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�ãáâì Rd | d-¬¥à®¥ ¢¥é¥áâ¢¥®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®, x = (x1; : : : ; xd), Id = fx 2 R
d ;

0 6 xj 6 1; j = 1; : : : ; dg.
�  å®¢® ¯à®áâà áâ¢® X ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã   Id äãªæ¨©  §ë¢ ¥âáï á¨¬¬¥âà¨çë¬,

¥á«¨

1. ¨§ â®£®, çâ® jf(x)j 6 jg(x)j ¯®çâ¨ ¢áî¤ã   Id ¨ g 2 X á«¥¤ã¥â, çâ® f 2 X ¨ kfkX = kgkX ;
2. ¨§ f 2 X ¨ à ¢®¨§¬¥à¨¬®áâ¨ äãªæ¨© jf(x)j ¨ jg(x)j á«¥¤ã¥â g 2 X ¨ kfkX = kgkX (á¬.

[1], á. 123).

�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ kfkX ®§ ç ¥â ®à¬ã í«¥¬¥â  f 2 X.
�ãáâì �e(t) | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®¦¥áâ¢  e � Id. �ãªæ¨ï '(�e) = k�ekX

 §ë¢ ¥âáï äã¤ ¬¥â «ì®© äãªæ¨¥© ¯à®áâà áâ¢  X, £¤¥ �e | ¬¥à  �¥¡¥£  ¨§¬¥à¨¬®£®
¬®¦¥áâ¢  e. � ª¨¬ ®¡à §®¬, äã¤ ¬¥â «ì ï äãªæ¨ï á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  X ¥áâì
äãªæ¨ï '(t) = k�[0;t]kX , ®¯à¥¤¥«¥ ï   ®âà¥§ª¥ [0; 1]. �ã¤ ¬¥â «ìãî äãªæ¨î '(t) á¨¬¬¥-
âà¨ç®£® ¯à®áâà áâ¢  ¬®¦® áç¨â âì ¢®£ãâ®©, ¥ã¡ë¢ îé¥©, ¥¯à¥àë¢®©   [0; 1] äãªæ¨¥©,
¯à¨ç¥¬ '(0) = 0 ([1], á. 137). � ª¨¥ äãªæ¨¨  §ë¢ îâáï �-äãªæ¨ï¬¨. � «¥¥ X(') ®§ ç ¥â
á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® á äã¤ ¬¥â «ì®© äãªæ¨¥© '.

�áá®æ¨¨à®¢ ®¥ ª á¨¬¬¥âà¨ç®¬ã ¯à®áâà áâ¢ã X(') ¯à®áâà áâ¢® X1 á®áâ®¨â ¨§ ¢á¥å ¨§-
¬¥à¨¬ëå äãªæ¨© g(t), ¤«ï ª®â®àëå

kgkX1 = sup
f2X

kfkX61

Z 1

0

f(t)g(t)dt:

�§¢¥áâ®, çâ® á¥¯ à ¡¥«ì®áâì á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  X(') ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨
¤®áâ â®çë¬ ãá«®¢¨¥¬ á®¢¯ ¤¥¨ï  áá®æ¨¨à®¢ ®£® ª ¥¬ã ¯à®áâà áâ¢  X1 á® ¢á¥¬ á®¯àï-
¦¥ë¬ ¯à®áâà áâ¢®¬ X 0(') ([1], á. 138), ¯à¨ íâ®¬ '(t) = t

'(t)
, t 2 (0; 1] ¨ '(0) = 0.

� «¥¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì á¥¯ à ¡¥«ìë¥ á¨¬¬¥âà¨çë¥ ¯à®áâà áâ¢ . �¥¯ à ¡¥«ìë¬¨
á¨¬¬¥âà¨çë¬¨ ¯à®áâà áâ¢ ¬¨ ï¢«ïîâáï,  ¯à¨¬¥à,

1. Lq(Id) | ¯à®áâà áâ¢® �¥¡¥£  á ®à¬®©

kfkq =
�Z

Id
jf(x)jqdx

� 1
q

; 1 < q < +1;

2. ¯à®áâà áâ¢® � àæ¨ª¥¢¨ç  Mq(Id) á ®à¬®©

kfkq;1 = sup
t2(0;1]

t
1
q�1

Z t

0

f�(�)d�;

£¤¥ f�(�) | ¥¢®§à áâ îé ï ¯¥à¥áâ ®¢ª  äãªæ¨© jf(x)j (á¬. [1], á. 83);
3. ¯à®áâà áâ¢® �®à¥æ  Lq�(Id) á ®à¬®©

kfkq� =
�
�

q

Z 1

0

�Z t

0

f�(�)d�
��

t�(
1
q�1)�1dt

� 1
�

< +1; 1 6 q < +1; 1 < � < +1:
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�«ï äãªæ¨¨ 	(t), t 2 [0; 1], ¯®«®¦¨¬

�	 = lim
t!0

	(2t)
	(t)

; �	 = lim
t!0

	(2t)
	(t)

:

�§¢¥áâ®, çâ® ¤«ï «î¡®£® á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  X(') á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  1 6 �' 6
�' 6 2.

