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� ����������� ������� �� ���� G2 �������������� ���

� á¢ï§¨ á ¯à®¡«¥¬®© ª« áá¨ä¨ª æ¨¨ ¯à®áâëå  «£¥¡à �¨  ¤ ¯®«ï¬¨ ¬ «®© å à ªâ¥à¨áâ¨ª¨ p
¯à¥¤áâ ¢«ï¥â ¨â¥à¥á ®¯¨á ¨¥ ¤¥ä®à¬ æ¨© ª« áá¨ç¥áª¨å  «£¥¡à �¨. �«®¡ «ì®© ¤¥ä®à¬ æ¨¥©
 «£¥¡àë �¨ L  §ë¢ ¥âáï á¥¬¥©áâ¢®  «£¥¡à �¨, ¯ à ¬¥âà¨§®¢ ëå â®çª ¬¨ á¢ï§®£® £« ¤ª®£®
¬®£®®¡à §¨ï, ®¤®© ¨§ â®ç¥ª ª®â®à®£® á®®â¢¥âáâ¢ã¥â  «£¥¡à  �¨ L. �ãáâì L | ¬®£®®¡à §¨¥
áâàãªâãà  «£¥¡à �¨   ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V . �«£¥¡à  �¨  §ë¢ ¥âáï ¦¥áâª®©, ¥á«¨ áã-
é¥áâ¢ã¥â ®ªà¥áâ®áâì L (¢ â®¯®«®£¨¨ � à¨ááª®£®   L), ¢á¥ â®çª¨ ª®â®à®© ï¢«ïîâáï  «£¥¡à ¬¨
�¨, ¨§®¬®àäë¬¨ L.

�§¢¥áâ® [1], çâ®  ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ p > 3 ¢á¥ ª« áá¨ç¥áª¨¥  «£¥¡àë �¨ ï¢«ïîâáï
¦¥áâª¨¬¨. � ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ 3 á¨âã æ¨ï ¨ ï. �ë«® ®¡ àã¦¥® [2], çâ® ª®à¥¢ãî
á¨áâ¥¬ã â¨¯  C2 ¬®£ãâ ¨¬¥âì ¥¨§®¬®àäë¥  «£¥¡àë �¨. �«®¡ «ìë¥ ¤¥ä®à¬ æ¨¨  «£¥¡àë �¨
C2 ¯®áâà®¥ë ¢ [3]. �®§¤¥¥ ¡ë«® ¯®ª § ® [4], çâ®  «£¥¡à  �¨ C2 | ¥¤¨áâ¢¥ ï áà¥¤¨  «£¥¡à
�¨ á¥à¨© An, Bn, Cn, Dn, ¤®¯ãáª îé ï ¥âà¨¢¨ «ìë¥ ¤¥ä®à¬ æ¨¨ ¯à¨ p = 3. �®«®¥ ®¯¨á ¨¥
£«®¡ «ìëå ¤¥ä®à¬ æ¨©  «£¥¡àë �¨ C2 ¯®«ãç¥® ¢ [5].

� ¤ ®© áâ âì¥ ¤®ª §ë¢ ¥âáï ¦¥áâª®áâì ¨áª«îç¨â¥«ì®© ª« áá¨ç¥áª®©  «£¥¡àë �¨ â¨¯ 
G2  ¤  «£¥¡à ¨ç¥áª¨ § ¬ªãâë¬ ¯®«¥¬ K å à ªâ¥à¨áâ¨ª¨ p = 3.

�à¡¨âë ¥áâ¥áâ¢¥®£® ¤¥©áâ¢¨ï £àã¯¯ë G = GL(V )   L á®®â¢¥âáâ¢ãîâ ª« áá ¬ ¨§®¬®à-
ä¨§¬   «£¥¡à �¨. �ãáâì TL(L) | ª á â¥«ì®¥ ¯à®áâà áâ¢® ª ¬®£®®¡à §¨î L ¢ â®çª¥ L 2 L,
TL(G(L)) | ª á â¥«ì®¥ ¯à®áâà áâ¢® ª G-®à¡¨â¥ â®çª¨ L. �®£« á® [5] ¯à®áâà áâ¢® «®ª «ì-
ëå ¤¥ä®à¬ æ¨© Hloc(L) = TL(L)=TL(G(L)) ï¢«ï¥âáï ä ªâ®à®¬ £àã¯¯ë ª®£®¬®«®£¨© H2(L;L).
� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ H2(L;L) = 0 ï¢«ï¥âáï ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¦¥áâª®áâ¨  «£¥¡àë �¨ L.
� à ¡®â¥ ¤®ª §ë¢ ¥âáï, çâ® H2(L;L) = 0 ¤«ï  «£¥¡àë �¨ â¨¯  G2  ¤ ¯®«¥¬ å à ªâ¥à¨áâ¨ª¨ 3.
�ëç¨á«¥¨¥ H2(L;L) ¯à®¢®¤¨âáï ¢ ¥áª®«ìª® íâ ¯®¢. �â ¤ àâë© ª®¬¯«¥ªá C�(L;L) à áª« -
¤ë¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¢¥á®¢ëå ¯®¤ª®¬¯«¥ªá®¢ ®â®á¨â¥«ì® ¬ ªá¨¬ «ì®£® â®à  ¢ £àã¯¯¥
�¥¢ ««¥ G2(K).

