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1. �¢¥¤¥¨¥

� ª ç¥áâ¢¥®© â¥®à¨¨ ®¯â¨¬¨§ æ¨¨ ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬ á à §àë¢ë¬¨ âà ¥ªâ®à¨ï¬¨ ¨
¨¬¯ã«ìáë¬¨ ã¯à ¢«¥¨ï¬¨ ¤®áâ¨£ãâ § ¬¥âë© ¯à®£à¥áá: ¯®«ãç¥ë ¢ à¨ æ¨®ë© ¯à¨æ¨¯
¬ ªá¨¬ã¬  ¨ ®¡®¡é¥ë¥ ãá«®¢¨ï áâ æ¨® à®áâ¨ ¤«ï ¨¬¯ã«ìáëå ¯à®æ¥áá®¢ á âà ¥ªâ®à¨ï¬¨
¥®£à ¨ç¥®© ¢ à¨ æ¨¨ [1], [2], à §«¨çë¥ ¢ à¨ âë ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ¨¬¯ã«ìáëå
¯à®æ¥áá®¢ á âà ¥ªâ®à¨ï¬¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨ [3]{[5]. � â® ¦¥ ¢à¥¬ï  ¬¥â¨«áï ®¯à¥¤¥«¥-
ë© ®âàë¢ ª ç¥áâ¢¥®© â¥®à¨¨ ®â ª®áâàãªâ¨¢ëå ç¨á«¥ëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç ¥«¨-
¥©®£® ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï. �ã¡«¨ª æ¨¨ ¢ íâ®© ®¡« áâ¨ ¥¤¨¨çë [6], [7], ®áïâ ç áâë©
å à ªâ¥à ¨ á« ¡® á¢ï§ ë á ãá«®¢¨ï¬¨ ®¯â¨¬ «ì®áâ¨ ¨¬¯ã«ìáëå ¯à®æ¥áá®¢ â®£® ¨«¨ ¨®-
£® ª« áá  (¤«ï ¯à®æ¥áá®¢ á âà ¥ªâ®à¨ï¬¨ ®£à ¨ç¥®© ¢ à¨ æ¨¨  ¢â®à ¬ ¢®®¡é¥ ¥¨§¢¥áâë
ª ª¨¥-«¨¡® à ¡®âë ¯® ç¨á«¥ë¬ ¬¥â®¤ ¬).

� ¤ ®© áâ âì¥ ¯à¥¤« £ îâáï ¬¥â®¤ë à¥è¥¨ï ¥«¨¥©ëå § ¤ ç ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï
á âà ¥ªâ®à¨ï¬¨ ¥®£à ¨ç¥®© ¢ à¨ æ¨¨ (ª« áá  L1), ª®â®àë¥ ¡ §¨àãîâáï   ¢ à¨ æ¨®®¬
¯à¨æ¨¯¥ ¬ ªá¨¬ã¬  ¨ ®¡®¡é¥®¬ ãá«®¢¨¨ áâ æ¨® à®áâ¨ [1], [5]. �¥å¨ª , à §¢¨â ï ¢ [1],
¯®§¢®«ï¥â ¯à¥¤«®¦¨âì ç¨á«¥ë¥ ¬¥â®¤ë, ª®áâàãªæ¨¨ ª®â®àëå ¨¬¥îâ ¥áâ¥áâ¢¥ë© ¨ ª®¬-
¯ ªâë© ¢¨¤. �«ï ¯®áâà®¥¨ï ¬¥â®¤®¢ £à ¤¨¥â®£® â¨¯  ®  ¡ë«  ¯à¨¬¥¥  ¢ [8] ¢ á«ãç ¥
¬¥¥¥ ®¡é¥© § ¤ ç¨, ¥¦¥«¨ à áá¬ âà¨¢ ¥¬ ï ¨¦¥.

2. �®áâ ®¢ª  § ¤ ç¨

�ãáâì T = [t0; t1] | ä¨ªá¨à®¢ ë© ®âà¥§®ª ¢à¥¬¥¨, W | ª« áá m-¬¥àëå ¨§¬¥à¨¬ëå
®£à ¨ç¥ëå ¢¥ªâ®à-äãªæ¨©, ¯®áâ®ïëå ¯à¨ t < t0 ¨ t > t1, D | ®¯¥à â®à ®¡®¡é¥®£®
¤¨ää¥à¥æ¨à®¢ ¨ï.

�ã¤¥¬ à áá¬ âà¨¢ âì § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, á®¤¥à¦ éãî â ª  §ë¢ ¥¬ë¥ ®£à -
¨ç¥¨ï   â¥ªãé¨¥ § ç¥¨ï ¨¬¯ã«ìá ,

J(w) = l(x(t1+); w(t1+))! inf; (1)

Dx = f(t; x; w) +G(t; x; w)Dw; (2)

x(t0�) = x0; w(t0�) = w0; (3)

w(t) 2W: (4)

�¤¥áì l(x;w) | áª «ïà ï äãªæ¨ï, x(t) 2 Rn, x(t�) | ®¤®áâ®à®¨¥ ¯à¥¤¥«ë äãªæ¨¨ x ¢
â®çª¥ t, ãà ¢¥¨¥ (2) âà ªâã¥âáï ¢ á¬ëá«¥ à á¯à¥¤¥«¥¨© [2], W � Rm | § ¤ ®¥ ¬®¦¥áâ¢®,
ã¯à ¢«¥¨¥ w 2 W.

�à¥¤¯®« £ îâáï ¢ë¯®«¥ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï:

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 01-01-00869.
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1) äãªæ¨ï l(x;w) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ;
2) ¢¥ªâ®à-äãªæ¨ï f(t; x; w) ¨ ¥¥ ¯à®¨§¢®¤ë¥ ¯® x ¨ w ¥¯à¥àë¢ë;
3) ¬ âà¨ç ï äãªæ¨ï G(t; x; w) ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ;
4) ¢ë¯®«¥® ãá«®¢¨¥ �à®¡¥¨ãá  ¤«ï ¬ âà¨æë G ¯® ¯¥à¥¬¥ë¬ (x;w)

Gix(t; x; w)Gj(t; x; w) +Giwj
(t; x; w) = Gjx(t; x; w)Gi(t; x; w) +Gjwi

(t; x; w); i; j = 1; 2; : : : ;m;

£¤¥ G1; : : : ; Gm | áâ®«¡æë ¬ âà¨æë G,   â ª¦¥ ã¤®¢«¥â¢®àï¥âáï ãá«®¢¨¥ à®áâ  jG(t; x; w)j �
c(1 + jxj+ jwj) ¯à¨ ¥ª®â®à®¬ c > 0.