�ãáâì


(f; t)X � 
(f; t1; : : : ; td)X = sup
06hj6tj
j=1;:::;d

�1
h
f

dY
j=1

�[0;1�hj ](xj)

X

| á¬¥è ë© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f 2 X('), £¤¥ �1
h
f(x) = �1

h1
(: : :�1

hd
f(x1; : : : ; xd))

| á¬¥è  ï à §®áâì äãªæ¨¨ f 2 X(').
� áá¬®âà¨¬ äãªæ¨® «ìë© ª« áá

Hr
X =

�
f 2 X(') : 
(f; t)X(') 6

dY
j=1

t
rj
j ; t 2 Id

�
; 0 < rj 6 1 ¤«ï ¢á¥å j = 1; : : : ; d:

� á«ãç ¥ r1 = � � � = rd = r ¢¬¥áâ® Hr
X ¡ã¤¥¬ ¯¨á âì Hr

X .
�¥à¥§ C(q; p; r; : : : ) ®¡®§ ç¨¬ ¢¥«¨ç¨ë, § ¢¨áïé¨¥ ®â ãª § ëå ¯ à ¬¥âà®¢. � ¯¨áì A � B

®§ ç ¥â, çâ® áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ c1, c2 â ª¨¥, çâ® c1A 6 B 6 c2A.
� áá¬®âà¨¬ ®¡®¡é¥ãî á¨áâ¥¬ã �  à , ®¯à¥¤¥«¥ãî   ®âà¥§ª¥ [0; 1]. �ãáâì ¤   ¯®á«¥-

¤®¢ â¥«ì®áâì fpng  âãà «ìëå ç¨á¥«, pn > 2 ¤«ï ¢á¥å n = 1; 2; : : : �¡®¡é¥ ï á¨áâ¥¬  � -
 à  �fpng = f�n(t)g ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬ ([2], [3]): ¯®«®¦¨¬ �1(t) � 1   ®âà¥§ª¥
[0; 1]. � ¤ ®¥  âãà «ì®¥ ç¨á«® n > 2 ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ n = mk + r(pk+1 � 1) + s, £¤¥
mk = p1 � p2 � : : : � pk; k = 1; 2; : : : ; r = 0; 1; : : : ;mk � 1; s = 1; 2; : : : ; pk+1 � 1.

�¥à¥§ A ®¡®§ ç¨¬ ¬®¦¥áâ¢® â®ç¥ª ¢¨¤  l
mk

  ®âà¥§ª¥ [0; 1], l = 0; 1; : : : �®£¤  ¯à¨ t 2 B �
[0; 1]nA à §«®¦¥¨¥ t =

1P
k=1

�k(t)

mk
, �k(t) = 0; 1; : : : ; pk�1, ¥¤¨áâ¢¥®. � «¥¥, ®¯à¥¤¥«¨¬ äãªæ¨î

�n(t) � �sk;r(t) á«¥¤ãîé¨¬ ®¡à §®¬:

�n(t) = �sk;r(t) =

8<
:
p
mk exp

� 2�is�k+1(t)

pk+1

	
; t 2 � r

mk
; r+1
mk

� \B;

0; t =2 � r
mk

; r+1
mk

�
:

�®«ì§ãïáì â¥¬, çâ® ¬®¦¥áâ¢® B ¢áî¤ã ¯«®â®   [0; 1], äãªæ¨î �n(t) ¯® ¥¯à¥àë¢®áâ¨ ¯à®-
¤®«¦¨¬   ¨â¥à¢ «

�
r
mk

; r+1
mk

�
. � â¥¬ ¢ â®çª å à §àë¢  íâã äãªæ¨î ¯®«®¦¨¬ à ¢®© ¯®«ã-

áã¬¬¥ ¥¥ ¯à¥¤¥«ìëå § ç¥¨© á¯à ¢  ¨ á«¥¢ ,     ª®æ å 0 ¨ 1 | ¥¥ ¯à¥¤¥«ìë¬ § ç¥¨ï¬
¨§ãâà¨ ®âà¥§ª . �¯à¥¤¥«¥ ï â ª¨¬ ®¡à §®¬ á¨áâ¥¬  �fpng ®àâ®®à¬¨à®¢   ¨ ¯®«  ¢ ¯à®-
áâà áâ¢¥ L1 ([2], [3]).

