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� áâ® ª®íää¨æ¨¥­âë ¢áî¤ã áå®¤ïé¥£®áï àï¤ 
P
n
anfn(x) ¯® ­¥ª®â®à®© ®àâ®­®à¬¨à®¢ ­­®©

á¨áâ¥¬¥ äã­ªæ¨© ffn(x)g ¢®ááâ ­ ¢«¨¢ îâáï ¯® ¥£® áã¬¬¥ S(x) ¯à¨ ¯®¬®é¨ ®¡ëç­ëå ä®à¬ã«
�ãàì¥

an =
Z
S(x)fn(x)dx: (1)

� ª ª ª äã­ªæ¨ï S(x) ­¥ ®¡ï§ ­  ¡ëâì áã¬¬¨àã¥¬®©, â® ¯®¤ ¨­â¥£à «®¬ ¢ ä®à¬ã«¥ (1) ¯®-
­¨¬ ¥âáï ¨­â¥£à «, ®â«¨ç­ë© ®â «¥¡¥£®¢áª®£®. � ¯à¨¬¥à, ª®íää¨æ¨¥­âë ¢áî¤ã áå®¤ïé¥£®áï
âà¨£®­®¬¥âà¨ç¥áª®£® àï¤  ¢®ááâ ­ ¢«¨¢ îâáï ¯à¨ ¯®¬®é¨ â ª ­ §ë¢ ¥¬®£® M2-¨­â¥£à «  ([1],
á. 138).

� ­­ ï à ¡®â  ¯®á¢ïé¥­  § ¤ ç¥ ® ¢®ááâ ­®¢«¥­¨¨ ª®íää¨æ¨¥­â®¢ ¤¢ã¬¥à­ëå àï¤®¢ �  à .
� á¢ï§¨ á â¥¬, çâ® ¨¬¥îâáï à §­ë¥ ®¯à¥¤¥«¥­¨ï (®¤­®¬¥à­ëå) äã­ªæ¨© �  à  [2], ®â¬¥â¨¬, çâ®
¨á¯®«ì§ã¥âáï áâ ­¤ àâ­®¥ ®¯à¥¤¥«¥­¨¥ [3], ¯à¨ ª®â®à®¬ á¨áâ¥¬  �  à  ¯®«­  ¢ C[0; 1]. �® ¥áâì
¯®« £ ¥¬ �1(x) � 1 ­  [0,1]; ¥á«¨ n = 2k + i, k � 0, 1 � i � 2k, â®

�n(x) =

8>><
>>:
2k=2 ¯à¨ x 2

�
2i�2
2k+1

; 2i�1
2k+1

�
;

�2k=2 ¯à¨ x 2
�
2i�1
2k+1

; 2i
2k+1

�
;

0 ¢­¥
�
2i�2
2k+1

; 2i
2k+1

�
:

� â®çª å 0 ¨ 1 äã­ªæ¨ï �n(x) ¯®« £ ¥âáï à ¢­®© ¯à¥¤¥«ã á¯à ¢  ¨ á«¥¢  á®®â¢¥âáâ¢¥­­®,   ¢
®áâ «ì­ëå â®çª å ®âà¥§ª  [0; 1] | áà¥¤­¥¬ã  à¨ä¬¥â¨ç¥áª®¬ã ¯à ¢®£® ¨ «¥¢®£® ¯à¥¤¥«®¢.

� [4] à áá¬ âà¨¢ « áì �-à¥£ã«ïà­ ï áå®¤¨¬®áâì, â. ¥. â ª ï áå®¤¨¬®áâì àï¤®¢ �  à 
1X
n=1

1X
m=1

an;m�n;m(x; y) =
1X
n=1

1X
m=1

an;m�n(x)�m(y);

çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¯àï¬®ã£®«ì­ëå ç áâ¨ç­ëå áã¬¬ SN;M(x; y) =
NP
n=1

MP
m=1

an;m�n;m(x; y) áå®-

¤¨âáï ª S(x; y) ¯à¨ min(M;N) ! 1 ¨ min(N=M;M=N) � �. � ¬¥â¨¬, çâ® â ª ï áå®¤¨¬®áâì
ï¢«ï¥âáï ¡®«¥¥ ®¡é¥©, ç¥¬ áå®¤¨¬®áâì ¯® ¯àï¬®ã£®«ì­¨ª ¬. �à¨ ª ¦¤®¬ �, à ¢­®¬ æ¥«®© ®âà¨-
æ â¥«ì­®© áâ¥¯¥­¨ ¤¢®©ª¨, ¢ [4] ¡ë« ¯®áâà®¥­ ¨­â¥£à «, ­ §¢ ­­ë© P �

R-¨­â¥£à «®¬, á ¯®¬®éìî
ª®â®à®£® ª®íää¨æ¨¥­âë ¢áî¤ã ­  [0; 1]2 �-à¥£ã«ïà­® áå®¤ïé¥£®áï àï¤  �  à  ¢®ááâ ­ ¢«¨¢ -
îâáï ¯® ®¡ëç­ë¬ ä®à¬ã« ¬ �ãàì¥. � ¤ ­­®© à ¡®â¥ à¥§ã«ìâ âë [4] §­ ç¨â¥«ì­® ãá¨«¨¢ îâáï.
�ã¤¥â ¯®áâà®¥­® á¥¬¥©áâ¢® ®¡®¡é¥­­ëå ¨­â¥£à «®¢ ¯¥àà®­®¢áª®£® â¨¯ , ¯à¨ ¯®¬®é¨ ª®â®àëå
¯® ®¡ëç­ë¬ ä®à¬ã« ¬ �ãàì¥ ¢®ááâ ­ ¢«¨¢ îâáï ª®íää¨æ¨¥­âë ¤¢ã¬¥à­ëå àï¤®¢ �  à , ã¤®-
¢«¥â¢®àïîé¨å ãá«®¢¨ï¬, ¡®«¥¥ ®¡é¨¬, ç¥¬ �-à¥£ã«ïà­ ï áå®¤¨¬®áâì.

�®á¯®«ì§ã¥¬áï á«¥¤ãîé¥© â¥à¬¨­®«®£¨¥© ([5], [6]). �®çª  a 2 [0; 1] ­ §ë¢ ¥âáï ¤¢®¨ç­®-
à æ¨®­ «ì­®© (®¡®§­ ç¥­¨¥ a 2 R), ¥á«¨ a = p=2n, £¤¥ p, n | æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« .

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò02-01-00428).
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�®çª¨ ¬­®¦¥áâ¢  [0; 1] n A ­ §ë¢ îâáï ¤¢®¨ç­®-¨àà æ¨®­ «ì­ë¬¨,   ¬­®¦¥áâ¢® â ª¨å â®ç¥ª
®¡®§­ ç ¥âáï ç¥à¥§ I.