� ¬¥â¨¬, çâ® ¯à¥¤¯®«®¦¥¨¥ 4) ¥®¡å®¤¨¬® ¤«ï ¢®§¬®¦®áâ¨ ª®àà¥ªâ®£® ®¯à¥¤¥«¥¨ï à¥-
è¥¨ï ãà ¢¥¨ï ¢ à á¯à¥¤¥«¥¨ïå (2) [2]. �â® ãà ¢¥¨¥ ï¢«ï¥âáï à áè¨à¥¨¥¬ ®¡ëç®© á¨-
áâ¥¬ë ãà ¢¥¨©

_x = f(t; x; w) +G(t; x; w)u; _w = u (5)

á ã¯à ¢«¥¨¥¬ u(�) ª« áá  L1 ¨ «¨¯è¨æ¥¢ë¬¨ âà ¥ªâ®à¨ï¬¨. �à¨ íâ®¬ äãªæ¨¨ x(�), w(�), á¢ï-
§ ë¥ ãà ¢¥¨¥¬ ¢ à á¯à¥¤¥«¥¨ïå (2), ï¢«ïîâáï ¯à¥¤¥«®¬ ¯®çâ¨ ¢áî¤ã áå®¤ïé¥©áï ¯®á«¥-
¤®¢ â¥«ì®áâ¨ âà ¥ªâ®à¨© á¨áâ¥¬ë (5), à ¢®¬¥à® ®£à ¨ç¥®© ¢ C ¨ ®¡« ¤ îé¥© á¢®©áâ¢®¬
un ! Dw ¢ á¬ëá«¥ ®¡®¡é¥ëå äãªæ¨© [4], [5]. �®íâ®¬ã ¯à¨ ¢ë¯ãª«®¬ ¬®¦¥áâ¢¥ W ¯¥à¥å®¤
®â á¨áâ¥¬ë (5) ª ãà ¢¥¨î (2) ¥ ¢¥¤¥â ª ã¬¥ìè¥¨î ¨ä¨¬ã¬  äãªæ¨® «  J (íâ® ¢¥à®
«¨èì ¤«ï à áá¬ âà¨¢ ¥¬®© ¡ §®¢®© § ¤ ç¨ á® á¢®¡®¤ë¬ ¯à ¢ë¬ ª®æ®¬). � § ¤ ç¥ (1){(4) ã¯à -
¢«¥¨¥¬ ¡ã¤¥¬ áç¨â âì äãªæ¨¨ w 2 W á® § ç¥¨ï¬¨ ¢ W , ª®â®àë¥ ¯®à®¦¤ îâ ¨¬¯ã«ìáë¥
¢®§¤¥©áâ¢¨ï ¢¨¤  u = Dw.

3. �¢¥¤¥¨¥ § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ª ®¡ëç®©

� ®á®¢¥ ¯à¥¤« £ ¥¬ëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï (1){(4) «¥¦¨â ¢®§-
¬®¦®áâì ¯à¥®¡à §®¢ ¨ï ¥¥ ª ª« áá¨ç¥áª®© § ¤ ç¥ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï, ª ª®â®à®© ¯à¨-
¬¥¨¬ë ¨§¢¥áâë¥ ¬¥â®¤ë, á ¯®á«¥¤ãîé¨¬ ¯à¥¤áâ ¢«¥¨¥¬ íâ¨å ¬¥â®¤®¢ ¥¯®áà¥¤áâ¢¥® ¢
â¥à¬¨ å à áá¬ âà¨¢ ¥¬®© § ¤ ç¨.

�¢¥¤¥¨¥ § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ª ®¡ëç®© § ¤ ¥âáï § ¬¥®© ä §®¢ëå ª®®à¤¨ â
¯® ä®à¬ã«¥ [1], [2], [5]

y(t) = �(t; x(t); w0; w(t)); (6)

£¤¥ äãªæ¨ï �(t; y; w;w0) | à¥è¥¨¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®© (¢ á¨«ã ¯à¥¤¯®«®¦¥¨ï 4)) á¨áâ¥¬ë
¢ ç áâëå ¯à®¨§¢®¤ëå

@�

@w
= G(t; �; w); �jw=w0

= y; (7)

  x(�) | âà ¥ªâ®à¨ï ãà ¢¥¨ï (2), á®®â¢¥âáâ¢ãîé ï ¤®¯ãáâ¨¬®¬ã ã¯à ¢«¥¨î w(�) 2 W. �á«¨
¤«ï ª ¦¤®£® â ª®£® ã¯à ¢«¥¨ï ¯®«®¦¨âì h = w(t1+), â® ¯à¥®¡à §®¢ ¨¥¬ (6) § ¤ ç  (1){(4)
à¥¤ãæ¨àã¥âáï ª á«¥¤ãîé¥©:

I(w; h) = L(y(t1); h)! inf; (8)

_y = g(t; y; w); y(t0) = x0; (9)

w(t) 2W; h 2W: (10)

�¤¥áì L(y; h) = l(�(t1; y; h; w0); h), g(t; y; w) = �t(t; x; w0; w) + �x(t; x; w0; w)f(t; x; w)jx=�(t;y;w;w0);
w | ¨§¬¥à¨¬®¥ ®£à ¨ç¥®¥ ã¯à ¢«¥¨¥, h | ®¯â¨¬¨§¨àã¥¬ë© ¯ à ¬¥âà, y | «¨¯è¨æ¥¢ ï
âà ¥ªâ®à¨ï, á¢ï§  ï á á®®â¢¥âáâ¢ãîé¥© âà ¥ªâ®à¨¥© ãà ¢¥¨ï (2) ä®à¬ã«®© ®¡à é¥¨ï ¤«ï
(6)

x(t) = �(t; y(t); w(t); w0); t 2 (t0; t1);

x(t0�) = x0; x(t1+) = �(t1; y(t1); h; w0):
(11)
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�¥à¥å®¤ ®â ¨áå®¤®© § ¤ ç¨ (1){(4) ª à¥¤ãæ¨à®¢ ®© (8){(10) ¢ ¯à¨æ¨¯¥ ¬®¦® ¨á¯®«ì§®-
¢ âì ¤«ï   «¨§  ¢á¥¢®§¬®¦ëå á¢®©áâ¢ § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ¨, ¢ ç áâ®áâ¨, ¤«ï
¥¥ ¥¯®áà¥¤áâ¢¥®£® à¥è¥¨ï. �¤ ª® ¬ë ¡ã¤¥¬ ¨áå®¤¨âì ¨§ ¯à¥¤¯®«®¦¥¨ï, çâ® ¯à ªâ¨ç¥áª¨
à¥è¨âì ¢   «¨â¨ç¥áª®¬ ¢¨¤¥ á¨áâ¥¬ã (7) ¥¢®§¬®¦®, â ª çâ® ®¯¨á  ï à¥¤ãªæ¨ï «¨èì â¥®-
à¥â¨ç¥áª¨ ¢®§¬®¦ ,   ª®áâàãªâ¨¢ë¥ à¥§ã«ìâ âë ¤«ï ¨áå®¤®© § ¤ ç¨ ¤®«¦ë ¯®«ãç âìáï
à áè¨äà®¢ª®© á®®â¢¥âáâ¢ãîé¨å   «®£®¢ ¤«ï § ¤ ç¨ (8){(10).