�ãáâì ¤ ë fp(j)nj
g | ¯®á«¥¤®¢ â¥«ì®áâ¨  âãà «ìëå ç¨á¥« p(j)nj

> 2; nj = 1; 2; : : : ;

j = 1; 2; : : : ; d ¨ m(j)
nj

= p(j)1 � : : : � p(j)nj
. �¥à¥§ f�n(x)g =

n dQ
j=1

�nj (xj)
o
®¡®§ ç¨¬ ªà âãî ®¡®¡-

é¥ãî á¨áâ¥¬ã �  à , an(f) | ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨ f 2 L1(Id) ¯® íâ®© á¨áâ¥¬¥.
�ãáâì â ª¦¥

Tn(x) =
n1X

k1=1

� � �
ndX

kd=1

ak1;:::;kd

dY
j=1

�kj (xj) =
X

16k6n

ak�k(x)

| ¯®«¨®¬ ¯® ®¡®¡é¥®© á¨áâ¥¬¥ �  à  ¯®àï¤ª  nj ¯® ¯¥à¥¬¥®© xj . �¤¥áì ¥à ¢¥áâ¢® k 6 n
¯®¨¬ ¥âáï ¢ â®¬ á¬ëá«¥, çâ® kj 6 nj ¤«ï ¢á¥å j = 1; : : : ; d.
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�®«®¦¨¬

��(f; x) =

m
(1)

�1+1
�1X

n1=m
(1)
�1

� � �
m

(1)

�d+1
�1X

nd=m
(d)
�d

an1;:::;nd(f)
dY

j=1

�kj (xj);

S
n(f; x) =

X
hs;i6n

�s(f; x);

£¤¥ hs; i =
dP

j=1
sjj . � á«ãç ¥  = (1; : : : ; 1) ¡ã¤¥¬ ¯¨á âì Sn(f; x) ¨ ksk á®®â¢¥âáâ¢¥® ¢¬¥áâ®

S
n(f; x) ¨ hs; i.
�®àï¤ª¨ ¯à¨¡«¨¦¥¨ï ª« áá®¢ Hr

� ¯® ®à¬¥ ¯à®áâà áâ¢  �¥¡¥£  Lq(Id) ¯®«¨®¬ ¬¨ ¯®
ªà â®© á¨áâ¥¬¥ �  à  á £ à¬®¨ª ¬¨ ¨§ £¨¯¥à¡®«¨ç¥áª¨å ªà¥áâ®¢ ¨áá«¥¤®¢ ë ¢ [4],   ®æ¥ª¨
N -ç«¥ëå ¯à¨¡«¨¦¥¨© | ¢ [5]{[7].

� ¤ ®© áâ âì¥ ¨§ãç îâáï ¯®àï¤ª¨ ¯à¨¡«¨¦¥¨ïäãªæ¨® «ìëå ª« áá®¢ Hr
X ¯®«¨®¬ ¬¨

¯® ®¡®¡é¥®© á¨áâ¥¬¥ �  à  ¯® ®à¬¥ ¯à®áâà áâ¢  � àæ¨ª¥¢¨ç .

�¥¬¬  � ([8], «¥¬¬  4). �ãáâì ¤ ë �-äãªæ¨¨ �1(x) ¨ �2(x), x 2 (0; 1], ¨ ��1 < ��2. �®£¤ 
¤«ï äãªæ¨¨

�(x) =

(
�2(x)

�1(x)
; x 2 (0; 1];

0; x = 0;

áãé¥áâ¢ã¥â �-äãªæ¨ï �1(x), ¤«ï ª®â®à®© ��1 > 1 ¨ �1(x) � �(x), x 2 [0; 1].

�¥¬¬  �. �«ï «î¡ëå ç¨á¥« p > 1, � > 0 ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥X
hs;i>n

p��hs;i � p��n � nd�1:

�¥¬¬  �. �ãáâì  = (1; : : : ; d) â ª¨¥, çâ® 1 = j, j = 1; : : : ; l; 1 < j, j = l + 1; : : : ; d.
�®£¤  ¤«ï «î¡ëå ç¨á¥« p > 1, � > 0 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®X

hs;i6n

p�hs;i 6 C(�; p) � p�n � nd�1:

�¥¬¬ë �, � ¤®ª §ë¢ îâáï â ª ¦¥, ª ª ¢ á«ãç ¥ p = 2 ([9], á. 11).
�¥¯¥àì ¤®ª ¦¥¬ ¥áª®«ìª® ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨©.

�¥¬¬  1. �«ï «î¡®© äãªæ¨¨ f 2 X(') ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

k��(f)kX 6 C(d)
�1

m�1
�1+1

;:::;m�1
�d+1

f

X
�

dY
j=1

p(j)�j+1 ln p
(j)
�j+1:

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¤«ï á«ãç ï d = 2. �ç¨âë¢ ï ®¯à¥¤¥«¥¨¥ äãªæ¨© ®¡®¡é¥®©
á¨áâ¥¬ë �  à  ¨ ¯à¨¬¥ïï ¯à¥®¡à §®¢ ¨¥ �¡¥«ï, ¯®«ãç¨¬

an1n2(f) =
q
m

(1)
�1 �m(2)

�2

p
(1)

�1+1
�1X

k1=1

p
(2)

�2+1
�1X

k2=1

Z
��1r1k1

Z
��2r2k2

�11
m�1
�1+1

m�1
�2+1

f(x1; x2)dx1dx2 �

�
1� expf�2�i k1

p
(1)

�1+1

g
1� expf�2�i s1

p
(1)

�1+1

g �
1� expf�2�i k2

p
(2)

�2+1

g
1� expf�2�i s2

p
(2)

�2+1

g ; (1)

