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1. �¢¥¤¥­¨¥

�®­ïâ¨¥ âª ­¨ �¥à®­¥§¥ (ª®à §¬¥à­®áâ¨ ®¤¨­) ­  n-¬¥à­®¬ ¬­®£®®¡à §¨¨ Xn ¡ë«® ¢¢¥¤¥­®
¢ à ¡®â¥ [1] ª ª ¥áâ¥áâ¢¥­­ë© ¨­¢ à¨ ­â ¡¨£ ¬¨«ìâ®­®¢®© áâàãªâãàë ª®à ­£  ®¤¨­.

� [2], [3] ¨ [4]  ¢â®àë ®¯à¥¤¥«¨«¨ âª ­¨ �¥à®­¥§¥ ¯à®¨§¢®«ì­®© ª®à §¬¥à­®áâ¨ r, r � 1,
­  (nr)-¬¥à­®¬ ¬­®£®®¡à §¨¨ Xnr (á¬. â ª¦¥ [5], [6] ¨ [7], £¤¥ à áá¬ âà¨¢ îâáï íâ¨ ¨ ¤àã£¨¥
®¡®¡é¥­¨ï âª ­¥© �¥à®­¥§¥).

�à¥¦¤¥ ¢á¥£® ­ ¯®¬­¨¬ ®¯à¥¤¥«¥­¨¥ âª ­¥© �¥à®­¥§¥ ª®à §¬¥à­®áâ¨ r ­  Xnr, ¤ ­­®¥ ¢ [6]
¨ [4] (á¬. â ª¦¥ [2] ¨ [7]).

�ãáâì Xnr | ¤¨ää¥à¥­æ¨àã¥¬®¥ ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ nr. �à¥¤¯®«®¦¨¬, çâ® n à á-
¯à¥¤¥«¥­¨© X1; : : : ;Xn ª®à §¬¥à­®áâ¨ r § ¤ ­ë ­  Xnr á¨áâ¥¬ ¬¨ f!i

1g; : : : ; f!i
ng, i = 1; : : : ; r,

1-ä®à¬, ª®â®àë¥, ¢®®¡é¥ £®¢®àï, ­¥ ï¢«ïîâáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬¨. �á«¨ á¨áâ¥¬  ãà ¢­¥­¨©

!i(t) = !i
1 + t!i

2 + � � �+ tn�1!i
n = 0 (1)

¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï «î¡®£® ¢¥é¥áâ¢¥­­®£® ç¨á«  t, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® ­  Xnr § ¤ ­ 
âª ­ì �¥à®­¥§¥ ª®à §¬¥à­®áâ¨ r. �ã¤¥¬ ®¡®§­ ç âì â ª¨¥ âª ­¨ á¨¬¢®«®¬ V Wt(n; r). �â¬¥â¨¬,
çâ® ¬­®¦¥áâ¢® á«®¥­¨©, ®¯à¥¤¥«¥­­ëå ãà ¢­¥­¨ï¬¨ (1), ­ §ë¢ ¥âáï â ª¦¥ ªà¨¢®© �¥à®­¥§¥ á«®-
¥­¨© (áà. [6]).

� á®®â¢¥âáâ¢¨¨ á ¢¢¥¤¥­­ë¬¨ ®¡®§­ ç¥­¨ï¬¨ ¬®¦­® áª § âì, çâ®  ¢â®àë à ¡®âë [1] à áá¬ -
âà¨¢ «¨ âª ­¨ �¥à®­¥§¥ VWt(n; 1),    ¢â®àë à ¡®â [2], [3] ¨ [4] (á¬. â ª¦¥ [6] ¨ [7]) à áá¬ âà¨¢ «¨
âª ­¨ �¥à®­¥§¥ VWt(n; r), r � 1.

� ¤ ­­®© à ¡®â¥ ¡ã¤ãâ ¨§ãç âìáï âª ­¨, ¯®¤®¡­ë¥ âª ­ï¬ �¥à®­¥§¥ (¡ã¤¥¬ ­ §ë¢ âì ¨å
âª ­ï¬¨ â¨¯  �¥à®­¥§¥, á®®â¢¥âáâ¢ãîé¨©  ­£«¨©áª¨© â¥à¬¨­ | Veronese-like webs), ¤«ï ª®-
â®àëå n à á¯à¥¤¥«¥­¨© X1; : : : ;Xn ª®à §¬¥à­®áâ¨ r § ¤ ­ë ­  Xnr á¨áâ¥¬ ¬¨ f!i

1g; : : : ; f!i
ng,

i = 1; : : : ; r, 1-ä®à¬, ª®â®àë¥ ï¢«ïîâáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬¨, ¨, ªà®¬¥ â®£®, ãà ¢­¥­¨¥ (1)
ï¢«ï¥âáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬ ¤«ï «î¡®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t.

�¥à¢®© å à ªâ¥à­®© ç¥àâ®© íâ¨å ­®¢ëå âª ­¥© ï¢«ï¥âáï â®, çâ® á«®¥­¨ï f!i
1=0g; :::; f!i

n=0g
¬®¦­® ¤®¯®«­¨âì ¤® ª®®à¤¨­ â­®© (n+1)-âª ­¨ W (n+1; n; r). �â® ¯®§¢®«¨â ¯à¨¬¥­ïâì à¥§ã«ì-
â âë à ¡®â [8]{[13].

� ¤¨¬ â¥¯¥àì ®¯à¥¤¥«¥­¨¥ â ª¨å âª ­¥©.
�¬¥¥¬ n ¬­®¦¥áâ¢ ¢¯®«­¥ ¨­â¥£à¨àã¥¬ëå 1-ä®à¬ f!i

�g, � = 1; : : : ; n, â. ¥.

d!i
� ^ !1

� ^ � � � ^ !r
� = 0:

�«®¥­¨ï X1; : : : ;Xn ¬®£ãâ ¡ëâì ¤®¯®«­¥­ë ¤® (n + 1)-âª ­¨ W (n + 1; n; r) ¯®áà¥¤áâ¢®¬ ¤®-
¡ ¢«¥­¨ï ¤®¯®«­¨â¥«ì­®£® á«®¥­¨ï Xn+1, ®¯à¥¤¥«¥­­®£® ¢¯®«­¥ ¨­â¥£à¨àã¥¬®© á¨áâ¥¬®© ä®à¬
f!i

n+1g. �®áª®«ìªã ä®à¬ë !i
1; : : : ; !

i
n ®¡à §ãîâ ª®¡ §¨á ­  Xnr, â® ä®à¬ë �!i

n+1 ï¢«ïîâáï «¨-
­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ä®à¬ !i

1; : : : ; !
i
n:

�!i
n+1 = p

j
1j!

j
1 + � � �+ pinj!

j
n;

£¤¥ ¬ âà¨æë (pi1j); : : : ; (p
i
nj) ­¥¢ëà®¦¤¥­ë. �¯à¥¤¥«¨¬ ­®¢ë© ª®¡ §¨á ­  Xnr

!i
1 = pi1j!

i; : : : ; !i
n = pinj!

j
n:
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�®£¤  ãª § ­­®¥ ¢ëè¥ ãà ¢­¥­¨¥ á¢¥¤¥âáï ª

�!i
n+1 = !i

1 + � � �+ !i
n:

�â¬¥â¨¬, çâ® á«®¥­¨ï f!i
1 = 0g; : : : ; f!i

n = 0g | â¥ ¦¥ á ¬ë¥, çâ® ¨ á«®¥­¨ï f!i
1 = 0g,

: : : ; f!i
n = 0g.

�¯à¥¤¥«¥­¨¥ 1. �á«¨ á¨áâ¥¬  ãà ¢­¥­¨©

!i(t) = !i
1 + t!i

2 + � � �+ tn�1!i
n = 0 (2)

¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï «î¡®© ¢¥é¥áâ¢¥­­®© £« ¤ª®© äã­ªæ¨¨ t(x), x 2 Xnr, â® ¡ã¤¥¬ £®¢®-
à¨âì, çâ® ­  Xnr § ¤ ­  âª ­ì â¨¯  �¥à®­¥§¥ ª®à §¬¥à­®áâ¨ r á £®«®­®¬­®© ª®®à¤¨­ â­®©
âª ­ìî W (n+ 1; n; r).

� ªãî âª ­ì ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ V LWt(n; r). � ª¨¬ ®¡à §®¬, âª ­ì â¨¯  �¥à®­¥§¥
V LWt(n; r) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ á«®¥­¨©, ®¯à¥¤¥«¥­­ëå
ãà ¢­¥­¨ï¬¨ (2).

�à¨¬¥à 1. � á¯à¥¤¥«¥­¨ï, ®¯à¥¤¥«¥­­ë¥ 1-ä®à¬ ¬¨ !1 = xdx, !2 = ydy ¨ !3 = ydx +
(x+z)dy+dz ­¥ ¯®à®¦¤ îâ âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1), ¯®áª®«ìªã 1-ä®à¬  !3 ­¥ ï¢«ï¥âáï
¢¯®«­¥ ¨­â¥£à¨àã¥¬®©. �¤­ ª® â¥ ¦¥ á ¬ë¥ ä®à¬ë ¯®à®¦¤ îâ âª ­ì �¥à®­¥§¥ VWt(3; 1).

�â¬¥â¨¬, çâ® ãá«®¢¨¥ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ä®à¬ !i(t) ¨¬¥¥â ¢¨¤

d!i(t) ^ !1(t) ^ � � � ^ !r(t) = 0: (3)

�â¨ ãá«®¢¨ï ¤®«¦­ë ¢ë¯®«­ïâìáï ¤«ï «î¡®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t(x), x 2 Xnr.
�§ï¢ d à §«¨ç­ëå á«®¥­¨© ¨§ á¥¬¥©áâ¢  (2), ¯®«ãç¨¬ d-âª ­ì-¯à¥¤áâ ¢¨â¥«ì âª ­¨ â¨-

¯  �¥à®­¥§¥ V LWt(n; r). � ª¨¬ ®¡à §®¬, d-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï d-âª ­ìî W (d; n; r),
®¡à §®¢ ­­®© d á«®¥­¨ï¬¨ ­  Xnr ¨§ ¬­®¦¥áâ¢  (2) (á¬. [14], [9] ¤«ï n = 2 ¨ [11]{[13] ¤«ï n � 2).

�¯à¥¤¥«¥­¨¥ 2. (n+ 1)-âª ­ì W (n+ 1; n; r) ­ §ë¢ ¥âáï ¯ à ««¥«¨§ã¥¬®©, ¥á«¨ ®­  ¬®¦¥â
¡ëâì ®â®¡à ¦¥­  ­  (n+ 1)-âª ­ì, ®¡à §®¢ ­­ãî n+ 1 á«®¥­¨ï¬¨ ¯ à ««¥«ì­ëå (n� 1)r-¯«®á-
ª®áâ¥© (nr)-¬¥à­®£®  ää¨­­®£® ¯à®áâà ­áâ¢  A nr . �ª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) ­ §ë¢ ¥âáï
¯ à ««¥«¨§ã¥¬®©, ¥á«¨ ¢á¥ ¥¥ (n+ 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ ï¢«ïîâáï ¯à ««¥«¨§ã¥¬ë¬¨.

�¤¥« ¥¬ ­¥áª®«ìª® § ¬¥ç ­¨©, ®â­®áïé¨åáï ª áä®à¬ã«¨à®¢ ­­ë¬ ®¯à¥¤¥«¥­¨ï¬.
1. �®«ìª® âà¨ á«®¥­¨ï ª®®à¤¨­ â­®© (n+1)-âª ­¨ W (n+1; n; r),   ¨¬¥­­®, á«®¥­¨ï f!i

1 = 0g,
f!i

n = 0g ¨ f!i
n+1 = 0g, ¯à¨­ ¤«¥¦ â á¥¬¥©áâ¢ã á«®¥­¨© (2). �­¨ á®®â¢¥âáâ¢ãîâ §­ ç¥­¨ï¬

t = 0;1; 1. �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ n > 2, â® ª®®à¤¨­ â­ ï (n + 1)-âª ­ì W (n + 1; n; r) ­¥
ï¢«ï¥âáï (n+1)-âª ­ìî-¯à¥¤áâ ¢¨â¥«¥¬ âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; r). �®«ìª® ª®®à¤¨­ â­ ï
3-âª ­ì W (3; 2; r) ï¢«ï¥âáï 3-âª ­ìî-¯à¥¤áâ ¢¨â¥«¥¬ âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r), ª®â®àãî
âª ­ì W (3; 2; r) ¯®à®¦¤ ¥â.

2. �® ®¯à¥¤¥«¥­¨î 2 âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) ­¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©, ¥á«¨
å®âï ¡ë ®¤­  (n+ 1)-âª ­ì-¯à¥¤áâ ¢¨â¥«ì âª ­¨ V LWt(n; r) ­¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©.

3. �¥¢ ï ç áâì ãá«®¢¨ï (3) ï¢«ï¥âáï ¯®«¨­®¬®¬ áâ¥¯¥­¨ (n+ 1)(n� 1) ®â­®á¨â¥«ì­® t. �«ï
â®£® çâ®¡ë ãá«®¢¨¥ (3) ¢ë¯®«­ï«®áì ¤«ï ¯à®¨§¢®«ì­®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t(x), x 2 Xnr,
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢á¥ n2 ª®íää¨æ¨¥­â®¢ íâ®£® ¯®«¨­®¬  ®¡à é «¨áì ¢ ­ã«ì. �à®-
¬¥ íâ¨å n2 ãá«®¢¨© ¯®ï¢ïâáï ¤àã£¨¥ ãá«®¢¨ï, ¢ëâ¥ª îé¨¥ ¨§ â®£®, çâ® ¢­¥è­¨¥ ¯à®¨§¢¥¤¥­¨ï
ä®à¬ !i

1; : : : ; !
i
n ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨.

4. � ®¯à¥¤¥«¥­¨¨ 1 ª®®à¤¨­ â­®© (n + 1)-âª ­ìî âª ­¨ V LWt(n; r) ï¢«ï¥âáï âª ­ì
W (n + 1; n; r), ®¯à¥¤¥«ï¥¬ ï n + 1 á«®¥­¨¥¬ f!i

1 = 0g; : : : ; f!i
n = 0g, f!i

n+1 = 0g. � à¥§ã«ìâ â¥
¯®«ãç ¥¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ á«¥¤áâ¢¨ï ãá«®¢¨© (2), ¢ëà ¦¥­­ë¥ ¢ â¥à¬¨­ å â¥­§®à  ªàãç¥­¨ï
ª®®à¤¨­ â­®© âª ­¨ W (n+ 1; n; r).

�à¨ ¨§ãç¥­¨¨ ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(n; r) á«¥¤ã¥â
à áá¬ âà¨¢ âì â®«ìª® â ª¨¥ á¢®©áâ¢  âª ­¨ V LWt(n; r), ª®â®àë¥ ¢ë¯®«­ïîâáï ¤«ï ¢á¥å
âª ­¥©-¯à¥¤áâ ¢¨â¥«¥© âª ­¨ V LWt(n; r).
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�ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r) ­  X2r ¢¯¥à¢ë¥ à áá¬ âà¨¢ «¨áì ¥é¥ ¢ 1974 £. ¢ à ¡®â¥ [8]
(á¬. â ª¦¥ [9], x 3.2) ¯®¤ ­ §¢ ­¨¥¬ ¨§®ª«¨­­ë¥ ¯®¤¬­®£®®¡à §¨ï ¨§®ª«¨­­ëå 3-âª ­¥©. �®«¥¥
â®£®, á¯¥æ¨ «ì­ë© ª« áá âª ­¥© �¥à®­¥§¥ V Wt(2; r) á £®«®­®¬­ë¬¨ ª®®à¤¨­ â­ë¬¨ âª ­ï¬¨
­  X2r, ¨§®ª«¨­­ë¥ ¯®¤¬­®£®®¡à §¨ï â ª ­ §ë¢ ¥¬ëå ¯ à â ªâ¨ç¥áª¨å (¨«¨ ¨§®ª«¨­­®-£¥®¤¥-
§¨ç¥áª¨å) 3-âª ­¥©, à áá¬ âà¨¢ «áï ¢ [14] (á¬. â ª¦¥ [9], x 3.5) ¢ 1969 £.

�á«¨ ¢ ®¯à¥¤¥«¥­¨¨ 1 t = const, â® á®®â¢¥âáâ¢ãîé ï âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) ¯à¥¤-
áâ ¢«ï¥â á®¡®© á¯¥æ¨ «ì­ë© á«ãç © âª ­¥© �¥à®­¥§¥ V Wt(n; r), å à ªâ¥à¨§ã¥¬ëå â¥¬, çâ® à á-
¯à¥¤¥«¥­¨ï f!i

1 = 0g; : : : ; f!i
n = 0g ï¢«ïîâáï ¨­â¥£à¨àã¥¬ë¬¨.

�¬¥îâáï á«¥¤ãîé¨¥ ¢®§¬®¦­®áâ¨ ¤«ï ¤ ­­®© ª®®à¤¨­ â­®© âª ­¨ W (n+ 1; n; r).

(a) �¥ áãé¥áâ¢ã¥â á¥¬¥©áâ¢  ¢¥é¥áâ¢¥­­ëå äã­ªæ¨© t, ¤«ï ª®â®àëå ãà ¢­¥­¨¥ (1) ï¢«ï¥âáï
¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬. �à¨¬¥à®¬ ¬®¦¥â á«ã¦¨âì âª ­ì W (4; 3; 1), ®¯à¥¤¥«ï¥¬ ï ãà ¢-
­¥­¨¥¬ u = (x + y)z (á¬. ¯à¨¬¥à 5 ¢ x 6 ¤ ­­®© à ¡®âë), ª®â®à ï ­¥ ¯®à®¦¤ ¥â âª ­ì
â¨¯  �¥à®­¥§¥ V LWt(3; 1).

(b) �¨áâ¥¬  ãà ¢­¥­¨© (1) ï¢«ï¥âáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬ ¤«ï «î¡®© ­¥¯®áâ®ï­­®© ¢¥é¥-
áâ¢¥­­®© äã­ªæ¨¨ t(x), x 2 Xnr. � íâ®¬ á«ãç ¥ âª ­ì W (n + 1; n; r) ¯®à®¦¤ ¥â âª ­ì
â¨¯  �¥à®­¥§¥ V LWt(n; r), ª®â®à ï ­¥ ï¢«ï¥âáï âª ­ìî �¥à®­¥§¥ V Wt(n; r). �à¨¢¥¤¥¬
¯à¨¬¥àë.