4. �á®¢ ï ä®à¬ã«  ¯à¨à é¥¨ï äãªæ¨® « 

¨ ¢ à¨ æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬ 

�¢¥¤¥¬ á®¯àï¦¥ë¥ ¯¥à¥¬¥ë¥  ,  w, ®â¢¥ç îé¨¥ ¯¥à¥¬¥ë¬ x, w á®®â¢¥âáâ¢¥®,  
â ª¦¥ á®¯àï¦¥ãî á¨áâ¥¬ã ¢ à á¯à¥¤¥«¥¨ïå ¤«ï ¨áå®¤®© § ¤ ç¨

D = �Hx(t; x; w;  ;Dw); D w = �Hw(t; x; w;  ;Dw);

 (t1+) = �lx(x(t1+); w(t1+));  w(t1+) = �lw(x(t1+); w(t1+)):
(12)

�¤¥áì H(t; x; w;  ; u) = h ; f(t; x; w) +G(t; x; w)ui | äãªæ¨ï �®âàï£¨  ¨áå®¤®© § ¤ ç¨.
�ãáâì w(�) | ¥ª®â®à®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥, x(�) | á®®â¢¥âáâ¢ãîé ï âà ¥ªâ®à¨ï ãà ¢-

¥¨ï (2),  (�),  w(�) | à¥è¥¨¥ á¨áâ¥¬ë (12) ¨ !(�) | ¤àã£®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ ¢ ¨áå®¤®©
§ ¤ ç¥. �«ï � 2 [0; 1] ¯®«®¦¨¬

w!(t; �) = w(t) + �(!(t)�w(t)); t 2 T;

¨ ¢¢¥¤¥¬ â ª  §ë¢ ¥¬ë¥ ¯à¥¤¥«ìë¥ ¤¨ää¥à¥æ¨ «ìë¥ á¨áâ¥¬ë ¤«ï ãà ¢¥¨© (2), (12) ¢¤®«ì
¨¬¯ã«ìá®£® ¯à®æ¥áá  (x(�); w(�))

z0(�) = G(t; z(�);w!(t; �))(!(t) � w(t)); q0(�) = �Hxu(t; z(�);w!(t; �); q(�))(!(t) � w(t));

z(0) = x(t); q(0) =  (t); (13)

£¤¥ èâà¨å ®§ ç ¥â ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® � .
� ä®à¬ã«ã ¯à¨à é¥¨ï äãªæ¨® «  J ¢®©¤¥â ¥ª®â®à ï äãªæ¨ï ®â ! ¨ à¥è¥¨© z(�), q(�)

á¨áâ¥¬ë (13),   â®ç¥¥ | § ¢¨áïé¨© ®â t 2 T , ª ª ¯ à ¬¥âà , äãªæ¨® «. �â®¡ë ®¯à¥¤¥«¨âì
¥£®, ¯®«®¦¨¬

P (t; x; w;  ) = Hw(t; x; w;  ) �
d

dt
Hu(t; x; w;  ); (14)

£¤¥ ¯®« ï ¯à®¨§¢®¤ ï ¯® t ¢ëç¨á«ï¥âáï ¯® ®¡ëç®¬ã ¯à ¢¨«ã ¢ á¨«ã ãà ¢¥¨© (2), (12) ¨
á¢ï§¨ _w = u (®â ¢¥ªâ®à  u íâ  ¯à®¨§¢®¤ ï ¥ ¡ã¤¥â § ¢¨á¥âì ¨§-§  ¯à¥¤¯®«®¦¥¨ï 4)). �ãáâì

P(!(t); w(t); t) =
D Z 1

0
P (t; z(�);w!(t; �); q(�))d�; !(t) �w(t)

E
; (15)

£¤¥ z(�), q(�) | § ¢¨áïé¨¥ ®â !(t) à¥è¥¨ï á¨áâ¥¬ë (13).
�«ï ¯®áâà®¥¨ï ¬¥â®¤®¢ ¢ ¦®© ï¢«ï¥âáï

�¥®à¥¬  1. �à¨à é¥¨¥ äãªæ¨® «  J(w) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥

�!J(w) := J(!)� J(w) = �

Z
T
P(!(t); w(t); t)dt �

� hHu(t1; x(t1+); w(t1+);  (t1+)) +  w(t1+); !(t1+)� w(t1+)i+

+ o(k! � wk1 + j!(t1+)� w(t1+)j); (16)

£¤¥ ¨â¥£à â P ®¯à¥¤¥«¥ à ¢¥áâ¢®¬ (15),   á¨¬¢®« k�k1 ®§ ç ¥â ®à¬ã ¢ ¯à®áâà áâ¢¥ L1.
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�®ª § â¥«ìáâ¢®. � à¥¤ãæ¨à®¢ ®© § ¤ ç¥ (8){(10) á¯à ¢¥¤«¨¢® ¨§¢¥áâ®¥ à §«®¦¥¨¥
äãªæ¨® « 

�!;I(w; h) := I(!; )� I(w; h) =

= �

Z
T

�!H(t; y(t); p(t); w(t))dt + hLh(y(t1); h);  � hi+ o(k! � wk1 + j � hj): (17)

�¤¥áì H(t; y; p; w) = hp; g(t; y; w)i | äãªæ¨ï �®âàï£¨  § ¤ ç¨ (8){(10), �!H | ¥¥ ç áâ®¥
¯à¨à é¥¨¥ ¯® ã¯à ¢«¥¨î, y(�) | âà ¥ªâ®à¨ï § ¤ ç¨ (8){(10), á®®â¢¥âáâ¢ãîé ï ä¨ªá¨à®¢ -
®¬ã ã¯à ¢«¥¨î w 2 L1(T;W ), p(�) | à¥è¥¨¥ á®¯àï¦¥®© á¨áâ¥¬ë à¥¤ãæ¨à®¢ ®© § ¤ ç¨,
â. ¥.