�¢ã¬¥à­ë© § ¬ª­ãâë© ¨­â¥à¢ « ¢¨¤ �
p

2n
;
p+ 1
2n

�
�

�
q

2m
;
q + 1
2m

�
;

£¤¥ n;m = 0; 1 : : : ; p = 0; : : : ; 2n � 1; q = 0; : : : ; 2m � 1, ¡ã¤¥¬ ­ §ë¢ âì ¤¢®¨ç­ë¬ ¨­â¥à¢ «®¬,  
¯ àã ç¨á¥« (n;m) | ¥£® à ­£®¬. �¢®¨ç­ë© ¨­â¥à¢ « à ­£  (n; n) ­ §®¢¥¬ ¤¢®¨ç­ë¬ ª¢ ¤à â®¬.

�ãáâì (x; y) 2 [0; 1]2,   f�k;lg | ¤¢®©­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¤¢®¨ç­ëå ¨­â¥à¢ «®¢. � §®¢¥¬
íâã ¯®á«¥¤®¢ â¥«ì­®áâì ®á­®¢­®© ¤«ï â®çª¨ (x; y), ¥á«¨ (x; y) 2 �k;l ¤«ï «î¡ëå k, l, �k+1;l � �k;l,
�k;l+1 � �k;l,   â ª¦¥ à ­£ �k;l à ¢¥­ (k; l). � § ¢¨á¨¬®áâ¨ ®â â®£®, áª®«ìª® ã â®çª¨ (x; y)
¤¢®¨ç­®-à æ¨®­ «ì­ëå ª®®à¤¨­ â ¨ «¥¦¨â «¨ íâ  â®çª  ­  £à ­¨æ¥ ¥¤¨­¨ç­®£® ª¢ ¤à â , áã-
é¥áâ¢ã¥â ®¤­ , ¤¢¥ ¨«¨ ç¥âëà¥ ®á­®¢­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¤«ï â®çª¨ (x; y). �á«¨ x; y 2 I, â®
áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì f�k;lg, ®á­®¢­ ï ¤«ï (x; y). �á«¨ x 2 R ¨ y 2 I
(¨«¨ x 2 I, y 2 R), â® áãé¥áâ¢ãîâ ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�k;lg, ®á­®¢­ë¥ ¤«ï â®çª¨ (x; y), § 
¨áª«îç¥­¨¥¬ á«ãç ï, ª®£¤  (x; y) «¥¦¨â ­  £à ­¨æ¥ [0; 1]2. �áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ­ §®¢¥¬ ¨å
\«¥¢®©" ¨ \¯à ¢®©" (\¢¥àå­¥©" ¨ \­¨¦­¥©" á®®â¢¥âáâ¢¥­­®) ®á­®¢­ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨.
� á«ãç ¥, ª®£¤  x; y 2 R, áãé¥áâ¢ãîâ ç¥âëà¥ ®á­®¢­ëå ¤«ï â®çª¨ (x; y) ¯®á«¥¤®¢ â¥«ì­®áâ¨
f�k;lg, ¥á«¨ (x; y) ­¥ «¥¦¨â ­  £à ­¨æ¥ [0; 1]2. � §®¢¥¬ ¨å \«¥¢®© ¢¥àå­¥©", \«¥¢®© ­¨¦­¥©",
\¯à ¢®© ¢¥àå­¥©" ¨ \¯à ¢®© ­¨¦­¥©".

� áá¬®âà¨¬ äã­ªæ¨î

	(�) =
1X
n=1

1X
m=1

Z
�

an;m�n;m(x; y)dx dy: (2)

� [4] ®â¬¥ç «®áì, çâ® ¥á«¨ � | ¤¢®¨ç­ë© ¨­â¥à¢ «, â® «¨èì ª®­¥ç­®¥ ç¨á«® §­ ç¥­¨©R
�

an;m�n;m(x; y)dx dy ®â«¨ç­® ®â ­ã«ï. �®«¥¥ â®£®, ¥á«¨ �k;l | ¤¢®¨ç­ë© ¨­â¥à¢ « à ­£  (k; l),

â®

S2k;2l(x; y) =
	(�k;l)
j�k;lj

; (3)

£¤¥ (x; y) | «î¡ ï ¢­ãâà¥­­ïï â®çª  ¨­â¥à¢ «  �k;l. �à®¬¥ â®£®, äã­ªæ¨ï 	(�) ï¢«ï¥âáï
 ¤¤¨â¨¢­®© (â®ç­¥¥, ª®­¥ç­®- ¤¤¨â¨¢­®©) äã­ªæ¨¥© ¤¢®¨ç­®£® ¨­â¥à¢ « . �â® ®§­ ç ¥â, çâ®

¥á«¨ �;�1; : : : ;�p | ¤¢®¨ç­ë¥ ¨­â¥à¢ «ë, ¯à¨ç¥¬ � =
pS
i=1

�i,   ¨­â¥à¢ «ë �i ¯®¯ à­® ­¥

¯¥à¥ªàë¢ îâáï (â. ¥. ¨å ¢­ãâà¥­­®áâ¨ ¯®¯ à­® ­¥ ¯¥à¥á¥ª îâáï), â® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

	 (�) =
pP
i=1

	(�i).

� ¤¨¬ ¥é¥ ­¥áª®«ìª® ®¯à¥¤¥«¥­¨© [7].

�¯à¥¤¥«¥­¨¥ 1. � à ¬¥âà®¬ à¥£ã«ïà­®áâ¨ ¤¢®¨ç­®£® ¨­â¥à¢ «  � ­ §®¢¥¬ ç¨á«® �(�),
à ¢­®¥ ®â­®è¥­¨î ¤«¨­ ¬¨­¨¬ «ì­®© ¨ ¬ ªá¨¬ «ì­®© áâ®à®­ �.

�ç¥¢¨¤­®, çâ® ¥á«¨ �n;m | ¤¢®¨ç­ë© ¨­â¥à¢ « à ­£  (n;m), â® �(�n;m) = 2�jm�nj.

�¯à¥¤¥«¥­¨¥ 2. �ã­ªæ¨î ¤¢®¨ç­®£® ¨­â¥à¢ «  �(�) ­ §®¢¥¬ áã¯¥à ¤¤¨â¨¢­®© (®¡®§­ ç¥-

­¨¥ � 2 A), ¥á«¨ ¤«ï «î¡®£® ­ ¡®à  ¤¢®¨ç­ëå ¨­â¥à¢ «®¢ �;�1; : : : ;�p â ª¨å, çâ® � =
pS
i=1

�i,  

¨­â¥à¢ «ë �i ¯®¯ à­® ­¥ ¯¥à¥ªàë¢ îâáï, ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
pP
i=1

�(�i) � �(�). �ã­ªæ¨î

�(�) ­ §®¢¥¬ áã¡ ¤¤¨â¨¢­®© (®¡®§­ ç¥­¨¥ � 2 A), ¥á«¨ äã­ªæ¨ï �� ï¢«ï¥âáï áã¯¥à ¤¤¨â¨¢-
­®©.