�ëç¨á«¥¨¥ H2
(L;L) ¤«ï áâ àè¥£® ¢¥á   ¬®¦¥â ¡ëâì ¯à®¢¥¤¥® ¥¯®áà¥¤áâ¢¥®. �¤ ª®

çâ®¡ë ¨§¡¥¦ âì ¢ëç¨á«¥¨©, ¤«ï ¤®ª § â¥«ìáâ¢  âà¨¢¨ «ì®áâ¨H2
(L;L) ¯à¨¬¥ï¥¬ á¯¥ªâà «ì-

ãî ¯®á«¥¤®¢ â¥«ì®áâì �¥àà {�®åè¨«ì¤ . � ¨¡®«ìèãî âàã¤®áâì ¯à¥¤áâ ¢«ï¥â ¢ëç¨á«¥¨¥
H2

0 (L;L). �á¯®«ì§ãï â¥®à¨î ¬®¤ã«ïàëå ¯à¥¤áâ ¢«¥¨© £àã¯¯ë �¥©«ï W = W (G2), ¤®ª ¦¥¬,
çâ® H2

0 (L;L) ¨§®¬®àä  ¢â®à®© £àã¯¯¥ ª®£®¬®«®£¨© ¢¥á  ã«ì ¯®¤ª®¬¯«¥ªá  W -¨¢ à¨ â®¢,
ª®â®à ï ¬®¦¥â ¡ëâì íää¥ªâ¨¢® ¢ëç¨á«¥ .

� à ¡®â¥ ¨á¯®«ì§ã¥âáï â¥à¬¨®«®£¨ï, ¯à¨ïâ ï ¢ [10].

1. �¡é¨¥ á¢¥¤¥¨ï ®¡  «£¥¡à å �¨ â¨¯  G2

�«£¥¡à  �¨ L â¨¯  G2  ¤ ¯®«¥¬ K å à ªâ¥à¨áâ¨ª¨ 3 ¯®«ãç ¥âáï à¥¤ãªæ¨¥© ¯® ¬®¤ã«î 3
¨§ Z-ä®à¬ë, á®®â¢¥âáâ¢ãîé¥© ¡ §¨áã �¥¢ ««¥ ª®¬¯«¥ªá®© ¯à®áâ®©  «£¥¡àë �¨ LC â¨¯  G2.

�ãáâì R = f��;��;�(� + �);�(2� + �);�(3� + �);�(3� + 2�)g | á¨áâ¥¬  ª®à¥© â¨¯  G2,
Q = hRiZ. �¡®§ ç¨¬ ç¥à¥§ R1 ¬®¦¥áâ¢® ª®à®âª¨å ª®à¥© R1 = f��;�(�+�);�(2�+�)g, ç¥à¥§
R2 | ¬®¦¥áâ¢® ¤«¨ëå ª®à¥© R2 = f��;�(3� + �);�(3� + 2�)g.

�¬®¦¥¨¥ ¢ LC ¢ ¡ §¨á¥ �¥¢ ««¥ fH�;H�;X ;  2 Rg ¨¬¥¥â ¢¨¤ ([6], c. 10)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à â 96-01-01756).
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(a) [H�;H�] = 0;
(b) [X ;X� ] = H, £¤¥ H�+� = H� + 3H�, H2�+� = 2H� + 3H�, H3�+� = H� +H�, H3�+2� =

H� + 2H�,
(c) [H�;X ] = h; �iX , £¤¥ h�; �i = 2, h�; �i = �3, h�; �i = �1, h�; �i = 2.
(d) eá«¨ ; �; +� 2 R, â® [X ;X�] = N;�X+�, £¤¥ N;� = �(r+1), r | â ª®¥ ¯®«®¦¨â¥«ì®¥

æ¥«®¥ ç¨á«®, çâ® � � r 2 R,   � � (r + 1) =2 R;
(e) [X ;X�] = 0, ¥á«¨  + � =2 R.

� ¬¥â¨¬, çâ® N;� = 3, â®«ìª® ¥á«¨  + � 2 R2,   ; � 2 R1.
�®¤¯à®áâà áâ¢® I, ¯®à®¦¤¥®¥ ¬®¦¥áâ¢®¬ fH�;X�; � 2 R1g, ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬

á®¡áâ¢¥ë¬ ¨¤¥ «®¬ L. H = hH�;H�i | ¯®¤ «£¥¡à  � àâ   ¢ L. �®£« á® [7] £àã¯¯  AutL
¨§®¬®àä  £àã¯¯¥ Aut I ¨ ï¢«ï¥âáï £àã¯¯®©�¥¢ ««¥ â¨¯ G2. �àã¯¯  �¥©«ïW  «£¥¡àë L ï¢«ï-
¥âáï ¤¨í¤à «ì®© £àã¯¯®© ¯®àï¤ª  12, ¯®à®¦¤¥®© ®âà ¦¥¨ï¬¨ w�, w�. �«¥¬¥â w = w�w�

  ¯«®áª®áâ¨ ï¢«ï¥âáï ¯®¢®à®â®¬   ã£®« �
3
¨ ¨¬¥¥â ¯®àï¤®ª 6. �®£« á® ([8], c. 603) £àã¯¯®-

¢ ï  «£¥¡à  A = K[W ] ¨¬¥¥â ¤¢  ¡«®ª  B1, B2, á®®â¢¥âáâ¢ãîé¨å ®àâ®£® «ìë¬ ¨¤¥¬¯®â¥-
â ¬ e1 = w3 � 1, e2 = �(w3 + 1). �à¨¢¨ «ìë© ¬®¤ã«ì ¯à¨ ¤«¥¦¨â ¡«®ªã B2. � ¦¤ë© ¡«®ª
à áª« ¤ë¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¤¢ãå £« ¢ëå ¥à §«®¦¨¬ëå «¥¢ëå ¬®¤ã«¥© à §¬¥à®áâ¨ 3.
� §«®¦¥¨¥ ¡«®ª  B2 ¨¬¥¥â ¢¨¤: B2 = A1�A2, £¤¥ A1 = (1+w3)A(1+w�), A2 = (1+w3)A(1�w�).