£¤¥

��rk =
�

r

m�

+
k � 1
m�+1

;
r

m�

+
k

m�+1

�
:
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�®«®¦¨¬

I(r) =
�
r1
m�1

;
r1 + 1
m�1

�
�
�
r2
m�2

;
r2 + 1
m�2

�
:

� á¨«ã à ¢¥áâ¢  (1), ®¯à¥¤¥«¥¨ï äãªæ¨© �(s)
�;r ¨ á¢®©áâ¢  ¨â¥£à «  ¤«ï «î¡®© äãªæ¨¨

g 2 X 0('), kgkX0 6 1, ¨¬¥¥¬

����
Z 1

0

Z 1

0

��(f; t)g(t)dt1dt2

���� =
����
Z 1

0

Z 1

0

m(1)
�1
�1X

r1=0

m(2)
�2
�1X

r2=0

p
(1)
�1+1

�1X
s1=1

p
(2)
�2+1

�1X
s2=1

a
(s)
�;r(f)

2Y
j=1

�(sj)
�j ;rj

(tj)g(t)dt1dt2

���� 6

6 4m(1)
�1

�m(2)
�2

Z 1

0

Z 1

0

m(1)
�1
�1X

r1=0

m(2)
�2
�1X

r2=0

p
(1)
�1+1

�1X
s1=1

p
(2)
�2+1

�1X
s2=1

2Y
j=1

����1� exp
�� 2�i

sj

p
(j)
�j+1

	����
�1

�

�
� p(1)�1+1

�1X
k1=1

p
(2)
�2+1

�1X
k2=1

Z
��1r1k1

Z
��2r2k2

���11

(m
(1)

�1+1
)�1(m

(2)

�2+1
)�1

f(x1; x2)
��dx1dx2

�
�I(r)(t)g(t)dt1dt2: (2)

� «¥¥, ãç¨âë¢ ï ¥à ¢¥áâ¢® ([3], á. 307)

p�+1�1X
s=1

����1� exp
�
� 2�i

s

p�+1

�����
�1

6 C � p�+1 ln p�+1;

¨§ (2) ¯®«ãç¨¬

����
Z 1

0

Z 1

0
��(f; t)g(t)dt1dt2

���� 6
m(1)
�1
�1X

r1=0

m(2)
�2
�1X

r2=0

Z
I(r)

�
sup
t2I

1
jIj

Z
I

���11

(m
(1)
�1+1

)�1(m
(1)
�2+1

)�1f(x1; x2)
���

� ����1r1�
�
�2r2

(x1; x2)dx1dx2

�
� jg(t)jdt1dt2 = 4

2Y
j=1

p(j)�j+1 ln p
(j)
�j+1

Z 1

0

Z 1

0

�
sup
t2I

1
jIj �

�
Z
I

���11

(m
(1)

�1+1
)�1(m

(1)

�2+1
)�1

f(x1; x2)
������1r1���2r2 (x1; x2)dx1dx2

�
� jg(t)jdt1dt2

(£¤¥ ��r =
�

r
m�

; r+1
m�

� 1
m�+1

�
) ¤«ï «î¡®© äãªæ¨¨ g 2 X 0('), kgkX0 6 1.

�«¥¤®¢ â¥«ì®, ¢ á¨«ã ®£à ¨ç¥®áâ¨ ¬ ªá¨¬ «ì®£® ®¯¥à â®à  � à¤¨ ¢ á¨¬¬¥âà¨ç®¬
¯à®áâà áâ¢¥ ([1], á. 187) ¡ã¤¥¬ ¨¬¥âì

k��(f)kX 6 4
2Y

j=1

p
(j)
�j+1 ln p

(j)
�j+1 �

�11
m�1
�1+1

;m�1
�2+1

f � ��

X
: �

� ¬¥ç ¨¥. �§ ¤®ª § ®© «¥¬¬ë ¢ á«ãç ¥ X(') = Lq(Id), 1 6 q < +1, ¨ p(j)nj
= 2 8nj =

1; 2; : : : ; j = 1; : : : ; d (â. ¥. �nfpng | á¨áâ¥¬  �  à ), á«¥¤ã¥â «¥¬¬  1 [4].

�¥¬¬  2. �ãáâì X(') | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®, 1 < �'; �' 6 2. �®£¤  ¤«ï «î¡®£®

¯®«¨®¬  Tmn
(x) ¯® ®¡®¡é¥®© á¨áâ¥¬¥ �  à  ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

kTmn
k1 6 C(') � 1

'
h� dQ

j=1
m(j)

nj

��1i � kTmn
kX :

�®ª § â¥«ìáâ¢®. �§¢¥áâ®, çâ® ([10])

Tmn
(y) =

Z
Id
Tmn

(x) �
dY

j=1

D
m

(j)
nj

(xj ; yj)dx;
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£¤¥ Dn(u; t) =
nP
l=1

�l(u)�l(t) | ï¤à® �¨à¨å«¥ ¯® ®¡®¡é¥®© á¨áâ¥¬¥ �  à , ¨ ([3], á. 300)

Dmn
(u; t) =

(
mn; ¥á«¨ u; t 2 � r

mn
; r+1
mn

�
;

0 ¢ ®áâ «ìëå á«ãç ïå:

�§ íâ¨å à ¢¥áâ¢ ¨ ®¯à¥¤¥«¥¨ï ¬ ªá¨¬ «ì®£® ¯à®áâà áâ¢  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.
�â¬¥â¨¬, çâ® «¥¬¬  2 ¢ ®¤®¬¥à®¬ á«ãç ¥ ¤®ª §   ¢ [11],   ¢ á«ãç ¥ X(') = Lp(Id) (¯à®-

áâà áâ¢® �¥¡¥£ ), 1 6 p < +1, d > 1, ¤®ª §   ¢ [10].