� ª ¨ ¢ [4], à áá¬ âà¨¢ ¥¬ �, à ¢­ë¥ æ¥«®© ®âà¨æ â¥«ì­®© áâ¥¯¥­¨ ¤¢®©ª¨.
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�â¢¥à¦¤¥­¨¥ 1. �ãáâì x; y 2 I. �á«¨ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ç áâ¨ç­ëå áã¬¬ ¤¢ã¬¥à-

­®£® àï¤  �  à  S2nk ;2nk (x; y) áå®¤¨âáï ª ª®­¥ç­®© áã¬¬¥ S(x; y), â® ¤«ï (¥¤¨­áâ¢¥­­®©) ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ¤¢®¨ç­ëå ¨­â¥à¢ «®¢ f�k;lg, ®á­®¢­®© ¤«ï â®çª¨ (x; y), ¢ë¯®«­ï¥âáï ãá«®¢¨¥

lim
k!1

	(�nk;nk)
j�nk;nk j

= S(x; y):

�®ª § â¥«ìáâ¢® áà §ã á«¥¤ã¥â ¨§ ä®à¬ã«ë (3).

�â¢¥à¦¤¥­¨¥ 2. �ãáâì x 2 R, y 2 I ¨ ¤«ï «î¡®£® i = 0; 1 áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®-

¢ â¥«ì­®áâì nk = nk(i; x; y) â ª ï, çâ® ¯à¨ lk = 2nk�1 + [x2nk�1] + i ¢ë¯®«­ï¥âáï ãá«®¢¨¥
2nkP
s=1

alk;s�lk;s(x; y) ! 0, k !1 (§¤¥áì [y] ¥áâì æ¥« ï ç áâì ç¨á«  y). �®£¤  ¤«ï «î¡®© ¯®á«¥¤®¢ -

â¥«ì­®áâ¨ ¤¢®¨ç­ëå ¨­â¥à¢ «®¢ f�k;lg, ®á­®¢­®© ¤«ï â®çª¨ (x; y), ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

lim
k!1

	(�nk;nk)�
1
2
	(�nk�1;nk)

j�nk;nk j
= 0: (4)

�­ «®£¨ç­®, ¯ãáâì x 2 I, y 2 R ¨ ¤«ï «î¡®£® j = 0; 1 áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

nk=nk(j; x; y) â ª ï, çâ® ¯à¨ mk=2nk�1+[y2nk�1]+j ¢ë¯®«­ï¥âáï ãá«®¢¨¥
2nkP
s=1

as;mk
�s;mk

(x; y)!0,

k !1. �®£¤  ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¤¢®¨ç­ëå ¨­â¥à¢ «®¢ f�k;lg, ®á­®¢­®© ¤«ï â®çª¨

(x; y), ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

lim
k!1

	(�nk;nk)�
1
2
	(�nk;nk�1)

j�nk;nk j
= 0: (5)

�®ª § â¥«ìáâ¢®. �¡®á­ã¥¬ ä®à¬ã«ã (4) (¤®ª § â¥«ìáâ¢® ä®à¬ã«ë (5)  ­ «®£¨ç­®), ¯à¨-
ç¥¬ ¤«ï \¯à ¢®©" ®á­®¢­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (¤«ï \«¥¢®©"  ­ «®£¨ç­®). �®£¤  lk = 2nk�1 +
[x2nk�1] + 1. �¬¥ï ¯à¨ ¤®áâ â®ç­® ¬ «®¬ " = "(nk) à ¢¥­áâ¢®

2nkX
s=1

alk;s�lk;s(x; y) = C
2nkX
s=1

alk;s�lk;s(x+ "; y) = C(S2nk ;2nk (x+ "; y)� S2nk�1;2nk (x+ "; y)); (6)

£¤¥ C à ¢­® 1 ¨«¨ 1=2, ¯à¨¬¥­¨¬ ª ¥£® ¯à ¢®© ç áâ¨ ä®à¬ã«ã (3). �®«ãç¨¬

2nkX
s=1

alk;s�lk;s(x; y) = C
	(�nk;nk)�

1
2
	(�nk�1;nk)

j�nk;nk j
;

®âªã¤  á«¥¤ã¥â (4).

� ¬¥ç ­¨¥ 1. �®£« á­® (6) ãâ¢¥à¦¤¥­¨¥ 2 ®áâ ¥âáï, ¢ ç áâ­®áâ¨, ¢ á¨«¥, ¥á«¨ àï¤ �  à 
áå®¤¨âáï ª ª®­¥ç­®© áã¬¬¥ ¢ â®çª¥ (x; y) �-à¥£ã«ïà­® ¨«¨ ¯® ¯àï¬®ã£®«ì­¨ª ¬.

�â¢¥à¦¤¥­¨¥ 3. �ãáâì x; y 2 R ¨ ¤«ï «î¡ëå i; j = 0; 1 áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®-

¢ â¥«ì­®áâì nk = nk(i; j; x; y), çâ® ¯à¨ lk = 2nk�1 + [x2nk�1] + i, mk = 2nk�1 + [y2nk�1] + j
¢ë¯®«­ï¥âáï ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥ alk;mk

�lk;mk
(x; y) ! 0, k ! 1. �®£¤  ¤«ï «î¡®© ¯®á«¥¤®-

¢ â¥«ì­®áâ¨ ¤¢®¨ç­ëå ¨­â¥à¢ «®¢ f�k;lg, ®á­®¢­®© ¤«ï â®çª¨ (x; y), ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

lim
k!1

	(�nk ;nk)�
1
2
	(�nk�1;nk)�

1
2
	(�nk;nk�1) +

1
4
	(�nk�1;nk�1)

j�nk;nk j
= 0: (7)

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¤®ª §ë¢ âì ä®à¬ã«ã (7) ¤«ï \¯à ¢®© ¢¥àå­¥©" ®á­®¢­®© ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ (¤«ï âà¥å ¤àã£¨å á«ãç ¥¢ ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®). �®§ì¬¥¬ lk = 2nk�1 +
[x2nk�1] + 1, mk = 2nk�1 + [y2nk�1] + 1.
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�à¨ ¤®áâ â®ç­® ¬ «®¬ " = "(nk) ¨¬¥¥¬ á«¥¤ãîéãî æ¥¯®çªã à ¢¥­áâ¢, ¯®á«¥¤­¥¥ ¨§ ª®â®àëå
á«¥¤ã¥â ¨§ ä®à¬ã«ë (3):

alk;mk
�lk ;mk

(x; y) = Calk;mk
�lk;mk

(x+ "; y + ") = C(S2nk ;2nk (x+ "; y + ")�

�S2nk�1;2nk (x+ "; y + ")� S2nk ;2nk�1(x+ "; y + ") + S2nk�1;2nk�1(x+ "; y + ")) =

= C
	(�nk;nk)�

1
2
	(�nk�1;nk)�

1
2
	(�nk;nk�1) +

1
4
	(�nk�1;nk�1)

j�nk;nk j
;

£¤¥ C à ¢­® 1, 1=2 ¨«¨ 1=4. �âáî¤  ¨ á«¥¤ã¥â (7).