� ª ¦¥, ª ª ¢ [6], ®¡®§ ç¨¬ ç¥à¥§ N ¯®¤£àã¯¯ã ¢ £àã¯¯¥ �¥¢ ««¥ G2(K), ¯®à®¦¤¥ãî
í«¥¬¥â ¬¨ w(t), ç¥à¥§ T | ¯®¤£àã¯¯ã, ¯®à®¦¤¥ãî h(t). T ï¢«ï¥âáï ¬ ªá¨¬ «ìë¬ â®à®¬
¢ G2(K). �®£« á® ([6], c. 30) w(t)(X�) = ct�h�;iXw(�), h(t)(X�) = th�;iX�, £¤¥ c = c(; �) = �1,
c(; �) = c(;��). �àã¯¯  �¥©«ï W ¨§®¬®àä  N=T . �¡®§ ç¨¬ w(1) ç¥à¥§ w.

� ¤ «ì¥©è¥¬ ¯® ¤®¡ïâáï á¢¥¤¥¨ï ® ¥ª®â®àëå £àã¯¯ å ª®£®¬®«®£¨©.

�à¥¤«®¦¥¨¥.

1) H0(I; I) = 0, H0(I; L) = 0, H0(I; L=I) = L=I.
2) H1(I; I) = L=I.
3) H1(I; L=I) = 0, H1(I; L) = 0.
4) H1(L;L) = 0.

�®ª § â¥«ìáâ¢®. 1) � ª ª ª I ¤¥©áâ¢ã¥â ã«¥¢ë¬ ®¡à §®¬   L=I, â® H0(I; L=I) = L=I.
Oáâ «ìë¥ ãâ¢¥à¦¤¥¨ï ®ç¥¢¨¤ë.

2) H1(I; I) ï¢«ï¥âáï  «£¥¡à®© ¢¥è¨å ¤¨ää¥à¥æ¨à®¢ ¨©  «£¥¡àë I. �ãáâì L = Der(I).
�ç¥¢¨¤®, I �= ad I, ¯®íâ®¬ã ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì I á ad I ¨ áç¨â âì, çâ® I � L. �¯¥à â®à
adH� ï¢«ï¥âáï ¯®«ã¯à®áâë¬ ®¯¥à â®à®¬   I, á«¥¤®¢ â¥«ì®, ad(adH�) ï¢«ï¥âáï ¯®«ã¯à®áâë¬
®¯¥à â®à®¬   gl(I). � ª ª ª L � gl(I), â® ãç¨âë¢ ï  è¥ ®â®¦¤¥áâ¢«¥¨¥ I c ad I, ¯®«ãç -
¥¬ adH� | ¯®«ã¯à®áâ®© ®¯¥à â®à   L. � §«®¦¨¬ L   ª®à¥¢ë¥ ¯®¤¯à®áâà áâ¢  ®â®á¨-
â¥«ì® adH�, L = L�1 � L0 � L1, £¤¥ L�1 = hX�; X�+�;X�(2�+�)i, L1 = hX��;X�(�+�);X2�+�i,
L0 = hD 2 L j [D;H�] = 0i. � ª¨¬ ®¡à §®¬, L = I + L0. � ª ª ª [L0;L�1] � L�1, â® ®¯¥à -
â®à ad jL1 : L0 ! gl(L1) ï¢«ï¥âáï ¯à¥¤áâ ¢«¥¨¥¬  «£¥¡àë L0. �®ª ¦¥¬, çâ® íâ® ¯à¥¤áâ ¢«¥¨¥
ï¢«ï¥âáï â®çë¬. �®áª®«ìªã L�1 � I ¨ [L1;L�1] � L0 \ I = hH�i, â® ¯à®¨§¢¥¤¥¨¥ [u; v], u 2 L1,
v 2 L�1, ®¯à¥¤¥«ï¥â ¥¢ëà®¦¤¥®¥ L0-¨¢ à¨ â®¥ á¯ à¨¢ ¨¥ hu; vi, [u; v] = hu; viH�. � ª
ª ª [D;H�] = 0 ¤«ï «î¡®£® D ¨§ L0, â® D 2 L0 ®¤®§ ç® ®¯à¥¤¥«ï¥âáï á¢®¨¬ ¤¥©áâ¢¨¥¬   L1,
â. ¥. ¯à¥¤áâ ¢«¥¨¥ ad jL1 ¯®¤ «£¥¡àë L0 ï¢«ï¥âáï â®çë¬. � áá¬ âà¨¢ ï ¤¥©áâ¢¨¥ ¤¨ää¥à¥æ¨-
à®¢ ¨ï D   í«¥¬¥â [[X��;X�(�+�)];X2�+� ] = �H�, ã¡¥¦¤ ¥¬áï, çâ® adDjL1 2 sl(L1). �«¥¤®-
¢ â¥«ì®, dimL0 � dim sl(L1) = 8. � ª ª ª L � Der(I) = L, â® dimL=I � dimL=I = 7. � ¤àã£®©
áâ®à®ë, L=I �= L0=hH�i ,! psl(L1) ¨, á«¥¤®¢ â¥«ì®, dimL=I � 7. � à¥§ã«ìâ â¥ dimL=I = 7 ¨
H1(I; I) = L=I = L=I.