_p = �Hy(t; y; p; w); p(t1) = �Ly(y(t1); h);

 = !(t1+), h = w(t1+) | áà ¢¨¢ ¥¬ë¥ § ç¥¨ï ¯ à ¬¥âà®¢.
�á¯®«ì§ãï ¯®¤å®¤ïéãî ¬®¤¨ä¨ª æ¨î à ááã¦¤¥¨© ¨§ ([1], «¥¬¬ë 3, 5), ¥âàã¤® ã¡¥¤¨âìáï,

çâ®
�!H(t; y(t); p(t); w(t)) = P(!(t); w(t); t);

â ª çâ® ¨â¥£à âë ¢ (16) ¨ (17) á®¢¯ ¤ îâ. � ¢¥áâ¢® ¢â®àëå á« £ ¥¬ëå ¢ íâ¨å à §«®¦¥¨-
ïå á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï äãªæ¨¨ L, à ¢¥áâ¢ (11) ¨ ãá«®¢¨© âà á¢¥àá «ì®áâ¨ (á¬. (12)).
�®áª®«ìªã äãªæ¨® «ë J ¨ I   á®®â¢¥âáâ¢ãîé¨å ¯à®æ¥áá å á®¢¯ ¤ îâ, â® â®¦¤¥áâ¢¥®áâì
à §«®¦¥¨© (16), (17) ãáâ ®¢«¥ .

�§ à §«®¦¥¨ï (17) á ãç¥â®¬ ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  ã¯à ¢«¥¨ï ! 2 L1(T;W ) ¢ëâ¥ª ¥â
á«¥¤ãîé¥¥ ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì®áâ¨ ¤«ï § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï { ¢ à¨ -
æ¨®ë© ¯à¨æ¨¯ ¬ ªá¨¬ã¬  (���) ¢ ¨â¥£à «ì®© ä®à¬¥.

�«¥¤áâ¢¨¥ (���). �á«¨ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ w(t) ®¯â¨¬ «ì®, â® ¢ë¯®«ï¥âáï ¥à -
¢¥áâ¢®

�!J(w) := �

Z
T

P(!(t); w(t); t)dt � 0 8! 2 L1(T;W ): (18)

�à®¬¥ â®£®, ¥á«¨ ¯à¥¤¥« w(t1�) áãé¥áâ¢ã¥â, â® ®¯â¨¬ «ì®¥ § ç¥¨¥ h = w(t1+) ï¢«ï¥âáï
à¥è¥¨¥¬ íªáâà¥¬ «ì®© § ¤ ç¨

l(z(1); h) ! min; z0 = G(t1; z; w(t1�) + �(h� w(t1�)))(h � w(t1�));

z(0) = x(t1�); h 2W:
(19)

� ¬¥â¨¬, çâ® íªáâà¥¬ «ì®¥ ãá«®¢¨¥ (19), å à ªâ¥à¨§ãîé¥¥ ®¯â¨¬ «ì®áâì â¥à¬¨ «ì®£®
¨¬¯ã«ìá , á«¥¤ã¥â ¨§ â®£®, çâ® ¯ à ¬¥âà h ¢å®¤¨â «¨èì ¢ äãªæ¨® « § ¤ ç¨ (8){(10),   ¬®-
¦¥áâ¢® ¢á¥å ä §®¢ëå â®ç¥ª, ¢ ª®â®àë¥ ¬®¦® ¯®¯ áâì ¨§ ¯®«®¦¥¨ï x(t1�) §  áç¥â ¨¬¯ã«ìá 
ã¯à ¢«¥¨ï ¢ ¬®¬¥â t = t1, á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬ § ç¥¨© z(1) âà ¥ªâ®à¨© á¨áâ¥¬ë (19).
�à¨ ¢ë¯ãª«®¬ ¬®¦¥áâ¢¥ W ãá«®¢¨¥ (19) ¬®¦¥â ¡ëâì «®ª «¨§®¢ ®, â.¥. ®á« ¡«¥® §  áç¥â
à áá¬®âà¥¨ï § ç¥¨© h, ¡«¨§ª¨å ª w(t1�). �®ïâ®, çâ® ãá«®¢¨¥ (18) ï¢«ï¥âáï íª¢¨¢ «¥â®¬
¯à¨æ¨¯  ¬ ªá¨¬ã¬  �®âàï£¨  ¤«ï à¥¤ãæ¨à®¢ ®© § ¤ ç¨ (8){(10).

5. �å¥¬  ã«ãçè¥¨ï ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï

�§ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ (18) á«¥¤ã¥â, çâ® ¯à®¢¥àª  ��� ¤«ï ã¯à ¢«¥¨ï w(�) á¢®¤¨âáï ª
à¥è¥¨î § ¤ ç¨

�!J(w)! min; ! 2 L1(T;W ): (20)

�®áª®«ìªã ¢ ¥© ¤®¯ãáâ¨¬ë¥ äãªæ¨¨ !(�) à §àë¢ë, â® íâ  ¨â¥£à «ì ï § ¤ ç  à ¢®á¨«ì 
¯®â®ç¥ç®© ¬ ªá¨¬¨§ æ¨¨ äãªæ¨¨ ! ! P(!;w(t); t) ¯à¨ t 2 T ¨ ! 2 W . �®à¬ «ì® á¨âã æ¨ï
¢ë£«ï¤¨â   «®£¨ç® ¨¬¥îé¥©áï ¢ ¬¥â®¤ å, ®á®¢ ëå   ¯à¨æ¨¯¥ ¬ ªá¨¬ã¬  �®âàï£¨ 

35



[9]{[11] ¢ ®¡ëçëå § ¤ ç å ã¯à ¢«¥¨ï, ¨ «î¡ ï ¨§ ¢¥àá¨© íâ¨å ¬¥â®¤®¢ ¯®à®¦¤ ¥â á®®â¢¥âáâ¢ã-
îé¨©   «®£ ¤«ï à¥è¥¨ï § ¤ ç¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï. �¤ ª® ®â«¨ç¨â¥«ì®© ®á®¡¥®-
áâìî à áá¬ âà¨¢ ¥¬®© á¨âã æ¨¨ ï¢«ï¥âáï, ª ª á«¥¤ã¥â ¨§ (15), ¥ï¢ ï § ¢¨á¨¬®áâì äãªæ¨¨
P ®â ! (  «®£¨ç® ®¡áâ®¨â ¤¥«® ¨ ¢® ¢á¯®¬®£ â¥«ì®© â¥à¬¨ «ì®© § ¤ ç¥ (19)). �§ (13),
(15) ¢¨¤®, çâ® ¯à¨ ä¨ªá¨à®¢ ®¬ t 2 T ¬ ªá¨¬¨§ æ¨ï äãªæ¨¨ P ¯® ! 2 W ¯à¥¤áâ ¢«ï¥â
á®¡®© § ¤ çã ®¯â¨¬¨§ æ¨¨ ¯ à ¬¥âà  ¢ £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥ (13). �«¥¤®¢ â¥«ì®, ã¦® à á-
¯®« £ âì ¤®áâ â®ç® íää¥ªâ¨¢ë¬ ¬¥â®¤®¬ à¥è¥¨ï ¢á¯®¬®£ â¥«ì®© § ¤ ç¨ ¤ ®£® ª« áá .
�¥â®¤ë £à ¤¨¥â®£® â¨¯ , ®¡áã¦¤ ¥¬ë¥ ¢ á«¥¤ãîé¥¬ ¯ãªâ¥, ¤ îâ ®¤¨ ¨§ ¯®¤å®¤®¢ ª à¥è¥-
¨î ¢á¯®¬®£ â¥«ì®© § ¤ ç¨. �¥®¡å®¤¨¬® § ¬¥â¨âì, çâ® á¨âã æ¨ï § ç¨â¥«ì® ã¯à®é ¥âáï ¢ â¥å
¯à¨«®¦¥¨ïå, ¢ ª®â®àëå ¯à¥¤¥«ìë¥ á¨áâ¥¬ë (13) ¬®£ãâ ¡ëâì ¯à®¨â¥£à¨à®¢ ë   «¨â¨ç¥áª¨.

