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�§ãç ¥âáï áâ æ¨®­ à­ ï § ¤ ç  ä¨«ìâà æ¨¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ ç¥à¥§ ¯«®â¨­ã ­  ¯à®-
­¨æ ¥¬®¬ ®á­®¢ ­¨¨ á® á«®¥¬ á®«¥­®© ¢®¤ë á ¡®«ìè¥© ¯«®â­®áâìî, ç¥¬ ä¨«ìâàãîé ïáï. �¨¤-
ª®áâ¨ ­¥ á¬¥è¨¢ îâáï. � íâ®¬ á«ãç ¥ ®¡« áâì ä¨«ìâà æ¨¨ ¨¬¥¥â á¢®¡®¤­ãî £à ­¨æã, á®áâ®ïéãî
¨§ ¤¢ãå ç áâ¥©: ¤¥¯à¥áá¨®­­®© ¯®¢¥àå­®áâ¨, ®â¤¥«ïîé¥© ­ áëé¥­­ãî ç áâì £àã­â  ®â áãå®©, ¨
¯®¢¥àå­®áâ¨ à §¤¥«  ¤¢¨¦ãé¥©áï ¦¨¤ª®áâ¨ ¨ ¯®ª®ïé¥©áï á®«¥­®© ¢®¤ë.

�¯¥à¢ë¥ ¢ à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª  ¨ ¨áá«¥¤®¢ ­¨¥ ¯à®áâ¥©è¥© § ¤ ç¨ ä¨«ìâà æ¨¨ ¦¨¤-
ª®áâ¨ ç¥à¥§ ¯«®â¨­ã ¤ ­ë ¢ à ¡®â¥ [1], £¤¥ ¤«ï íâ®© æ¥«¨ ¢¢¥¤¥­® ¯à¥®¡à §®¢ ­¨¥ ¨áª®¬®©
äã­ªæ¨¨ (¯à¥®¡à §®¢ ­¨¥ � ©®ªª¨). �®§¤­¥¥ ¬¥â®¤ [1] ¡ë« ®¡®¡é¥­ ¨ ¯à¨¬¥­¥­ ª àï¤ã ¤àã£¨å
§ ¤ ç [2], [3], ¢ ª®â®àëå, ª ª ¯à ¢¨«®, ¨áå®¤­ë¥ £¥®¬¥âà¨ç¥áª¨¥ ¯ à ¬¥âàë ¯®§¢®«ï«¨ ¯®«ã-
ç¨âì §­ ç¥­¨¥ à áå®¤  ä¨«ìâàãîé¥©áï ¢®¤ë. �¡§®àë à ¡®â ¯® à¥è¥­¨î § ¤ ç¨ ® ¯«®â¨­¥ á
¨á¯®«ì§®¢ ­¨¥¬ ¯à¥®¡à §®¢ ­¨ï � ©®ªª¨ á®¤¥à¦ âáï ¢ [4]{[6].

�¡é ï «¨­¥©­ ï áâ æ¨®­ à­ ï § ¤ ç  ä¨«ìâà æ¨¨ ¢®¤ë ¢ ¯«®â¨­¥ ¯à®¨§¢®«ì­®© ä®à¬ë
­  ­¥¯à®­¨æ ¥¬®¬ ®á­®¢ ­¨¨ ¡ë«  à¥è¥­  ­¥§ ¢¨á¨¬® ¢ [7] ¨ [8]. � íâ¨å à ¡®â å ¯à¥¤«®¦¥­ 
¢ à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª  ¢ â¥à¬¨­ å äã­ªæ¨¨ ¤ ¢«¥­¨ï ¨ å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨
¨áª®¬®© ®¡« áâ¨ ä¨«ìâà æ¨¨, ¤®ª § ­ë â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­ëå à¥è¥­¨©. �®¯à®á
¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¨§ãç¥­ ¢ [9]. �®¤à®¡­ë©  ­ «¨§ ¯®¢¥¤¥­¨ï á¢®¡®¤­®© £à ­¨æë ¯à®¢¥¤¥­
¢ [10]. �á­®¢­ë¥ à¥§ã«ìâ âë ¢ íâ®© ®¡« áâ¨ ¨§«®¦¥­ë ¢ ¬®­®£à ä¨¨ [11].