3) �ëç¨á«¨¬ H1(I; L=I). � ª ª ª I ¤¥©áâ¢ã¥â âà¨¢¨ «ì®   L=I, â® ¤®áâ â®ç® ¢ëç¨á«¨âì
H1(I;K). �® H1(I;K) �= I=[I; I]) = 0. � ç¨â, H1(I; L=I) = 0. �â¢¥à¦¤¥¨¥ ® âà¨¢¨ «ì®áâ¨
H1(I; L) á«¥¤ã¥â ¨§ â®ç®© ª®£®¬®«®£¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì®áâ¨, á®®â¢¥âáâ¢ãîé¥© ¯®á«¥¤®¢ -
â¥«ì®áâ¨ ª®íää¨æ¨¥â®¢ 0 �! I �! L �! L=I �! 0, ¨ ¨§ ¢ëç¨á«¥ëå ¢ëè¥ £àã¯¯.

4) �ãáâì D 2 Der(L). T ª ª ª [I; I] = I; â® D(I) � I. �®£« á® 2) DjI = adX ¤«ï ¥ª®â®à®£®
X 2 L. �¡®§ ç¨¬ D�adX ç¥à¥§ D. � ª ª ª DjI = 0, â® ¤«ï «î¡ëå Y 2 L, Z 2 I, 0 = D[Y;Z] =
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[D(Y ); Z] ¨, á«¥¤®¢ â¥«ì®, adD(Y )jI = 0. � ª¨¬ ®¡à §®¬, D(Y ) 2 H0(I; L) = 0, ®âáî¤  D = 0 ¨
D = adX. � ç¨â, H1(L;L) = 0.

2. �ëç¨á«¥¨¥ H2(L; L)

�ãáâì C�(L;L) | áâ ¤ àâë© ª®¬¯«¥ªá  «£¥¡àë �¨ L. �àã¯¯  Aut(L) = G2(K) ¤¥©áâ¢ã¥â
¥áâ¥áâ¢¥ë¬ ®¡à §®¬   C�(L;L). � §«®¦¨¬ C�(L;L) ¢ ¯àï¬ãî áã¬¬ã ¯®¤ª®¬¯«¥ªá®¢, ï¢«ïî-
é¨åáï ¢¥á®¢ë¬¨ ¯®¤¯à®áâà áâ¢ ¬¨ ¬ ªá¨¬ «ì®£® â®à  T ¨§ £àã¯¯ë Aut(L),

C�(L;L) =
M
�2Q

C�
�(L;L):

� ª ª ª ¬ ªá¨¬ «ìë© â®à T ¤¥©áâ¢ã¥â âà¨¢¨ «ì®   C�
0 (L;L), â® C

�
0 (L;L) ¨¬¥¥â ¥áâ¥áâ¢¥-

ãî áâàãªâãàã W -¬®¤ã«ï, £¤¥ W = N=T | £àã¯¯  �¥©«ï  «£¥¡àë L. �á¯®«ì§ãï ¢ãâà¥îî
£à ¤ã¨à®¢ªã ([9], c. 29) ®â®á¨â¥«ì® í«¥¬¥â®¢ H�, H� ¨ ¥¢ëà®¦¤¥®áâì ¬ âà¨æë � àâ  
 «£¥¡àë �¨ â¨¯  G2, ¯®«ãç ¥¬

H�(L;L) =
M
�2Q3

H�
�(L;L);

£¤¥ Q3 = fk1�+ k2�; k1 � 0(3); k2 � 0(3)g, ¢ ç áâ®áâ¨,

H2(L;L) = H2
0 (L;L)�H2

�3�(L;L)�H2
�(3�+3�)(L;L)�H2

�(6�+3�)(L;L): (1)

�á«¨ ®â®¦¤¥áâ¢¨âì Ck(L;L) á ¯à®áâà áâ¢®¬ L� ^ � � � ^ L� 
 L, â® ä®à¬ã«  ¤¨ää¥à¥æ¨ « 
d : C2

�(L;L)! C3
�(L;L) á ãç¥â®¬ � � 0(3) ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬

d(X�
1
^X�

2

X3) =

X
2R

N;3X
�
1
^X�

2
^X�

 
X+3 �

�
X

�1+�2=1

N�1;�2X
�
�1
^X�

�2
^X�

2

X3 +

X
�1+�2=2

N�1;�2X
�
�1
^X�

�2
^X�

1

X3 +

+X�
1
^X�

2
^X�

�3

 [X�3 ;X3 ]: (2)

�¥¬¬  1. 1) H2(L;L) = H2
0 (L;L).

2) H2
0 (L;L) | âà¨¢¨ «ìë© W -¬®¤ã«ì.

�®ª § â¥«ìáâ¢®. 1) �§ (1) á«¥¤ã¥â, çâ® £àã¯¯  �¥©«ï ¤¥©áâ¢ã¥â âà §¨â¨¢®   ¬®-
¦¥áâ¢¥ ¥ã«¥¢ëå ¢¥á®¢ G2(K)-¬®¤ã«ï H2(L;L). �«¥¤®¢ â¥«ì®, ¤®áâ â®ç® ¤®ª § âì, çâ®
H2