� �î¡ ï ¨§®ª«¨­­ ï âª ­ìW (3; 2; r) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) (á¬.
x 6). � áâ­ë© á«ãç © â ª®© âª ­¨ à áá¬ âà¨¢ ¥âáï ¢ ¯à¨¬¥à¥ 2 ¨§ x 2.3.

� �ª ­ì W (4; 3; 1) á a ¨ b, ­¥ ®¡à é îé¨¬¨áï ¢ ­ã«ì ®¤­®¢à¥¬¥­­®, à áá¬ âà¨¢ -
¥¬ ï ¢ x 6, ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1). �®­ªà¥â­ë© ¯à¨¬¥à â -
ª®© âª ­¨ V LW (3; 1) á ª®®à¤¨­ â­®© âª ­ìî W (4; 3; 1), ®¯à¥¤¥«ï¥¬®© ãà ¢­¥­¨¥¬
u = x+ y + z + yz, à áá¬ âà¨¢ ¥âáï ¢ ¯à¨¬¥à¥ 4 ¨§ x 6.

(c) �¨áâ¥¬  ãà ¢­¥­¨© (1) ï¢«ï¥âáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬ ¤«ï «î¡®£® ¯®áâ®ï­­®£® ¢¥é¥-
áâ¢¥­­®£® ç¨á«  t. � íâ®¬ á«ãç ¥ âª ­ìW (n+1; n; r) ¯®à®¦¤ ¥â âª ­ì �¥à®­¥§¥ VWt(n; r)
á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî W (n+ 1; n; r). �à¨¢¥¤¥¬ ¯à¨¬¥àë.

� � à â ªâ¨ç¥áª ï (¢ ç áâ­®áâ¨, ¯ à ««¥«¨§ã¥¬ ï) âª ­ìW (3; 2; r) ¯®à®¦¤ ¥â âª ­ì
�¥à®­¥§¥ VWt(2; r) (á¬. x 3).

� � à ««¥«¨§ã¥¬ ï âª ­ì W (n + 1; n; r), n > 2, r � 1, ¯®à®¦¤ ¥â âª ­ì �¥à®­¥§¥
VWt(n; r) (á¬. x 5{7).

� íâ®© à ¡®â¥ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë, ª á îé¨¥áï ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¨§®ª«¨­­ëå
âà¨-âª ­¥© W (3; 2; r), ¯à¥¤áâ ¢«¥­ë ª ª ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  âª ­¥© â¨-
¯  �¥à®­¥§¥ V LWt(2; r). �®ª § ­®, ª ª íâ¨ á¢®©áâ¢  ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï à¥è¥­¨ï
­¥ª®â®àëå § ¤ ç, ®â­®áïé¨åáï ª âª ­ï¬ â¨¯  �¥à®­¥§¥. � ¯à¨¬¥à, ¨á¯®«ì§ãï íâ¨ á¢®©áâ¢ ,
¬®¦­® ¤®ª § âì £¨¯®â¥§ã � å à¥¢¨ç  ¤«ï âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r): ¤®áâ â®ç­® ¯à®¢¥-
à¨âì, çâ® á¨áâ¥¬  (2) ï¢«ï¥âáï ¢¯®«­¥ ¨­â¥£à¨àã¥¬®© ¤«ï ç¥âëà¥å à §«¨ç­ëå ¢¥é¥áâ¢¥­­ëå
äã­ªæ¨© t ¤«ï â®£®, çâ®¡ë íâ  á¨áâ¥¬  ®ª § « áì ¢¯®«­¥ ¨­â¥£à¨àã¥¬®© ¤«ï ¯à®¨§¢®«ì­®© ¢¥-
é¥áâ¢¥­­®© äã­ªæ¨¨ t(x), x 2 Xnr. �â¬¥â¨¬, çâ® £¨¯®â¥§  � å à¥¢¨ç  ¡ë«  ¯®áâ ¢«¥­  ¢ [15]
(á¬. â ª¦¥ [5]) ¨ à §à¥è¥­  ¢ [6] ¤«ï âª ­¥© �¥à®­¥§¥ VWt(n; r) (á¬. â ª¦¥ [7]). �â¬¥â¨¬, çâ®
£¨¯®â¥§  � å à¥¢¨ç  ¤«ï âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(n; r) ¯à¨ n > 2 ¬®¦¥â ¡ëâì ¤®ª § ­ 
 ­ «®£¨ç­ë¬ ®¡à §®¬.

� à ¡®â¥ ¤®ª § ­®, çâ®, §  ¨áª«îç¥­¨¥¬ á«ãç ¥¢ n = 2, r ¯à®¨§¢®«ì­® ¨ n = 3, r = 1, ª®®à-
¤¨­ â­ ï âª ­ì W (n+1; n; r) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  âª ­ì W (n+ 1; n; r) (á«¥¤®¢ â¥«ì­®, ¨ á ¬  âª ­ì V LWt(n; r)) ï¢«ï¥âáï ¯«®áª®© (¯ à «-
«¥«¨§ã¥¬®©) (á¬. â¥®à¥¬ë 7, 8, 16 ¨ 17). �á«¨ n > 2, â® ¥¤¨­áâ¢¥­­ë¬¨ ­¥¯«®áª¨¬¨ (­¥¯ à «-
«¥«¨§ã¥¬ë¬¨) âª ­ï¬¨, ª®â®àë¥ ¯®à®¦¤ îâ âª ­¨ â¨¯  �¥à®­¥§¥, ï¢«ïîâáï 4-âª ­¨ W (4; 3; 1)
(á¬. â¥®à¥¬ë 9 ¨ 10). � ®¡é¥¬ á«ãç ¥ ®­¨ ¯®à®¦¤ îâ ­¥¯ à ««¥«¨§ã¥¬ë¥ âª ­¨ â¨¯  �¥à®-
­¥§¥ V LWt(3; 1) (á¬. á«¥¤áâ¢¨¥ 4). �ãé¥áâ¢®¢ ­¨¥ ­¥¯ à ««¥«¨§ã¥¬ëå âª ­¥© â¨¯  �¥à®­¥§¥
V LWt(3; 1) ãáâ ­®¢«¥­® ¢ â¥®à¥¬¥ 13. �â¬¥â¨¬, çâ® ¢® ¢á¥å á«ãç ïå, ª®£¤  âª ­ì â¨¯  �¥à®­¥-
§¥ V LWt(n; r) ¯ à ««¥««¨§ã¥¬ , íâ  âª ­ì ï¢«ï¥âáï âª ­ìî �¥à®­¥§¥ V Wt(n; r) á £®«®­®¬­®©
ª®®à¤¨­ â­®© âª ­ìî.
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2. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r)

2.1. �âàãªâãà­ë¥ ãà ¢­¥­¨ï (n + 1)-âª ­¨ W (n + 1; n; r). (n + 1)-âª ­ì W (n + 1; n; r)
ª®à §¬¥à­®áâ¨ r ­  ¤¨ää¥à¥­æ¨àã¥¬®¬ ¬­®£®®¡à §¨¨ Xnr à §¬¥à­®áâ¨ nr ®¡à §ã¥âáï n + 1
á«®¥­¨¥¬ f!i

1 = 0g; : : : ; f!i
n = 0g ¨ f!i

1+ � � �+!i
n = 0g ª®à §¬¥à­®áâ¨ r (á¬. [11], [12] ¨«¨ [13], x 1.2

¤«ï á«ãç ï n � 2; [14] ¨«¨ [9], x 1.3 ¤«ï á«ãç ï n = 2,   â ª¦¥ [10]).
�®à¬ë !i

�, � = 1; : : : ; n, i = 1; : : : ; r, ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬

d!i
� = !j

� ^ �ij +
X
� 6=�

aijk[�; �]!
j
� ^ !k

�; (4)

£¤¥

aijk[�; �] = aikj [�; �]; (5)X
(�;�)

ai(jk)[�; �] = 0: (6)

�®à¬ë �ij ®¯à¥¤¥«ïîâ  ää¨­­ãî á¢ï§­®áâì �n+1 ­  ¬­®£®®¡à §¨¨ Xnr (á¬. [11]{[13], x 1.2 ¨«¨
[10]). �­¨ ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬

d�ij � �kj ^ �ik =
nX

�;�=1

bijkl[�; �]!
k
� ^ !l

� (7)

(á¬. [11]{[13], x 1.2 ¨«¨ [10]).
�¥«¨ç¨­ë faijk[�; �]g ¨ fbijkl[�; �]g ¢ (4) ¨ (7) ®¡à §ãîâ â¥­§®àë. �â¨ â¥­§®àë ­ §ë¢ îâáï

á®®â¢¥âáâ¢¥­­® â¥­§®à®¬ ªàãç¥­¨ï ¨ â¥­§®à®¬ ªà¨¢¨§­ë âª ­¨ W (n+ 1; n; r).
�¥­§®àë faijk[�; �]g ¨ fbijkl[�; �]g ã¤®¢«¥â¢®àïîâ ­¥ª®â®àë¬ á®®â­®è¥­¨ï¬, ¨§ ª®â®àëå ®â¬¥-

â¨¬ á«¥¤ãîé¥¥:

bijkl[�; �] =
1
2
(aijkl[
; �; �] � ailjk[�;
; �]); 
 6= �; �; (8)

£¤¥ aijkl[�; �; 
] | ª®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ â¥­§®à  aijk[�; �] ¢ á¢ï§­®áâ¨ �n+1.
�à ¢­¥­¨ï (8) ¯®ª §ë¢ îâ, çâ® ¥á«¨ n > 2, â® â¥­§®à ªà¨¢¨§­ë âª ­¨W (n+1; n; r) ¢ëà ¦ -

¥âáï ç¥à¥§ ª®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ â¥­§®à  ªàãç¥­¨ï ¨ á ¬ â¥­§®à ªàãç¥­¨ï. �â® ­¥ ¨¬¥¥â
¬¥áâ  ¢ á«ãç ¥ n = 2, ¯®áª®«ìªã ¢ ä®à¬ã« å (8) 
 6= �; �.

�ëè¥ãª § ­­®¥ á¢®©áâ¢® ¨¬¥¥â á«¥¤ãîé¨© £¥®¬¥âà¨ç¥áª¨© á¬ëá«: ¥á«¨ â¥­§®à ªàãç¥­¨ï
âª ­¨ W (n + 1; n; r), n > 2, ®¡à é ¥âáï ¢ ­ã«ì, â. ¥. aijk[�; �] = 0, â® âª ­ì W (n + 1; n; r)
ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©, â. ¥. ®­  ¬®¦¥â ¡ëâì ®â®¡à ¦¥­  ­  (n + 1)-âª ­ì, ®¡à §®¢ ­­ãî
n + 1 á«®¥­¨¥¬, ª ¦¤®¥ ¨§ ª®â®àëå á®áâ®¨â ¨§ ¯ à ««¥«ì­ëå (n � 1)r-¯«®áª®áâ¥©  ää¨­­®£®
¯à®áâà ­áâ¢  A nr .

2.2. �âàãªâãà­ë¥ ãà ¢­¥­¨ï 3-âª ­¨ W (3; 2; r). �á«¨ n = 2, â. ¥. ¢ á«ãç ¥ 3-âª ­¨
W (3; 2; r), áâàãªâãà­ë¥ ãà ¢­¥­¨ï (4) ¨ (7) ¬®£ãâ ¡ëâì § ¯¨á ­ë á®®â¢¥âáâ¢¥­­® ¢ ¢¨¤¥

d!i
1 = !j

1 ^ �ij + aijk!
j
1 ^ !k

1 ; d!i
2 = !j

2 ^ �ij � aijk!
j
2 ^ !k

2 ; (9)

d�
i

j � �kj ^ �ik = bijkl!
k
1 ^ !l

2; (10)

£¤¥

�ij = �ij + aijk!
k
2 � aijk!

k
1 (11)

| 1-ä®à¬ë, ®¯à¥¤¥«ïîé¨¥ ­®¢ãî á¢ï§­®áâì �3 (â ª ­ §ë¢ ¥¬ãî á¢ï§­®áâì �¦¥­ï), aijk =
�aikj = ai[jk][1; 2] | â¥­§®à ªàãç¥­¨ï âª ­¨ W (3; 2; r) ¨ bijkl | ¥¥ â¥­§®à ªà¨¢¨§­ë. �â¨ ¤¢ 
â¥­§®à  á¢ï§ ­ë á®®â­®è¥­¨¥¬

bi[jkl] = 2am[jka
i
jmjl]; (12)
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áª®¡ª¨ §¤¥áì ®§­ ç îâ  «ìâ¥à­ æ¨î ¯® ¨­¤¥ªá ¬ j, k ¨ l. � ¯à¨¬¥à,

bi[jkl] =
1
6
(bijkl + biklj + biljk � bikjl � bijlk � bilkj):

�®®â­®è¥­¨ï (12) ï¢«ïîâáï ®¡®¡é¥­­ë¬¨ â®¦¤¥áâ¢ ¬¨ �ª®¡¨ (á¬. [14], [9], x 1.4 ¨«¨ [13], x 1.2).
�ª ­ì W (3; 2; r) ¯ à ««¥«¨§ã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ â¥­§®àë ªàãç¥­¨ï ¨ ªà¨-

¢¨§­ë ®¡à é îâáï ¢ ­ã«ì, â. ¥. ª®£¤  aijk = 0 ¨ bijkl = 0 (á¬. [9], á. 18{19).

2.3. �¯à¥¤¥«¥­¨¥ ¨  ­ «¨â¨ç¥áª ï å à ªâ¥à¨áâ¨ª  âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r).
�à¨¢¥¤¥¬ ®¯à¥¤¥«¥­¨¥ âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r) ­  X2r, ¤ ­­®¥ ¢ [8] (á¬. â ª¦¥ [9], x3.2).

� áá¬®âà¨¬ 3-âª ­ì W (3; 2; r) � X2r ¨ ®¯à¥¤¥«¨¬ ¥¥ ¨§®ª«¨­­ë¥ ¯®¤¬­®£®®¡à §¨ï. � ª®¥
¯®¤¬­®£®®¡à §¨¥ V r ¨¬¥¥â à §¬¥à­®áâì (¨«¨ ª®à §¬¥à­®áâì) r ¨ ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

!i
1 + t!i

2 = 0; (13)

£¤¥ t | äã­ªæ¨ï (¢ ®¡é¥¬ á«ãç ¥ ­¥¯®áâ®ï­­ ï).
�â¬¥â¨¬, çâ® ¢ [8] ¨ [9] (x 3.2) à áá¬ âà¨¢ « áì á¨áâ¥¬  !i

2 + t!i
1 = 0. �¢â®àë ¨á¯®«ì§ãîâ

§ ¯¨áì (13) ¤«ï â®£®, çâ®¡ë ¨§«®¦¥­¨¥ ¨¬¥«® ¥¤¨­®®¡à §­ë© å à ªâ¥à ¨ ¡ë«® á®£« á®¢ ­® á
(2). �ç¥¢¨¤­®, çâ® ãà ¢­¥­¨¥ (13) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ãà ¢­¥­¨ï (2), á®®â¢¥âáâ¢ãîé¨¬
n = 2.

�á«¨ ç¥à¥§ «î¡ãî â®çªã âª ­¨W (3; 2; r) ¯à®å®¤¨â ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¨§®ª«¨­-
­ëå ¯®¤¬­®£®®¡à §¨© V r, â® âª ­ì ­ §ë¢ ¥âáï ¨§®ª«¨­­®©. �®¤¬­®£®®¡à §¨ï V r ­ §ë¢ îâáï
¨§®ª«¨­­ë¬¨ ¯®¤¬­®£®®¡à §¨ï¬¨ âª ­¨ W (3; 2; r).

�§ ®¯à¥¤¥«¥­¨ï ¨§®ª«¨­­ëå 3-âª ­¥© ¨ ®¯à¥¤¥«¥­¨ï 1 âª ­¥© â¨¯  �¥à®­¥§¥ á«¥¤ã¥â, çâ®
¬­®¦¥áâ¢® á«®¥­¨© (13) ï¢«ï¥âáï âª ­ìî â¨¯  �¥à®­¥§¥ V LWt(2; r). �â® ®§­ ç ¥â, çâ® ¬­®-
¦¥áâ¢® ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨© ¨§®ª«¨­­®© 3-âª ­¨ W (3; 2; r), à áá¬®âà¥­­®¥ ¢ [8] (á¬.
â ª¦¥ [9], x 3.2) ï¢«ï¥âáï âª ­ìî â¨¯  �¥à®­¥§¥ V LWt(2; r).

�«ï ­ å®¦¤¥­¨ï  ­ «¨â¨ç¥áª®© å à ªâ¥à¨áâ¨ª¨ ¨§®ª«¨­­ëå âª ­¥© W (3; 2; r) ­ã¦­® ­ ©-
â¨ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (13). �
á®®â¢¥âáâ¢¨¨ á (9) ¨ (13) ¢­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ãà ¢­¥­¨© (13) ¤ ¥â

(t2 � t)aijk!
j
2 ^ !k

2 + dt ^ !i
2 = 0: (14)

�§ íâ¨å ãà ¢­¥­¨© á«¥¤ã¥â, çâ® ­  ¯®¤¬­®£®®¡à §¨¨ V r ¤¨ää¥à¥­æ¨ « dt ï¢«ï¥âáï «¨­¥©­®©
ª®¬¡¨­ æ¨¥© ¡ §¨á­ëå ä®à¬ !i

2. �à¥¤¯®«®¦¨¬, çâ® ¯®¤¬­®£®®¡à §¨¥ V r ­¥ ï¢«ï¥âáï á«®¥¬
âª ­¨ W (3; 2; r). �®£¤  t 6= 0;1; 1, ¨ ¬®¦­® ¯®«®¦¨âì

dt

t� t2
= ak!

k
2 : (15)

�á¯®«ì§ãï íâ® ãà ¢­¥­¨¥, ¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (14) ¢ ¢¨¤¥

(aijk � �ikaj)!
j
2 ^ !k

2 = 0:

�  V r «¥¢ ï ç áâì ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¤®«¦­  â®¦¤¥áâ¢¥­­® à ¢­ïâìáï ­ã«î. �âáî¤  á«¥-
¤ã¥â, çâ® ¢® ¢á¥å â®çª å ¯®¤¬­®£®®¡à §¨ï V r ã¤®¢«¥â¢®àïîâáï ãà ¢­¥­¨ï

aijk = a[j�
i
k]: (16)

�â¬¥â¨¬, çâ® ¥á«¨ r = 2, â® â¥­§®à ªàãç¥­¨ï ¢á¥£¤  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (16). �®íâ®¬ã ¢
¤ «ì­¥©è¥¬ ¡ã¤¥¬ à §«¨ç âì á«ãç ¨ r = 2 ¨ r > 2.