� ¬¥ç ­¨¥ 2. �â¢¥à¦¤¥­¨¥ ®áâ ¥âáï ¢ á¨«¥, ¥á«¨ àï¤ �  à  áå®¤¨âáï ª ª®­¥ç­®© áã¬¬¥ ¢
â®çª¥ (x; y) �-à¥£ã«ïà­® ¨«¨ ¯® ¯àï¬®ã£®«ì­¨ª ¬. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ®¡é¨© ç«¥­
àï¤  �  à  áâà¥¬¨âáï á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ª ­ã«î ¨ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¤ ­­®£®
ãâ¢¥à¦¤¥­¨ï.

�¥à¥¯¨è¥¬ ãá«®¢¨ï (4), (5) ¨ (7) ¢ ¤àã£®¬ ¢¨¤¥. �ãáâì f�k;lg| ®á­®¢­ ï ¤«ï ­¥ª®â®à®© â®ç-
ª¨ (x; y) ¯®á«¥¤®¢ â¥«ì­®áâì ¤¢®¨ç­ëå ¨­â¥à¢ «®¢. �¡®§­ ç¨¬ �1

n = �n;n, �2
n = �n�1;n n�n;n,

�4
n = �n;n�1 n�n;n, �3

n = �n�1;n�1 n (�n�1;n [�n;n�1) (¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¨å à ¢¥­áâ¢ áâ®-
ïâ § ¬ëª ­¨ï á®®â¢¥âáâ¢ãîé¨å ¬­®¦¥áâ¢). �ç¥¢¨¤­®, f�i

ng
4
i=1 | ­ ¡®à ­¥¯¥à¥ªàë¢ îé¨åáï

¤¢®¨ç­ëå ª¢ ¤à â®¢ à ­£  (n; n), á®áâ ¢«ïîé¨å ¢ ®¡ê¥¤¨­¥­¨¨ ª¢ ¤à â �n�1;n�1.
�«ï â®£® çâ®¡ë ¯¥à¥¯¨á âì ãá«®¢¨¥ (4) ¢ ¤àã£®¬ ¢¨¤¥, § ¬¥â¨¬, çâ®

	(�n;n)�
1
2
	(�n�1;n) = 	(�1

n)�
1
2
	(�1

n [�
2
n) =

1
2
(	(�1

n)�	(�2
n))

(¥á«¨ äã­ªæ¨ï 	  ¤¤¨â¨¢­ ). � ª¨¬ ®¡à §®¬, ä®à¬ã«  (4) íª¢¨¢ «¥­â­  ä®à¬ã«¥

lim
k!1

	(�1
nk
)�	(�2

nk
)

j�1
nk
j

= 0: (8)

�­ «®£¨ç­®, (5) íª¢¨¢ «¥­â­  (¤«ï  ¤¤¨â¨¢­ëå äã­ªæ¨©) ä®à¬ã«¥

lim
k!1

	(�1
nk
)�	(�4

nk
)

j�1
nk
j

= 0; (9)

  (7) | ä®à¬ã«¥

lim
k!1

	(�1
nk
)�	(�2

nk
) + 	(�3

nk
)�	(�4

nk
)

j�1
nk
j

= 0: (10)

�ä®à¬ã«¨àã¥¬ ¨ ¤®ª ¦¥¬ â¥®à¥¬ã, ï¢«ïîéãîáï ®¡®¡é¥­¨¥¬ â¥®à¥¬ë 1 ¨§ [4]. �å¥¬ë ¤®-
ª § â¥«ìáâ¢ ®¡¥¨å â¥®à¥¬ ¯®å®¦¨. �®¤®¡­ë¥ â¥®à¥¬ë ¢ â¥®à¨¨ ¨­â¥£à «®¢ ¯¥àà®­®¢áª®£® â¨¯ 
(­ ¯à., [7], á. 20; [8], á. 453) ­®áïâ ­ §¢ ­¨¥ \â¥®à¥¬ ® ¬®­®â®­­®áâ¨" ¨ ¯à¨¬¥­ïîâáï ¤«ï ¯®áâà®-
¥­¨ï á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢.

�¥®à¥¬  1. �ãáâì äã­ªæ¨ï � 2 A ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ á¢®©áâ¢ ¬ (¥á«¨ f�k;lg =
f�i

k;lg | ®¤­  ¨§ ®á­®¢­ëå ¤«ï á®®â¢¥âáâ¢ãîé¥© â®çª¨ (x; y) ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¤¢®¨ç­ëå

¨­â¥à¢ «®¢):

1. eá«¨ (x; y) 2 I� I, â® ¤«ï ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­®¬¥à®¢ nk(x; y) ¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢®

lim
k!1

�(�1
nk(x;y)

)

j�1
nk(x;y)

j
� 0;

2. eá«¨ (x; y) 2 R � I, â® ¤«ï äã­ªæ¨¨ �(�) ¨ ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­®¬¥à®¢

nk = nk(i; x; y) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (8);
3. eá«¨ (x; y) 2 I � R, â® ¤«ï äã­ªæ¨¨ �(�) ¨ ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­®¬¥à®¢

nk = nk(i; x; y) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (9);

48



4. eá«¨ (x; y) 2 R � R, â® ¤«ï äã­ªæ¨¨ �(�) ¨ ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­®¬¥à®¢

nk = nk(i; x; y) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (10).