�®¯ãáâ¨¬ â¥¯¥àì, çâ® à¥è¥¨¥ !(�) § ¤ ç¨ (20) ¨§¢¥áâ®, ¨ à áá¬®âà¨¬ ¢®§¬®¦ãî áå¥¬ã
ã«ãçè¥¨ï ã¯à ¢«¥¨ï w(�), ¨á¯®«ì§ãîéãî,  ¯à¨¬¥à, ®¯â¨¬ «ì®¥ ¨£®«ìç â®¥ ¢ àì¨à®¢ ¨¥
[9]. � ¬¥â¨¬, çâ® ¯ à ««¥«ì® ¤®«¦  à¥è âìáï ¨ â¥à¬¨ «ì ï § ¤ ç  (19) ã«ãçè¥¨ï ¯ à -
¬¥âà  h.

�¨ªá¨àã¥¬ ¯ à ¬¥âà � 2 [0; 1], ®¡à §ã¥¬ ¬®¦¥áâ¢® ¢ àì¨à®¢ ¨ï T�, mesT� = �(t1 � t0) ¨
à áá¬®âà¨¬ ¯à®¢ àì¨à®¢ ®¥ ã¯à ¢«¥¨¥

w�(t) = w(t) + ��(t)(!(t)�w(t)); (21)

£¤¥ ��(t) = �T�(t) { å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®¦¥áâ¢  T� (â. ¥. ��(t) = 1 ¯à¨ t 2 T� ¨
à ¢  ã«î ¢ ¯à®â¨¢®¬ á«ãç ¥). �®¦¥áâ¢® T� ¢ë¡¥à¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì m(t) =
P(!(t); w(t); t) � 0 | ¥¢ï§ª  ¢ë¯®«¥¨ï ���. �á«¨ vrai supm(t) > 0 (â. ¥. ãá«®¢¨¥ (18) ¥
¢ë¯®«¥®), â® ¯®«®¦¨¬ T� = ft 2 T : m(t) � �g, £¤¥ ç¨á«® � = �(�) ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ïR
T

��(t)dt = �(t1 � t0). � «¥¥ ¯ à ¬¥âà ¢ àì¨à®¢ ¨ï �  å®¤¨âáï ¨§ ãá«®¢¨ï ã¬¥ìè¥¨ï æ¥«¥-

¢®£® äãªæ¨® «  J(w�) < J(w). �à¨  àãè¥¨¨ ªà¨â¥à¨ï ®¯â¨¬ «ì®áâ¨ (18) â ª®© ¢ë¡®à �
¢á¥£¤  ¢®§¬®¦¥, çâ® á«¥¤ã¥â ¨§ à §«®¦¥¨ï (16).

�®¥ç®, ¬®¦® ¨á¯®«ì§®¢ âì ¨ ¤àã£¨¥ ¨§¢¥áâë¥ ¯à®æ¥¤ãàë ¨£®«ìç â®£® ¢ àì¨à®¢ ¨ï
ã¯à ¢«¥¨ï, ¡®«¥¥ ¯à®áâë¥ ¢ à¥ «¨§ æ¨¨. �á¥ ®¨ ¯®à®¦¤ îâ, ¢®®¡é¥ £®¢®àï, à §àë¢ë¥ ã¯à -
¢«¥¨ï â¨¯  (21),   § ç¨â, ¨¬¯ã«ìáë ¢ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (2) ¨ à §àë¢ë á®®â¢¥âáâ¢ãîé¥©
âà ¥ªâ®à¨¨.

�«ï ¨««îáâà æ¨¨ à ¡®âë á ��� ¯à¨¢¥¤¥¬

�à¨¬¥à 1. � ®¡ëç®© ¯®áâ ®¢ª¥ ® á®¤¥à¦¨â ¬¥¤«¥ë¥ ä §®¢ë¥ ¯¥à¥¬¥ë¥ (x) ¨ ¡ë-
áâàë¥ (y):

_x = '(x; y); _y = f(x; y) + u; x(0) = x0; y(0) = y0;

jyj � 1; J =
Z 1

0

[d(x; y) + hc(y); ui]dt ! inf :

�¤¥áì x 2 Rn1 , y 2 Rn2 , u(�) 2 L1 | ã¯à ¢«¥¨¥, ', f , d, c | ¨§¢¥áâë¥ äãªæ¨¨ á®®â¢¥âáâ¢ãî-
é¨å à §¬¥à®áâ¥©.

�¥à¥©¤¥¬ ¢ íâ®© ¬®¤¥«¨ ª ¨¬¯ã«ìá®© ¯®áâ ®¢ª¥, ¯®«®¦¨¢ w = y, u = Dw � f(x;w). �®£¤ 
¯®«ãç¨¬ § ¤ çã ¢ ä®à¬¥ (1){(4), ¯à¨ç¥¬ ¬¥ìè¥© ä §®¢®© à §¬¥à®áâ¨ ¨ á ®£à ¨ç¥¨¥¬  
â¥ªãé¨¥ § ç¥¨ï ¨¬¯ã«ìá  ¢¬¥áâ® ¨áå®¤ëå ä §®¢ëå,

_x = '(x;w); x(0) = x0;

D� = d(x;w) � hc(w); f(x;w)i + hc(w);Dwi := F (x;w;Dw);

�(0�) = 0; w(0�) = y0;

jwj � 1; J(w) = �(1+)! inf

(â. ª. x| ¬¥¤«¥ ï ¯¥à¥¬¥ ï ¡¥§ à §àë¢®¢, â® ¤«ï ¥¥ § ¯¨á ® ®¡ëª®¢¥®¥ ¤¨ää¥à¥æ¨-
 «ì®¥ ãà ¢¥¨¥).
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�ãáâì (x(�); �(�); w(�)) | ¯à®¨§¢®«ìë© ¤®¯ãáâ¨¬ë© ¨¬¯ã«ìáë© ¯à®æ¥áá. �®£¤   � � �1,
 x | ¬¥¤«¥ ï á®¯àï¦¥ ï ª®¬¯®¥â , á®®â¢¥âáâ¢ãîé ï x, ¨ zx(�) = x(t), qx(�) =  x(t),
q�(�) � �1, ¯®áª®«ìªã ¯à¥¤¥«ìë¥ ãà ¢¥¨ï ¤«ï ¨å âà¨¢¨ «ìë. � «¥¥,