� [12] à¥§ã«ìâ âë [7], [8] ®¡®¡é¥­ë ­  á«ãç © ®¤­®© § ¤ ç¨ ä¨«ìâà æ¨¨ ¦¨¤ª®áâ¨ ç¥à¥§
¯«®â¨­ã á® á« ¡® ¯à®­¨æ ¥¬ë¬ ®á­®¢ ­¨¥¬. � ª®­¥æ, ¢ [13] ¨áá«¥¤®¢ ­  § ¤ ç  á®¢¬¥áâ­®©
ä¨«ìâà æ¨¨ ç¥à¥§ ¯«®â¨­ã ­  ­¥¯à®­¨æ ¥¬®¬ ®á­®¢ ­¨¨ ¤¢ãå ­¥á¬¥è¨¢ îé¨åáï ¦¨¤ª®áâ¥©.

�¥à¢®© à ¡®â®©, ¯®á¢ïé¥­­®© á¥â®ç­®¬ã ¬¥â®¤ã à¥è¥­¨ï ®¡é¥© áâ æ¨®­ à­®© § ¤ ç¨ ä¨«ì-
âà æ¨¨ ¦¨¤ª®áâ¨ ¢ ¯«®â¨­¥ ¯à®¨§¢®«ì­®© ä®à¬ë ­  ­¥¯à®­¨æ ¥¬®¬ ®á­®¢ ­¨¨, ¡ë«  à ¡®â 
[14]. � [15]{[17] ¡ë«¨ ¯®«ãç¥­ë ¡®«¥¥ ®¡é¨¥ à¥§ã«ìâ âë ® áå®¤¨¬®áâ¨ á¥â®ç­ëå áå¥¬ ¨ ¯®áâà®¥-
­ë ¡®«¥¥ íää¥ªâ¨¢­ë¥ ¨â¥à æ¨®­­ë¥ ¬¥â®¤ë ¨å ç¨á«¥­­®© à¥ «¨§ æ¨¨.

� ­ è¥© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ­®¢ ï § ¤ ç  «¨­¥©­®© áâ æ¨®­ à­®© ä¨«ìâà æ¨¨ | ä¨«ì-
âà æ¨ï ¯à¥á­®© ¢®¤ë ç¥à¥§ ¯«®â¨­ã ¨ ¢ ®¡å®¤ ¯«®â¨­ë (¢ âà¥å¬¥à­®¬ á«ãç ¥) á ãç¥â®¬ íää¥ªâ 
¢ëâ¥á­¥­¨ï á®«¥­®© ¢®¤ë, § ¯®«­ïîé¥© ¯®à¨áâãî áà¥¤ã. �â  § ¤ ç  ä®à¬ã«¨àã¥âáï ¢ ¢¨¤¥ ¢ -
à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢ , ç áâ­ë¬ á«ãç ¥¬ ª®â®à®£® ï¢«ï¥âáï ­¥à ¢¥­áâ¢®, ¨§ãç¥­­®¥ ¢ [7], [8].
�áâ ­ ¢«¨¢ îâáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨. � íâ®© ç -
áâ¨ à ¡®âë ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ï¢«ïîâáï ¯àï¬ë¬ ®¡®¡é¥­¨¥¬ ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ (á¬.
[11]). � «¥¥ áâà®¨âáï á¥â®ç­ ï áå¥¬  ­  ®á­®¢¥ ¯à¨¬¥­¥­¨ï ª¢ ¤à âãà ª áå¥¬¥ ¬¥â®¤  ª®­¥ç­ëå
í«¥¬¥­â®¢. �®ª §ë¢ ¥âáï ¥¥ à §à¥è¨¬®áâì ¨ áå®¤¨¬®áâì ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ª â®ç­®¬ã.
�¥â®¤ë ¨áá«¥¤®¢ ­¨ï ®â«¨ç îâáï ®â ¬¥â®¤®¢ æ¨â¨à®¢ ­­ëå à ¡®â. � ª®­¥æ, ®¡®á­®¢ë¢ ¥âáï
áå®¤¨¬®áâì à §«¨ç­ëå ¨â¥à æ¨®­­ëå  «£®à¨â¬®¢, ¢ª«îç ï ¬¥â®¤ë â¨¯  � ãáá {�¥©¤¥«ï ¨ ¨å
¡«®ç­ë¥ ¢ à¨ ­âë. �à¨ ¨áá«¥¤®¢ ­¨¨ áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­ëå ¯à®æ¥¤ãà áãé¥áâ¢¥­­® ¨á¯®«ì-
§ãîâáï ¨ ®¡®¡é îâáï à¥§ã«ìâ âë ¨§ [18].