�®£¤  �(�) � 0 ¤«ï «î¡®£® ¤¢®¨ç­®£® ¨­â¥à¢ «  �.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¤¢®¨ç­ë© ¨­â¥à¢ « �, ­  ª®â®à®¬
�(�) < 0. � §®¡ì¥¬ � ­  ª®­¥ç­®¥ ç¨á«® ¯®¯ à­® ­¥¯¥à¥ªàë¢ îé¨åáï ¤¢®¨ç­ëå ª¢ ¤à â®¢ �i,

i = 0; : : : ; n. �®£¤  ¢ á¨«ã áã¯¥à ¤¤¨â¨¢­®áâ¨ � ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®
nP
i=0

�(�i) � �(�) < 0,  

§­ ç¨â, áãé¥áâ¢ã¥â ¤¢®¨ç­ë© ª¢ ¤à â �0, ­  ª®â®à®¬ �(�0) < 0. �ãáâì " > 0 ­ áâ®«ìª® ¬ «®,
çâ® �(�0) + "j�0j < 0. �®«®¦¨¬ F (�) = �(�) + "j�j. �ç¥¢¨¤­®, F 2 A,   ãá«®¢¨ï (8){(10)
¢ë¯®«­ïîâáï ¤«ï äã­ªæ¨¨ � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­¨ ¢ë¯®«­ïîâáï ¤«ï F .

�­¤ãªæ¨®­­® ¯®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ¤¢®¨ç­ëå ª¢ ¤à â®¢ fIngn�n0 à ­£  (n; n),   â ª-
¦¥ ¯®á«¥¤®¢ â¥«ì­®áâì ¯ à (in; jn)n�n0 , £¤¥ in ¨ jn à ¢­ë «¨¡® ­ã«î, «¨¡® ¥¤¨­¨æ¥, á«¥¤ãîé¨¬
®¡à §®¬.

1) � ¬¥â¨¬, çâ® F (In0) < 0 ¯à¨ In0 � �0; in0 = jn0 = 0. �â® ®á­®¢ ­¨¥ ¨­¤ãªæ¨¨.
2) �ãáâì In = [k=2n; (k + 1)=2n] � [l=2n; (l + 1)=2n], n � n0. � §®¡ì¥¬ In ­  ç¥âëà¥ á¬¥¦­ëå

ª¢ ¤à â  Ip;qn+1, p; q = 0; 1, £¤¥

Ip;qn+1 =
�
2k + p

2n+1
;
2k + p+ 1

2n+1

�
�

�
2l + q

2n+1
;
2l + q + 1
2n+1

�
:

�®«®¦¨¬ F (In) < 0. �¡¥¤¨¬áï, çâ® F (In+1) < 0. � ª ç¥áâ¢¥ In+1 ¢ë¡¥à¥¬ ®¤¨­ ¨§ ¨­â¥à¢ «®¢
Ip;qn+1 ¯® â ª®¬ã ¯à ¢¨«ã:

A) eá«¨ F (Ip0;q0n+1 ) < 0 à®¢­® ¤«ï ®¤­®£® ­ ¡®à  (p0; q0), â® In+1 = Ip0;q0n+1 , (in+1; jn+1) = (p0; q0);
�) eá«¨ F (Ip;qn+1) < 0 ¤«ï âà¥å ¨«¨ ç¥âëà¥å ­ ¡®à®¢ (p; q), â® áà¥¤¨ íâ¨å ­ ¡®à®¢ ¢®§ì¬¥¬ â®â

­ ¡®à (p0; q0), ª®â®àë© ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (ik; jk) ¯à¨ n0 � k � n ¢ ¯®á«¥¤­¨© à § ¢áâà¥ç «áï
à ­ìè¥; eá«¨ ª ª®©-â® ­ ¡®à à ­ìè¥ ­¥ ¢áâà¥ç «áï, â® ¥£® ¬®¦­® ¢§ïâì ¢ ª ç¥áâ¢¥ ¨áª®¬®£® ¨
â®£¤  In+1 = Ip0;q0n+1 , (in+1; jn+1) = (p0; q0);

B) eá«¨ F (Ip;qn+1) < 0 à®¢­® ¤«ï ¤¢ãå ­ ¡®à®¢ (p1; q1) ¨ (p2; q2), â® à áá¬®âà¨¬ âà¨ ¯®¤á«ãç ï.
B1) �á«¨ p1 6= p2 ¨ q1 6= q2, â. ¥. I

p1;q1
n+1 , I

p2;q2
n+1 á®¯à¨ª á îâáï â®«ìª® ¯® ¢¥àè¨­¥, â® ¯®áâã¯ ¥¬

ª ª ¢ ¯. �).
B2) �á«¨ Ip1;q1n+1 ¨ Ip2;q2n+1 ¯¥à¥á¥ª îâáï ¯® áâ®à®­¥ ¨ F (Ipk;qkn+1 ) < F (In)=3 ¯à¨ k = 1; 2, â® á­®¢ 

¯®áâã¯ ¥¬ ª ª ¢ ¯. �).
B3) �á«¨ Ip1;q1n+1 ¨ Ip2;q2n+1 ¯¥à¥á¥ª îâáï ¯® áâ®à®­¥ ¨ F (Ip1;q1n+1 ) � F (In)=3, â® In+1 = Ip2;q2n+1 ,

(in+1; jn+1) = (p2; q2). � á¨«ã áã¯¥à ¤¤¨â¨¢­®áâ¨ F ¨¬¥¥¬
1P

p=0

1P
q=0

F (Ip;qn+1) � F (In), §­ ç¨â,

F (Ip2;q2n+1 ) � F (In)� F (In)=3 � 0� 0 = 2F (In)=3.
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (in)n�n0 , (jn)n�n0 . �®§¬®¦­ë á«¥¤ãîé¨¥ ¢ à¨ ­âë.
1) � ®¡¥¨å ¯®á«¥¤®¢ â¥«ì­®áâïå ª ª 0, â ª ¨ 1 ¢áâà¥ç îâáï ¡¥áª®­¥ç­®¥ ç¨á«® à §. �®£¤ 

In ! (x; y) 2 I � I. � ª ª ª F (In) < 0, â®

lim
n!1

�(In)
jInj

= lim
n!1

F (In)� "jInj

jInj
� �";

çâ® ¯à®â¨¢®à¥ç¨â ¯¥à¢®¬ã ãá«®¢¨î â¥®à¥¬ë. �à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã ¢ íâ®¬ á«ãç ¥.
2) � ®¤­®© ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¥© (áª ¦¥¬, ¢ in) ®¤­  ¨§ æ¨äà ¢áâà¥ç ¥âáï ª®­¥ç­®¥ ç¨á«®

à §, áª ¦¥¬ in = const ¯à¨ n � N0,   ¢ ¤àã£®© ®¡¥ æ¨äàë ¢áâà¥ç îâáï ¡¥áª®­¥ç­®¥ ç¨á«® à §.
�­ ç¨â, In ! (x; y) 2 R�I. �ãáâì F (IN0