� áá¬®âà¨¬ â¥¯¥àì 3-âª ­ìW (3; 2; r) á â¥­§®à®¬ ªàãç¥­¨ï ¢¨¤  (16). �âàãªâãà­ë¥ ãà ¢­¥­¨ï
â ª®© âª ­¨ ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥

d!i
1 = !

j
1 ^ �ij + aj!

j
1 ^ !i

1; d!i
2 = !

j
2 ^ �ij � aj!

j
2 ^ !i

2: (17)
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�¥£ª® ¯®ª § âì (á¬. [8] ¨«¨ [9], x 3.2), çâ® ¤¨ää¥à¥­æ¨ «ì­®¥ ¯à®¤®«¦¥­¨¥ á¨áâ¥¬ë (17)
¨¬¥¥â ¢¨¤

daj � ak�
k
j = pjk!

k
1 + qjk!

k
2 ; (18)

d�ij � �kj ^ �ik = bijkl!
k
1 ^ !l

2: (19)

�¥«¨ç¨­ë bijkl, pjk ¨ qjk á¢ï§ ­ë á®®â­®è¥­¨ï¬¨

bi[jk]l = ql[j�
i
k]; bi[jjljk] = pl[j�

i
k]; (20)

  ¯à¨ r > 2 ¨¬¥îâáï ¤®¯®«­¨â¥«ì­ë¥ á®®â­®è¥­¨ï

pjk = pkj ; qjk = qkj : (21)

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  1 (áà. [9], á. 112, â¥®à¥¬  3.8). 3-âª ­ì W (3; 2; r), r > 2, ï¢«ï¥âáï ¨§®ª«¨­­®© â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ â¥­§®à ªàãç¥­¨ï ¨¬¥¥â á¯¥æ¨ «ì­®¥ áâà®¥­¨¥ (16).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ áãé¥áâ¢ã¥â å®âï ¡ë ®¤­® ¨§®ª«¨­­®¥ ¯®¤¬­®£®®¡à -
§¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ â®çªã p, â®, ª ª ¡ë«® ¯®ª § ­® ¢ëè¥, â¥­§®à ªàãç¥­¨ï íâ®© âª ­¨ ¨¬¥¥â
áâà®¥­¨¥ (16) ¢ â®çª¥ p.

�¡à â­®, ¯ãáâì â¥­§®à ªàãç¥­¨ï âª ­¨ W (3; 2; r) ¨¬¥¥â ¢¨¤ (16). �®£¤  ¯à¨ r > 2, ¢ ®¡-
é¥¬ á«ãç ¥, á®®â­®è¥­¨ï (21) ­¥ ¨¬¥îâ ¬¥áâ . � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© (13) ¨ (15) ­ 
X2r. � á®®â¢¥âáâ¢¨¨ á (16) ¨ (21) íâ  á¨áâ¥¬  ¢¯®«­¥ ¨­â¥£à¨àã¥¬ . �®íâ®¬ã ®­  ®¯à¥¤¥«ï¥â
(r+1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨©. �®«¥¥ â®£®, ç¥à¥§ «î¡ãî â®ç-
ªã ¬­®£®®¡à §¨ï X2r ¯à®å®¤¨â ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨©,
®¯à¥¤¥«ï¥¬ëå à §«¨ç­ë¬¨ §­ ç¥­¨ï¬¨ ¯ à ¬¥âà  t. � ª¨¬ ®¡à §®¬, âª ­ì W (3; 2; r) ï¢«ï¥âáï
¨§®ª«¨­­®©.

� áá¬®âà¨¬ â¥¯¥àì á«ãç © r = 2. � ª ¡ë«® ®â¬¥ç¥­® à ­¥¥, ¢ íâ®¬ á«ãç ¥ â¥­§®à ªàãç¥­¨ï
¯à®¨§¢®«ì­®© âª ­¨ W (3; 2; 2) ¢á¥£¤  ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥ (16). �¤­ ª® ¢ ®¡é¥¬ á«ãç ¥
á®®â­®è¥­¨ï (21) ­¥ ¢ë¯®«­ïîâáï. � ª¨¬ ®¡à §®¬, ¯à¨ r = 2 á®®â¢¥âáâ¢ãîé ï â¥®à¥¬  ¬®¦¥â
¡ëâì áä®à¬ã«¨à®¢ ­  á«¥¤ãîé¨¬ ®¡à §®¬ (áà. [9], á. 113, â¥®à¥¬  3.9).

�¥®à¥¬  2. �ãáâì ­  ç¥âëà¥å¬¥à­®¬ ¬­®£®®¡à §¨¨ X4 § ¤ ­  3-âª ­ì W (3; 2; 2). �®£¤ 
â¥­§®à ªàãç¥­¨ï íâ®© âª ­¨ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (16). �ª ­ì W (3; 2; 2) ï¢«ï¥âáï ¨§®ª«¨­-
­®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ª®¢¥ªâ®à  ai á¨¬¬¥âà¨ç­ .

� ª¨¬ ®¡à §®¬, ¨§®ª«¨­­ ï 3-âª ­ì W (3; 2; r) ¯®à®¦¤ ¥â 3-âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r),
®¯à¥¤¥«ï¥¬ãî ¬­®¦¥áâ¢®¬ á«®¥­¨© (13). �®«¥¥ â®£®, á ¬  âª ­ì W (3; 2; r) ï¢«ï¥âáï ®¤­®© ¨§
3-âª ­¥©-¯à¥¤áâ ¢¨â¥«¥© âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r). �«®¥­¨ï âª ­¨ W (3; 2; r) ¬®¦­® ¯®-
«ãç¨âì ¨§ ¬­®¦¥áâ¢  (13), ¯®« £ ï t = 0;1; 1.

�¥®à¥¬  3. �¥­§®à ªàãç¥­¨ï ª ¦¤®© 3-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ â¨¯  �¥à®­¥§¥
V LWt(2; r), ¯®à®¦¤ ¥¬®© 3-âª ­ìî W (3; 2; r), ¨¬¥¥â â® ¦¥ á ¬®¥ áâà®¥­¨¥, çâ® ¨ â¥­§®à
ªàãç¥­¨ï âª ­¨ W (3; 2; r).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ 3-âª ­ì-¯à¥¤áâ ¢¨â¥«ì âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r), ®¯à¥-
¤¥«ï¥¬ãî âà¥¬ï á«®¥­¨ï¬¨ �i

1 = 0, �i
2 = 0, �i

3 = �!i(1) = ��i
1 � �i

2 = 0, £¤¥

�i
1 = �!i

1 � t!i
2; �i

2 = !i
1 + s!i

2: (22)

�§ ãà ¢­¥­¨© (22) á«¥¤ã¥â

!i
1 =

1
t� s

(s�i
1 + t�i

2); !i
2 = � 1

t� s
(�i

1 + �i
2): (23)

�®¢ à¨ ­â­ë¥ ¤¨ää¥à¥­æ¨ «ë ä®à¬ (22) ¨¬¥îâ ¢¨¤

d�i
1 = �

j
1 ^ �

i

j � aj!
j
1 ^ !i

1 � dt ^ !i
2 + taj!

j
2 ^ !i

2: (24)
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�®áª®«ìªã á¨áâ¥¬  ãà ¢­¥­¨© �i
1 = 0 ¢¯®«­¥ ¨­â¥£à¨àã¥¬ , ¨§ (24) á«¥¤ã¥â

dt

t� t2
= uj!

j
1 + vj!

j
2: (25)

�®¤áâ ¢«ïï (25) ¢ (24) ¨ ¯à¨¬¥­ïï (23), ¯®«ãç¨¬

d�i
1 = �

j
1 ^ �ij +

1
(t� s)2

[�aj(s�j
1 + t�

j
2) ^ (s�i

1 + t�i
2) +

+ t(1� t)uj(s�
j
1 + t�

j
2) ^ (�i

1 + �i
2) + t(aj � (1� t)vj)(�

j
1 + �

j
2) ^ (�i

1 + �i
2)]: (26)

�® ãà ¢­¥­¨¥ �i
1 = 0 ¤®«¦­® ¡ëâì ¢¯®«­¥ ¨­â¥£à¨àã¥¬ë¬. �«¥¤®¢ â¥«ì­®, ª®íää¨æ¨¥­â ¯à¨

�j
2 ^ �i

2 ¢ ãà ¢­¥­¨¨ (26) ¤®«¦¥­ à ¢­ïâìáï ­ã«î:

t(1� t)
(t� s)2

(aj � vj + tuj) = 0:

�®áª®«ìªã á«®¥­¨¥ �i
1 = 0 ®â«¨ç­® ®â á«®¥­¨© !i

1 = 0 ¨ !i
3 = 0, â®

vj = aj + tuj : (27)

�®¤áâ ¢«ïï (27) ¢ (26), ¯®«ãç¨¬

d�i
1 = �

j
1 ^

�
�ij +

1
t� s

[(taj � t(1� t)uj)�
i
2 � �ijtak�

k
2 ]
�
+

+
1

t� s
[(s+ t)aj � t(1� t)uj ]�

i
k�

j
1 ^ �k

1 : (28)

�­ «®£¨ç­ë¬ ®¡à §®¬ ­ å®¤¨âáï ¢ëà ¦¥­¨¥

d�i
2 = �j

2 ^
�
�ij +

1
s� t

[�(saj � s(1� s)uj)�i
1 + �ijsak�

k
1 ]
�
+

+
1

s� t
[s(1� s)uj � (s+ t)aj ]�ik�

j
2 ^ �k

2 : (29)

�à ¢­¥­¨ï (28) ¨ (29) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

d�i
1 = �j

1 ^ �i
j + [a[j � (1� s� t)u[j ]�ik]�

j
1 ^ �k

1 ; (30)

d�i
2 = �j

2 ^ �i
j � [a[j � (1� s� t)u[j ]�ik]�

j
2 ^ �k

2 ; (31)

£¤¥

�i
j = �ij +

1
t� s

f[t(aj � (1� t)uj)�ik�
k
2 � �ijtak�

k
2 ] + [s(aj � (1� s)uj)�ik�

i
1 � �ijsak�

k
1 ]g: (32)

�à ¢­¥­¨¥ ãà ¢­¥­¨© (30), (31) ¨ (32) á ãà ¢­¥­¨ï¬¨ (17) ¨ (16) ¯®ª §ë¢ ¥â, çâ® ä®à¬  �i
j

ï¢«ï¥âáï ä®à¬®© á¢ï§­®áâ¨ �¦¥­ï 3-âª ­¨, ®¯à¥¤¥«ï¥¬®© á«®¥­¨ï¬¨ �i
1 = 0, �i

2 = 0, �i
3 =

��i
1 � �i

2 = 0,   â¥­§®à ªàãç¥­¨ï íâ®© 3-âª ­¨ ¨¬¥¥â ¢¨¤

cijk = [a[j � (1� s� t)u[j ]�ik]: � (33)

�§ ãà ¢­¥­¨ï (33) ¨ â¥®à¥¬ë 3 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �á¥ 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r), r > 2, ï¢«ïîâáï
¨§®ª«¨­­ë¬¨.
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�â¬¥â¨¬, çâ® ¥á«¨ r = 2, â® â¥­§®à ªàãç¥­¨ï cijk 3-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ V Wt(2; 2)
¢á¥£¤  ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥ cijk = c[j�

i
k]. � ª ¦¥, ª ª ¤«ï âª ­¨W (3; 2; 2), ¨¬¥¥¬ dcj�ck�k

j =
rjk!

k
1 + sjk!

k
2 , £¤¥ rjk ¨ sjk ­¥ ®¡ï§ â¥«ì­® á¨¬¬¥âà¨ç­ë ¯® j ¨ k.

�¥¬ ¦¥ á ¬ë¬ á¯®á®¡®¬, ª ª íâ® ¡ë«® ®áãé¥áâ¢«¥­® ¤«ï ­ å®¦¤¥­¨ï ãá«®¢¨© ¨§®ª«¨­­®áâ¨
âª ­¨ W (3; 2; 2), ¬®¦­® ¤®ª § âì

�«¥¤áâ¢¨¥ 2. �á¥ 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; 2) ï¢«ïîâáï ¨§®-
ª«¨­­ë¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª®¢ à¨ ­â­ë¥ ¯à®¨§¢®¤­ë¥ rjk ¨ sjk ª®¢¥ªâ®à  ci á¨¬¬¥-
âà¨ç­ë: rjk = rkj , sjk = skj .

�®¬¡¨­¨à®¢ ­¨¥¬ ¯à¥¤ë¤ãé¨å à¥§ã«ìâ â®¢, ¯®«ãç ¥âáï

�¥®à¥¬  4. 3-âª ­ì W (3; 2; r), r � 2, ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ®­  ï¢«ï¥âáï ¨§®ª«¨­­®©. �ª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) ¯à¨ íâ®¬
á ¬  ï¢«ï¥âáï ¨§®ª«¨­­®©.

�«¥¤áâ¢¨¥ 3. �ª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) ­¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©.

�®ª § â¥«ìáâ¢®. �§®ª«¨­­ ï 3-âª ­ì ¯ à ««¥«¨§ã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ â¥­-
§®àë ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ®¡à é îâáï ¢ ­ã«ì, â. ¥. ¥á«¨ ai = 0 ¨ bijkl = 0, £¤¥ bijkl | â¥­§®à
ªà¨¢¨§­ë 3-âª ­¨ (á¬. ª®­¥æ x2.2). � ª¨¬ ®¡à §®¬, ¢ ®¡é¥¬ á«ãç ¥ ¢á¥ 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨
âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r) ­¥ ï¢«ïîâáï ¯ à ««¥«¨§ã¥¬ë¬¨. �®íâ®¬ã ¯® ®¯à¥¤¥«¥­¨î 2
âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) ­¥¯ à ««¥«¨§ã¥¬ .

�à¨¬¥à 2. � áá¬®âà¨¬ âª ­ì W (3; 2; 2), ®¯à¥¤¥«¥­­ãî ãà ¢­¥­¨ï¬¨

u1 = (x1 + y1)(x2 � y2); u2 = x2 + y2

([9], á. 133, § ¤ ç  6). �«ï íâ®© âª ­¨

du1 = (x2 � y2)dx1 + (x1 + y1)dx2 + (x2 � y2)dy1 � (x1 + y1)dy2; du2 = dx2 + dy2:

�®§ì¬¥¬ !1
1 = (x2 � y2)dx1 + (x1 + y1)dx2, !2

1 = dx2, !1
2 = (x2 � y2)dy1 � (x1 + y1)dy2, !2

2 = dy2,
!i
3 = �dui, i = 1; 2. �§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï á«¥¤ã¥â d!i

3 = 0. � ¤àã£®© áâ®à®­ë, ¨§ áâàãªâãà­ëå
ãà ¢­¥­¨© (4) ¯à¨ n = 2 á«¥¤ã¥â d!i

3 = !j
3 ^ �ij. �âáî¤  !j

3 ^ �ij = 0. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬
�ij = Li

jk!
k
3 = �Li

jk(!
k
1 + !k

2), £¤¥ L
i
jk = Li

kj .
� «¥¥, ¤¨ää¥à¥­æ¨àãïä®à¬ë !i

1 ¨ !
i
2 ¨ ¨á¯®«ì§ãï ­ ©¤¥­­ë¥ ¢ëè¥ ¢ëà ¦¥­¨ï ¤«ï ä®à¬ �ij,

¯®«ãç ¥¬ áâàãªâãà­ë¥ ãà ¢­¥­¨ï à áá¬ âà¨¢ ¥¬®© âª ­¨ W (3; 2; 2):

d!1
1 = !j

1 ^ �1j +
�
L1
12 +

1
x2 � y2

�
!1
1 ^ !2

2 +
�
L1
12 �

1
x2 � y2

�
!2
1 ^ !1

2 +

+
�
L1
22 �

2(x1 + y1)
x2 � y2

�
!2
1 ^ !2

2 + L1
11!

1
1 ^ !1

2;

d!2
1 = !j

1 ^ �2j + L2
jk!

j
1 ^ !k

2 ;

d!1
2 = !

j
2 ^ �1j +

�
L1
12 +

1
x2 � y2

�
!1
2 ^ !1

2 +
�
L1
12 �

1
x2 � y2

�
!1
2 ^ !2

1 +

+
�
L1
22 �

2(x1 + y1)
x2 � y2

�
!2
2 ^ !2

1 + L1
11!

1
2 ^ !1

1;

d!2
2 = !

j
2 ^ �2j + L2

jk!
j
2 ^ !k

1::

�§ ä®à¬ã« (4) ¢¨¤­®, çâ® ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï âª ­¨ W (3; 2; 2) ¢ á¢ï§­®áâ¨ �3

¨¬¥îâ ¢¨¤ a112[1; 2] = a121[2; 1] = L1
12 +

1
x2�y2

, a121[1; 2] = a112[2; 1] = L1
12 � 1

x2�y2
, a122[1; 2] = a122[2; 1] =

L1
32 � 2(x1+y1)

x2�y2
, a111[1; 2] = a111[2; 1] = L1

11, a
2
jk[1; 2] = a2jk[2; 1] = L2

jk.
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�® ä®à¬ã« ¬ (11) ­ å®¤¨¬ ä®à¬ë á¢ï§­®áâ¨ �ij á¢ï§­®áâ¨ �3:

�11 = �L1
11(!

1
1 + !1

2)�
�
L1
12 +

1
x2 � y2

�
!2
1 +

�
�L1

12 +
1

x2 � y2

�
!2
2;

�12 = �L1
22(!

2
1 + !2

2)�
�
L1
12 +

1
x2 � y2

�
!1
1 +

�
�L1

12 +
1

x2 � y2

�
!1
2;

�21 = �L2
1k(!

k
1 + !k

2 ); �
2

2 = �L2
2k(!

k
1 + !k

2 ):

� á®®â¢¥âáâ¢¨¨ á x 2.2 ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï âª ­¨ W (3; 2; 2) ¢ á¢ï§­®áâ¨ �3 ¨¬¥îâ
¢¨¤ aijk = �aikj = ai[jk][1; 2]. � ª¨¬ ®¡à §®¬, ¤«ï à áá¬ âà¨¢ ¥¬®© âª ­¨ W (3; 2; 2) ¢ë¯®«­ï¥âáï
a112 =

1
x2�y2

, a212 = ai11 = ai22 = 0, i = 1; 2. �§ (16) á«¥¤ã¥â a1 = 0, a2 = � 2
x2�y2

.