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ë© ¨áá«¥¤®¢ ­¨© (£à ­â 98-01-
00200).
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1. �áå®¤­ ï § ¤ ç  ¨ ¥¥ ¢ à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª 

�ãáâì D | ®âªàëâë© ¯ à ««¥«¥¯¨¯¥¤ ¢ Rn, ª®â®àë© ¢ª«îç ¥â ¢ á¥¡ï  ¯à¨®à¨ ­¥¨§¢¥áâ­ãî
®¡« áâì ä¨«ìâà æ¨¨ 
1 = int(
+

1 [ 

�
1 ), £¤¥ 


+
1 = fx 2 
1 j xn > 0g, 
�

1 = fx 2 
1 j xn < 0g |
­¥¯ãáâë¥ ¬­®¦¥áâ¢ . �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¤«ï ¯®¤®¡« áâ¥© ®¡« áâ¨ D (á¬. à¨á. ¤«ï
¤¢ã¬¥à­®£® á«ãç ï):


2 | ®¡« áâì, § ­ïâ ï ¯®ª®ïé¥©áï á®«¥­®© ¢®¤®© ¯«®â­®áâ¨ � > 1;

3 á®®â¢¥âáâ¢ã¥â ¢¥àå­¥¬ã ¡ì¥äã, ¯«®â­®áâì ¯à¥á­®© ¢®¤ë áç¨â ¥âáï à ¢­®© 1;

4 á®®â¢¥âáâ¢ã¥â ­¨¦­¥¬ã ¡ì¥äã, § ­ïâ®¬ã  â¬®áä¥à­ë¬ ¢®§¤ãå®¬ á ¤ ¢«¥­¨¥¬ p = 0;

5 | áãå ï ç áâì £àã­â  á p = 0;

 = 
1 [ 
2 [ 
5;

+, 
� ®¯à¥¤¥«¥­ë ¯®¤®¡­® 
+

1 ¨ 
�
1 .

� «¥¥ ç¥à¥§ S0 = 
1 \ 
5 ®¡®§­ ç¨¬ ¤¥¯à¥áá¨®­­ãî ¯®¢¥àå­®áâì,   ç¥à¥§ S1 = 
1 \ 
2 |
£à ­¨æã à §¤¥«  ¯à¥á­®© ¨ á®«¥­®© ¢®¤; H0 = supfxn j x 2 Dg | ­ ¯®à ¢®¤ë ¢ ¢¥àå­¥¬ ¡ì¥ä¥,
H1 = inffxn j x 2 Dg. �à ­¨æ  @D ®¡« áâ¨ D á®áâ®¨â ¨§ �2 = D \ fxn = H0

W
xn = H1g ¨

�1 = @D n �2. � á¢®î ®ç¥à¥¤ì, @
1 = S0 [ S1 [ 
1 [ 
2 [ 
3, £¤¥ 
1 = �1 \ 
1, 
2 = 
3 \ 
1 ¨