�¥¬¬  3. �ãáâì X(') | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®, 1 < �'; �' 6 2, ¨ ªà â ï ®¡-

®¡é¥ ï á¨áâ¥¬  �  à  ®¯à¥¤¥«¥  ®£à ¨ç¥ë¬¨ ¯®á«¥¤®¢ â¥«ì®áâï¬¨ fp(j)n g; p(j)n 6 p(j),
j = 1; : : : ; d, p = max

j
p(j). �®£¤  ¤«ï «î¡®© äãªæ¨¨ f 2 X(') ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

1
x

Z x

0

f�(t)dt 6 C('; p)
�

1
'(x)

� kf � S()
n (f)kX +

X
hs;i6n

�
'

�� dY
j=1

m(j)
sj

��1���1
k�s(f)kX

�

¤«ï ª ¦¤®£® x 2 (p�n; p�n+1], n = 1; 2; : : :

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¨§¢¥áâë¬ à ¢¥áâ¢®¬ ([1], á. 89)

1
x

Z x

0
f�(t)dt =

1
x
sup
A�Id

�A=x

Z
A
jf(x)jdx; x 2 (0; 1]:

�®£¤ 

1
x

Z x

0

f�(t)dt 6
1
x

�
sup
A�Id

�A=x

Z
A

jf(x)� S()
n (f; x)jdx+ sup

A�Id

�A=x

Z
A

jS()
n (f; x)jdx

�
: (3)

�à¨¬¥ïï ¥à ¢¥áâ¢® ��¥«ì¤¥à  (á¬. ®¯à¥¤¥«¥¨¥ ¬ ªá¨¬ «ì®£® á¨¬¬¥âà¨ç®£® ¯à®áâà -
áâ¢ ), ¯®«ãç¨¬

Z
A

jf(x)� S()
n (f; x)jdx 6 �A

�(�A)
� kf � S()

n (f)kX (4)

¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  A � Id. � «¥¥, ¯®«ì§ãïáì ¥à ¢¥áâ¢®¬ à §ëå ¬¥âà¨ª (á¬.
«¥¬¬ã 2), ¡ã¤¥¬ ¨¬¥âì

Z
A

jS()
n (f; x)jdx 6

nX
l=1

X
l�1<hs;i6l

Z
A

j�s(f; x)jdx 6

6 C('; d)
nX
l=1

X
l�1<hs;i6l

�A

�
'

�� dY
j=1

m(j)
sj

��1���1
k�s(f)kX : (5)

�§ ¥à ¢¥áâ¢ (3){(5) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

�¥¬¬  4. �ãáâì 0 < r < log2 �' < 1. �®£¤  äãªæ¨ï ®¤®© ¯¥à¥¬¥®©

f0(t) =
1X
k=1

m
�(r+ 1

2 )

k � 1
'(m�1

k )
�mk+pk+1

(t); t 2 [0; 1];

¯à¨ ¤«¥¦¨â ª« ááã Hr
X.
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�®ª § â¥«ìáâ¢®. � ª ª ª k�mk+pk+1
kX =

p
mk � '(m�1

k ), â®

kf0kX 6
1X
k=1

m
�(r+ 1

2 )

k

'(m�1
k )

k�mk+pk+1
kX =

1X
k=1

m�r
k < +1;

â. ¥. f0 2 X(').
�®ª ¦¥¬, çâ® C0 � f0 2 Hr

X , £¤¥ C0 | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. �ãáâì h 2 (0; 1] ¨
 âãà «ì®¥ ç¨á«® � â ª®¥, çâ® h 2 (m�1

�+1;m
�1
� ]. �®£¤  ¯® á¢®©áâ¢ã ®à¬ë ¨¬¥¥¬

k[f(�+ h)� f(�)]�[0;1�h]kX 6
�X

k=1

m
�(r+ 1

2 )

k

'(m�1
k )

k[�mk+pk+1
(�+ h)� �mk+pk+1

]�[0;1�h]kX +

+ 2
1X

k=�+1

m
�(r+ 1

2 )

k

'(m�1
k )

k�mk+pk+1
kX : (6)