�á¯®«ì§ãï ¢ëà ¦¥­¨ï ¤«ï ä®à¬ �ij ¨ ai,   â ª¦¥ ä®à¬ã«ë (18), ¯®«ãç ¥¬ p1k = q1k = a2L
2
1k,

p21 = q21 = a2L
2
12, p22 =

@a2
@x2

+a2L
2
22, q22 =

@a2
@y2

+a2L
2
22. �âáî¤  pjk = pkj ¨ qjk = qkj . �«¥¤®¢ â¥«ì­®,

âª ­ì W (3; 2; 2) ¨§®ª«¨­­ ï.
�à ¢­¥­¨¥ (15) ¤«ï íâ®© âª ­¨ ¨¬¥¥â ¢¨¤

dt

t(1� t)
= � 2

x2 � y2
:

�­â¥£à¨àãï ¥£®, ¯®«ãç ¥¬

t =
(x2 � y2)g(x1; x2; y1; C)

x2 � y2
;

£¤¥ g(x1; x2; y1; C) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¯¥à¥¬¥­­ëå x1; x2; y1 ¨ ª®­áâ ­âë C.

3. � à â ªâ¨ç¥áª¨¥ âª ­¨ �¥à®­¥§¥ PVWt(2; r)

�¯¥æ¨ «ì­ë© ª« áá 3-âª ­¥© W (3; 2; r), â ª ­ §ë¢ ¥¬ë¥ ¯ à â ªâ¨ç¥áª¨¥ 3-âª ­¨ W (3; 2; r),
à áá¬ âà¨¢ «áï ¢ [14] (á¬. â ª¦¥ [9], x 3.5), £¤¥ ®­¨ ­ §ë¢ «¨áì ¨§®ª«¨­­®-£¥®¤¥§¨ç¥áª¨¬¨.

3-âª ­ìW (3; 2; r) ­ §ë¢ ¥âáï ¯ à â ªâ¨ç¥áª®©, ¥á«¨ ¥¥ â¥­§®à ªàãç¥­¨ï ®¡à é ¥âáï ¢ ­ã«ì:
aijk = 0. �¥âàã¤­® § ¬¥â¨âì, çâ® íâ® ãá«®¢¨¥ á«¥¤ã¥â ¨§  ­ «¨â¨ç¥áª®© å à ªâ¥à¨áâ¨ª¨ (16)
¨§®ª«¨­­ëå 3-âª ­¥© W (3; 2; r) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ai = 0.

� ¬¥â¨¬, çâ® ¥á«¨ ª®à §¬¥à­®áâì r=1, â. ¥. ¢ á«ãç ¥ ¯«®áª¨å âª ­¥© W (3; 2; 1), ¢á¥£¤  aijk=0.
�â® ®§­ ç ¥â, çâ® ¯«®áª ï âª ­ì W (3; 2; 1) ¢á¥£¤  ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®© ¨ ¯®à®¦¤ ¥â
âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; 1).

�«ï ¨§®ª«¨­­ëå 3-âª ­¥© W (3; 2; r) ®¡é¥£® ¢¨¤  ¨§ ãà ¢­¥­¨© (25) ¨ (27) á«¥¤ã¥â

dt

t� t2
= uj(!

j
1 + t!

j
2) + aj!

j
2: (34)

�«ï ¯ à â ªâ¨ç¥áª¨å 3-âª ­¥© W (3; 2; r) ®¡é¥£® ¢¨¤  ¨§ (34) ¯®«ãç¨¬

dt

t� t2
= uj(!

j
1 + t!j

2): (35)

�§ ãà ¢­¥­¨© (34) ¨ (35) ¢ëâ¥ª ¥â

�à¥¤«®¦¥­¨¥ 1. �ãáâì 3-âª ­ì W (3; 2; r) ¨§®ª«¨­­ ï. �®£¤  äã­ªæ¨ï t ¯®áâ®ï­­  ­  ¨§®-
ª«¨­­ëå ¯®¤¬­®£®®¡à §¨ïå âª ­¨ W (3; 2; r) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨§®ª«¨­­ ï
3-âª ­ì W (3; 2; r) ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®©.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¨§®ª«¨­­ ï 3-âª ­ì W (3; 2; r) ï¢«ï¥âáï ¯ à â ªâ¨-
ç¥áª®©, â® ai = 0, ãà ¢­¥­¨¥ (34) ¯à¥¢à é ¥âáï ¢ ãà ¢­¥­¨¥ (35), ¨ dt = 0 ­  ¨§®ª«¨­­ëå
¯®¤¬­®£®®¡à §¨ïå !j

1 + t!j
2 = 0.

�¡à â­®, ¥á«¨ t = const ­  ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨ïå âª ­¨ W (3; 2; r), ®¯à¥¤¥«ï¥¬ëå
ãà ¢­¥­¨ï¬¨ !j

1 + t!j
2 = 0, â® ¨§ (34) á«¥¤ã¥â ai = 0.
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�® ¯à¥¤«®¦¥­¨î 1 âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r), ¯®à®¦¤ ¥¬ ï ¯ à â ªâ¨ç¥áª®© âª ­ìî
W (3; 2; r), ï¢«ï¥âáï âª ­ìî �¥à®­¥§¥ VWt(2; r).

�«¥¤áâ¢¨¥¬ ãà ¢­¥­¨ï (33) ¨ â¥®à¥¬ë 2 ï¢«ï¥âáï

�à¥¤«®¦¥­¨¥ 2. �á«¨ ª®®à¤¨­ â­ ï 3-âª ­ì W (3; 2; r), r � 1, ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®©
3-âª ­ìî ®¡é¥£® ¢¨¤ , â® 3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ âª ­¨ �¥à®­¥§¥ VWt(2; r), ¯®à®¦¤ ¥¬®©
âª ­ìî W (3; 2; r), ­¥ ®¡ï§ â¥«ì­® ï¢«ïîâáï ¯ à â ªâ¨ç¥áª¨¬¨.

�¤­ ª® ¨¬¥¥âáï ª« áá ¯ à â ªâ¨ç¥áª¨å 3-âª ­¥© W (3; 2; r), ¤«ï ª®â®àëå 3-âª ­¨-¯à¥¤áâ ¢¨-
â¥«¨ âª ­¨ �¥à®­¥§¥ VWt(2; r), ¯®à®¦¤ ¥¬®© âª ­ìî W (3; 2; r), ï¢«ïîâáï ¯ à â ªâ¨ç¥áª¨¬¨.
�â®â ª« áá å à ªâ¥à¨§ã¥âáï ãá«®¢¨¥¬ uj = 0.

� ª¨¥ 3-âª ­¨ ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ PW (3; 2; r). �§ (35) á«¥¤ã¥â, çâ® ¤«ï âª ­¥©
PW (3; 2; r)

dt = 0:

�¬¥­­® â ª¨¥ 3-âª ­¨ PW (3; 2; r) à áá¬ âà¨¢ «¨áì ¢ [14] ¥é¥ ¢ 1969 £.
�â¬¥â¨¬, çâ® ¯ à ¬¥âà t ¨¬¥¥â ¯à®áâ®© £¥®¬¥âà¨ç¥áª¨© á¬ëá«,   ¨¬¥­­®, 1

t
à ¢­ï¥âáï á«®¦-

­®¬ã ®â­®è¥­¨î ç¥âëà¥å ¢¥ªâ®à®¢, âà¨ ¨§ ª®â®àëå | ª á â¥«ì­ë¥ ª á«®ï¬ âª ­¨ W (3; 2; r),
¯à®å®¤ïé¨¬ ç¥à¥§ â®çªã x,   ç¥â¢¥àâë© | ª á â¥«ì­ë© ª ¨§®ª«¨­­®¬ã ¯®¤¬­®£®®¡à §¨î V r,
®¯à¥¤¥«ï¥¬®¬ã ãà ¢­¥­¨ï¬¨ (13) ¨ â ª¦¥ ¯à®å®¤ïé¥¬ã ç¥à¥§ â®çªã x. � ¬¥â¨¬, çâ® íâ¨ ç¥-
âëà¥ ¢¥ªâ®à  ¯à¨­ ¤«¥¦ â ¡¨¢¥ªâ®àã, ª®â®àë© ­ §ë¢ ¥âáï âà ­á¢¥àá «ì­ë¬ ¡¨¢¥ªâ®à®¬. � 
¯ à â ªâ¨ç¥áª®© âª ­¨ PW (3; 2; r) íâ® á«®¦­®¥ ®â­®è¥­¨¥ ¯®áâ®ï­­® ¢¤®«ì ¨§®ª«¨­­®£® ¯®¤-
¬­®£®®¡à §¨ï V r.

�¯à¥¤¥«¥­¨¥ 3. �ª ­ì �¥à®­¥§¥ V Wt(2; r) ­ §ë¢ ¥âáï ¯ à â ªâ¨ç¥áª®©, ¥á«¨ ¢á¥ ¥¥
3-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ ï¢«ïîâáï ¯ à â ªâ¨ç¥áª¨¬¨.

� ªãî âª ­ì �¥à®­¥§¥ ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ PVWt(2; r).

�¥®à¥¬  5. �á«¨ ª®®à¤¨­ â­ ï 3-âª ­ì W (3; 2; r) ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®© 3-âª ­ìî
PW (3; 2; r), â® âª ­ì �¥à®­¥§¥ VWt(2; r) ï¢«ï¥âáï ¯ à â ªâ¨ç¥áª®© âª ­ìî PVWt(2; r).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¤«ï 3-âª ­¨ PW (3; 2; r) ¢ë¯®«­ï¥âáï ai = 0 ¨ ui = 0.
�¥¯¥àì ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ (33).

�â¬¥â¨¬, çâ® ¯ à â ªâ¨ç¥áª ï 3-âª ­ì PW (3; 2; r) ¯®à®¦¤ ¥â ¯ à â ªâ¨ç¥áªãî âª ­ì �¥-
à®­¥§¥ PVWt(2; r) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  (13) ¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï ®¤­®£®
¯®áâ®ï­­®£® §­ ç¥­¨ï t, ®â«¨ç­®£® ®â 0; 1;1. �®£¤  íâ  á¨áâ¥¬  ¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï «î-
¡®£® ¤àã£®£® ¯®áâ®ï­­®£® t.

� ¬¥â¨¬ â ª¦¥, çâ® ¤«ï ¯«®áª¨å âª ­¥© W (3; 2; 1) áâàãªâãà­ë¥ ãà ¢­¥­¨ï (9) ¨ (10) ¯à¨­¨-
¬ îâ ¢¨¤

d!1 = !1 ^ �; d!2 = !2 ^ �; d� = K!1 ^ !2;

£¤¥ !1 = !1
1, !2 = !1

2, � = �11,   K = b1112 | ªà¨¢¨§­  âª ­¨ (áà. [9], á. 18). �â®â á«ãç © ¡ë«
®â¬¥ç¥­ ¢ [1].

� [14] (á¬. â ª¦¥ [9], á. 129) ¡ë«  ¯à¥¤¯à¨­ïâ  ¯®¯ëâª  ¤®ª § âì áãé¥áâ¢®¢ ­¨¥ ¯ à â ªâ¨-
ç¥áª¨å âª ­¥© PW (3; 2; r) (¨, á«¥¤®¢ â¥«ì­®, âª ­¥© �¥à®­¥§¥ PVWt(2; r)). �ãé¥áâ¢®¢ ­¨¥ ¡ë«®
¤®ª § ­® â®«ìª® ¢ á«ãç ¥ r = 2, â. ¥. ¤«ï âª ­¥© PW (3; 2; 2). �à®¡«¥¬  áãé¥áâ¢®¢ ­¨ï âª ­¥©
PW (3; 2; r), r > 2 (¨, á«¥¤®¢ â¥«ì­®, âª ­¥© �¥à®­¥§¥ PVWt(2; r); r > 2) ®áâ ¢ « áì ®âªàëâ®©
¤® ­¥¤ ¢­¥£® ¢à¥¬¥­¨, ª®£¤  áãé¥áâ¢®¢ ­¨¥ âª ­¥© PW (3; 2; r) ¡ë«® ¤®ª § ­® �.�. �®«ì¤¡¥à£®¬
¯®áà¥¤áâ¢®¬ ¯®áâà®¥­¨ï á¥à¨¨ ¯à¨¬¥à®¢ â ª¨å âª ­¥©. �â®â à¥§ã«ìâ â ¡ã¤¥â ®¯ã¡«¨ª®¢ ­ ¢
®â¤¥«ì­®© áâ âì¥.

� à ¡®â¥ [16] ¨á¯®«ì§®¢ ­ë ª®­âà ¢ à¨ ­â­ë¥ ¬¥â®¤ë ¤«ï ¤®ª § â¥«ìáâ¢  ­¥ª®â®àëå à¥-
§ã«ìâ â®¢ �ª¨¢¨á  ¤«ï ¬­®£®¬¥à­ëå 3-âª ­¥© W (3; 2; r) (á¬. [14], [9]). � ç áâ­®áâ¨, ¢ [16] à á-
á¬®âà¥­ë ¯ à â ªâ¨ç¥áª¨¥ 3-âª ­¨ PW (3; 2; r) (¢ [17] ®­¨ ­ §¢ ­ë 3-âª ­ï¬¨ ¡¥§ ªàãç¥­¨ï) ¨
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¯ à â ªâ¨ç¥áª¨¥ âª ­¨ �¥à®­¥§¥ PVWt(2; r) ¡¥§ ¨á¯®«ì§®¢ ­¨ï íâ®£® â¥à¬¨­ . � [16] â ª¦¥ ¤®-
ª § ­  £¨¯®â¥§  � å à¥¢¨ç  ¤«ï ¯ à â ªâ¨ç¥áª¨å âª ­¥© �¥à®­¥§¥ PVWt(2; r) ¢ â®© ä®à¬¥, ¢
ª®â®à®© ®­  ¡ë«  ¤®ª § ­  ¢ [14] (á¬. â ª¦¥ x 8 ¤ ­­®© áâ âì¨).

�à¨¬¥à 3. � áá¬®âà¨¬ âª ­ì W (3; 2; 2), ®¯à¥¤¥«¥­­ãî ãà ¢­¥­¨ï¬¨ (á¬. [17])

u1 = x1 + y1; u2 = x2 + y2 � 1
2
(x1)

2y1:

�«ï íâ®© âª ­¨ du1 = dx1 + dy1, du2 = dx2 + dy2 � x1y1dx1 � 1
2
(x1)2dy1. �®§ì¬¥¬ !1

1 = dx1,
!2
1 = �x1y1dx1 + dx2, !1

2 = dy1, !2
2 = � 1

2
(x1)2dy1 + dy2. �§ íâ¨å ãà ¢­¥­¨© ¯®«ãç ¥¬ d!1

1 = 0,
d!2

1 = x1!
1
1 ^ !1

2 = !1
1 ^ (x1!1

1 + x1!
1
2), d!

1
2 = 0, d!2

2 = x1!
1
2 ^ !1

1 = !1
2 ^ (x1!1

1 + x1!
1
2). �à ¢­¨¢ ï

¯®á«¥¤­¨¥ ãà ¢­¥­¨ï á ãà ¢­¥­¨ï¬¨ (9), ¯à¨å®¤¨¬ ª â®¬ã, çâ® ä®à¬ë �ij á¢ï§­®áâ¨ �3 ¨¬¥îâ
¢¨¤ �11 = �22 = �12 = 0, �21 = x1(!1

1 + !1
2) ¨ çâ® â¥­§®à ªàãç¥­¨ï á¢ï§­®áâ¨ �3 ®¡à é ¥âáï ¢ ­ã«ì:

aijk = 0.
�¨ää¥à¥­æ¨àãï ä®à¬ë á¢ï§­®áâ¨ �ij , ¯®«ãç ¥¬ d�11 = d�22 = d�12 = 0, d�21 = !1

1 ^ !1
2.

�à ¢­¨¢ ï íâ¨ ãà ¢­¥­¨ï á® áâàãªâãà­ë¬¨ ãà ¢­¥­¨ï¬¨ (10), ¯à¨å®¤¨¬ ª â®¬ã, çâ® ª®¬¯®-
­¥­âë â¥­§®à  ªà¨¢¨§­ë âª ­¨ W (3; 2; 2) ¢ á¢ï§­®áâ¨ �3 ¨¬¥îâ ¢¨¤

b11jk = b12jk = b22jk = 0; j; k = 1; 2; b2112 = b2122 = b2121 = 0; b2111 = 1:

� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ ï âª ­ì W (3; 2; 2) ¯ à â ªâ¨ç¥áª ï. �®íâ®¬ã ®­  ¯®à®¦¤ ¥â
¯ à â ªâ¨ç¥áªãî âª ­ì �¥à®­¥§¥ PWt(2; 2).

4. �®çâ¨ £à áá¬ ­®¢ë áâàãªâãàë ¨ âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(2; r)

�® ¢áïª®© 3-âª ­ìîW (3; 2; r)  áá®æ¨¨à®¢ ­  ¯®çâ¨ £à áá¬ ­®¢  áâàãªâãà  A G (1; r+1), ®¡à -
§®¢ ­­ ï ¯®«¥¬ ª®­ãá®¢ �¥£à¥ Cx(2; r) (­ ¯à., [18] ¨«¨ [9], x 3.4).

�®­ãá �¥£à¥ Cx(2; r) ­¥á¥â ­  á¥¡¥ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® r-¬¥à­ëå ¯«®áª¨å ®¡à -
§ãîé¨å ¨ (r�1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¯«®áª¨å ®¡à §ãîé¨å. �  X2r r-¬¥à­ë¥
®¡à §ãîé¨¥ ª®­ãá®¢ �¥£à¥ ®¡à §ãîâ (2r + 1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®,   ¤¢ã¬¥à­ë¥ ®¡à §ã-
îé¨¥ | (3r � 1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®.

�®çâ¨ £à áá¬ ­®¢  áâàãªâãà  A G (1; r + 1) ­ §ë¢ ¥âáï r-¯®«ã¨­â¥£à¨àã¥¬®©, ¥á«¨ ­  X2r

¨¬¥¥âáï (r + 1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® r-¬¥à­ëå ¯®¤¬­®£®®¡à §¨© V r, ª á â¥«ì­ëå ª r-
¬¥à­ë¬ ®¡à §ãîé¨¬ ¢ ª ¦¤®© ¨å â®çª¥, ¨ ª ¦¤ ï â ª ï ®¡à §ãîé ï ª á ¥âáï ®¤­®£® ¨ â®«ìª®
®¤­®£® ¯®¤¬­®£®®¡à §¨ï V r.