3 = 
4 \ 
1. � ª®­¥æ, ¯ãáâì 
0 = 
1 \ fxn = 0g ¨ ¯®¤ uj
+

0
(uj
�

0
) ¯®­¨¬ ¥âáï á«¥¤ ªãá®ç­®-

­¥¯à¥àë¢­®© äã­ªæ¨¨ u ­  
0 á® áâ®à®­ë 
+
1 (
�

1 ).
�ç¨â ¥¬, çâ® ä¨«ìâà æ¨ï á«¥¤ã¥â § ª®­ã � àá¨

v = �kr(p+ xn) (1)

á ªãá®ç­®-¯®áâ®ï­­ë¬ ª®íää¨æ¨¥­â®¬ ä¨«ìâà æ¨¨ k(x) = fk1 ¯à¨ xn > 0; k2 ¯à¨ xn < 0g,
ki > 0. �®£¤  ¢ â®çª å 
1 [ @
1 ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ á®®â­®è¥­¨ï:

divv = 0; x 2 
+
1 [ 


�
1 ; pj
+

0
= pj
�

0
; vnj
+

0
+ vnj
�

0
= 0; vn = 0 ­  
1;

p = H0 � xn ­  
2; p = 0; vn � 0 ­  
3; p = pd; vn = 0 ­  S0 \ S1: (2)

�¤¥áì pd = f0 ¯à¨ xn � 0; ��xn ¯à¨ xn < 0g | § ¤ ­­ ï äã­ªæ¨ï, á®®â¢¥âáâ¢ãîé ï £¨¤à®-
áâ â¨ç¥áª®¬ã à á¯à¥¤¥«¥­¨î ¤ ¢«¥­¨ï ¢ ¯®ª®ïé¥©áï á®«¥­®© ¢®¤¥ ¯à¨ xn < 0 ¨  â¬®áä¥à­®¬ã
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¤ ¢«¥­¨î ¯à¨ xn � 0, n | ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª á®®â¢¥âáâ¢ãîé¥© ¯®¤®¡« áâ¨ 
1.

�¥¬¬  1. �ãáâì p | à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¨ z = p � pd, g = fk1 ¯à¨ xn > 0; k2(1 �
�) ¯à¨ xn < 0g. �®£¤  p > pd ¢ 
1, ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®Z


1

krzr� d
+
Z

1

g�xnd
 � 0 (3)

¤«ï «î¡®© £« ¤ª®© äã­ªæ¨¨ � â ª®©, çâ® � = 0 ­  
2 ¨ � � 0 ­  
3.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ äã­ªæ¨î ¯ì¥§®¬¥âà¨ç¥áª®£® ­ ¯®à  � = p + xn. � á¨«ã (1), (2)
®­  ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨Z


1

kr�r� dx = 0 8� 2 C1(
1) : �(x) = 0 ¤«ï x 2 
2 [ 
3;

�(x) = H0 ¯à¨ x 2 
2; �(x) = xn � 0 ¯à¨ x 2 
3:

�¥âàã¤­® ¢¨¤¥âì, çâ® �(x) ­¥®âà¨æ â¥«ì­  ¤«ï ¢á¥å x 2 
1, ¢ ç áâ­®áâ¨, p = � � 0 ­  
0. �®«ì-
§ãïáì â¥¯¥àì áâà®£¨¬ ¯à¨­æ¨¯®¬ ¬ ªá¨¬ã¬  [19] ¤«ï äã­ªæ¨¨ p� pd ¢ ª ¦¤®© ¨§ ¯®¤®¡« áâ¥©

+

1 ¨ 
�
1 , ¯®«ãç ¥¬

p(x) > pd(x) 8x 2 
+
1 [ 


�
1 :

�âáî¤  á«¥¤ã¥â, çâ® � = p+ xn > 0 ¢ â®çª å 
+
1 [ 


�
1 . �®¯ãáâ¨¬, çâ® p = pd ¢ ­¥ª®â®à®© â®çª¥

x 2 
0. �®£¤  ¯® «¥¬¬¥ ® ­®à¬ «ì­®© ¯à®¨§¢®¤­®© [19] ¢ íâ®© â®çª¥ ¨¬¥¥¬ ­¥à ¢¥­áâ¢ 

@�

@n

����

+
0

< 0;
@�

@n

����

�
0

< 0;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î ­¥¯à¥àë¢­®áâ¨ ­®à¬ «ì­®© á®áâ ¢«ïîé¥© ¢¥ªâ®à  áª®à®áâ¨ vn ¯à¨
¯¥à¥å®¤¥ ç¥à¥§ 
0. �â ª, p(x) > pd(x) 8x 2 
1.