� ª ª ª h 2 (m�1
�+1;m

�1
� ], â® 1 � h > 1 � 1

m�
> 1 � 1

p1
> 2

p1
¯à¨ p1 > 3. �«¥¤®¢ â¥«ì®, ¯®

®¯à¥¤¥«¥¨î äãªæ¨¨ �n(t) ¨¬¥¥¬ �mk+pk+1
(t) = �mk+pk+1

(t+ h) = 0 ¤«ï t 2 ( 2
p1
; 1� h]. �®íâ®¬ã

¤«ï ç¨á¥« k = 1; 2; : : : ; � ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

1�hZ
0

[�mk+pk+1
(t+ h)� �mk+pk+1

(t)]g(t)dt =

2=p1Z
0

[�mk+pk+1
(t+ h)� �mk+pk+1

(t)]g(t)dt =

=
pk+1�1X
j=0

1
mk

+ j+1
mk+1Z

1
mk

+ j
mk+1

[�mk+pk+1
(t+ h)� �mk+pk+1

(t)]g(t)dt: (7)

�® ¢ë¡®àã h 6 1
m�

6 1
mk+1

, k = 1; : : : ; � � 1. �®íâ®¬ã ¥á«¨ t 2 �
1
mk

+ j+1
mk+1

� h; 1
mk

+ j+1
mk+1

�
, â®

t+ h 2 � 1
mk

+ j+1
mk+1

; 1
mk

+ j+2
mk+1

�
. �«¥¤®¢ â¥«ì®, ¯® ®¯à¥¤¥«¥¨î äãªæ¨© �mk+pk+1

(t) ¨¬¥¥¬

1
mk

+ j+1
mk+1Z

1
mk

+ j
mk+1

[�mk+pk+1
(t+ h)� �mk+pk+1

(t)]g(t)dt =

=
p
mk

1
mk

+ j+1
mk+1Z

1
mk

+ j+1
mk+1

�h

�
exp

�
2�i(j + 1)

pk+1

�
� exp

�
2�i
pk+1

��
g(t)dt (8)

¤«ï «î¡®© äãªæ¨¨ g 2 X 0('), kgkX0 6 1. �§ (7), (8) á«¥¤ã¥â

�X
k=1

m
�(r+ 1

2 )

k

'(m�1
k )

k[�mk+pk+1
(�+ h)� �mk+pk+1

]�[0;1�h]kX 6 C � '(h) �
�X

k=1

m�r
k

'(m�1
k )

: (9)

�® ãá«®¢¨î «¥¬¬ë 2r < �'. �®£¤  9" > 0 : 2r < 2r+" < �'. �®íâ®¬ã ¢ á¨«ã «¥¬¬ë A ¤«ï
äãªæ¨¨

�(t) =

(
'(t)
tr+"

; t 2 (0; 1];

0; t = 0;

áãé¥áâ¢ã¥â �-äãªæ¨ï �1(t) â ª ï, çâ® �(t) � �1(t). � ç¨â, äãªæ¨ï �1(t) =
'(t)

tr+"
¢®§à áâ ¥â  

(0; 1]. �®íâ®¬ã
�X

k=1

m�r
k

'(m�1
k )

6 C � m�r
�

'(m�1
� )

:
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�®£¤ , ãç¨âë¢ ï h 2 (m�1
�+1;m

�1
� ] ¨ á¢®©áâ¢  äãªæ¨¨ ', ¨§ ¥à ¢¥áâ¢  (9) ¯®«ãç¨¬

�X
k=1

m
�(r+ 1

2 )
k

'(m�1
k )

k[�mk+pk+1
(�+ h)� �mk+pk+1

]�[0;1�h]kX 6 C'(h) � m�r
�

'(m�1
� )

6 C �m�r
� 6 C � hr: (10)

� «¥¥, â. ª. ([10]) k�nkX � '(m�1
k )m

1
2

k ¤«ï n = mk + 1; : : : ;mk+1, â®

1X
k=�+1

m
�(r+ 1

2 )

k

'(m�1
k )

k�mk+pk+1
kX 6 C �

1X
k=�+1

m�r
k 6 C �m�r

�+1C � hr: (11)

�§ ¥à ¢¥áâ¢ (6), (10), (11) á«¥¤ã¥â

k[f0(�+ h)� f0(�)]�[0;1�h]kX 6 C � hr:
� ª¨¬ ®¡à §®¬, 1

C
f0 2 Hr

X .

� «¥¥ ¯®«®¦¨¬ j =
rj
r1
, j = 1; : : : ; d.

�¥®à¥¬  1. �ãáâì ®¡®¡é¥ ï á¨áâ¥¬  �  à  ®¯à¥¤¥«¥  ®£à ¨ç¥ë¬¨ ¯®á«¥¤®¢ â¥«ì-

®áâï¬¨ fp(j)n g, pjn 6 p(j), j = 1; : : : ; d, p = maxp(j); X(') | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® á

äã¤ ¬¥â «ì®© äãªæ¨¥© ' ¨ 1
q
< log2 �', log2 �' < 1

q
+ r1, 1 6 q < +1, 0 < r1 < 1,

0 < r1 = � � � = rl < rl+1 6 � � � 6 rd. �á«¨

sup
n>0

�
p�

n
q

'(p�n)