� à ¡®â¥ [18] (á¬. â ª¦¥ [9], x 3.4) ¡ë«® ¤®ª § ­®, çâ® ¨§®ª«¨­­®áâì 3-âª ­¨ W (3; 2; r) íª¢¨-
¢ «¥­â­  r-¯®«ã¨­â¥£à¨àã¥¬®áâ¨ ¯®çâ¨ £à áá¬ ­®¢®© áâàãªâãàë A G (1; r +1),  áá®æ¨¨à®¢ ­-
­®© á âª ­ìî W (3; 2; r).

�§ íâ®£® ¨ ¨§ á«¥¤áâ¢¨ï 1 ¯®«ãç ¥âáï

�¥®à¥¬  6. 3-âª ­ì W (3; 2; r) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¯®çâ¨ £à áá¬ ­®¢  áâàãªâãà  A G (1; r+1),  áá®æ¨¨à®¢ ­­ ï á W (3; 2; r), ï¢«ï¥âáï
r-¯®«ã¨­â¥£à¨àã¥¬®©. �®çâ¨ £à áá¬ ­®¢ë áâàãªâãàë A G (1; r + 1),  áá®æ¨¨à®¢ ­­ë¥ á ¯à¥¤-
áâ ¢¨â¥«ï¬¨ âª ­¨ V LWt(2; r), â ª¦¥ ï¢«ïîâáï r-¯®«ã¨­â¥£à¨àã¥¬ë¬¨.

5. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; r), n > 2, r > 1

�¥®à¥¬  7. (n + 1)-âª ­ì W (n + 1; n; r), n � 3, r > 1, ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥
V LWt(n; r) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  âª ­ì W (n+ 1; n; r) ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©.

�®ª § â¥«ìáâ¢®. �ª ­ì W (n + 1; n; r) ®¡à §®¢ ­  n + 1 á«®¥­¨¥¬ f!i
1 = 0g; : : : ; f!i

n = 0g,
f!i

1 + � � � + !i
n = 0g ª®à §¬¥à­®áâ¨ r ­  ¬­®£®®¡à §¨¨ Xnr. �«ï â ª¨å âª ­¥© ¨¬¥îâ ¬¥áâ®

ãà ¢­¥­¨ï (4){(7).
� áá¬®âà¨¬ (n� 1)r-¬¥à­®¥ á«®¥­¨¥ �(n�1)r, ®¯à¥¤¥«¥­­®¥ á¨áâ¥¬®© ãà ¢­¥­¨©

!i
1 +

nX
�=2

t��1!i
� = 0 (36)
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(áà. (2)). �ª ­ì W (n+1; n; r) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  á¨áâ¥¬  (36) ¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï ¯à®¨§¢®«ì­®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t.

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (36) ¤ ¥â d!i
1 +

nP
�=2

(� � 1)t��2dt ^ !i
� +

nP
�=2

t��1d!i
� = 0. �§ (4) á«¥¤ã¥â

nX
�=2

aikl[1; �]!
k
1 ^ !l

� +
nX

�=2

(�� 1)t��2dt ^ !i
� +

nX
�=2

t��1
X
� 6=�

aijk[�; �]!
j
� ^ !k

� = 0: (37)

� áá¬®âà¨¬ á«®© V (n�1)r á«®¥­¨ï �(n�1)r, ®¯à¥¤¥«¥­­®£® á¨áâ¥¬®© (36). �à¥¤¯®«®¦¨¬, çâ®
íâ®â á«®© ­¥ ï¢«ï¥âáï á«®¥¬ âª ­¨ W (n + 1; n; r). �®£¤  t 6= 0; 1;1, ¨ ¨§ (37) á«¥¤ã¥â, çâ® ­ 
V (n�1)r ¢ë¯®«­ï¥âáï

dt

t(1� t)
=

nX

=2

p
k!
k

 : (38)

�®¤áâ ¢«ïï ¢ëà ¦¥­¨¥ ¤«ï dt ¨§ (38) ¢ (37), ¯®«ãç¨¬ ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥. �«¥­ë
íâ®£® ãà ¢­¥­¨ï á !k


 ^ !l

 ¨ !k


 ^ !l
�, 
 6= �, «¨­¥©­® ­¥§ ¢¨á¨¬ë. �à¥¤¯®« £ ï, çâ® t 6= 0; 1 ¨

¯à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­âë ¯à¨ !k

 ^ !l


 ¨ !k

 ^ !l

�, ¯®«ãç¨¬ ãà ¢­¥­¨ï

(1� t)(
 � 1)p
[k�il] + ai[kl][1; 
](t

�1 � 1) = 0; (39)

(� � 1)t��1(1� t)p
k�
i
l � (
 � 1)t
�1(1� t)p�l�

i
k + t��1(1� t
�1)aikl[
; 1] �

�t
�1(1� t��1)ailk[�; 1] + (t
�1 � t��1)aikl[
; �] = 0: (40)

�®« £ ï 
 = 2 ¢ ãà ¢­¥­¨ïå (39) ¨ ¯à¥¤¯®« £ ï, çâ® t 6= 1, ¯®«ãç¨¬

p2[k�
i
l] + ai[kl][1; 2] = 0: (41)

�®« £ ï 
 = 3; : : : ; n ¢ (39), ¯®«ãç¨¬ ãà ¢­¥­¨¥, ª®â®à®¥ ¤®«¦­® ã¤®¢«¥â¢®àïâìáï â®¦¤¥áâ¢¥­­®
¯® t. �à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­â ¯à¨ t
�1, ¯®«ãç¨¬

ai[kl][1; 
] = 0; 
 = 3; : : : ; n: (42)

�ç¨âë¢ ï (42), ¨§ (40) â ª¦¥ ¯®«ãç¨¬

p
[k�
i
l] = 0; 
 = 3; : : : ; n: (43)

�à¥¤¯®« £ ï, çâ® r > 1, ¨ á¢¥àâë¢ ï (43) ¯® i ¨ k, ¯®«ãç¨¬

p
k = 0; 
 = 3; : : : ; n: (44)

�«ìâ¥à­¨à®¢ ­¨¥ ãà ¢­¥­¨ï (40) ¯® k ¨ l ¤ ¥â

(� � 1)t��1(1� t)p
[k�il] � (
 � 1)t
�1(1� t)p�[l�ik] � t��1(1� t
�1)ai[kl][1; 
] �
� t
�1(1� t��1)ai[kl][1; �] + (t
�1 � t��1)ai[kl][
; �] = 0: (45)

�®« £ ï 
 = 2 ¢ (45) ¨ ãç¨âë¢ ï (42) ¨ (44), ¯®«ãç¨¬

(� � 1)t��1(1� t)p2[k�il] � t��1(1� t)ai[kl][1; 2] + (t� t��1)ai[kl][2; �] = 0: (46)

�à ¢­¥­¨¥ (46) ¤®«¦­® ã¤®¢«¥â¢®àïâìáï â®¦¤¥áâ¢¥­­® ¯® t. �à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­â
¯à¨ t� ¢ (46), ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î

(1� �)p2[k�il] + ai[kl][1; 2] = 0: (47)

�¥è ï ãà ¢­¥­¨ï (41) ¨ (47), ¯®«ãç¨¬

ai[kl][1; 2] = 0 (48)
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¨ p2[k�il] = 0. �­®¢  ¯à¥¤¯®« £ ï, çâ® r > 1, ¨ á¢¥àâë¢ ï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¯® i ¨ k, § ª«îç ¥¬,
çâ®

p2k = 0: (49)

� á¨«ã (42), (44), (48) ¨ (49) ¨§ (45) ¢ëâ¥ª îâ á®®â­®è¥­¨ï

ai[kl][
; �] = 0; 
; � 6= 1; 
 6= �: (50)

�à ¢­¥­¨ï (42), (48) ¨ (50) ®§­ ç îâ, çâ® ¢á¥ ª®¬¯®­¥­âë aikl[�; �], �; � = 1; : : : ; n, â¥­§®à 
ªàãç¥­¨ï á¨¬¬¥âà¨ç­ë ¯® k ¨ l:

aikl[�; �] = ailk[�; �]: (51)

�§ ãà ¢­¥­¨© (44), (49) ¨ (38) á«¥¤ã¥â

dt = 0; (52)

â. ¥. t = const.
� ª®­¥æ, ¢ á¨«ã (44), (49) ¨ (51) ãà ¢­¥­¨¥ (40) ¯à¨­¨¬ ¥â ¢¨¤

t��1(1� t
�1)aikl[
; 1] � t
�1(1� t��1)aikl[�; 1] + (t
�1 � t��1)aikl[
; �] = 0: (53)

� ãà ¢­¥­¨¥ (53) ¢å®¤ïâ â®«ìª® ç«¥­ë, á®¤¥à¦ é¨¥ á«¥¤ãé¨¥ áâ¥¯¥­¨ t: t
+��2, t
�1 ¨ t��1. �â®
ãà ¢­¥­¨¥ ¤®«¦­® ã¤®¢«¥â¢®àïâìáï â®¦¤¥áâ¢¥­­® ¯® t. �à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­âë ¯à¨
t
+��2, t
�1 ¨ t��1, ¯®«ãç¨¬

aikl[
; 1] = aikl[�; 1] = aikl[
; �]; 
; � = 2; : : : ; n; 
 6= �: (54)

�§ ãà ¢­¥­¨© (54) ¨ (6) á«¥¤ã¥â

aijk[�; �] = 0; �; � = 1; : : : ; n: (55)

�§ (55) ¨ § ¬¥ç ­¨ï ¢ ª®­æ¥ x2.1 á«¥¤ã¥â, çâ® ª®®à¤¨­ â­ ï âª ­ìW (n+1; n; r), n > 2, r > 1,
¯ à ««¥«¨§ã¥¬ .

�¯à¥¤¥«¥­¨¥ 4. �ª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; r) ­ §ë¢ ¥âáï ¯ à ««¥«¨§ã¥¬®©, ¥á«¨ ¢á¥ ¥¥
(n+ 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«¨ ¯ à ««¥«¨§ã¥¬ë.

�¥®à¥¬  8. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; r), n > 2, r > 1, ï¢«ïîâáï ¯ à ««¥«¨§ã¥¬ë¬¨
âª ­ï¬¨ �¥à®­¥§¥ VWt(n; r) á £®«®­®¬­ë¬¨ ª®®à¤¨­ â­ë¬¨ âª ­ï¬¨.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ª ª ¡ë«® ¤®ª § ­® ¢ â¥®à¥¬¥ 7, âª ­ìW (n+1; n; r), n > 2,
r > 1, ¯®à®¦¤ îé ï âª ­ì V LWt(n; r), ¯ à ««¥«¨§ã¥¬ , â. ¥. aijk[�; �] = 0, �; � = 1; : : : ; n (á¬.
(55)), ¨ ¤«ï â ª®© âª ­¨ dt = 0 (á¬. (52)).

�à¥¤¯®«®¦¨¬, çâ® ¯¥à¢ë¥ n á«®¥­¨© (n+ 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ V LWt(n; r) ®¯à¥¤¥-
«ïîâáï ãà ¢­¥­¨ï¬¨

�i
� = 0; � = 1; : : : ; n; i = 1; : : : ; r;

£¤¥

�i
� = !i

1 + t�!
i
2 + � � � + tn�1

� !i
n:

�®£¤ 

d�i
� = �j

� ^ �ij :

�«¥¤®¢ â¥«ì­®, â¥­§®à ªàãç¥­¨ï «î¡®© (n + 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ V LWt(n; r) ®¡à -
é ¥âáï ¢ ­ã«ì, (n + 1)-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©, ¨ âª ­ì â¨¯  �¥à®­¥-
§¥ V LWt(n; r) á ¬  ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �®áª®«ìªã t = const, â® âª ­ì â¨¯  �¥à®­¥§¥
V LWt(n; r) ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®© âª ­ìî �¥à®­¥§¥ VWt(n; r) á £®«®­®¬­®© ª®®à¤¨­ â­®©
âª ­ìî.
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6. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(3; 1)

� íâ®¬ ¯ à £à ä¥ à áá¬ âà¨¢ îâáï âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(3; 1) ª®à §¬¥à­®áâ¨ ®¤¨­ ­ 
Xn. �â®â á«ãç © ¡ë« ¨áª«îç¥­ ¢ â¥®à¥¬¥ 15.

6.1. �¥®¬¥âà¨ï ª®®à¤¨­ â­ëå âª ­¥© W (4; 3; 1), ¯®à®¦¤ îé¨å âª ­¨ â¨¯  �¥à®­¥-
§¥ V LWt(3; 1). � áá¬®âà¨¬ á­ ç «  á«ãç © n = 3, â. ¥. âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(3; 1). � íâ®¬
á«ãç ¥ ª®®à¤¨­ â­ ï 4-âª ­ì ï¢«ï¥âáï âª ­ìî W (4; 3; 1), i; j; k = 1, ¨ ãà ¢­¥­¨ï (39) ã¤®¢«¥-
â¢®àïîâáï â®¦¤¥áâ¢¥­­®. �à ¢­¥­¨¥ (40) ¯à¨­¨¬ ¥â ¢¨¤

ta[1; 2] � (1 + t)a[1; 3] + a[2; 3] � b+ 2ta = 0; (56)

£¤¥ a[�; �] =a111[�; �], a = a1 ¨ b = b1.
�®áª®«ìªã ãà ¢­¥­¨ï (56) ¤®«¦­ë ã¤®¢«¥â¢®àïâìáï ¯à¨ «î¡®¬ t, ¨¬¥¥¬

a[1; 2]�a[1; 3] + 2a = 0; �a[1; 3] + a[2; 3]�b = 0: (57)

�à®¬¥ â®£®, ¢ á®®â¢¥âáâ¢¨¨ á (6)

a[1; 2]+a[1; 3]+a[2; 3] = 0: (58)

� §à¥è ï ãà ¢­¥­¨ï (57) ¨ (58) ®â­®á¨â¥«ì­® a[�; �], ¯®«ãç¨¬

a[1; 2] = �1
3
(4a+ b) ; a[1; 3] =

1
3
(2a� b) ; a[2; 3] =

2
3
(a+ b) : (59)

� á¨«ã (59) áâàãªâãà­ë¥ ãà ¢­¥­¨ï (4) ¤«ï W (4; 3; 1) ¯à¨­¨¬ îâ ¢¨¤

d!1 = !1 ^ ��1
3
(4a+ b)!1 ^ !2 +

1
3
(2a� b)!1 ^ !3;

d!2 = !2 ^ ��1
3
(4a+ b)!2 ^ !1 +

2
3
(a+ b)!2 ^ !3;

d!3 = !3 ^ � +
1
3
(2a� b)!3 ^ !1 +

2
3
(a+ b)!3 ^ !2;

(60)

£¤¥ !� = !1
� (�; � = 1; 2; 3), � = �11, ¨ ãà ¢­¥­¨¥ (38) § ¯¨è¥âáï ¢ ¢¨¤¥

dt

t(1� t)
= a!2 + b!3: (61)

�á¯®«ì§ãï (60) ¨ (61), «¥£ª® ¯à®¢¥à¨âì, çâ® ãà ¢­¥­¨¥

!1 + t!2 + t2!3 = 0 (62)

¢¯®«­¥ ¨­â¥£à¨àã¥¬® ¤«ï ¯à®¨§¢®«ì­®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t(x), x 2 Xnr.
�®ª § ­ 

�¥®à¥¬  9. �ª ­ì W (4; 3; 1) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¥¥ áâàãªâãà­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤ (60) ¨ äã­ªæ¨ï t ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
(61).

�§ ¤®ª § ­­®© â¥®à¥¬ë ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 4. � ®¡é¥¬ á«ãç ¥ ª®®à¤¨­ â­ ï 4-âª ­ì W (4; 3; 1), ¯®à®¦¤ îé ï âª ­ì â¨¯ 
�¥à®­¥§¥ V LWt(3; 1), ï¢«ï¥âáï ­¥¯ à ««¥«¨§ã¥¬®©.

�®¦­® ­ ©â¨ ¤àã£ãî å à ªâ¥à¨áâ¨ªã âª ­¨ W (4; 3; 1), ¯®à®¦¤ îé¥© âª ­ì â¨¯  �¥à®­¥§¥
V LWt(3; 1).

� §à¥è¨¬ ãà ¢­¥­¨ï (59) ®â­®á¨â¥«ì­® a ¨ b:

a =
1
2
(a[2; 3] + 2a[1; 3]); b = a[2; 3] � a[1; 3]: (63)
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�®£¤  ãà ¢­¥­¨¥ (61) ¯à¨¬¥â ¢¨¤

dt

t(1� t)
=
1
2
(a[2; 3] + 2a[1; 3])!2 + (a[2; 3] � a[1; 3])!3: (64)

� à¥§ã«ìâ â¥ â¥®à¥¬  9 ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ­  á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  10. �ª ­ì W (4; 3; 1) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¥¥ áâàãªâãà­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤ (4) ¨ äã­ªæ¨ï t ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
(64).

�¤¥« ¥¬ ­¥áª®«ìª® § ¬¥ç ­¨© ®â­®á¨â¥«ì­® ª®¬¯®­¥­â a[�; �] â¥­§®à  ªàãç¥­¨ï ª®®à¤¨­ â-
­®© âª ­¨ W (4; 3; 1), ª®â®àë¥ ¨¬¥îâ ¢ëà ¦¥­¨ï (59).

