áâ¨ bF 2, ¯®«ãç îé¥©áï ¨§ F 2 ¯à¥®¡à §®¢ ¨¥¬ � ¯« á , £¤¥ u3 = �1=Q. � ª¨¬ ®¡à -
§®¬, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ª ãáâ¨ª ¬¨ âà¥å¬¥à®£® ã«ì-«¨¥©ç â®£® ¯®¤¬®£®®¡à §¨ï N 3

ï¢«ïîâáï á¨«ì® ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¨ ¥¥ ¯à¥®¡à §®¢ ¨¥ � ¯« á  bF 2.
� ª®¥æ, ¥á«¨ @u1�, @u2�, @u1u1� ¨ @u1u2� «¨¥©® ¥§ ¢¨á¨¬ë (á«ãç © �), â® @u1�

�, @u2��,
@u3�

� ¡ã¤ãâ «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¢áî¤ã, §  ¨áª«îç¥¨¥¬ â®ç¥ª u3 = 0. � ç¥ £®¢®àï, ¥á«¨
¨§®âà®¯ ï ¯®¢¥àå®áâì F 2 ¥ ï¢«ï¥âáï ¨ á¨«ì® ¨§®âà®¯®©, ¨ ã«ì-«¨¥©ç â®©, â® ª ãáâ¨-
ª®© ¯®¤¬®£®®¡à §¨ï N 3 ¡ã¤¥â ¢ â®ç®áâ¨ á ¬   ç «ì ï ¯®¢¥àå®áâì F 2.

� ª¨¬ ®¡à §®¬, ¢¨¤¨¬, çâ® ¯®¢¥¤¥¨¥ à áá¬ âà¨¢ ¥¬®£® ã«ì-«¨¥©ç â®£® ¯®¤¬®£®®¡à §¨ï
N 3, ¢ ç áâ®áâ¨ | ¥£® à¥£ã«ïà®áâì ¨  «¨ç¨¥ ª ãáâ¨ª, áãé¥áâ¢¥® § ¢¨á¨â ®â â®£®, ª ª ª®¬ã
ª« ááã ¯à¨ ¤«¥¦¨â ¨áå®¤ ï ¨§®âà®¯ ï ¯®¢¥àå®áâì F 2.

8. �à¨¬¥àë ¨§®âà®¯ëå ¯®¢¥àå®áâ¥©

�à¨¬¥à 1. � áá¬®âà¨¬ ¤¢ã¬¥àãî ¯®¢¥àå®áâì ¢à é¥¨ï F 2 ¢ M 4, § ¤ ãî à ¤¨ãá-
¢¥ªâ®à®¬ �(u1; u2) = (u1; f(u1) cos u2; f(u1) sinu2; h(u1)), £¤¥ äãªæ¨¨ f(u1) ¨ h(u1) ã¤®¢«¥â¢®-
àïîâ (f 0)2 + (h0)2 = 1, f 6= 0. �¥£ª® ¯à®¢¥à¨âì, çâ® ¥á«¨ f 00h0 � h00f 0 6= 0, â® à áá¬ âà¨¢ ¥¬ ï
¯®¢¥àå®áâì ¢à é¥¨ï F 2 ¢ M 4 ¡ã¤¥â á¨«ì® ¨§®âà®¯®©.

�à¨¬¥à 2. � áá¬®âà¨¬ ¤¢ã¬¥àãî ¯®¢¥àå®áâì F 2 ¢ M 5, § ¤ ãî à ¤¨ãá-¢¥ªâ®à®¬
�(u1; u2) = (u1; a cos u1; a sinu1; b cos u2; b sinu2), £¤¥ a ¨ b|ª®áâ âë, ã¤®¢«¥â¢®àïîé¨¥ a2+b2=1.
�¥£ª® ã¡¥¤¨âìáï, çâ® ¯à¥¤áâ ¢«¥ ï F 2 ¢ M 5 ï¢«ï¥âáï á¨«ì® ¨§®âà®¯®© ¯®¢¥àå®áâìî.