X
hs;i>n

k�s(f)kX + p�
n
q

X
hs;i6n

1
'(p�ksk)

k�s(f)kX
�
< +1; (12)

â® f 2Mq(Id) ¨ ¨¬¥¥â ¬¥áâ® ®æ¥ª 

sup
f2Hr

X

kf � S()
n (f)kq;1 6 C � p

�n(r1+
1
q )

'(p�n)
� nd�1:

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì «¥¬¬®© 3, ¤«ï «î¡®£® x 2 (p�n; p�n+1] ¯®«ãç¨¬

x
1
q�1

Z x

0

f�(t)dt 6 C(p; d; ') sup
n>0

�
p�

n
q

'
�

1
pn

�kf � S()
n (f)kX + p�

n
q

X
0<hs;i6n

1
'(p�ksk)

k�s(f)kX
�
:

�«¥¤®¢ â¥«ì®, ¢ á¨«ã ãá«®¢¨ï (12) f 2Mq(Id) ¨

kfkq;1 6 C(p; d; ') sup
n>0

�
p�

n
q

'(p�n)

X
hs;i>n

k�s(f)kX + p�
n
q

X
0<hs;i6n

1
'(p�ksk)

k�s(f)kX
�
: (13)

�à¨¬¥ïï ¥à ¢¥áâ¢® (13) ª äãªæ¨¨ f � S()
n (f) 2Mq(Id), ¡ã¤¥¬ ¨¬¥âì

kf � S()
n (f)kq;1 6 C(p; d; ') sup

�>0

�
p�

�
q

'(p��)

X
hs;i>�

k�s(f � S()
n (f))kX +

+ p�
1
q

X
hs;i6�

1
'(p�ksk)

k�s(f � S()
n (f))kX

�
: (14)

�á«¨ hs; i 6 n, â® �s(f � S()
n (f))(x) = 0. �á«¨ ¦¥ hs; i > n, â® �s(f � S

n(f))(x) = �s(f; x).
�ç¨âë¢ ï íâ¨ à ¢¥áâ¢ , ¯®«ãç¨¬

X
hs;i6�

1
'(p�ksk)

k�s(f � S()
n (f))kX = 0;

X
hs;i>�

k�s(f � S()
n (f))kX =

X
hs;i>n

k�s(f)kX (15)

19



¤«ï ¢á¥å � = 1; : : : ; n.
�ãáâì � > n, â®£¤ 

X
hs;i6�

1
'(p�ksk)

k�s(f � S()
n (f))kX =

X
n<hs;i6�

1
'(p�ksk)

k�s(f)kX ; (16)

X
hs;i>�

k�s(f � S()
n )kX =

X
hs;i>�

k�s(f)kX : (17)

�§ á®®â®è¥¨© (14){(17) á«¥¤ã¥â

��(f) =
p��=q

'(p��)

X
hs;i>�

k�s(f � S()
n )kX + p��=q

X
0<hs;i6�

1
'(p�ksk)k�s(f � S()

n )kX 6

6 C

8>><
>>:

p��=q

'(p��)

P
hs;i>n

k�s(f)kX ¯à¨ � 6 n;

p��=q

'(p��)

P
hs;i>�

k�s(f)kX + p��=q
P

n<hs;i6�

1
'(p�ksk)

k�s(f)kX ¯à¨ � > n:
(18)

�® ãá«®¢¨î â¥®à¥¬ë 0 < r1 < log2 �'. �®íâ®¬ã áãé¥áâ¢ã¥â �-äãªæ¨ï �1(t) â ª ï, çâ® �1(t) �
'(t)
tr1+"

, " > 0 (á¬. «¥¬¬ã �). �«¥¤®¢ â¥«ì®, ãç¨âë¢ ï, çâ® �1(t) " ¨ ¯®«ì§ãïáì «¥¬¬®© �, ¯®«ãç¨¬
X

n<hs;i6�

1
'(p�ksk)

k�s(f)kX 6 C
X

n<hs;i6�

1
'(p�ksk)

p�hs;ri =

= C
X

n<hs;i6�

1
'(p�ksk)

p�r1hs;i 6 C
X

n<hs;i6�

1
'(p�hs;i)

p�r1hs;i 6

6 C
X

n<hs;i6�

��11 (p�hs;i) 6 C
1

�1(p�)

X
n<hs;i6�

p"hs;i 6 C
1

�1(p��)
p�"�d�1 6 C

p��r1

'(p��)
�d�1 (19)

¤«ï «î¡®© äãªæ¨¨ f ¨§ Hr
X . � «¥¥, ¯® «¥¬¬¥ � ¨¬¥¥¬X

hs;i>�

k�s(f)kX 6 C
X

hs;i>�

p�hs;ri 6 Cp��r1�d�1: (20)

�§ ¥à ¢¥áâ¢ (18){(20) ¤«ï «î¡®© äãªæ¨© f 2 Hr
X ¯®«ãç¨¬

��(f) 6 C

8<
:

p��=q

'(p��)
p�nr1�d�1 ¯à¨ � 6 n;

p
��(r1+

1
q
)

'(p��)
�d�1 ¯à¨ � > n:

(21)

�® ãá«®¢¨î â¥®à¥¬ë 1
q
< log2 '. �«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ � áãé¥áâ¢ã¥â �-äãªæ¨ï �1(t)

â ª ï, çâ® '(t)

t
1
q
� �1(t) ". �®íâ®¬ã

p��=q

'(p��)
6 C

p�n=q

'(p�n)
; � 6 n: (22)

� ª ª ª �' < 2
1
q+r1 ¯® ãá«®¢¨î â¥®à¥¬ë, â® áãé¥áâ¢ã¥â ç¨á«® " 2 (0; r1 + 1

q
) â ª®¥, çâ® �' <

2
1
q+r1�" < 2

1
q+r1 . �®« £ ï (t) = tr1+

1
q�" ¢ «¥¬¬¥ A, «¥£ª® ã¡¥¦¤ ¥¬áï ¢ áãé¥áâ¢®¢ ¨¨ �-äãª-

æ¨¨ �1(t) â ª®©, çâ® t
1
q
+r1�"

'(t)
� �1(t) ". �«¥¤®¢ â¥«ì®,

p�(r1+
1
q )�d�1

'(p��)
6 C�1(p��)�d�1 6 C�1(p�n)

nd�1

pn"
6 C

p�n(
1
q+r1)

'(p�n)
nd�1 (23)

20



¤«ï � > n. �§ á®®â®è¥¨© (21){(23) á«¥¤ã¥â

sup
�>0

��(f) 6 C
p�n(

1
q+r1)

'(p�n)
nd�1

¤«ï «î¡®© ¨§ äãªæ¨© f 2 Hr
X . � ª¨¬ ®¡à §®¬ (á¬. (14)),

sup
f2Hr

X

kf � S()
n (f)kq;1 6 C(d; p)

p�n(
1
q+r1)

'(p�n)
nd�1:

�¥®à¥¬  2. �ãáâì ®¡®¡é¥ë¥ á¨áâ¥¬ë �  à  �fp(j)n g, j = 1; : : : ; d, ®¯à¥¤¥«¥ë ®¤¨¬  -

âãà «ìë¬ ç¨á«®¬ p(j)n = p > 2, n = 1; 2; : : : ; j = 1; : : : ; d, ¨ ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

max
�
1
q
; r
	
< 1

q1
< 1

q
+ r. �®£¤  ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

EQn
(Hr

Lq1
)q;1 � sup

f2Hr
Lq1

kf � Sn(f)kq;1 � p�n(r+
1
q�

1
q1

) � nd�1:

�®ª § â¥«ìáâ¢®. �æ¥ª  á¢¥àåã ¢¥«¨ç¨ë EQn
(Hr

Lq1
)q;1 á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.

�«ï ®æ¥ª¨ á¨§ã à áá¬®âà¨¬ ¯à®¨§¢¥¤¥¨¥ f0(x) =
dQ

j=1
f 0j (xj) äãªæ¨© f 0j (xj), ¯®áâà®¥ëå

¢ «¥¬¬¥ 4, ¢ á«ãç ¥ ¯à®áâà áâ¢  �¥¡¥£  X(') = Lq1 [0; 1], â. ¥. '(t) = t
1
q1 . �®£« á® íâ®© «¥¬¬¥

f0 2 Hr
Lq1

. �® ®¯à¥¤¥«¥¨î â®ç®© ¢¥àå¥© £à ¨ ¤«ï ¢á¥å l = (l1; : : : ; ld) â ª¨å, çâ® klk = n,
¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

kf0 � Sn(f0)kq;1 > p(1�
1
q )klk

Z p�l1

0
� � �

Z p�ld

0
jf0(x)� Sn(f0; x)jdx =

= pn(1�
1
q )

1X
�=n

X
�<ksk6�+1

Z p�s1

p�s1�1

� � �
Z p�sd

p�sd�1

jf0(x)� Sn(f0; x)jdx: (24)

� ª ª ª ®á¨â¥«¨ äãªæ¨© �pkj+p(xj), j = 1; : : : ; d, ¥ ¯¥à¥á¥ª îâáï, â®

Z p�s1

p�s1�1

� � �
Z p�sd

p�sd�1

jf0(x)� Sn(f0; x)jdx = p�(r+1)ksk � p ksk
q1 :

�®íâ®¬ã ¨§ ¥à ¢¥áâ¢  (24) á«¥¤ã¥â

kf0 � Sn(f0)kq;1 > pn(1�
1
q )

1X
�=n

X
�<ksk6�+1

p�(r+1)ksk � p ksk
q1 : (25)

�®«ì§ãïáì «¥¬¬®© �, ¯®«ãç¨¬

1X
�=n

X
�<ksk6�+1

p�(r+1�
1
q1

)ksk
> C(r) � p�n(r+1� 1

q1
) � nd�1: (26)

�§ ¥à ¢¥áâ¢ (25), (26) ¢ëâ¥ª ¥â, çâ® sup
f2Hr

Lq1

kf � Sn(f)kq;1 > p�n(r+
1
q�

1
q1

) � nd�1.
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