) = � < 0. � áá¬®âà¨¬ In, n � N0. �®£¤  ¢ë¡®à ¨­â¥à¢ « 
In+1 ¯à®¨áå®¤¨â á ¯®¬®éìî ®¤­®£® ¨§ ¢ à¨ ­â®¢ A), B2) ¨«¨ B3):

A) ) F (In+1) � F (In)�
P

Ip;q
n+1

6=In+1

F (Ip;qn+1) � F (In);

B2) ) F (In+1) � F (In)=3;
B3) ) F (In+1) � 2F (In)=3.
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�âáî¤  ¯® ¨­¤ãªæ¨¨ F (In) � �3�(n�N0) = �3N03�n ¯à¨ n � N0 + 1. �®£¤ 

lim
n!1

F (I1n)� F (I2n)
jInj

� lim
n!1

1
4�n

(�3N03�n � 0) = lim
n!1

�3N0

�
4
3

�n
= �1:

�â® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î 2 â¥®à¥¬ë. �á«¨ ¡ë â®«ìª® ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ jn ®¤­  ¨§ æ¨äà
¢áâà¥ç « áì ª®­¥ç­®¥ ç¨á«® à §, â® ¯à¨è«¨ ¡ë ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ 3 â¥®à¥¬ë. � ®¡®¨å
á«ãç ïå ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã.

3) �ãáâì ª ª ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ in, â ª ¨ ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ jn ª ª ï-â® ¨§ æ¨äà 0 «¨¡®
1 (¢®§¬®¦­®, à §­ ï ¤«ï ®¡¥¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥©) ¢áâà¥ç ¥âáï ª®­¥ç­®¥ ç¨á«® à §. �®£¤ 
In ! (x; y) 2 R � R. �ãáâì in = c1, jn = c2 ¯à¨ n � N0. � áá¬®âà¨¬ In; n � N0. �®£¤  ¢ë¡®à In
¯à®¨áå®¤¨â á ¯®¬®éìî ®¤­®£® ¨§ ¢ à¨ ­â®¢ A) ¨«¨ B3). �®ç­® â ª ¦¥, ª ª ¨ ¢ëè¥, ¯®ª §ë¢ ¥âáï,
çâ® ¥á«¨ F (IN0

) = � < 0, â® F (In) � �3N03�n ¯à¨ n � N0 + 1. � áá¬®âà¨¬ ¢ëà ¦¥­¨¥ Dn =
1
jI1nj

4P
i=1
(�1)i�1F (I in). �®ª ¦¥¬, çâ® ®­® áâà¥¬¨âáï ª �1. �®£¤ , ¯®«ãç¨¢ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬

4) â¥®à¥¬ë, ¤®ª ¦¥¬ â¥¬ á ¬ë¬ á ¬ã â¥®à¥¬ã. �¬¥¥¬

Dn =
1
jI1nj

 
4X
i=1

F (I in)� 2(F (I2n) + F (I4n))

!
�

1
jI1nj

(F (In�1)� 2(F (I2n) + F (I4n))):

�á«¨ ¢ë¡®à In ¯à®¨áå®¤¨â á ¯®¬®éìî ¢ à¨ ­â  A), â® F (I2n) ¨ F (I4n) ­¥ ¬¥­ìè¥ ­ã«ï,   ¥á«¨
¢ë¡®à ¯à®¨áå®¤¨â á ¯®¬®éìî ¢ à¨ ­â  B3), â® ®¤­® ¨§ §­ ç¥­¨© F (I2n) ¨ F (I4n) ­¥ ¬¥­ìè¥ ­ã«ï,
  ¢â®à®¥ ­¥ ¬¥­ìè¥ F (In�1)=3. � «î¡®¬ á«ãç ¥ 2(F (I2n) + F (I4n)) � 2F (In�1)=3.

�®£¤ 

Dn �
1
jI1nj

�
F (In�1)�

2
3
F (In�1)

�
=

1
3 jI1nj

F (In�1) �
1
3

�
1
4

��n
�3N03�(n�1) = �3N0

�
4
3

�n
:

�âáî¤  lim
n!1

Dn = �1.

�¤¥« ¥¬ àï¤ ª®¬¬¥­â à¨¥¢. �¥®à¥¬  1 ®¡®¡é ¥â â¥®à¥¬ã 1 ¨§ [4] áà §ã ¯® ­¥áª®«ìª¨¬ ­ ¯à -
¢«¥­¨ï¬. �®-¯¥à¢ëå, äã­ªæ¨ï �, ­¥®âà¨æ â¥«ì­®áâì ª®â®à®© âà¥¡ã¥âáï ¤®ª § âì, ­¥  ¤¤¨â¨¢­ ,
  áã¯¥à ¤¤¨â¨¢­  (¢ ç áâ­®áâ¨, ¬®¦¥â ¡ëâì ¨  ¤¤¨â¨¢­ ). �®-¢â®àëå, ¯à¥¤¥«ë ­¥ª®â®àëå á®®â-
­®è¥­¨© (á¬. (8){(10)) ¡¥àãâáï ­¥ ¤«ï ¢á¥å 2�-à¥£ã«ïà­ëå ¤¢®¨ç­ëå ¨­â¥à¢ «®¢,   ¤«ï ¤¢®¨ç­ëå
ª¢ ¤à â®¢, â¥¬ á ¬ë¬ áã¦ ï ãá«®¢¨ï â¥®à¥¬ë ¨ ãá¨«¨¢ ï ¥¥ ®¡é­®áâì. �-âà¥âì¨å, íâ¨ ¦¥ ¯à¥-
¤¥«ë ¡¥àãâáï ­¥ ¯® ¯®á«¥¤®¢ â¥«ì­®áâï¬,   ¯® ¯®¤¯®á«¥¤®¢ â¥«ì­®áâï¬ (¢®®¡é¥ £®¢®àï, à §­ë¬
¤«ï à §«¨ç­ëå â®ç¥ª (x; y)), çâ® â®¦¥ áã¦ ¥â ãá«®¢¨ï â¥®à¥¬ë. � ª®­¥æ, ãá«®¢¨¥ 1 â®«ìª® çâ®
¤®ª § ­­®© â¥®à¥¬ë �ã¦¥ ãá«®¢¨ï 1 â¥®à¥¬ë 1 ¨§ [4].

�¥®à¥¬  1, ï¢«ïïáì \â¥®à¥¬®© ® ¬®­®â®­­®áâ¨", ¯® áãâ¨ ®âªàë¢ ¥â ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï
á®®â¢¥âáâ¢ãîé¥£® ¨­â¥£à « . �à¥¤ë¤ãé¨©  ¡§ æ ä ªâ¨ç¥áª¨ ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢®¬ â®£®,
çâ® ­®¢ë© ¨­â¥£à « ¡ã¤¥â ­¥ �ã¦¥ (P �

R)-¨­â¥£à « , ¢¢¥¤¥­­®£® ¢ [4].