1. �â¨ âà¨ ª®¬¯®­¥­âë ¢ëà ¦¥­ë ç¥à¥§ ¤¢¥ äã­ªæ¨¨ a ¨ b. �ã­ªæ¨¨ a ¨ b ¯®ï¢«ïîâáï â ª¦¥
¢ ãà ¢­¥­¨¨ (61). �¥£ª® ¢¨¤¥âì, çâ® âª ­ì W (4; 3; 1) (  ¯®â®¬ã ¨ âª ­ì �¥à®­¥§¥ VWt(3; 1))
¯ à ««¥«¨§ã¥¬  (â. ¥. ¥¥ â¥­§®à ªàãç¥­¨ï ®¡à é ¥âáï ¢ ­ã«ì) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

a = b = 0:

2. �§ (60) á«¥¤ã¥â, çâ® ¤«ï 3-¯®¤âª ­¨ [1; 2; 4], ¢ëá¥ª ¥¬®© ­  á«®¥ á«®¥­¨ï f!3 = 0g á«®ï¬¨
¤àã£¨å âà¥å á«®¥­¨© âª ­¨ W (4; 3; 1), ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

d!1 = !1 ^ ��1
3
(4a+ b)!1 ^ !2; d!2 = !2 ^ ��1

3
(4a+ b)!2 ^ !1; d!4 = !4 ^ �:

�âáî¤  á«¥¤ã¥â, çâ® � ï¢«ï¥âáï ä®à¬®© á¢ï§­®áâ¨ ¤«ï á¢ï§­®áâ¨ �4 íâ®© 3-¯®¤âª ­¨,   a[1; 2] =
� 1

3
(4a+ b) | ¥¥ â¥­§®à ªàãç¥­¨ï. �­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ¯®ª § âì, çâ® � ï¢«ï¥âáï ä®à-

¬®© á¢ï§­®áâ¨ ¤«ï á¢ï§­®áâ¨ �4 3-¯®¤âª ­¨ [1; 3; 4],   a[1; 3] = 1
3
(2a� b) | ¥¥ â¥­§®à ªàãç¥­¨ï, ¨

â ª¦¥, çâ® � ï¢«ï¥âáï ä®à¬®© á¢ï§­®áâ¨ ¤«ï á¢ï§­®áâ¨ �4 3-¯®¤âª ­¨ [2; 3; 4],   a[2; 3] = 2
3
(a+ b)

| ¥¥ â¥­§®à ªàãç¥­¨ï.
3. �«ï 3-¯®¤âª ­¨ [1; 2; 3], ¢ëá¥ª ¥¬®© ­  á«®¥ á«®¥­¨ï f!4 = 0g á«®ï¬¨ âà¥å ¤àã£¨å á«®¥­¨©

âª ­¨ W (4; 3; 1), ¨¬¥¥¬

d!1 = !1 ^	�23 (4a+ b)!1 ^ !2; d!2 = !2 ^	�23 (4a+ b)!2 ^ !1; d!3 = !3 ^	;

£¤¥ 	 = � + 2
3
(a� b)!1 + 2

3
(a+ b)!2 | ä®à¬  á¢ï§­®áâ¨ ¨ � 2

3
(4a+ b) | â¥­§®à ªàãç¥­¨ï

3-¯®¤âª ­¨ [1; 2; 3].
4. � ®¡é¥¬ á«ãç ¥ âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1) ­¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �¥©-

áâ¢¨â¥«ì­®, à áá¬®âà¨¬ 4-âª ­ì-¯à¥¤áâ ¢¨â¥«ì âª ­¨ V LWt(3; 1), ®¡à §®¢ ­­ãî ª®®à¤¨­ â­®©
3-¯®¤âª ­ìî [1; 3; 4] âª ­¨ W (4; 3; 1) (¢á¥ âà¨ á«®¥­¨ï âª ­¨ [1; 3; 4] ¯à¨­ ¤«¥¦ â V LWt(3; 1)) ¨
á«®¥­¨¥¬ !(t0) = !1+ t0!2+ t20!3 = 0, £¤¥ t0 | ¯à®¨§¢®«ì­®¥ ç¨á«®, ®â«¨ç­®¥ ®â 0;1; 1. �«®¥­¨ï
íâ®© 4-âª ­¨-¯à¥¤áâ ¢¨â¥«ï ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨ !1 = 0, !3 = 0, !4 = 0 ¨ !(t0) = 0. �â 
4-âª ­ì ­¥¯ à ««¥«¨§ã¥¬ , ¯®áª®«ìªã ¥¥ ª®®à¤¨­ â­ ï 3-¯®¤âª ­ì ­¥¯ à ««¥«¨§ã¥¬ . � ª¨¬
®¡à §®¬, âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1) ­¥¯ à ««¥«¨§ã¥¬ .

�¥®à¥¬  11. �  ¨áª«îç¥­¨¥¬ ¤¢ãå á«ãç ¥¢, ª®£¤  b = 0, a 6= 0 ¨«¨ a = 0, b 6= 0, «¨­¥©­ ï
­¥§ ¢¨á¨¬®áâì äã­ªæ¨© a ¨ b ¢«¥ç¥â ¯ à ««¥«¨§ã¥¬®áâì âª ­¨ W (4; 3; 1) (á«¥¤®¢ â¥«ì­®, ¨
âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(3; 1)). � íâ®¬ á«ãç ¥ âª ­ì V LWt(3; 1) ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©
âª ­ìî �¥à®­¥§¥ V Wt(3; 1).

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨¨ a ¨ b «¨­¥©­® ­¥§ ¢¨á¨¬ë. �®£¤  b = ha, £¤¥
h 6= 0, ¨ ãà ¢­¥­¨¥ (61) ¯à¨­¨¬ ¥â ¢¨¤

dt

t(1� t)
= a(!2 + h!3):

�¨ää¥à¥­æ¨àãï íâ® ãà ¢­¥­¨¥ ¨ ãç¨âë¢ ï á®®â­®è¥­¨¥

da� a� = a1!1 + a2!2 + a3!3 (65)
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(ª®â®à®¥ á«¥¤ã¥â ¨§ (60)), ¯®«ãç¨¬

a1 = �1
3
(4 + h)a2; ha2 � a3 +

2
3
(1� h2)a2 = 0; a1 =

1
3
(2� h)a2:

�âáî¤  á«¥¤ã¥â a = 0. �«¥¤®¢ â¥«ì­®, b = 0 ¨ âª ­ì W (4; 3; 1) (  â ª¦¥ V LWt(3; 1)) ¯ à ««¥-
«¨§ã¥¬ . �§ (61) á«¥¤ã¥â dt = 0 ¨ t = const. �â® ®§­ ç ¥â, çâ® à áá¬ âà¨¢ ¥¬ ï âª ­ì â¨¯ 
�¥à®­¥§¥ V LWt(3; 1) ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®© âª ­ìî �¥à®­¥§¥ VWt(3; 1).

�â¬¥â¨¬, çâ® ¯à¨ ¯à¥¤¯®«®¦¥­¨¨ b = ha, h 6= 0 á«ãç ¨, ª®£¤  b = 0, a 6= 0 ¨«¨ a = 0, b 6= 0,
¨áª«îç «¨áì ¨§ à áá¬®âà¥­¨ï.

�«¥¤áâ¢¨¥ 5. �á«¨ ®¤­  ¨§ ª®¬¯®­¥­â â¥­§®à  ªàãç¥­¨ï âª ­¨W (4; 3; 1) ®¡à é ¥âáï ¢ ­ã«ì
(â. ¥. ®¤­  ¨§ 3-¯®¤âª ­¥© âª ­¨ W (4; 3; 1) ­¥ ¨¬¥¥â ªàãç¥­¨ï), â® âª ­ì W (4; 3; 1) ¨ á ¬  âª ­ì
â¨¯  �¥à®­¥§¥ V LWt(3; 1) (ª®â®à ï ï¢«ï¥âáï âª ­ìî �¥à®­¥§¥ V Wt(3; 1)) ¯ à ««¥«¨§ã¥¬ë.

�®ª § â¥«ìáâ¢®. �«ï âª ­¨ W (4; 3; 1) íâ® ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë 21, ¥á«¨ ¯®-
«®¦¨âì h = �4; 2;�1. �«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥­¨ï ¤«ï âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(3; 1)
à áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî ¥¥ 4-âª ­ì-¯à¥¤áâ ¢¨â¥«ì. �­  ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨ �� = 0,
� = 1; 2; 3, £¤¥ �� = !1+ t�!2+ t2�!3. �®áª®«ìªã dt� = 0, â®, ãç¨âë¢ ï (60), ¯®«ãç¨¬ d�� = ��^�.
�«¥¤®¢ â¥«ì­®, â¥­§®à ªàãç¥­¨ï «î¡®© 4-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ V LWt(3; 1) ®¡à é ¥âáï ¢
­ã«ì, 4-âª ­ì-¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©, ¨ á ¬  âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1)
¯ à ««¥«¨§ã¥¬ .

� ª ª ª á­®¢  dt = 0 ¨ t = const, â® à áá¬ âà¨¢ ¥¬ ï âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1)
®ª §ë¢ ¥âáï ¯ à ««¥«¨§ã¥¬®© âª ­ìî �¥à®­¥§¥ VWt(3; 1).

�¬¥¥â ¬¥áâ®

�¥®à¥¬  12. � ®¡é¥¬ á«ãç ¥ âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1), ¯®à®¦¤ ¥¬ ï ­¥¯ à ««¥«¨-
§ã¥¬®© ª®®à¤¨­ â­®© 4-âª ­ìî W (4; 3; 1), ­¥¯ à ««¥«¨§ã¥¬ .

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¯à¥¤¯®«®¦¨¬, çâ® âª ­ì V LWt(3; 1) ¯ à ««¥«¨§ã¥¬ .
�® ®¯à¥¤¥«¥­¨î 5 íâ® ®§­ ç ¥â, çâ® ¢á¥ ¯à¥¤áâ ¢¨â¥«¨ âª ­¨ V LWt(3; 1) ¯ à ««¥«¨§ã¥¬ë.
3-¯®¤âª ­¨ ¢á¥å ¯à¥¤áâ ¢¨â¥«¥© âª ­¨ V LWt(3; 1) â ª¦¥ ¯ à ««¥«¨§ã¥¬ë.
3-¯®¤âª ­ì [1; 2; 4] ª®®à¤¨­ â­®© âª ­¨ W (4; 3; 1), ®¡à §®¢ ­­®© âà¥¬ï á«®¥­¨ï¬¨ f!1 = 0g,
f!2 = 0g ¨ f!1 + !2 + !3 = 0g (®­¨ ¯à¨­ ¤«¥¦ â ¬­®¦¥áâ¢ã á«®¥­¨©, ®¯à¥¤¥«¥­­ëå ãà ¢­¥-
­¨¥¬ !1+ t!2+ t2!3 = 0), ï¢«ï¥âáï 3-¯®¤âª ­ìî ¬­®£¨å ¯à¥¤áâ ¢¨â¥«¥© âª ­¨ VWt(3; 1). � ª¨¬
®¡à §®¬, ®­  ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �¤­ ª® ¢ § ¬¥ç ­¨¨ ¯®á«¥ â¥®à¥¬ë 10 ¬ë ¯®ª § «¨,
çâ® ¢ ®¡é¥¬ á«ãç ¥ 3-¯®¤âª ­ì [1; 2; 4] ª®®à¤¨­ â­®© 4-âª ­¨ W (4; 3; 1) ­¥ ï¢«ï¥âáï ¯ à ««¥«¨-
§ã¥¬®©. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

6.2. �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¤«ï âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(3; 1). �®ª ¦¥¬ â¥¯¥àì
â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï ¤«ï âª ­¥© â¨¯  �¥à®­¥§¥ ¢ ¤¢ãå á«ãç ïå, ¨áª«îç¥­­ëå ¢ â¥®à¥¬¥ 11,
¤«ï ª®â®àëå b = 0, a 6= 0 «¨¡® a = 0, b 6= 0.

�¥®à¥¬  13. �« áá âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(3; 1), ¤«ï ª®â®àëå b = 0, a 6= 0 «¨¡® a = 0,
b 6= 0 áãé¥áâ¢ã¥â ¨ § ¢¨á¨â ®â ®¤­®© äã­ªæ¨¨ ®¤­®© ¯¥à¥¬¥­­®©.

�®ª § â¥«ìáâ¢®. � á«ãç ¥ b = 0, a 6= 0 ãà ¢­¥­¨¥ (61) ¯à¨­¨¬ ¥â ¢¨¤

dt

t(1� t)
= a!2: (66)

�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨¥ (66), ¯®«ãç¨¬ (da� a�) ^ !2 + a
�� 4

3
a!2 ^ !1 + 2

3
a!2 ^ !3

�
= 0. �

á¨«ã (65) ®âáî¤  á«¥¤ã¥â a1 = � 4
3
a2, a3 = 2

3
a2. � à¥§ã«ìâ â¥ ãà ¢­¥­¨¥ (65) ¯à¨­¨¬ ¥â ¢¨¤

da� a� = �4
3
a2!1 + a2!2 +

2
3
a2!3: (67)

� á®®â¢¥âáâ¢¨¨ á (7)

d� = b[1; 2]!1 ^ !2 + b[2; 3]!2 ^ !3 + b[3; 1]!3 ^ !1: (68)
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�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨ï (60) ¨ ãç¨âë¢ ï ä®à¬ã«ë (67) ¨ (68), ­ ©¤¥¬ ª®¬¯®­¥­âë b[�; �]
â¥­§®à  ªà¨¢¨§­ë âª ­¨ W (4; 3; 1):

b[1; 2] =
1
3
[2a2 � a3 +

1
3
(10a2 � 14ab� 3b2)];

b[2; 3] =
1
3
[�2a2 � 3a3 � b3 +

2
3
(5a2 + 6ab+ b2)];

b[3; 1] =
1
3
[4a3 + b3 +

1
3
(�20a2 + 2ab+ b2)]:

(69)

�§ (69) á«¥¤ã¥â b[1; 2] + b[2; 3] + b[3; 1] = 0. �â® ä®à¬ã«  (1.2.39) ¨§ ª­¨£¨ [13], § ¯¨á ­­ ï
¤«ï r = 1.

�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ä®à¬ã«ë (69), § ¯¨è¥¬ ãà ¢­¥­¨¥ (68) ¢ ¢¨¤¥

d� =
1
3

�
2a2 � a3 +

1
3
(10a2 � 14ab � 3b2)

�
!1 ^ !2 +

+
1
3

�
� 2a2 � 3a3 � b3 +

2
3
(5a2 + 6ab+ b2)

�
!2 ^ !3 +

+
1
3

�
4a3 + b3 +

1
3
(�20a2 + 2ab+ b2)

�
!3 ^ !1: (70)

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ á®®â­®è¥­¨© (67) ¨ (70) ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ¢­¥è­¨¬ ª¢ -
¤à â¨ç­®¬ã ¨ ªã¡¨ç¥áª®¬ã ãà ¢­¥­¨ï¬:�

ra2 + 2
3
a(7a2 + 4a2)!1 � 4

3
aa2!3

�
^ !2 = 0; (71)

2ra2 ^ (!1 + !3) ^ !2 � 4
3
a(9a2 + 4a2)!1 ^ !2 ^ !3 = 0; (72)

£¤¥ ra2 = da2 � 2a2�.
�¨áâ¥¬ , ®¯à¥¤¥«ïîé ï à áá¬ âà¨¢ ¥¬ãî âª ­ì V Wt(3; 1), á®áâ®¨â ¨§ ¯ä ää®¢ëå ãà ¢­¥-

­¨© (66) ¨ (67), ¢­¥è­¥£® ª¢ ¤à â¨ç­®£® ãà ¢­¥­¨ï (71) ¨ ¢­¥è­¥£® ªã¡¨ç¥áª®£® ãà ¢­¥­¨ï (72).
�â  á¨áâ¥¬  § ¬ª­ãâ  ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ¢­¥è­¥£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï.

�¤¨­áâ¢¥­­®© ­¥¨§¢¥áâ­®© äã­ªæ¨¥© ¢® ¢­¥è­¨å ãà ¢­¥­¨ïå ï¢«ï¥âáï ra2. � ª¨¬ ®¡à §®¬,
q = 1. �¬¥¥âáï â®«ìª® ®¤­® ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥ (71). �®íâ®¬ã ¯¥à¢ë© å à ªâ¥à
à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë à ¢¥­ ¥¤¨­¨æ¥: s1 = 1. �«¥¤®¢ â¥«ì­®, s2 = q�s1 = 0. �âáî¤  á«¥¤ã¥â,
çâ® ç¨á«® � àâ ­  Q = s1 + 2s2 = 1.

�§ ãà ¢­¥­¨ï (71) ¨¬¥¥¬

ra2 = �2
3
a(7a2 + 4a2)!1 + a22!2 +

4
3
aa2!3: (73)

�®¤áâ ­®¢ª  (73) ¢ (72) ¯à¨¢®¤¨â ª â®¦¤¥áâ¢ã.
�®íâ®¬ã ç¨á«® ¯ à ¬¥âà®¢ N , ®â ª®â®àëå § ¢¨á¨â ­ ¨¡®«¥¥ ®¡é¨© ¨­â¥£à «ì­ë© í«¥¬¥­â,

à ¢­® ¥¤¨­¨æ¥: N = 1. �âáî¤  á«¥¤ã¥â Q = N . � ª¨¬ ®¡à §®¬, ¯® ªà¨â¥à¨î � àâ ­ , á¨áâ¥¬ 
¨­¢®«îâ¨¢­ , ¨ âª ­¨ �¥à®­¥§¥ VWt(3; 1), ¤«ï ª®â®àëå b = 0, a 6= 0, § ¢¨áïâ ®â ®¤­®© ¯à®¨§-
¢®«ì­®© äã­ªæ¨¨ ®¤­®© ¯¥à¥¬¥­­®©.

� á«ãç ¥ a = 0, b 6= 0 ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®.