(6�+3�)(L;L) = 0. �«ï íâ®£® ¨á¯®«ì§ã¥¬ á¯¥ªâà «ìãî ¯®á«¥¤®¢ â¥«ì®áâì �¥àà {�®åè¨«ì¤ 
fEp;q

r g ¤«ï  «£¥¡àë L, ¨¤¥ «  I � L ¨ ¯à¨á®¥¤¨¥®£® L-¬®¤ã«ï. Bá¥ ç«¥ë á¯¥ªâà «ì®©
¯®á«¥¤®¢ â¥«ì®áâ¨ ¨¢ à¨ âë ®â®á¨â¥«ì® ¬ ªá¨¬ «ì®£® â®à  T ¨, á«¥¤®¢ â¥«ì®, à á-
ª« ¤ë¢ îâáï   ¢¥á®¢ë¥ ¯®¤¯à®áâà áâ¢  Ep;q

r;�. fE
p;q
r;�g ï¢«ï¥âáï á¯¥ªâà «ì®© ¯®á«¥¤®¢ â¥«ì-

®áâìî �¥àà {�®åè¨«ì¤  ¤«ï ¯®¤ª®¬¯«¥ªá  C�
�(L;L), áå®¤ïé¥©áï ª H

�
�(L;L). � ç áâ®áâ¨, ¤«ï

H2
6�+3�(L;L) ¯®«ãç ¥¬

E2;0
2;6�+3� = H2

6�+3�(L=I;H
0(I; L)) = 0;

E1;1
2;6�+3� = H1

6�+3�(L=I;H
1(I; L)) = 0;

E0;2
2;6�+3� = H0

6�+3�(L=I;H
2(I; L)) = H2(I; L)L=I \H2

6�+3�(I; L):

�¤¥áì H2(I; L)L=I = fc 2 H2(I; L) j L=I ¤¥©áâ¢ã¥â âà¨¢¨ «ì®   cg. �®ª ¦¥¬, çâ® H2(I; L)L=I \
H2

6�+3�(I; L) = 0. � §¨áë¬¨ í«¥¬¥â ¬¨ C2
6�+3�(I; L) ï¢«ïîâáï c1 = X�

��^X
�
�2���
X(3�+2�), c2 =

X�
���� ^X

�
�2��� 
X(3�+�). �à®áâà áâ¢® C1

6�+3�(I; L) = 0,   § ç¨â, B2
6�+3�(I; L) = 0. �ãáâì c =

a1c1+a2c2 2 Z2
6�+3�(I; L), a1; a2 2 K�. � áá¬®âà¨¬ ¤¥©áâ¢¨¥ í«¥¬¥â X�(3�+2�)   c,X�(3�+2�)�c =

b1X
�
��^X

�
�2���
(H�+2H�)+b2X�

����^X
�
�2���
X��+b3X�

��^X
�
����
X3�+2� , £¤¥ b1; b2; b3 2 K�.

� ª ª ª [X��;X�2��� ] = 0, â® á« £ ¥¬®¥ b1X�
�� ^X

�
�2��� 
 (H�+2H�) ¥ á®¤¥à¦¨âáï ¢ B2(I; L).

�«¥¤®¢ â¥«ì®, X�(3�+2�) � c ¥ ¯à¨ ¤«¥¦¨â B2(I; L) ¨ c ¥ ¯à¨ ¤«¥¦¨â H2(I; L)L=I .
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2) � ª ª ª H2(L;L) = H2
0 (L;L), â® ®¡à §ãîé¨¥ í«¥¬¥âë x(t) £àã¯¯ë G2(K) ¤¥©áâ¢ãîâ

âà¨¢¨ «ì®   H2(L;L). �«¥¤®¢ â¥«ì®, H2
0 (L;L) | âà¨¢¨ «ìë© G2(K)-¬®¤ã«ì. � ç áâ®áâ¨,

H2
0 (L;L) ï¢«ï¥âáï âà¨¢¨ «ìë¬ W -¬®¤ã«¥¬.

2.1. �ëç¨á«¥¨¥ H2
0 (L;L). �®¬¯«¥ªá C

�
0 (L;L) à áª« ¤ë¢ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¯®¤ª®¬¯«¥ª-

á®¢ U�
1 ¨ U�

2 , á®®â¢¥âáâ¢ãîé¨å ¡«®ª ¬ B1, B2. �® «¥¬¬¥ 1 H2
0 (L;L) | âà¨¢¨ «ìë© W -¬®¤ã«ì,

§ ç¨â, ¯à¨ ¤«¥¦¨â ¡«®ªã B2. � ª¨¬ ®¡à §®¬, H2
0 (L;L) = H2(U�

2 ).

�¥®à¥¬ . H2
0 (L;L) = H2(U�W

2 ), £¤¥ (U�
2 )

W | ¯®¤ª®¬¯«¥ªá W -¨¢ à¨ â®¢ ¢ U�
2 .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®á®¢ ®   á«¥¤ãîé¨å «¥¬¬ å.

�¥¬¬  2. Z1(U�
2 ) = 0.

�¥¬¬  3. Z2(U�
2 ) = d(U 1

2 )� bZ | ¯àï¬ ï áã¬¬  W -¯®¤¬®¤ã«¥©.

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 3 ¯®«ãç ¥¬ H2
0 (L;L) = H2(U�

2 ) �= bZ (¨§®¬®àä¨§¬ W -¬®¤ã«¥©).
�®£« á® «¥¬¬¥ 1 bZ | âà¨¢¨ «ìë© W -¬®¤ã«ì, â. ¥. bZ � Z2(U�W

2 ). �§ «¥¬¬ë 3 á«¥¤ã¥â, çâ®
Z2(U�W

2 ) = bZ�(d(U 1
2 ))

W . �§ «¥¬¬ë 2 ¯®«ãç ¥¬ (d(U 1
2 ))

W = d((U 1
2 )

W ) = B2(U�W
2 ). � ª¨¬ ®¡à §®¬,

Z2(U�W
2 ) = bZ �B2(U�W

2 ). � ç¨â, H2
0 (L;L) �= bZ �= H2(U�W

2 ).