�à¨¬¥à 3. � áá¬®âà¨¬ ª àâ ®¢ã ¯®¢¥àå®áâì N 2 ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ En�1, n > 4:
¯® ®¯à¥¤¥«¥¨î,   â ª®© ¯®¢¥àå®áâ¨ ¨¬¥¥âáï ®¤®§ ç® ®¯à¥¤¥«¥ ï á¥âì, ®¡à §®¢  ï
á®¯àï¦¥ë¬¨ ®â®á¨â¥«ì® ¢â®àëå äã¤ ¬¥â «ìëå ä®à¬ ªà¨¢ë¬¨ ([9], á. 163). �¢¥¤¥¬  
N 2 á®®â¢¥âáâ¢ãîéãî ¯ à ¬¥âà¨§ æ¨î r(u1; u2) = (f 1(u1; u2); : : : ; fn�1(u1; u2)) | á®¯àï¦¥®áâì
ª®®à¤¨ âëå «¨¨© ®§ ç ¥â, çâ® @u1u2r ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© @u1r ¨ @u2r. �®¯®«¨-
â¥«ì® ¯à¥¤¯®«®¦¨¬, çâ® ª®®à¤¨ âë u1, u2   N 2 ï¢«ïîâáï ¯®«ã£¥®¤¥§¨ç¥áª¨¬¨, â. ¥. ¬¥âà¨ª 
N 2 ¨¬¥¥â ¢¨¤ d�2 = (du1)2 + G(du2)2. � áá¬®âà¨¬ ¯®¢¥àå®áâì F 2 ¢ Mn, § ¤ ãî ¯ à ¬¥âà¨-
ç¥áª¨ ¢ ¢¨¤¥ �(u1; u2) = (u1; f 1(u1; u2); : : : ; fn�1(u1; u2)). �¥£ª® ¯à®¢¥à¨âì, çâ® íâ  ¯®¢¥àå®áâì
¡ã¤¥â ¨§®âà®¯®©. �à¨ íâ®¬ ¥á«¨ ¨áå®¤ ï ¯®¢¥àå®áâì N 2 ¥ ï¢«ï¥âáï «¨¥©ç â®©, â® F 2 ¡ã¤¥â
á¨«ì® ¨§®âà®¯®©.

�à¨¬¥à 4. � áá¬®âà¨¬ ¤¢ã¬¥àãî ¯®¢¥àå®áâì ¢à é¥¨ï F 2 ¢ M 5, § ¤ ãî à ¤¨ãá-
¢¥ªâ®à®¬

� = (u1; f(u1) cos u2; f(u1) sinu2; h(u1) cos u2; h(u1) sinu2);

£¤¥ f(u1) ¨ h(u1) | äãªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ (f 0)2+(h0)2 = 1. �¥£ª® ¯à®¢¥à¨âì, çâ® ãª §  ï
¯®¢¥àå®áâì F 2 ¢ M 5 ï¢«ï¥âáï ¨§®âà®¯®©. �à¨ íâ®¬ ¥á«¨ ((f 00)2 + (h00)2)(fh0 � hf 0) ¥ ®¡à é -
¥âáï ¢ ã«ì, â® F 2 ¯à¨ ¤«¥¦¨â ª« ááã B, â. ¥. ¥ ï¢«ï¥âáï ¨ ã«ì-«¨¥©ç â®©, ¨ á¨«ì®
¨§®âà®¯®©.