� ¬¥ç ­¨¥. �® ¯à¨ç¨­¥ â¥å­¨ç¥áª¨å âàã¤­®áâ¥©  ¢â®àë ­¥ á¬®£«¨ ¤®ª § âì â¥®à¥¬ã áãé¥-
áâ¢®¢ ­¨ï ¤«ï âª ­¥© VWt(3; 1) ®¡é¥£® ¢¨¤ : ¤¨ää¥à¥­æ¨ «ì­ ï á¨áâ¥¬ , ®¯à¥¤¥«ïîé ï â ª¨¥
âª ­¨, ­¥ ­ å®¤¨âáï ¢ ¨­¢®«îæ¨¨ ¨ âà¥¡ã¥â ¬­®£®ªà â­®£® ¯à®¤®«¦¥­¨ï. �¤­ ª® ¯® â¥®à¥¬¥ 13
®¡é¥£® ¢¨¤  âª ­¨ VWt(3; 1) áãé¥áâ¢ãîâ ¨ ­¥ á¢®¤ïâáï ª ¯ à ««¥«¨§ã¥¬ë¬ âª ­ï¬. �®§¬®¦­®
(å®âï ¨ ¬ «®¢¥à®ïâ­®), çâ® â ª¨¥ âª ­¨ á¢®¤ïâáï ª ®¤­®¬ã ¨§ ª« áá®¢, à áá¬®âà¥­­ëå ¢ â¥-
®à¥¬¥ 13. �¢â®àë ¢ëáª §ë¢ îâ £¨¯®â¥§ã, çâ® ª« áá âª ­¥© VWt(3; 1) ®¡é¥£® ¢¨¤  § ¢¨á¨â ®â
®¯à¥¤¥«¥­­®£® ç¨á«  (¡®«ìè¥£® ¥¤¨­¨æë) äã­ªæ¨© ®¤­®£® ¯¥à¥¬¥­­®£®.
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6.3. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(3; 1) á ª®®à¤¨­ â­®© 4-âª ­ìî u = f(x; y; z). �à¥¤¯®-
«®¦¨¬, çâ® ª®®à¤¨­ â­ ï âª ­ì W (4; 3; 1) § ¤ ­  ãà ¢­¥­¨¥¬

u = f(x; y; z): (74)

�¨ää¥à¥­æ¨àãï (74), ¯®«ãç¨¬

du = fxdx+ fydy + fzdz: (75)

�á«¨ ¢§ïâì

!1 = fxdx; !2 = fydy; !3 = fzdz; !4 = �du; (76)

â® ¢ á®®â¢¥âáâ¢¨¨ á (75) ¨ (76) ¡ã¤¥¬ ¨¬¥âì

!1 + !2 + !3 + !4 = 0: (77)

�¨ää¥à¥­æ¨àãï ä®à¬ã«ë (76), ¯®«ãç¨¬

d!1 = �F xy!1 ^ !2 � Fxz!1 ^ !3; d!2 = �F xy!2 ^ !1 � Fyz!2 ^ !3;

d!3 = �Fxz!3 ^ !1 � Fyz!3 ^ !2; d!4 = 0;
(78)

£¤¥

Fxy =
fxy

fxfy
; Fyz =

fyz

fyfz
; Fxz =

fxz

fxfz
: (79)

�§ (60) á«¥¤ã¥â

d!4 = !4 ^ �: (80)

�à ¢­¨¢ ï ¯®á«¥¤­¥¥ ¨§ ãà ¢­¥­¨© (78) á ãà ¢­¥­¨¥¬ (80), ¯à¨å®¤¨¬ ª á®®â­®è¥­¨î

!4 ^ � = 0: (81)

�§ (81) á«¥¤ã¥â, çâ® ä®à¬  á¢ï§­®áâ¨ � ¨¬¥¥â ¢¨¤

� = k!4 = �k(!1 + !2 + !3): (82)

�á¯®«ì§ãï (82), ¬®¦­® § ¯¨á âì áâàãªâãà­ë¥ ãà ¢­¥­¨ï (78) ¢ ä®à¬¥

d!1 = !1 ^ � + (�F xy + k)!1 ^ !2 + (�Fxz + k)!1 ^ !3;

d!2 = !2 ^ � + (�F xy + k)!2 ^ !1 + (�Fyz + k)!2 ^ !3;

d!3 = !3 ^ � + (�Fxz + k)!3 ^ !1 + (�Fyz + k)!3 ^ !2:

(83)

� ª¨¬ ®¡à §®¬, ª®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï âª ­¨ W (4; 3; 1) ¨¬¥îâ ¢¨¤

a[1; 2] = �F xy + k; a[1; 3] = �F xz + k; a[2; 3] = �F yz + k:

�¤­ ª® ¢ á¨«ã (58) áã¬¬  íâ¨å ª®¬¯®­¥­â ¤®«¦­  à ¢­ïâìáï ­ã«î. �«¥¤®¢ â¥«ì­®,

k =
1
3
(Fxy + Fxz + Fyz):

�âáî¤  ­ å®¤¨¬ ¢ëà ¦¥­¨ï ¤«ï ª®¬¯®­¥­â â¥­§®à  ªàãç¥­¨ï âª ­¨ W (4; 3; 1), § ¤ ­­®© ãà ¢-
­¥­¨¥¬ u = f(x; y; z),

a[1; 2] =
1
3
(�2Fxy + Fyz + Fzx); a[2; 3] =

1
3
(Fxy � 2Fyz + Fzx); a[1; 3] =

1
3
(Fxy + Fyz � 2Fzx)

(84)

(áà. [13], x 3.3, £¤¥ ¡ë« à áá¬®âà¥­ á«ãç © âª ­¨ W (n+ 1; n; r) ®¡é¥£® ¢¨¤ ).
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�§ (84) á«¥¤ã¥â, çâ® áâàãªâãà­ë¥ ãà ¢­¥­¨ï âª ­¨ W (4; 3; 1), § ¤ ­­®© ãà ¢­¥­¨¥¬ u =
f(x; y; z), ¨¬¥îâ ¢¨¤

d!1 = !1 ^ � +
1
3
(�2Fxy + Fyz + Fzx)!1 ^ !2 +

1
3
(Fxy + Fyz � 2Fzx)!1 ^ !3;

d!2 = !2 ^ � +
1
3
(�2Fxy + Fyz + Fzx)!2 ^ !1 +

1
3
(Fxy � 2Fyz + Fzx)!2 ^ !3;

d!3 = !3 ^ � +
�
1
3
Fxy + Fyz � 2Fzx

�
!3 ^ !1 +

1
3
(Fxy � 2Fyz + Fzx)!3 ^ !2:

(85)

�®«®¦¨¬

dt = txdx+ tydy + tzdz: (86)

�®£¤  ãá«®¢¨¥ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨ï (64) ¨¬¥¥â ¢¨¤

fxyfz(t
3 � t2) + fyzfx(t

2 � t) + fxzfy(t� t3) = fxfytz + t2fzfytx � 2tfxfzty: (87)

�á¯®«ì§ãï (76) ¨ (62), § ¯¨è¥¬ ãà ¢­¥­¨¥ (86) ¢ ¢¨¤¥

dt =
�
ty

fy
� ttx

fx

�
!2 +

�
tz

fz
� t2tx

fx

�
!3: (88)

�à ¢­¨¢ ï (88) á (61), ¯®«ãç¨¬

ty

fy
=

ttx

fx
+ at(1� t);

tz

fz
=

t2tx

fx
+ bt(1� t): (89)

� §¤¥«¨¢ (87) ­  fxfyfz ¨ ¢®á¯®«ì§®¢ ¢è¨áì ®¡®§­ ç¥­¨¥¬ (80), ¯®«ãç¨¬

Fxyt
2(t� 1) + Fyzt(t� 1) + Fxzt(1� t)(1 + t) =

tz

fz
+
t2tz

fx
� 2t

ty

fy
: (90)

�§ ãà ¢­¥­¨© (90) ¨ (89) á«¥¤ã¥â

�Fxyt� Fyz + Fxz(1 + t) = b� 2ta: (91)

�®áª®«ìªã á®®â­®è¥­¨¥ (91) ¤®«¦­® ¢ë¯®«­ïâìáï ¤«ï «î¡®© äã­ªæ¨¨ t, â®

a =
1
2
(Fxy � Fxz) ; b = Fxz � Fyz: (92)

�â¬¥â¨¬, çâ® ãà ¢­¥­¨ï (92) ¬®¦­® â ª¦¥ ¢ë¢¥áâ¨ ¨§ (59) ¨ (84). � à¥§ã«ìâ â¥ ãà ¢­¥­¨¥ (61)
¯à¨­¨¬ ¥â ¢¨¤

dt

t(1� t)
=
1
2
(Fxy � Fxz)!2 + (Fxz � Fyz)!3: (93)

�¥®à¥¬  14. �ª ­ì W (4; 3; 1), § ¤ ­­ ï ãà ¢­¥­¨¥¬ u = f(x; y; z), ¯®à®¦¤ ¥â âª ­ì �¥à®-
­¥§¥ VWt(3; 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  âª ­ì W (4; 3; 1) (á«¥¤®¢ â¥«ì­®, ¨ âª ­ì VWt(3; 1))
¯ à ««¥«¨§ã¥¬ .

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ t = const. � ª¨¬ ®¡à §®¬, â ª¦¥ ¢ë¯®«­ï-
¥âáï a = b = 0. �®íâ®¬ã ¨§ (92) (¨«¨ ¨§ (93)) á«¥¤ã¥â

Fxy = Fxz; Fxz = Fyz:

� á®®â¢¥âáâ¢¨¨ á (79) íâ¨ ãá«®¢¨ï íª¢¨¢ «¥­â­ë à ¢¥­áâ¢ ¬

fxy

fxz
=

fy

fz
;

fxz

fyz
=

fx

fy
;
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ª®â®àë¥ íª¢¨¢ «¥­â­ë (á¬. [13], x 4.1) á«¥¤ãîé¨¬ ¨¬¥îé¨¬ ¨­¢ à¨ ­â­ë© ¢¨¤ ãá«®¢¨ï¬:

a[1; 2] = a[1; 3]; a[1; 3] = a[2; 3]:

�®£¤  ¨§ (58) á«¥¤ã¥â, çâ® a[�; �] = 0, �; � = 1; 2; 3, ¨ âª ­¨ W (4; 3; 1) ¨ V W (3; 1) ¯ à ««¥«¨§ã¥-
¬ë.

�«ï â®£® çâ®¡ë ãà ¢­¥­¨ï (93) ¡ë«¨ á®¢¬¥áâ­ë, äã­ªæ¨ï f(x; y; z) ¤®«¦­  ã¤®¢«¥â¢®àïâì
­¥ª®â®àë¬ ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨ï¬. �«ï ­ å®¦¤¥­¨ï íâ¨å ãá«®¢¨© § ¯¨è¥¬ ãà ¢­¥­¨ï (92)
¢ ¢¨¤¥

dt

t(1� t)
= Ady +Bdz; (94)

£¤¥

A =
1
2
(Fxy � Fxz) fy =

1
2

�
fxy

fy
� fxz

fz

�
fy

fx
; B =

fxz

fx
� fyz

fy
: (95)

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ãà ¢­¥­¨ï (94) ¯à¨¢®¤¨â ª ãà ¢­¥­¨î

�t2 fz
fx
Ax +Az + t

fy

fx
Bx +By = 0: (96)

�§ (96) á«¥¤ã¥â

Ax = 0; Bx = 0; Az = By: (97)

� á®®â¢¥âáâ¢¨¨ á (95) ãà ¢­¥­¨ï (97) ¬®¦­® ¯¥à¥¯¨á âì��
fxy

fy
� fxz

fz

�
fy

fx

�
x

= 0;
�
1
2

�
fxy

fy
� fxz

fz

�
fy

fx

�
z

=
�
fxz

fx
� fyz

fy

�
y

;

�
fxz

fx
� fyz

fy

�
x

= 0: (98)

�­ «®£¨ç­®© â¥®à¥¬ ¬ 9 ¨ 10 ï¢«ï¥âáï

�¥®à¥¬  15. �ª ­ì W (4; 3; 1), § ¤ ­­ ï ãà ¢­¥­¨¥¬ u = f(x; y; z), ¯®à®¦¤ ¥â âª ­ì â¨¯ 
�¥à®­¥§¥ V LWt(3; 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ áâàãªâãà­ë¥ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤ (85) ¨
äã­ªæ¨ï f(x; y; z) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬ (98).

� xx 6.1 ¨ 6.2 à áá¬®âà¥­ë á¯¥æ¨ «ì­ë¥ ª« ááë âª ­¥© V LWt(3; 1), ¤«ï ª®â®àëå b = 0 (¨«¨
a = 0). �¥©ç á ¬®¦­® ¯à®ïá­¨âì £¥®¬¥âà¨ç¥áª¨© á¬ëá« íâ¨å ãá«®¢¨© ¢ á«ãç ¥, ª®£¤  ª®®à¤¨-
­ â­ ï âª ­ì § ¤ ­  ãà ¢­¥­¨¥¬ u = f(x; y; z). �§ (92) ¢¨¤­®, çâ® ãá«®¢¨¥ b = 0 íª¢¨¢ «¥­â­®
ãá«®¢¨î Fxz = Fyz ¨«¨, ¢ á®®â¢¥âáâ¢¨¨ á (79), ãá«®¢¨î

fxz

fyz
=

fx

fy
:

� ª ¯®ª § ­® ¢ ([13], x 4.1), ¯®á«¥¤­¥¥ ãá«®¢¨¥ íª¢¨¢ «¥­â­® ãá«®¢¨î, ¨¬¥îé¥¬ã ¨­¢ à¨ ­â­ë©
¢¨¤,

a[1; 3] = a[2; 3]

¨«¨ 3-¯à¨¢®¤¨¬®áâ¨ âª ­¨ u = f(x; y; z), ª®â®à ï ®§­ ç ¥â, çâ® äã­ªæ¨ï f(x; y; z) âà¥å ¯¥à¥¬¥­-
­ëå ï¢«ï¥âáï á«¥¤ãîé¥© áã¯¥à¯®§¨æ¨¥© ¤¢ãå äã­ªæ¨© ¤¢ãå ¯¥à¥¬¥­­ëå:

f(x; y; z) = g('(x; y); z):

�­ «®£¨ç­®, ãá«®¢¨¥ a = 0 ®§­ ç ¥â, çâ® äã­ªæ¨ï f(x; y; z) âà¥å ¯¥à¥¬¥­­ëå ï¢«ï¥âáï á«¥-
¤ãîé¥© áã¯¥à¯®§¨æ¨¥© ¤¢ãå äã­ªæ¨© ¤¢ãå ¯¥à¥¬¥­­ëå:

f(x; y; z) = g(x; '(y; z)):

� áá¬®âà¨¬ ¤¢  ¯à¨¬¥à .
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�à¨¬¥à 4. �à¥¤¯®«®¦¨¬, çâ® âª ­ì W (4; 3; 1) § ¤ ­  ãà ¢­¥­¨¥¬

f(x; y; z) = x+ y + z + yz:

�®£¤  ¨§ (79), (76), (82), (84), (85), (92) ¨ (95) á«¥¤ã¥â

fx = 1; fy = 1 + z; fz = 1 + y; fxy = fxz = 0; fyz = 1;

Fxy = Fxz = 0; Fyz =
1

(1 + y)(1 + z)
;

!1 = dx; !2 = (1 + z)dy; !3 = (1 + y)dz; !4 = �df; � =
1

3(1 + y)(1 + z)
!4;

a[1; 2] = a[1; 3] =
1

3(1 + y)(1 + z)
; a[2; 3] = � 2

3(1 + y)(1 + z)
;8>>>>>>><

>>>>>>>:

d!1 = !1 ^ � +
1

3(1 + y)(1 + z)
!1 ^ !2 +

1
3(1 + y)(1 + z)

!1 ^ !3;

d!2 = !2 ^ � +
1

3(1 + y)(1 + z)
!2 ^ !1 � 2

3(1 + y)(1 + z)
!2 ^ !3;

d!3 = !3 ^ � +
1

3(1 + y)(1 + z)
!3 ^ !1 � 1

3(1 + y)(1 + z)
!3 ^ !2;

a = 0; b = � 1
(1 + y)(1 + z)

; A = afy = 0; B = bfz = � 1
1 + z

; Ax = Az = 0; Bx = By = 0:

�®á«¥¤­¨¥ ãà ¢­¥­¨ï ¯®ª §ë¢ îâ, çâ® ¤«ï à áá¬ âà¨¢ ¥¬®© ¢ ¤ ­­®¬ ¯à¨¬¥à¥ âª ­¨W (4; 3; 1)
ãá«®¢¨ï (97) ¢ë¯®«­ïîâáï. � ª¨¬ ®¡à §®¬, íâ  âª ­ì ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(3; 1).

�à ¢­¥­¨ï (93) ¤«ï à áá¬ âà¨¢ ¥¬®© âª ­¨ ¯à¨­¨¬ îâ ¢¨¤

dt

t(1� t)
=

1
2(1 + y)

dy

á à¥è¥­¨¥¬

t = 1� 1
1 + g(x; z; C)

p
1 + y

;

£¤¥ g(x; z; C) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¯¥à¥¬¥­­ëå x; z ¨ ª®­áâ ­âë C.

� íâ®¬ ¯à¨¬¥à¥ a = 0. �â® ®§­ ç ¥â, çâ® ¤®«¦­® ¢ë¯®«­ïâìáï f(x; y; z) = g(x; '(y; z)). �¥©-
áâ¢¨â¥«ì­®, u = f(x; y; z) = x+y+z+xz = x+(y+z+xz), â. ¥. '(x; y) = y+z+yz ¨ g(u; v) = u+v.

�à¨¬¥à 5. �à¥¤¯®«®¦¨¬, çâ® âª ­ìW (4; 3; 1) § ¤ ­  ãà ¢­¥­¨¥¬ f(x; y; z) = (x+y)z. �®£¤ 
¨§ (79), (76), (82), (84), (85), (92) ¨ (95) á«¥¤ã¥â

fx = fy = z; fz = x+ y; fxy = 0; fxz = fyz = 1; Fxy = 0; Fxz = Fyz =
1

(x+ y)z
;

!1 = zdx; !2 = zdy; !3 = (x+ y)dz; !4 = �df; � =
2

3(x+ y)z
!4;

a[1; 2] =
2

3(x+ y)z
; a[1; 3] = a[2; 3] = � 1

3(x+ y)z
;

8>>>>>>><
>>>>>>>:

d!1 = !1 ^ � +
2

3(x+ y)z
!1 ^ !2 � 1

3(x+ y)z
!1 ^ !3;

d!2 = !2 ^ � +
2

3(x+ y)z
!2 ^ !1 � 1

3(x+ y)z
!2 ^ !3;

d!3 = !3 ^ � � 1
3(x+ y)z

!3 ^ !1 � 1
3(x+ y)z

!3 ^ !2;
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a = � 1
2(x+ y)z

; b = 0; A = afy = � 1
2(x+ y)

; B = bfz = 0;

Ax =
1

2(x+ y)2
; Az = 0; Bx = By = 0:

�®á«¥¤­¨¥ ãà ¢­¥­¨ï ¯®ª §ë¢ îâ, çâ® ãá«®¢¨ï (97) ­¥ ¢ë¯®«­ïîâáï ¤«ï à áá¬ âà¨¢ ¥-
¬®© ¢ ¯à¨¬¥à¥ âª ­¨ W (4; 3; 1). � ª¨¬ ®¡à §®¬, íâ  âª ­ì ­¥ ¯®à®¦¤ ¥â âª ­¨ â¨¯  �¥à®­¥§¥
V LWt(3; 1).

� íâ®¬ ¯à¨¬¥à¥ b = 0, ¯®íâ®¬ã f(x; y; z) = g('(x; y); z). �¥©áâ¢¨â¥«ì­®, u = f(x; y; z) =
(x+ y)z, â. ¥. '(x; y) = x+ y ¨ g(u; v) = uv.

7. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; 1), n > 3

� á«ãç ¥ n > 3, ª®â®àë© â ª¦¥ ¡ë« ¨áª«îç¥­ ¨§ à áá¬®âà¥­¨ï ¢ â¥®à¥¬¥ 7, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  16. �®®à¤¨­ â­ ï (n + 1)-âª ­ì W (n + 1; n; 1), n > 3, ¯®à®¦¤ ¥â âª ­ì â¨¯ 
�¥à®­¥§¥ V LWt(n; 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  âª ­ì W (n+1; n; 1) ï¢«ï¥âáï ¯ à ««¥«¨§ã¥-
¬®©.

�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¢ âà¨ è £ .