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �®£« á® ¯à¥¤«®¦¥¨î 1 ¨¬¥¥¬ 0 = H1
0 (L;L) = H1(U�

1 ) �
H1(U�

2 ). � ª¨¬ ®¡à §®¬, Z1(U�
2 ) = B1(U�

2 ) = d(U 0
2 ), £¤¥ U

0
2 � U 0

1 = C0
0 (L;L) = H. �ç¥¢¨¤®,

w3(H) = �H ¤«ï «î¡®£® H 2 H, â. ¥. e2H = 0 ¨ U 0
2 = 0, çâ® ¤®ª §ë¢ ¥â «¥¬¬ã 2.

�®ª § â¥«ìáâ¢® «¥¬¬ë 3. Bëïá¨¬ áâàãªâãàã W -¬®¤ã«ï U 1
2 = e2C

1
0 (L;L), U

1
2 = V1 �

V2 � V3 � V4, £¤¥ V1 = hX�
 
 X + X�

� 
 X� ;  | ª®à®âª¨© ª®à¥ìi, V2 = hX�
 
 X + X�

� 

X� ;  | ¤«¨ë© ª®à¥ìi, V3 = hH�

�
H�; H
�
�
H�; H

�
�
H��H

�
�
H�i, V4 = hH�

�
H�+H�
�
H�i.

�¥£ª® ã¡¥¤¨âìáï, çâ® V1 �= V2 �= A1, V3 �= A2 (¨§®¬®àä¨§¬ W -¬®¤ã«¥©), £¤¥ A1, A2 | £« ¢-
ë¥ ¥à §«®¦¨¬ë¥ W -¯®¤¬®¤ã«¨ ¡«®ª  B2. � ª¨¬ ®¡à §®¬, V1, V2, V3 ï¢«ïîâáï ¯à®¥ªâ¨¢ë¬¨
(¨ê¥ªâ¨¢ë¬¨) W -¬®¤ã«ï¬¨. � ª ª ª ¯® «¥¬¬¥ 2 d : U 1

2 ! U 2
2 | ¨ê¥ªâ¨¢®¥ ®â®¡à ¦¥-

¨¥, â® dV1, dV2, dV3 ®âé¥¯«ïîâáï ¢ Z2(U�
2 ), â. ¥. Z

2(U�
2 ) = eZ � dV1 � dV2 � dV3. �ç¥¢¨¤®,

dU 1
2 = ( eZ\dU 1

2 )�dV1�dV2�dV3 ¨ eZ\dU 1
2
�= dV4 (¨§®¬®àä¨§¬W -¬®¤ã«¥©), dV4 | âà¨¢¨ «ìë©

W -¬®¤ã«ì. � ª ª ª eZ= eZ \ dU 1
2
�= H2(U�

2 ) = H2
0 (L;L) | âà¨¢¨ «ìë© W -¬®¤ã«ì, â® ¤«ï ®âé¥¯¨-

¬®áâ¨ dU 1
2 ¤®áâ â®ç® ¤®ª § âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥: eá«¨ M � N | W -¬®¤ã«¨, M , N=M

| âà¨¢¨ «ìë¥ W -¬®¤ã«¨, â® N | âà¨¢¨ «ìë© W -¬®¤ã«ì.
�¥©áâ¢¨â¥«ì®, w�n = n+m, £¤¥ m 2M , wk

�n = n+ km. � ª ª ª K | ¯®«¥ å à ªâ¥à¨áâ¨ª¨
3, â® w3

�n = n. � «®£¨ç® ¤«ï w�. �® w2
�n = w2

�n = n, á«¥¤®¢ â¥«ì®, w�n = w�n = n. � ª ª ª
w�, w� ¯®à®¦¤ îâ W , â® W ¤¥©áâ¢ã¥â â®¦¤¥áâ¢¥®   N .

�«¥¤®¢ â¥«ì®, eZ\dU 1
2 ®âé¥¯«ï¥âáï ¢ eZ, Z2(U�

2 ) = bZ�( eZ\dU 1
2 )�dV1�dV2�dV3 = bZ�dU 1

2 .

�ëç¨á«¥¨¥ H2(U�W
2 ). �ã¤¥¬ £®¢®à¨âì, çâ® í«¥¬¥â X�

�1
^ � � � ^X�

�k

 � � � 
X�n+1 ¨¬¥¥â â¨¯

(� � � � �H � � � � �), £¤¥   k-¬ ¬¥áâ¥ áâ®¨â +, ¥á«¨ �k | ª®à®âª¨©, áâ®¨â �, ¥á«¨ �k | ¤«¨ë©
ª®à¥ì, ¨ H, ¥á«¨ �k = 0. �¡®§ ç¨¬ ç¥à¥§ V�����;� ¯®¤¯à®áâà áâ¢® ¢ Ck

0 (L;L),  âïãâ®¥  
¡ §¨áë¥ ¢¥ªâ®àë, ¨¬¥îé¨¥ § ¤ ë© â¨¯. �®£¤ 

C1
0(L;L) = V+;+ � V�;� � hH�

� 
H�; H
�
� 
H�; H

�
� 
H�; H

�
� 
H�i;

C2
0 (L;L) = V++;+ � V++;� � V+�;+ � V��;� � V++;H � V��;H � V+H;+ � V�H;� � VHH;H :

(3)

�¥¬¬  4. 1) dim(U 2
2 )

W = 8.
2) dim(U 1

2 )
W = 3:

�®ª § â¥«ìáâ¢®. �ãáâì W1 = hwi| ¯®¤£àã¯¯  ¢ W . W1 ¤¥©áâ¢ã¥â âà §¨â¨¢®   ¬®¦¥-
áâ¢¥ ª®à®âª¨å ª®à¥© ¨   ¬®¦¥áâ¢¥ ¤«¨ëå ª®à¥©. �ç¥¢¨¤®, (Uk

2 )
W = (Ck

0 (L;L))
W . � ¦¤®¥

¨§ ¯®¤¯à®áâà áâ¢ V�����;� ¨¢ à¨ â® ®â®á¨â¥«ì® W , ¯®íâ®¬ã (Uk
2 )

W ï¢«ï¥âáï ¯àï¬®© áã¬-
¬®© ¯à®áâà áâ¢ (V�����;�)W .

1) �à®áâà áâ¢® (VHH;H)W = 0.
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�®íâ®¬ã ¤®áâ â®ç® ¤®ª § âì, çâ® ª ¦¤®¥ ¨§ ®áâ ¢è¨åáï á« £ ¥¬ëå ¢ (3) ¨¬¥¥â ®¤®¬¥à®¥
¯à®áâà áâ¢® W -¨¢ à¨ â®¢.

�§ ¤¨ £à ¬¬ë ª®à¥© ¢¨¤®, çâ® dimV++;+ = dimV++;� = dimV��;� = 6, dimV+�;+ = 12.
�ãáâì v = X�

 ^ X�
� 
 X+�. �à¥¤¯®«®¦¨¬ v 2 V++;+, â®£¤  v; wv; w2v; : : : ; w5v «¨¥©® ¥-

§ ¢¨á¨¬ë. �§ ¤¥©áâ¢¨ï W   X ¢ G2 ([6], x 10) ¤«ï  = �, � = � + � ¯®«ãç ¥¬ w�v = v. � ª
ª ª dimV++;+ = 6, â® á â®ç®áâìî ¤® ¯à®¯®àæ¨® «ì®áâ¨ ¥¤¨áâ¢¥ë¬ ¨¢ à¨ â®¬ ¢ V++;+

ï¢«ï¥âáï v++;+ = v + wv + � � �+ w5v =
P

g2W1

gv.

� «®£¨ç®, ¥á«¨ v 2 V++;� ¨«¨ v 2 V��;�, â® í«¥¬¥â
P

g2W1

gv ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ á â®ç-

®áâìî ¤® ¯à®¯®àæ¨® «ì®áâ¨ ¨¢ à¨ â®¬ á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà áâ¢ . �â¨ ¨¢ à¨ âë
¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ v++;�, v��;� á®®â¢¥âáâ¢¥®.

�á«¨ v 2 V+�;+, â® w�v =2 hw
kvi ¤«ï «î¡®£® k ¨ ¢á¥ í«¥¬¥âë gv, g 2W , «¨¥©® ¥§ ¢¨á¨¬ë.

� ª ª ª dimV+�;+ = 12 = jW j, â® V W
+�;+ = hv+�;+i, £¤¥ v+�;+ =

P
g2W

gv.

� ©¤¥¬ ¯®¤¯à®áâà áâ¢® ¨¢ à¨ â®¢ ¢ ¯à®áâà áâ¢¥ V+H;+. � áá¬®âà¨¬ í«¥¬¥âë v1 =
X�

2�+� ^ H�
� 
 X2�+� ¨ v2 = X�

2�+� ^ H�
� 
 X2�+�. � ª ª ª w�(2� + �) = 2� + �, w�H

�
� = H�

�,
w�H

�
� = �H�

� â® ¤«ï v1 ¨ v2 ¢ë¯®«ïîâáï á®®â®è¥¨ï w�(v1) = v1 ¨ w�(v2) = �v2. �¡®§ ç¨¬
ç¥à¥§ V1, V2 W -¬®¤ã«¨, ¯®à®¦¤¥ë¥ v1, v2 á®®â¢¥âáâ¢¥®. �®áª®«ìªã W1 ¤¥©áâ¢ã¥â âà §¨-
â¨¢®   ¬®¦¥áâ¢¥ R1 ¨ wH�

� = �H�
� �H�

� , wH
�
� = �H�

�, â® V+H;+ = V1 � V2 | ¯àï¬ ï áã¬¬ 
W -¯®¤¬®¤ã«¥©. �®¤ã«¨ V1 ¨ V2 ¨¤ãæ¨à®¢ ë á ®¤®¬¥àëå ¯à¥¤áâ ¢«¥¨© ¯®¤£àã¯¯ë f1; w�g,
á«¥¤®¢ â¥«ì®, dimV W

1 = 1, dimV W
2 = 0. � ª ª ª v+H;+ =

P
g2W1

gv1 ï¢«ï¥âáï ¨¢ à¨ â®¬, â®

V W
+H;+ = hv+H;+i.
�à®áâà áâ¢  ¨¢ à¨ â®¢ ¢ V�H;�, V++;H , V��;H ®¤®¬¥àë ¨  å®¤ïâáï   «®£¨ç®. �®®â-

¢¥âáâ¢ãîé¨¥ ¡ §¨áë¥ ¨¢ à¨ âë ¨¬¥îâ ¢¨¤ v�H;� =
P

g2W1

g(X�
3�+2� ^ H�

� 
 X3�+2�), v++;H =
P

g2W1

g(X�
� ^X

�
�� 
H�), v��;H =

P
g2W1

g(X�
� ^X

�
�� 
H�).