�à¨¬¥à 5. �«ï ¯®«®âë ¨§«®¦¥¨ï ¯à¨¢¥¤¥¬ ¯à¨¬¥à ¥âà¨¢¨ «ì®© ª®ä®à¬®© G-¤¥-
ä®à¬ æ¨¨ ã«ì-«¨¥©ç â®© ¯®¢¥àå®áâ¨. � ä¨ªá¨àã¥¬ ¨§®âà®¯ë© ¢¥ªâ®à � = (1; 1; 0; : : : ; 0) ¨
à áá¬®âà¨¬ à¥£ã«ïàãî ªà¨¢ãî  á à ¤¨ãá-¢¥ªâ®à®¬ �(t) = (0; 0; �2(t); : : : ; �n�1(t)) ¢ n� 2-¬¥à-
®¬ ¯®¤¯à®áâà áâ¢¥ x0 = 0, x1 = 0. �®áâà®¨¬ æ¨«¨¤à¨ç¥áªãî ¯®¢¥àå®áâì F 2 ¢ Mn á à ¤¨ãá-
¢¥ªâ®à®¬ �(u1; u2) = �u1+ �(u2). �à¨¢ ï  ï¢«ï¥âáï  ¯à ¢«ïîé¥© æ¨«¨¤à  F 2,   ®¡à §ãîé¨¥
F 2  ¯à ¢«¥ë ¢¤®«ì ¢¥ªâ®à  �. � á â¥«ì ï ¯«®áª®áâì æ¨«¨¤à  F 2  âïãâ    ¨§®âà®¯ë©
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¢¥ªâ®à � ¨ ¥¨§®âà®¯ë© ¢¥ªâ®à �0, ª á â¥«ìë© ª . �¨«¨¤à F 2 ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à¨¬¥à
ã«ì-«¨¥©ç â®© ¨§®âà®¯®© ¯®¢¥àå®áâ¨ (á¬. ¯. 5.1).

�â®¡ë ¯®áâà®¨âì ¥âà¨¢¨ «ìãî ª®ä®à¬ãî G-¤¥ä®à¬ æ¨î æ¨«¨¤à  F 2, ¢®§ì¬¥¬ ¢ ¯®¤-
¯à®áâà áâ¢¥ x0 = 0, x1 = 0 ¥¯à¥àë¢®¥ á¥¬¥©áâ¢® ¥ª®£àã¥âëå ¨ ¥£®¬®â¥â¨çëå ªà¨¢ëåe", ã¤®¢«¥â¢®àïîé¨å á«¥¤ãîé¥¬ã âà¥¡®¢ ¨î: ¯à¨ ª ¦¤®¬ " ¬¥¦¤ã ªà¨¢ë¬¨ e" ¨ e0 =  ¬®¦-
® ãáâ ®¢¨âì á®®â¢¥âáâ¢¨¥ ¯® ¯ à ««¥«ì®áâ¨ ª á â¥«ìëå ¯àï¬ëå. � áá¬®âà¨¬ æ¨«¨¤àë eF"
á ®¡à §ãîé¨¬¨,  ¯à ¢«¥ë¬¨ ¢¤®«ì ¢¥ªâ®à  �, ¨ á  ¯à ¢«ïîé¨¬¨ ªà¨¢ë¬¨ e". �¯®¬ïãâ®¥
¢ëè¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ªà¨¢ë¬¨ e" ¨  ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¯®à®¦¤ ¥â á®®â¢¥âáâ¢¨¥ ¬¥¦¤ãeF" ¨ eF0 = F , ¯à¨ ª®â®à®¬ ¨§®âà®¯ë¥ ®¡à §ãîé¨¥ eF" ¯¥à¥å®¤ïâ ¢ ¨§®âà®¯ë¥ ®¡à §ãîé¨¥ F ,
  ª á â¥«ìë¥ ¯«®áª®áâ¨ ª eF" ¨ F ¯ à ««¥«ìë. � ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ ï ¤¥ä®à¬ æ¨ïe" ªà¨¢®©  ¯®à®¦¤ ¥â ª®ä®à¬ãî G-¤¥ä®à¬ æ¨î eF" æ¨«¨¤à  F . � ¬¥â¨¬, çâ® á   «¨â¨-
ç¥áª®© â®çª¨ §à¥¨ï ®¯¨á  ï ¤¥ä®à¬ æ¨ï á®®â¢¥âáâ¢ã¥â à¥è¥¨î A = 1, C = 0, D = D(u2)
ãà ¢¥¨ï (25).
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