�¯à¥¤¥«¥­¨¥ 3. �ãáâì äã­ªæ¨ï f(x; y) ®¯à¥¤¥«¥­  ­  I0 = [0; 1]2 (¨«¨ å®âï ¡ë ­  I � I).
�ãáâì ¤«ï ª ¦¤®© â®çª¨ (x; y) 2 I0 ¨ ¤«ï ª ¦¤®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�i

k;lg, ®á­®¢­®© ¤«ï â®çª¨
(x; y), ¢ë¡à ­  á¢®ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ­®¬¥à®¢ nk(x; y; i). �ª ¦¥¬, çâ® äã­ªæ¨ï f (PR(nk))-
¨­â¥£à¨àã¥¬ , ¥á«¨ ¤«ï «î¡®£® " > 0 áãé¥áâ¢ãîâ äã­ªæ¨¨ F1 2 A, F2 2 A á® á«¥¤ãîé¨¬¨
á¢®©áâ¢ ¬¨.

1. lim
k!1

F1(�nk;nk
)

j�nk;nk
j
� f(x; y) � lim

k!1

F2(�nk;nk
)

j�nk;nk
j
, ¥á«¨ (x; y) 2 I � I.

2. �á«¨ (x; y) =2 I� I, â® ¤«ï äã­ªæ¨© F1 ¨ F2 ¢ë¯®«­ïîâáï ãá«®¢¨ï (8){(10) ¢ § ¢¨á¨¬®áâ¨
®â â®£®, ¯à¨­ ¤«¥¦¨â (x; y) R� I, I �R ¨«¨ R�R á®®â¢¥âáâ¢¥­­®.

3. F1(I0)� F2(I0) < ".
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�®£¤  ª®­ªà¥â­ë¬ ï¢«ï¥âáï ®¯à¥¤¥«¥­¨¥ ¨­â¥£à «  ¢ ¢¨¤¥

(PR(nk))
Z
I0

f(t; v)dt dv = sup
F2

F2(I0) = inf
F1

F1(I0):

�¥®à¥¬  1 £ à ­â¨àã¥â ª®àà¥ªâ­®áâì ¢¢¥¤¥­­®£® ¨­â¥£à « . �®àà¥ªâ­®áâì ¯®­¨¬ ¥âáï ¢ â®¬
á¬ëá«¥, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© 1 ¨ 2 ¤ ­­®£® ®¯à¥¤¥«¥­¨ï ­¥¢®§¬®¦­  á¨âã æ¨ï, ¯à¨
ª®â®à®© ¤«ï ª ª®©-â® ¯ àë äã­ªæ¨© F1 ¨ F2 ¨ ­¥ª®â®à®£® ¤¢®¨ç­®£® ¨­â¥à¢ «  � ¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢® F1(�) < F2(�).

�ä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â à ¡®âë.

�¥®à¥¬  2. �ãáâì àï¤ �  à  ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨.

1. �á«¨ x; y 2 I, â® áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì nk(x; y), çâ® lim
k!1

S2nk ;2nk (x; y) =

S(x; y).
2. �á«¨ x 2 R, y 2 I, â® ¤«ï «î¡®£® i = 0; 1 áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

nk = nk(i; x; y), çâ® ¯à¨ lk = 2nk�1+[x2nk�1]+i ¢ë¯®«­ï¥âáï ãá«®¢¨¥
2nkP
s=1

alk;s�lk;s(x; y)! 0,

k !1.

3. �á«¨ x 2 I, y 2 R, â® ¤«ï «î¡®£® j = 0; 1 áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

nk = nk(j; x; y), çâ® ¯à¨mk = 2nk�1+[y2nk�1]+j ¢ë¯®«­ï¥âáï ãá«®¢¨¥
2nkP
s=1

as;mk
�s;mk

(x; y)!

0, k !1.

4. �á«¨ x 2 R, y 2 R, â® ¤«ï «î¡ëå i; j = 0; 1 áãé¥áâ¢ã¥â â ª ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

nk = nk(i; j; x; y), çâ® ¯à¨ lk = 2nk�1 + [x2nk�1] + i, mk = 2nk�1+ [y2nk�1] + j ¢ë¯®«­ï¥âáï
ãá«®¢¨¥ alk ;mk

�lk;mk
(x; y)! 0, k !1.

�®£¤  äã­ªæ¨ï S(x; y) ï¢«ï¥âáï (PR(nk))-¨­â¥£à¨àã¥¬®© ¨ àï¤ �  à  ¡ã¤¥â àï¤®¬ �ãàì¥

íâ®© äã­ªæ¨¨ ®â­®á¨â¥«ì­® ¯®áâà®¥­­®£® ¨­â¥£à « , â.¥. ª®íää¨æ¨¥­âë íâ®£® àï¤  ¡ã¤ãâ

¢®ááâ ­ ¢«¨¢ âìáï ¯® ®¡ëç­ë¬ ä®à¬ã« ¬ �ãàì¥

an;m = (PR(nk))
Z
I0

S(x; y)�n;m(x; y)dx dy:

�®ª § â¥«ìáâ¢®. �ãáâì 	(�) | äã­ªæ¨ï, ®¤­®§­ ç­® ®¯à¥¤¥«ï¥¬ ï ¤«ï àï¤  �  à 
1P
n=1

1P
m=1

an;m�n;m(x; y) ¯® ä®à¬ã«¥ (2). �®«®¦¨¬ F1(�) = F2(�) � 	(�). �®ª ¦¥¬, çâ® äã­ªæ¨¨

F1 ¨ F2, ¡ã¤ãç¨  ¤¤¨â¨¢­ë¬¨, ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ ®¯à¥¤¥«¥­¨ï (PR(nk))-¨­â¥£à « 
¯à¨ «î¡®¬ " > 0. � ª ª ª S2nk ;2nk (x; y) ! S(x; y) ¯à¨ (x; y) 2 I � I , â® ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 1
¨¬¥¥â ¬¥áâ® æ¥¯®çª  à ¢¥­áâ¢

lim
k!+1

F1(�nk;nk)
j�nk;nk j

= S(x; y) = lim
k!+1

F2(�nk;nk)
j�nk;nk j

:

�«¥¤®¢ â¥«ì­®, ¢ë¯®«­ï¥âáï ¯¥à¢®¥ ãá«®¢¨¥ ®¯à¥¤¥«¥­¨ï (PR(nk))-¨­â¥£à « . � ª ª ª àï¤
�  à  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2 â¥®à¥¬ë 2, â® á®£« á­® ãâ¢¥à¦¤¥­¨î 2 (­  á. 47) ¢ â®çª å
(x; y) 2 R � I  ¤¤¨â¨¢­ë¥ äã­ªæ¨¨ F1 ¨ F2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (4),   §­ ç¨â, ¨ ãá«®-
¢¨î (8). �­ «®£¨ç­® ¢ â®çª å (x; y) 2 I � R ¨ (x; y) 2 R � R äã­ªæ¨¨ F1 ¨ F2 ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨ï¬ (9) ¨ (10) á®®â¢¥âáâ¢¥­­®. � ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¯¥à¢ë¥ ¤¢  ãá«®¢¨ï
¨§ ®¯à¥¤¥«¥­¨ï (PR(nk))-¨­â¥£à « . � ª®­¥æ, ãá«®¢¨¥ 3 ¨§ íâ®£® ®¯à¥¤¥«¥­¨ï ¢ë¯®«­¥­®, â. ª.
F1(I0)� F2(I0) = 	(I0)�	(I0) = 0 < " ¤«ï ¢áïª®£® " > 0.

�¬¥¥¬ á«¥¤ãîéãî æ¥¯®çªã á®®â­®è¥­¨©:

(PR(nk))
Z
�

S(x; y)dx dy = sup
F2

F2(�) � 	(�) � inf
F1

F1(�) = (PR(nk))
Z
�

S(x; y)dx dy:

�«¥¤®¢ â¥«ì­®, (PR(nk))
R
�

S(x; y)dx dy = 	(�).
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�®«ãç¨«¨, çâ® äã­ªæ¨ï S(x; y) (PR(nk))-¨­â¥£à¨àã¥¬  ­  ¢áïª®¬ ¤¢®¨ç­®¬ ¨­â¥à¢ «¥ �, ¢
ç áâ­®áâ¨, ­  I0.

�®ª ¦¥¬ â¥¯¥àì, çâ® àï¤ �  à  ï¢«ï¥âáï àï¤®¬ �ãàì¥ äã­ªæ¨¨ S(x; y) ®â­®á¨â¥«ì­®
(PR(nk))-¨­â¥£à « , â. ¥. çâ® ¯à¨ n;m = 1; 2; : : : ¢ë¯®«­¥­® à ¢¥­áâ¢®

an;m = (PR(nk))
Z
I0

S(x; y)�n;m(x; y)dx dy:

�­ ç «  à áá¬®âà¨¬ á«ãç © n > 1 ¨ m > 1. �ãáâì

�k;l = [(i � 1)=2k ; i=2k ]� [(j � 1)=2l; j=2l]

| ­®á¨â¥«ì äã­ªæ¨¨ �n;m(x; y). �¡®§­ ç¨¬

�1 =
�
2i� 2
2k+1

;
2i� 1
2k+1

�
�

�
2j � 2
2l+1

;
2j � 1
2l+1

�
; �2 =

�
2i� 2
2k+1

;
2i� 1
2k+1

�
�

�
2j � 1
2l+1

;
2j
2l+1

�
;

�3 =
�
2i� 1
2k+1

;
2i
2k+1

�
�

�
2j � 1
2l+1

;
2j
2l+1

�
; �4 =

�
2i� 1
2k+1

;
2i
2k+1

�
�

�
2j � 2
2l+1

;
2j � 1
2l+1

�
:

�®£¤  �k;l ¥áâì ®¡ê¥¤¨­¥­¨¥ ¯®¯ à­® ­¥¯¥à¥ªàë¢ îé¨åáï ¨­â¥à¢ «®¢ �i.
�ãáâì x; y 2 I ¨ (x; y) | ¢­ãâà¥­­ïï â®çª  �1. �®£¤ 

an;m =
an;m�n;m(x; y)
�n;m(x; y)

=
(S2k+1;2l+1 � S2k;2l+1 � S2k+1;2l + S2k;2l) (x; y)

�n;m(x; y)
=

=
1

�n;m(x; y)

�
	(�1)
j�1j

�
	(�1) + 	(�4)
j�1

S
�4j

�
	(�1) + 	(�2)
j�1

S
�2j

+

4P
i=1

	(�i)

j�1

S
�2

S
�3

S
�4j

�
=

=
1

�n;m(x; y)j�1j

�
	(�1)�

	(�1) + 	(�4)
2

�
	(�1) + 	(�2)

2
+

4P
i=1

	(�i)

4

�
=

=
1

�n;m(x; y) 14 j�k;lj

1
4

4X
i=1

(�1)i�1	(�i) = �n;m(x; y)
4X
i=1

(�1)i�1	(�i) =

= �n;m(x; y)
4X
i=1

(�1)i�1
Z
�i

S(t; v)dt dv =
Z
I0

�n;m(t; v)S(t; v)dt dv;

çâ® ¨ âà¥¡®¢ «®áì.
�­ «®£¨ç­® à áá¬ âà¨¢ îâáï á«ãç ¨ n > 1, m = 1 ¨ n = 1, m > 1. �áâ «®áì à áá¬®âà¥âì

á«ãç © n = m = 1. � á¨«ã ä®à¬ã«ë (3) ¨¬¥¥¬

a1;1 = S1;1(x; y) = 	(I0) = (PR(nk))
Z
I0

S(x; y)dx dy = (PR(nk))
Z
I0

S(x; y)�1;1(x; y)dx dy: �

�áâ ¥âáï ®âªàëâë¬ ¢®¯à®á: § ¢¨á¨â «¨ §­ ç¥­¨¥ (PR(nk))-¨­â¥£à «  ¯à¨ ä¨ªá¨à®¢ ­­®©
äã­ªæ¨¨ f(x; y) ®â ¢ë¡®à  ¯®á«¥¤®¢ â¥«ì­®áâ¥© nk? Eá«¨ f(x; y) å®âï ¡ë (P �

R)-¨­â¥£à¨àã¥¬ ,
â® f ï¢«ï¥âáï (PR(nk))-¨­â¥£à¨àã¥¬®© ¯à¨ ¢á¥å nk = nk(x; y; i; j) ¨

(P �
R)
Z
I0

f(t; v)dt dv = (PR(nk))
Z
I0

f(t; v)dt dv;

â. ¥. ¤«ï â ª¨å äã­ªæ¨© ®â¢¥â ­  ¯®áâ ¢«¥­­ë© ¢®¯à®á ®ª §ë¢ ¥âáï ®âà¨æ â¥«ì­ë¬.
� ®¤­®¬¥à­®¬ á«ãç ¥ ¨­â¥£à «, ¯®¤®¡­ë© (PR(nk))-¨­â¥£à «ã, ¡ë« ¯®áâà®¥­ ¢ à ¡®â¥ [9].
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