P (t; x; �; w) = '0w(x;w) x + [d0w(x;w) � f 0w(x;w)c(w) � c0w(w)f(x;w)] � ;

dz�
d�

= c(w + �(! � w))(! � w); z�(0) = �(t):

� ãç¥â®¬ íâ¨å á®®â®è¥¨© ¥âàã¤® ¯®«ãç¨âì

P(!;w) =

1Z
0

d

d�
[h x(t); '(x(t);w!(t; �))i +

+ hc(w!(t; �)); f(x(t);w!(t; �)) � d(w!(t; �))i]d� = h x; 'i + hc; fi � dj�=1
�=0:

�®íâ®¬ã íªáâà¥¬ «ì®¥ ãá«®¢¨¥ ¬¥â®¤  ��� (18) à ¢®á¨«ì® ¬ ªá¨¬¨§ æ¨¨ ¯® ! 2 [�1; 1]
äãªæ¨¨

Q(!; t) := h x(t); '(x(t); !)i + hc(!); f(x(t); !)i � d(x(t); !):

�¥à¬¨ «ì ï § ¤ ç  (19), ª ª «¥£ª® ã¡¥¤¨âìáï, á¢®¤¨âáï ª á«¥¤ãîé¥©:

C(h) :=
Z h

y0

c(w)dw ! min; jhj � 1:

H¨ ¢ ®¤®¬ ¨§ ¨§¢¥áâëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¯®¤®¡ë¥ ¥«®ª «ì-
ë¥ íªáâà¥¬ «ìë¥ § ¤ ç¨ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¥ ¢áâà¥ç îâáï.

�â ª, ¢ ¤ ®© ¬®¤¥«¨ ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ¢®§¬®¦®   «¨â¨ç¥áª®¥ ®¯à¥¤¥«¥¨¥ äãª-
æ¨¨ P, çâ® á¨¬ ¥â âàã¤®áâ¨ à¥ «¨§ æ¨¨ ¬¥â®¤ . � ¬¥â¨¬, çâ® ¢ à ¬ª¨ íâ®£® ¯à¨¬¥à  ãª« -
¤ë¢ ¥âáï § ¤ ç  ã¯à ¢«¥¨ï ¤¢ãå§¢¥ë¬ ¬ ¨¯ã«ïâ®à®¬ ¢ ¯®áâ ®¢ª¥ [2].

6. �«£®à¨â¬¨ç¥áª¨¥  á¯¥ªâë à¥ «¨§ æ¨¨

� à¥ «¨§ã¥¬ëå ¢¥àá¨ïå ¬¥â®¤®¢ ã«ãçè¥¨ï ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï ¥áâ¥áâ¢¥® ®£à ¨-
ç¨âìáï ª« áá®¬ à á¯à¥¤¥«¥¨©, ¤«ï í«¥¬¥â®¢ ª®â®à®£® ª®áâàãªâ¨¢® ¬®£ãâ ¢ëç¨á«ïâìáï âà -
¥ªâ®à¨¨ ¨áå®¤®£® ¨ á®¯àï¦¥®£® ãà ¢¥¨© ¢ à á¯à¥¤¥«¥¨ïå. �«ï íâ®© æ¥«¨ ¢¢¥¤¥¬ ¯®¤-
¬®¦¥áâ¢® WK � W, á®áâ®ïé¥¥ ¨§ äãªæ¨© w(�) 2 W, ®£à ¨ç¥¨¥ ª®â®àëå   ®âà¥§®ª T
¯à¥¤áâ ¢«ï¥â á®¡®© ªãá®ç®-¥¯à¥àë¢ãî äãªæ¨î, «¨¯è¨æ¥¢ãî   ¨â¥à¢ « å ¥¯à¥àë¢®-
áâ¨. �®£¤  á®®â¢¥âáâ¢ãîé¥¥ à á¯à¥¤¥«¥¨¥ Dw (¨¬¯ã«ìá®¥ ã¯à ¢«¥¨¥) ¯à¥¤áâ ¢«ï¥â á®¡®©
¢¥ªâ®àãî ¬¥àã ¢¨¤ 

Dw = u(t) +
rX

i=1

[w(si)]�(t � si); (22)

£¤¥ u(t) = _w(t), si 2 T | â®çª¨ à §àë¢  äãªæ¨¨ w(�), [w(si)] = w(si+) � w(si�) | ¥¥ áª çª¨,
�(t� si) | äãªæ¨ï �¨à ª , á®áà¥¤®â®ç¥ ï ¢ â®çª¥ si.

� á«ãç ¥ à á¯à¥¤¥«¥¨© ¢¨¤  (22) ¨â¥£à¨à®¢ ¨¥ á¨áâ¥¬ (2), (12) ®á®¡¥® ¯à®áâ® [2], [5], [8]:
  ¨â¥à¢ « å ¥¯à¥àë¢®áâ¨ w(�) äãªæ¨¨ x,  ,  w áãâì à¥è¥¨ï á®®â¢¥âáâ¢ãîé¨å ®¡ëçëå
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ã¯à ¢«¥¨¥¬ Dw = u(t),   ¢ â®çª å à §àë¢  w(�) áª çª¨ à¥è¥-
¨© íâ¨å ãà ¢¥¨© ¢ëç¨á«ïîâáï á ¯®¬®éìî ¯à¥¤¥«ìëå á¨áâ¥¬. � ¨¬¥®, ¥á«¨ si | ¬®¬¥â
¯à¨«®¦¥¨ï ¨¬¯ã«ìá , â® x(si+) = ez(1),  (si+) = eq(1), £¤¥ ez, eq | à¥è¥¨ï á¨áâ¥¬ë (13) ¯à¨
§ ¬¥¥ t, !(t), w(t), x(t),  (t)   si, w(si+), w(si�), x(si�),  (si�) á®®â¢¥âáâ¢¥® ( ¤® ¨¬¥âì ¢
¢¨¤ã, çâ® ¨â¥£à¨à®¢ ¨¥ á®¯àï¦¥ëå ãà ¢¥¨© ¢¥¤¥âáï ¢ ®¡à â®¬ ¢à¥¬¥¨).