2) �¢ à¨ â®¬ ¢ ¯à®áâà áâ¢¥ hH�
�
H�; H

�
�
H�; H

�
� 
H�; H

�
� 
H�i ï¢«ï¥âáï H�

�
H�+
H�
� 
H�. �¢ à¨ âë ¢ ¯à®áâà áâ¢ å V+;+ ¨ V�;�  å®¤ïâáï â ª ¦¥, ª ª ¢ V++;+.

� ª ª ª ¯® «¥¬¬¥ 2 d : U 1
2 ! U 2

2 | ¨ê¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥, â® dimB2(U�W
2 )=dim(U 1

2 )
W=3.

�¥¬¬  5. dimZ2(U�W
2 ) = 3.

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® dimB3(U�W
2 ) � 5. �®ª ¦¥¬, çâ® í«¥¬¥âë c1 =

dv��;H , c2 = dv��;�, c3 = dv�H;�, c4 = dv+H;+, c5 = dv++;� «¨¥©® ¥§ ¢¨á¨¬ë. �à¥¤¯®«®¦¨¬,
çâ® c = a1c1 + a2c2 + a3c3 + a4c4 + a5c5 = 0, £¤¥ ai 2 k. �§ ä®à¬ã«ë ¤¨ää¥à¥æ¨ «  (2) «¥£ª®
¢¨¤¥âì, çâ®

c1 = dv��;H 2 V���;H � V��+;H � V��+;+ � V���;�,
c2 = dv��;� 2 V���;� � V��+;+ � V���;H ,
c3 = dv�H;� 2 V��H;H � V+�H;+ � V��H;� � V���;�,
c4 = dv+H;+ 2 V++H;H � V+�H;+ � V++H;+ � V+++;+ � V��+;+,
c5 = dv++;� 2 V+++;+ � V++�;� � V++�;H .
�ãáâì v = v++;� =

P
g2W1

g(X�
 ^ X�

� 
 X+�), £¤¥ , � | â ª¨¥ ª®à¨ ¨§ R1, çâ®  + � 2 R2.

�à®¥ªæ¨ï ¢¥ªâ®à®¢ c1, c2, c3, c4   ¯à®áâà áâ¢® V++�;H âà¨¢¨ «ì , § ç¨â,

0 = c(X ;X�;X���) = a5dv(X ;X�; X���) = a5[X���; v(X ;X�)] =

= a5[X���;X+�] = �a5H+�:

�«¥¤®¢ â¥«ì®, a5 = 0.
� áá¬®âà¨¬ ¢¥ªâ®à v = v+H;+ =

P
g2W1

g(X�
0
^H�

� 
X0), £¤¥ 0 = 2� + �. �à®¥ªæ¨ï ¢¥ªâ®à®¢

c1, c2, c3   ¯à®áâà áâ¢® V+++;+ âà¨¢¨ «ì , § ç¨â,

0 = c(X0 ;X�;X��) = a4dv(X0 ;X�;X��) = a4(�v([X�;X��];X0)) = �a4v(H�;X0) = a4X0 :
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�«¥¤®¢ â¥«ì®, a4 = 0.
�ãáâì v = v�H;� =

P
g2W1

g(X�
 ^ H�

� 
 X), £¤¥  = 3� + 2�. �ãé¥áâ¢ã¥â ª®à¥ì � 2 R1,

¤«ï ª®â®à®£®  + � 2 R1 ¨, á«¥¤®¢ â¥«ì®, [X ; X� ] 6= 0. �à®¥ªæ¨ï ¢¥ªâ®à®¢ c1, c2   V�H+;+

âà¨¢¨ «ì . �®íâ®¬ã

0 = c(X ;H�;X�) = a3dv(X ;H�;X�) = a3[X�; v(X ;H�)] = a3[X�;X ]:

�«¥¤®¢ â¥«ì®, a3 = 0.
�ãáâì v = v��;� =

P
g2W1

g(X�
 ^ X�

� 
 X+�), £¤¥ , � | â ª¨¥ ª®à¨ ¨§ R2, çâ®  + � 2 R2.

�«ï  + � 2 R2 áãé¥áâ¢ã¥â ª®à¥ì �0 2 R1, ¤«ï ª®â®à®£®  + � + �0 2 R1 ¨, á«¥¤®¢ â¥«ì®,
[X+�;X�0 ] 6= 0. � ª ª ª  + � 2 R2, â®  6= ��, á«¥¤®¢ â¥«ì®, c1(X ;X�;X�0) = 0 ¨

0 = c(X ;X�;X�0) = a2dv(X ;X�;X�0) = a2[X�0 ; v(X ;X�)] = a2[X�0 ;X+�]:

�«¥¤®¢ â¥«ì®, a2 = 0.
�®ª ¦¥¬, çâ® c1 6= 0. �®«®¦¨¬ v = v��;H =

P
g2W1

g(X�
�^X

�
��
H�). �ãé¥áâ¢ã¥â ª®à¥ì � 2 R1

â ª®©, çâ® [X�;H�] 6= 0.

c1(X�;X�� ;X�) = [X�; v(X� ;X��)] = 2[X� ;H�] 6= 0: �

� ª¨¬ ®¡à §®¬, dimH2(U�W
2 ) = dimZ2(U�W

2 )�dimB2(U�W
2 ) = 0. �®£« á® â¥®à¥¬¥ ¯®«ãç ¥¬,

çâ® H2
0 (L;L) = 0 ¨, § ç¨â, H2(L;L) = 0.

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à®áâì à¥æ¥§¥âã §  ¯®«¥§ë¥ § ¬¥ç ¨ï.
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