� £ 1. � å®¦¤¥­¨¥ á®®â­®è¥­¨© ¬¥¦¤ã ª®¬¯®­¥­â ¬¨ â¥­§®à  ªàãç¥­¨ï. �ª ­ì
W (n + 1; n; 1) ®¡à §®¢ ­  n + 1 á«®¥­¨¥¬ f!1 = 0g; : : : ; f!n = 0g ¨ f!1 + � � � + !n = 0g ª®à §-
¬¥à­®áâ¨ ®¤¨­ ­  ¬­®£®®¡à §¨¨ Xn. �«ï â ª¨å âª ­¥© ¨¬¥¥¬ ãà ¢­¥­¨ï (4){(7), £¤¥ r = 1.

� áá¬®âà¨¬ (n� 1)-¬¥à­®¥ á«®¥­¨¥ �n�1, ®¯à¥¤¥«¥­­®¥ á¨áâ¥¬®© ãà ¢­¥­¨©

!1 +
nX

�=2

t��1!� = 0 (99)

(áà. (1)). �ª ­ì W (n + 1; n; 1) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; 1) â®£¤  ¨ â®«ìª® â®-
£¤ , ª®£¤  ãà ¢­¥­¨¥ (99) ¢¯®«­¥ ¨­â¥£à¨àã¥¬® ¤«ï ¯à®¨§¢®«ì­®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ t(x),
x 2 Xnr.

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ãà ¢­¥­¨ï (99) ¤ ¥â

d!1 +
nX

�=2

(�� 1)t��2dt ^ !� +
nX

�=2

t��1d!� = 0:

� á®®â¢¥âáâ¢¨¨ á (4) ®âáî¤  á«¥¤ã¥â

nX
�=2

a[1; �]!k
1 ^ !l

� +
nX

�=2

(�� 1)t��2dt ^ !i
� +

nX
�=2

t��1
X
� 6=�

a[�; �]!j
� ^ !k

� = 0: (100)

�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ ¨á¯®«ì§ã¥âáï ®¡®§­ ç¥­¨¥ a[�; �], �; � = 1; : : : ; n, ¤«ï ª®¬¯®­¥­â a111[�; �]
â¥­§®à  ªàãç¥­¨ï âª ­¨ W (n+ 1; n; 1).

�á«¨ t 6= 0; 1;1, â® ¨§ á®®â­®è¥­¨ï (100) á«¥¤ã¥â

dt

t(1� t)
=

nX

=2

p
!
: (101)

�®¤áâ ¢«ïï ¢ëà ¦¥­¨¥ ¤«ï dt ¨§ (101) ¢ (100), ¯®«ãç¨¬ ¢­¥è­¥¥ ª¢ ¤à â¨ç­®¥ ãà ¢­¥­¨¥. �«¥-
­ë íâ®£® ãà ¢­¥­¨ï, á®¤¥à¦ é¨¥ !
 ^!�, 
 6= �, «¨­¥©­® ­¥§ ¢¨á¨¬ë. �à¥¤¯®« £ ï, çâ® t 6= 0; 1,
¨ ¯à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­âë ¯à¨ !
 ^!� ¢® ¢­¥è­¥¬ ª¢ ¤à â¨ç­®¬ ãà ¢­¥­¨¨, ¯®«ãç¨¬
ãà ¢­¥­¨¥

(� � 1)t��1(1� t)p
 � (
 � 1)t
�1(1� t)p� + t��1(1� t
�1)a[1; 
] �
� t
�1(1� t��1)a[1; �] + (t
�1 � t��1)a[
; �] = 0: (102)
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� £ 2. �®ª § â¥«ìáâ¢® â®£®, çâ® p
 = 0 ¨ a[�; 1] = a[�; 1] = a[�; �], �; � = 2; : : : ; n; � 6= �.
�à¥¤¯®«®¦¨¬, çâ® 
 < �. �ç¨â ï, çâ® t 6= 0; 1, ¯®¤¥«¨¬ á®®â­®è¥­¨¥ (102) ­  t
�1(1� t):

(� � 1)t��
p
 � (
 � 1)p� + t��
(1 + t+ : : : + t
�2)a[1; 
] �
� (1 + t+ � � �+ t��2)a[1; �] + (1 + t+ � � �+ t��
�1)a[
; �] = 0: (103)

�à¥¤¯®«®¦¨¬ â ª¦¥, çâ® n > 3 (á«ãç © n = 3 ¡ë« à áá¬®âà¥­ ¢ x 6). � ¯¨è¥¬ á®®â­®è¥­¨¥
(103) ¤«ï âà¥å á«ãç ¥¢ (
 = �, � = �+ 1; 
 = �, � = �+ 2; 
 = �+ 1, � = �+ 2):

�tp� � (� � 1)p�+1 + t(1 + t+ � � �+ t��2)a[1; �] �
� (1 + t+ � � �+ t��1)a[1; � + 1] + a[�; � + 1] = 0; (104)

(�+ 1)t2p� � (�� 1)p�+2 + t2(1 + t+ � � �+ t��2)a[1; �] �
� (1 + t+ � � �+ t�)a[1; � + 2] + (1 + t)a[�; � + 2] = 0; (105)

(�+ 1)tp�+1 � (�� 1)p�+2 + t(1 + t+ � � � + t��1)a[1; � + 1]�
� (1 + t+ � � �+ t�)a[1; � + 2] + a[�+ 1; �+ 2] = 0: (106)

� ¦¤®¥ ¨§ ãà ¢­¥­¨© (104), (105) ¨ (106) ¤®«¦­® ¢ë¯®«­ïâìáï â®¦¤¥áâ¢¥­­® ®â­®á¨â¥«ì­® t.
�à¨à ¢­¨¢ ï ­ã«î ª®íää¨æ¨¥­âë ¯à¨ t ¨ t0 ¢ (105),   â ª¦¥ ¯à¨ t2, t ¨ t0 ¢ (106) ¨ (107),
¯®«ãç¨¬ á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

�p� + a[1; �] � a[1; � + 1] = 0; (107)

(1� �)p�+1 � a[1; � + 1] + a[�; � + 1] = 0; (108)

(�+ 1)p� + a[1; �] � a[1; � + 2] = 0; (109)

�a[1; � + 2] + a[�; � + 2] = 0; (110)

(1� �)p�+2 � a[1; � + 2] + a[�; � + 2] = 0; (111)

a[1; � + 1]� a[1; � + 2] = 0; (112)

(1 + �)p�+1 + a[1; � + 1]� a[1; � + 2] = 0; (113)

�p�+2 � a[1; � + 2] + a[�+ 1; �+ 2] = 0: (114)

�§ (110) ¨ (112) á«¥¤ã¥â

a[1; � + 1] = a[1; � + 2] = a[�; � + 2]:

�®áª®«ìªã � = 2; : : : ; n, â®, ¢ ç áâ­®áâ¨, ¨¬¥¥¬

a[1; �] = a[1; �]; �; � = 3; : : : ; n: (115)

� á®®â¢¥âáâ¢¨¨ á (115), ¨§ ãà ¢­¥­¨© (111) ¨ (113) á«¥¤ã¥â

p� = 0; � = 3; : : : ; n: (116)

� «¥¥, ¯®« £ ï � = 2 ¢ ãà ¢­¥­¨ïå (107) ¨ (109), ¯®«ãç¨¬

2p2 + a[1; 2] � a[1; 3] = 0; (117)

3p2 + a[1; 2] � a[1; 4] = 0: (118)

�§ (115) á«¥¤ã¥â a[1; 3] = a[1; 4]. �®£¤  ¨§ (117) ¨ (118) ¯®«ãç¨¬

p2 = 0 (119)

¨

a[1; 2] = a[1; 3] = a[1; 4]: (120)

�à ¢­¥­¨ï (116) ¨ (119) ¤ îâ

p� = 0; � = 2; : : : ; n; (121)
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  ãà ¢­¥­¨ï (115) ¨ (120) ¤®ª §ë¢ îâ, çâ®

a[1; �] = a[1; �]; �; � = 2; : : : ; n; � 6= �: (122)

�§ (121), (122) ¨ (103) á«¥¤ã¥â

a[1; �] = a[1; �] = a[�; �]; �; � = 2; : : : ; n; � 6= �: (123)

� £ 3. �§ (123) ¨ (6) ¨¬¥¥¬

a[�; �] = 0; �; � = 1; : : : ; n; � 6= �: (124)

�§ (124) ¨ § ¬¥ç ­¨ï ¢ ª®­æ¥ x 2.1 á«¥¤ã¥â, çâ® ª®®à¤¨­ â­ ï âª ­ì W (n + 1; n; 1), n > 3,
¯ à ««¥«¨§ã¥¬ .

�«¥¤áâ¢¨¥ 6. �à¥¤¨ ª®®à¤¨­ â­ëå (n + 1)-âª ­¥© W (n + 1; n; r), n � 2; r � 1, ¯®à®¦¤ î-
é¨å âª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; r), n � 2; r � 1, â®«ìª® âª ­¨ W (3; 2; r), r � 1, ¨ W (4; 3; 1)
ï¢«ïîâáï ­¥¯ à ««¥«¨§ã¥¬ë¬¨.

�¥®à¥¬  17. �ª ­¨ â¨¯  �¥à®­¥§¥ V LWt(n; 1), n > 3, ï¢«ïîâáï ¯ à ««¥«¨§ã¥¬ë¬¨ âª -
­ï¬¨ �¥à®­¥§¥ V Wt(n; 1) á £®«®­®¬­ë¬¨ ª®®à¤¨­ â­ë¬¨ âª ­ï¬¨.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ª ª ¤®ª § ­® ¢ â¥®à¥¬¥ 16, âª ­ì W (n + 1; n; 1), n > 3,
ª®â®à ï ¯®à®¦¤ ¥â âª ­ì �¥à®­¥§¥ VWt(n; 1), ¯ à ««¥«¨§ã¥¬ , â. ¥. a[�; �] = 0, �; � = 1; : : : ; n
(á¬. (124)), ¨ ¤«ï â ª®© âª ­¨ dt = 0. �à¥¤¯®«®¦¨¬, çâ® ¯¥à¢ë¥ n á«®¥­¨© (n + 1)-âª ­¨-
¯à¥¤áâ ¢¨â¥«ï âª ­¨ VWt(n; r) ®¯à¥¤¥«¥­ë ãà ¢­¥­¨ï¬¨ �� = 0, � = 1; : : : ; n, £¤¥ �� =
!1 + t�!2 + � � � + tn�1

� !n ¨ dt� = 0. �®£¤  d�� = �� ^ �. �«¥¤®¢ â¥«ì­®, â¥­§®à ªàãç¥­¨ï «î-
¡®© (n+ 1)-âª ­¨-¯à¥¤áâ ¢¨â¥«ï âª ­¨ V LWt(n; 1) ®¡à é ¥âáï ¢ ­ã«ì, ¯à¥¤áâ ¢¨â¥«ì ï¢«ï¥âáï
¯ à ««¥«¨§ã¥¬ë¬, ¨ á ¬  âª ­ì â¨¯  �¥à®­¥§¥ V LWt(n; 1) ®ª §ë¢ ¥âáï ¯ à ««¥«¨§ã¥¬®© âª -
­ìî �¥à®­¥§¥ V Wt(n; 1) á £®«®­®¬­®© ª®®à¤¨­ â­®© âª ­ìî.

8. �®ª § â¥«ìáâ¢® £¨¯®â¥§ë � å à¥¢¨ç  ¤«ï âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r)

� íâ®¬ ¯ à £à ä¥ à¥§ã«ìâ âë x 2 ¡ã¤ãâ ¯à¨¬¥­¥­ë ¤«ï ¤®ª § â¥«ìáâ¢  £¨¯®â¥§ë � å à¥¢¨ç 
¤«ï âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r). � [15] (á¬. â ª¦¥ [5]) � å à¥¢¨ç ¢ëáª § « ¯à¥¤¯®«®¦¥­¨¥,
çâ® ¢ á«ãç ¥ âª ­¥© �¥à®­¥§¥ VWt(n; r) ¤®áâ â®ç­® ¯à®¢¥à¨âì ¯®«­ãî ¨­â¥£à¨àã¥¬®áâì á¨áâ¥¬ë
(2) ¤«ï n+2 à §«¨ç­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥« t ¤«ï â®£®, çâ®¡ë ¯®ª § âì, çâ® íâ  á¨áâ¥¬  ¢¯®«­¥
¨­â¥£à¨àã¥¬  ¯à¨ «î¡®¬ ¢¥é¥áâ¢¥­­®¬ ç¨á«¥ t.

�«ï âª ­¥© â¨¯  �¥à®­¥§¥ V LWt(2; r) ¨¬¥¥¬ n = 2. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  18. �á«¨ á¨áâ¥¬  (13) ¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï ç¥âëà¥å «¨­¥©­® ­¥§ ¢¨á¨¬ëå
äã­ªæ¨© t, â®£¤  íâ  á¨áâ¥¬  ¢¯®«­¥ ¨­â¥£à¨àã¥¬  ¤«ï ¯à®¨§¢®«ì­®© ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨
t(x), x 2 Xnr, ¨ ®¯à¥¤¥«ï¥â ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® âà ­á¢¥àá «ì­ëå á«®¥­¨©, â. ¥. ¢
íâ®¬ á«ãç ¥ âª ­ì W (3; 2; r) ¯®à®¦¤ ¥â âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ­  X2r á¥¬¥©áâ¢® r-¬¥à­ëå á«®¥­¨©, ®¯à¥¤¥«¥­­ëå á¨áâ¥¬®©
ãà ¢­¥­¨©

!i
1 + a!i

2 = 0; (125)

§ ¢¨áïé¨å ®â ¯ à ¬¥âà  a = a(x), x � X2r. �î¡ë¥ âà¨ ¨§ íâ¨å á«®¥­¨©, ­ å®¤ïé¨¥áï ¢ ®¡é¥¬
¯®«®¦¥­¨¨, ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥­ë §­ ç¥­¨ï¬¨ a = 0;1; 1. �¨áâ¥¬  (125) ¢¯®«­¥ ¨­â¥£à¨àã¥-
¬  ¤«ï íâ¨å âà¥å §­ ç¥­¨© ¯ à ¬¥âà  a, ¨ ¨­â¥£à «ì­ë¥ ¬­®£®®¡à §¨ï á®®â¢¥âáâ¢ãîé¨å âà¥å
á¨áâ¥¬ ®¡à §ãîâ 3-âª ­ì W (3; 2; r) ­  X2r. �á«®¢¨ï¬¨ ¨­â¥£à¨àã¥¬®áâ¨ íâ¨å á¨áâ¥¬ ï¢«ïîâáï
ãà ¢­¥­¨ï (9).

� áá¬®âà¨¬ ç¥â¢¥àâãî á¨áâ¥¬ã ¨§ á¥¬¥©áâ¢  (125), ®¯à¥¤¥«¥­­ãî §­ ç¥­¨¥¬ ea(x) 6= 0;1; 1;
x � X2r. �¨ää¥à¥­æ¨àãï (125), £¤¥ a = ea, ­ å®¤¨¬ á«¥¤ãîé¥¥ ãá«®¢¨¥ ¨­â¥£à¨àã¥¬®áâ¨ ç¥-
â¢¥àâ®© á¨áâ¥¬ë:

dea ^ !i
2 + (ea2 � ea)aijk!j

2 ^ !k
2 = 0
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(áà. (14)). �âáî¤  á«¥¤ã¥â

deaea� ea2 = ak!
k
2 : (126)

� ª á«¥¤áâ¢¨¥ ¤¢ãå ¯®á«¥¤­¨å ãà ¢­¥­¨© ¯®«ãç ¥¬

(aijk � �ijak)!
j
2 ^ !k

2 = 0:

�«¥¤®¢ â¥«ì­®, â¥­§®à ªà¨¢¨§­ë aijk ¨¬¥¥â áâà®¥­¨¥ (16).
�á«®¢¨ï (16) ï¢«ïîâáï ãá«®¢¨ï¬¨ ¨­â¥£à¨àã¥¬®áâ¨ ­¥ â®«ìª® ¤«ï á¨áâ¥¬ë (125), ®¯à¥¤¥-

«¥­­®© §­ ç¥­¨¥¬ ea(x) ¯ à ¬¥âà  a, ª®â®à®¥ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (126), ­® ¨ ¤«ï á¨áâ¥¬
(125), ª®â®àë¥ ®¯à¥¤¥«ïîâáï §­ ç¥­¨ï¬¨ ¯ à ¬¥âà  a, ã¤®¢«¥â¢®àïîé¨¬¨ ãà ¢­¥­¨î

da

a� a2
=

deaea� ea2 :
�­â¥£à¨àãï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ¯®«ãç ¥¬

a =
ea

(1� C)ea+ C
;

£¤¥ C = const. �â¨ §­ ç¥­¨ï ¯ à ¬¥âà  a ®¯à¥¤¥«ïîâ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® (¨§®ª«¨­-
­ëå) ¯®¤¬­®£®®¡à §¨© V r, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã x.

�®íâ®¬ã ¥á«¨ ­  X2r ¨¬¥îâáï ç¥âëà¥ ¨­â¥£à¨àã¥¬ëå ¨§®ª«¨­­ëå ¯®¤¬­®£®®¡à §¨ï ¨§ á¥-
¬¥©áâ¢  (125), â® ­  X2r ¨¬¥¥âáï ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® â ª¨å ¨­â¥£à «ì­ëå ¯®¤¬­®-
£®®¡à §¨©, â. ¥. X2r ­¥á¥â ­  á¥¡¥ âª ­ì â¨¯  �¥à®­¥§¥ V LWt(2; r).

�­ «®£¨ç­®¥ ¤®ª § â¥«ìáâ¢® á á®®â¢¥âáâ¢ãîé¨¬¨ ¨§¬¥­¥­¨ï¬¨ ¬®¦­® ¯à®¢¥áâ¨ ¤«ï âª -
­¥© â¨¯  �¥à®­¥§¥ V LWt(3; 1), V LWt(n; r), n � 3, r > 1, ¨ V LWt(n; 1), n > 3, á £®«®­®¬­ë¬¨
ª®®à¤¨­ â­ë¬¨ âª ­ï¬¨.

�¢â®àë ¢ëà ¦ îâ á¢®î ¡« £®¤ à­®áâì ¯à®ä¥áá®à ¬ �îäãàã, � ­ áîªã ¨ � å à¥¢¨çã § 
®ç¥­ì ¯®«¥§­ë¥ ¤¨áªãáá¨¨, ª á îé¨¥áï ¯¥à¢®­ ç «ì­®£® ¢ à¨ ­â  íâ®© à ¡®âë.
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