�áâ ®¢¨¬áï â¥¯¥àì   ¬¥â®¤ å £à ¤¨¥â®£® â¨¯  ¤«ï à¥è¥¨ï ¢á¯®¬®£ â¥«ì®© § ¤ -
ç¨ (20). �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨§ à §«®¦¥¨ï (16) á«¥¤ã¥â, çâ® £à ¤¨¥â äãªæ¨® « 
!(�) ! �!J(w) á®¢¯ ¤ ¥â á £à ¤¨¥â®¬ äãªæ¨® «  w ! J(w). � áá¬ âà¨¢ ï à §«®¦¥¨¥ (16)
¯à¨ ¬ «ëå k! � wk1, ¨«¨, çâ® â® ¦¥ á ¬®¥, ¯¥à¢ãî ¢ à¨ æ¨î äãªæ¨® «  ! ! P ¢¨¤  (15)
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¯à¨ ¬ «®© à §®áâ¨ j!(t) � w(t)j, ¯®«ãç¨¬ ä®à¬ã«ã ¤«ï £à ¤¨¥â  äãªæ¨® «  J ¢ § ¤ ç¥
¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï

rJ(w) = �P (t; x(t); w(t);  (t)): (23)

�¤¥áì äãªæ¨ï P ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ (14). B¨¤¨¬, çâ®, ¢®-¯¥à¢ëå, ¢ëç¨á«¥¨¥ íâ®£® £à ¤¨-
¥â  á¢ï§ ® â®«ìª® á ¨â¥£à¨à®¢ ¨¥¬ ¨áå®¤®© ¨ á®¯àï¦¥®© á¨áâ¥¬ ¨, ¢®-¢â®àëå, ä®à¬ã« 
(23) áãé¥áâ¢¥® ®â«¨ç ¥âáï ®â £à ¤¨¥â  äãªæ¨® «  ¢ ®¡ëç®© § ¤ ç¥ ®¯â¨¬ «ì®£® ã¯à -
¢«¥¨ï, ª®â®à ï á®®â¢¥âáâ¢ã¥â § ¬¥¥ ®¡®¡é¥®© ¤¨ää¥à¥æ¨ «ì®© á¢ï§¨ (2) ®¡ëç®© ¢¨¤ 
(5). �ç¨âë¢ ï, çâ® äãªæ¨® « J § ¢¨á¨â ¥ â®«ìª® ®â § ç¥¨© w ¯à¨ t 2 T , ® ¨ ®â ¯ à ¬¥âà 
h = w(t1+), ¥âàã¤® ¯®«ãç¨âì ¨§ (16) ¨ £à ¤¨¥â rhJ ¯® íâ®¬ã ¯ à ¬¥âàã, à ¢ë©, ®ç¥¢¨¤®,
ª®íää¨æ¨¥âã ¯à¨ à §®áâ¨ (!(t1+)� w(t1+)).

�î¡®¯ëâ®, çâ® ®¡¥ á®áâ ¢«ïîé¨¥ £à ¤¨¥â®¢ rJ(w) ¨ rhJ(w) ¬®£ãâ ¡ëâì ¯®«ãç¥ë ä®à-
¬ «ìë¬ ®¡à §®¬ ¨§ áâ ¤ àâ®© ä®à¬ã«ë ¯¥à¢®© ¢ à¨ æ¨¨ äãªæ¨® «  ¤«ï ®¡ëç®© § ¤ ç¨
¯ãâ¥¬ ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬.

�â ª, ¢ á«ãç ¥ ¢ë¯ãª«®£® ¬®¦¥áâ¢ W § ¤ ç  ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï (¨«¨ ¢á¯®¬®£ â¥«ì-
 ï § ¤ ç  ��� (20)) ¬®¦¥â à¥è âìáï ¯à¨¬¥¥¨¥¬ ¬¥â®¤®¢ ¯à®¥ªæ¨¨ £à ¤¨¥â  ¨«¨ ãá«®¢®£®
£à ¤¨¥â  (¯à¨ W = Rm | áª®à¥©è¥£® á¯ãáª ) á ¨á¯®«ì§®¢ ¨¥¬ ®¯¨á ëå ª®áâàãªæ¨© rJ
¨ rhJ , § ¤ îé¨å  ¯à ¢«¥¨¥ á¯ãáª . �®«¥¥ âàã¤®¥¬ªãî ¯à®æ¥¤ãàã ¨£®«ìç â®£® ¢ àì¨à®¢ ¨ï
(21) æ¥«¥á®®¡à §® ¯à¨¬¥ïâì ¯®á«¥ á¥à¨¨ ¨â¥à æ¨© ª ª¨¬-«¨¡® ¨§ £à ¤¨¥âëå ¬¥â®¤®¢.

�à¨¬¥à 2 á à §àë¢®© ®¯â¨¬ «ì®© âà ¥ªâ®à¨¥© ¡ë« ¯à¥¤«®¦¥ �.�.�¨«îâ¨ë¬ ¢ ª ç¥-
áâ¢¥ â¥áâ®¢®© § ¤ ç¨ [10]:

J =
Z 2

0

x2(t)dt! inf; _x = u; x(0) = 0; x(2) = 0; x(t) � 1 ¯à¨ t 2 [1=2; 3=2]:

�à¨ ¯¥à¥å®¤¥ ®â íâ®© § ¤ ç¨ ª ¨¬¯ã«ìá®© ¯®áâ ®¢ª¥ (w = x, Dw = u) ¯®«ãç ¥¬ í«¥¬¥â àãî
§ ¤ çã

J =
Z 2

0

w2(t)dt! inf; w(0�) = 0; w(2+) = 0;

w(t) � 1; t 2 [1=2; 3=2]:

B¨¤¨¬, çâ®, ¢®-¯¥à¢ëå, ª ª ¨ ¢ ¯à¨¬¥à¥ 1, ä §®®£à ¨ç¥¨ï ¨áå®¤®© § ¤ ç¨ ¯¥à¥è«¨ ¢ ®£à ¨-
ç¥¨¥   â¥ªãé¨¥ § ç¥¨ï ¨¬¯ã«ìá  ¨, ¢®-¢â®àëå, ¢ë¯ãª«®¥ ¬®¦¥áâ¢® W ¢ ¤ ®¬ ¯à¨¬¥à¥
§ ¢¨á¨â ®â t (çâ® ¯à¨æ¨¯¨ «ì®£® § ç¥¨ï ¥ ¨¬¥¥â).

�ãªæ¨ï P ¯à¨ «î¡®¬ ¤®¯ãáâ¨¬®¬ w ¡¥§ âàã¤   å®¤¨âáï   «¨â¨ç¥áª¨: P(!;w) = �!2+w2.
�®íâ®¬ã !(t) = �[1=2;3=2](t) ¨, ®ç¥¢¨¤®, ¯à¨ ¢ àì¨à®¢ ¨¨ ¬¥â®¤®¬ (21) á«¥¤ã¥â ¯à¨ïâì � = 1,
T� = T1 = T ¤«ï «î¡®£®  ç «ì®£® ¯à¨¡«¨¦¥¨ï w(t). �®®â¢¥âáâ¢ãîé¥¥ ¯à®¢ àì¨à®¢ ®¥
ã¯à ¢«¥¨¥w1(t) = !(t) áà §ã ¯®à®¦¤ ¥â ®¯â¨¬ «ì®¥ à á¯à¥¤¥«¥¨¥Dw1 = �(t�1=2)��(t�3=2).

�à¨ ç¨á«¥®¬ à¥è¥¨¨ ¯à¨¬¥à  ¯ãâ¥¬ ª®¬¡¨ æ¨¨ ¬¥â®¤®¢ â¨¯  ãá«®¢®£® £à ¤¨¥â  ¯à¨
t 2 [1=2; 3=2] ¨ áª®à¥©è¥£® á¯ãáª  ¯à¨ t =2 [1=2; 3=2] ¥âàã¤® ¯®«ãç¨âì ã¯à ¢«¥¨¥ ew, ®â«¨ç î-
é¥¥áï ®â ®¯â¨¬ «ì®£® ¢ à ¢®¬¥à®© ¬¥âà¨ª¥ ¥ ¡®«¥¥, ç¥¬   10�3.

�á®, çâ® ¡¥§ ãç¥â  ¨¬¯ã«ìá®£® å à ªâ¥à  ®¯â¨¬ «ì®£® à¥è¥¨ï ¢ ¨áå®¤®© § ¤ ç¥ á ä -
§®®£à ¨ç¥¨ï¬¨ ®¡ëçë¬¨ ¬¥â®¤ ¬¨ ¯®¤®¡ë¥ à¥§ã«ìâ âë ¢àï¤ «¨ ¬®¦® ¯®«ãç¨âì [10].

�à¨¬¥à 3 ¯®«ãç¥ ¯ãâ¥¬ ¨¬¯ã«ìá®£® à áè¨à¥¨ï § ¤ ç¨, ¯à¨¬¥¥®© ¢ [11] ¤«ï â¥áâ¨-
à®¢ ¨ï ®¤®£® ¨§  «£®à¨â¬®¢ ¢â®à®£® ¯®àï¤ª ,

J = x(1+) + w2(1+)! inf;

Dx = (w + 1)2 + (t� 1)wDw; x(0�) = 0; w(0�) = 0:
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�¤¥áì, ª ª ¨ ¢ ¯à¨¬¥à¥ 2,   «¨â¨ç¥áª¨  å®¤¨âáï äãªæ¨ï

P(!;w) =
�
� 2� w �

! � w

2

�
(! � w);

¨ ®¯â¨¬ «ì®¥ ã¯à ¢«¥¨¥ w1(t) � �2  å®¤¨âáï   ¯¥à¢®© ¨â¥à æ¨¨ ¬¥â®¤ . �¬ã á®®â¢¥âáâ¢ãîâ
à á¯à¥¤¥«¥¨¥ Dw1 = �2�(t) + 2�(t � 1) ¨ âà ¥ªâ®à¨ï x1(t) = t� 2, t 2 (0; 1), x1(1+) = �1.

�à¥¤«®¦¥ë© ¬¥â®¤ ¥áà ¢¥® ¯à®é¥ ¢ à¥ «¨§ æ¨¨, ç¥¬ ¬¥â®¤ ¨§ [11], ¢ ª®â®à®¬ âà¥¡ã-
¥âáï   «¨â¨ç¥áª¨ à¥è âì á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå â¨¯ 
(7).

�à¨¬¥¨¬ â¥¯¥àì ¤«ï à¥è¥¨ï ¤ ®£® ¯à¨¬¥à  ¬¥â®¤ £à ¤¨¥â®£® â¨¯ .
�®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï £à ¤¨¥â  äãªæ¨® «  J ¨¬¥îâ ¢¨¤ (u = Dw)

rJ(w) =
d

dt
Hu(t; x; w;  ) �Hw(t; x; w;  ) = w + 2;

rhJ(w) = �Hu(1; x(1+); w(1+);  (1+)) + lw(x(1+); w(1+)) = 2w(1+) = 2h:

�ã«¥¢®¬ã ¯à¨¡«¨¦¥¨î w0(t) = 1, t 2 (0; 1), h0 = 1 á®®â¢¥âáâ¢ã¥â à §àë¢ ï âà ¥ªâ®à¨ï
x0(t) = 4t � 1=2 ¨ rJ(w0) = 3, rhJ(w0) = 2. �à®¢ àì¨à®¢ ®¬ã ¯® ¬¥â®¤ã áª®à¥©è¥£® á¯ãáª 
ã¯à ¢«¥¨î

w0
�(t) = w0(t)� �rJ(w0) = 1� 3�; h0� = h0 � �rhJ(w0) = 1� 2�; �; � > 0;

®â¢¥ç ¥â âà ¥ªâ®à¨ï x0�(t) = (2�3�)2t�0; 5(3��1)2, t 2 (0; 1). �¨¨¬¨§ æ¨ï ¯® � äãªæ¨® « 
J(w0

�) = x0�(1)+h
0
�
2 (â. ¥. ®¯â¨¬¨§ æ¨ï â¥à¬¨ «ì®£® ¨¬¯ã«ìá ) ¯à¨¢®¤¨â ª à¥§ã«ìâ âã � = 1=2,eh = 0. � «¥¥, ¥á«®¦®  ©â¨, çâ® min

��0
J(w0

�) = �1 ¯à¨ � = 3=4.

� ª¨¬ ®¡à §®¬, ¯¥à¢ ï ¦¥ ¨â¥à æ¨ï ¬¥â®¤  áª®à¥©è¥£® á¯ãáª  ¯à¨¢®¤¨â ª ¨¬¯ã«ìá®¬ã
à¥¦¨¬ã

ew(t) = �2; ew(0�) = 0; ew(1+) = eh = 0;

ex(t) = t� 2; t 2 (0; 1]; ex(0�) = 0;

ª®â®àë© ï¢«ï¥âáï áâ æ¨® àë¬, â. ª. ¢ë¯®«ïîâáï ãá«®¢¨ï rJ( ew) � 0, rhJ( ew) = 0.
� áá¬®âà¥ë¥ ¯à¨¬¥àë  £«ï¤® ¤¥¬®áâà¨àãîâ ¯à¥¨¬ãé¥áâ¢  ¯¥à¥å®¤  ª § ¤ ç ¬ ¢ ¨¬-

¯ã«ìá®© ¯®áâ ®¢ª¥ ¨ ¯à¨¬¥¥¨ï á¯¥æ¨ «ìëå ¬¥â®¤®¢ ã«ãçè¥¨ï ã¯à ¢«¥¨ï, ¨á¯®«ì§ãî-
é¨å â¥®à¨î ¨¬¯ã«ìá®£® ã¯à ¢«¥¨ï.
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