�¥à ¢¥­áâ¢® (3) «¥£ª® ¤®ª § âì ¯àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨.

�áå®¤ï ¨§ ­¥à ¢¥­áâ¢  (3), ¬®¦­® ®¯à¥¤¥«¨âì ®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2). � íâ®©
æ¥«ìî ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ¢ë¯ãª«ë¥ § ¬ª­ãâë¥ ¬­®¦¥áâ¢  ¢ ¯à®áâà ­áâ¢¥ H1(D):

K0 = fu 2 H1(D) j u � 0 ¢ D n 
4; u = 0 ¢ 
4g;

K1 = fu 2 H1(D) j u = H0 � xn ¢ 
3; u = 0 ­  �2g; K = K0 \K1;

M = fu 2 H1(D) j u � 0 ¢ 
4; u = 0 ¢ 
3; u = 0 ­  �2g:

�¥¬¬  2. �á«¨ à¥è¥­¨¥ z § ¤ ç¨Z
D

(krzr� +H(z)g�xn)dx � 0 8� 2M; z 2 K (4)

¤®áâ â®ç­® £« ¤ª®¥ ¨ 
+
1 = fx 2 
 j z(x) > 0g \ fxn > 0g; 
�

1 = fx 2 
 j z(x) > 0g \ fxn < 0g,
â® äã­ªæ¨ï p = z + pd ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬ (1), (2).

�ë ®¯ãáª ¥¬ ¢¯®«­¥ âà ¤¨æ¨®­­®¥ ¤®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï.
�à¨ ¨áá«¥¤®¢ ­¨¨ áãé¥áâ¢®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï ¥é¥ ®á« ¡¨¬ ä®à¬ã«¨à®¢ªã (4) (áà.

á [7], [8]). �ã¤¥¬ ¨áª âì ¯ àã (z; �) 2 K � L1, ã¤®¢«¥â¢®àïîéãî á®®â­®è¥­¨ï¬Z
D

(krzr� + �g�xn)dx � 0 8� 2M; �(x) 2 H(z(x)) ¯®çâ¨ ¢áî¤ã ¢ D; (5)

£¤¥ H(t) = f1 ¯à¨ t > 0; [0; 1] ¯à¨ t = 0; 0 ¯à¨ t < 0g | ¬ ªá¨¬ «ì­® ¬®­®â®­­ë© £à ä¨ª
äã­ªæ¨¨ �¥¢¨á ©¤ .

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥ § ¤ ç¨ (5).

�®ª § â¥«ìáâ¢® ï¢«ï¥âáï ¯àï¬ë¬ ®¡®¡é¥­¨¥¬ á®®â¢¥âáâ¢ãîé¥£® à¥§ã«ìâ â  ¨§ ([11], £«. 5),
£¤¥ à áá¬®âà¥­ á«ãç © g(x) = 1.

11



2. �¥£ã«ïà­®áâì à¥è¥­¨ï ¨ á¢®¡®¤­®© £à ­¨æë. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï

�à¨ ¨áá«¥¤®¢ ­¨¨ £« ¤ª®áâ¨ à¥è¥­¨ï z, á¢®¡®¤­®© £à ­¨æë S0[S1 ¨ ¥¤¨­áâ¢¥­­®áâ¨ z ¡ã¤¥¬
¨á¯®«ì§®¢ âì à¥§ã«ìâ âë ¨ ¬¥â®¤ë à ¡®â ([9], [11], £«. 5). �â¬¥â¨¬, çâ® ¡®«ìè¨­áâ¢® à¥§ã«ìâ â®¢
® à¥£ã«ïà­®áâ¨ ¢ íâ¨å à ¡®â å ¯®«ãç¥­® ­  ®á­®¢¥ «®ª «ì­®£®  ­ «¨§  à¥è¥­¨©. �â® ¯®§¢®«ï¥â
¯à¨¬¥­¨âì ¨å ¯à¨ ¨§ãç¥­¨¨ ­ è¥© § ¤ ç¨, \à áé¥¯«ïï" ¥¥ ­  § ¤ ç¨ ¢ ¯®¤®¡« áâïå 
+ ¨ 
�. �
á¢ï§¨ á® áª § ­­ë¬ ­¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì ¤®ª § â¥«ìáâ¢ ä®à¬ã«¨àã¥¬ëå ãâ¢¥à¦¤¥­¨©, ãª §ë¢ ï
«¨èì áå¥¬ã ¯®«ãç¥­¨ï ®á­®¢­ëå à¥§ã«ìâ â®¢ ® à¥£ã«ïà­®áâ¨ ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï.

�¥¬¬  3. �ãáâì (z; �) | à¥è¥­¨¥ § ¤ ç¨ (5). �®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï

(¯®­¨¬ ¥¬ë¥ ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨©) :

div(k grad z) + (�g)xn = 0 ¢ 
; (6)

g�xn � 0 ¢ 
+ [ 
�: (7)

�§ (6) ¨ â¥®à¨¨ à¥£ã«ïà­®áâ¨ à¥è¥­¨© í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© á«¥¤ã¥â, çâ® z 2W 1
2;loc(


+[

�) ¤«ï s � 1. � á¨«ã (7) äã­ªæ¨ï �(x) ¬®­®â®­­  ¯® xn ¢ 
+ ¨ 
�. �à¨¬¥­ïï íâ¨ à¥§ã«ìâ âë
¨ áâà®£¨© ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , ãáâ ­ ¢«¨¢ ¥¬, çâ® ®¡« áâì ä¨«ìâà æ¨¨ 
1 ¬®¦¥â ¡ëâì ¯à¥¤-
áâ ¢«¥­  ¢ ¢¨¤¥


1 = fx 2 
 j  (x
0

) < xn < �(x
0

)g;

£¤¥ x
0

= (x1; ::; xn�1); �(x
0

) = maxf0; supfxn j z(x) > 0gg;  (x
0

) = minf0; inffxn j z(x) > 0gg.

�¥®à¥¬  2. �á«¨ 0 < �(x
0

0) < H0, â® äã­ªæ¨ï �(x
0

) ­¥¯à¥àë¢­  ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨

jx0 � x00j < � â®çª¨ x00 ¨ �(x
0) = 0 ¯à¨ xn > �(x0), jx0 � x00j < �.

�á«¨ 0 >  (x01) > H1, â® äã­ªæ¨ï  (x0) ­¥¯à¥àë¢­  ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ jx0 � x01j < �1
â®çª¨ x01 ¨ �(x

0) = 0 ¯à¨ xn <  (x0), jx0 � x01j < �1.

�®ª § â¥«ìáâ¢® ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï ¯à®¢®¤¨âáï  ­ «®£¨ç­® ([11], £«. 5). �à¨ ¨§ãç¥­¨¨ ­¥-
¯à¥àë¢­®áâ¨  (x0) ¢ 
� = D� § ¤ ç  ¢ D� á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â xi = xi(1� �)
á¢®¤¨âáï ª § ¤ ç¥, ¯®¤®¡­®© ¯¥à¢®©.

�«¥¤áâ¢¨¥¬ â¥®à¥¬ë 2 ï¢«ï¥âáï à ¢¥­áâ¢® �(x) = Ifz>0g ¯®çâ¨ ¢áî¤ã ¢ 
, £¤¥ Ifz>0g | å à ª-
â¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¡« áâ¨ ä¨«ìâà æ¨¨ 
1. �âáî¤ , ¢ ç áâ­®áâ¨, ¢ëâ¥ª ¥â, çâ® à¥è¥­¨¥
§ ¤ ç¨ (5) á®¢¯ ¤ ¥â á à¥è¥­¨¥¬ § ¤ ç¨ (4).

�ãáâì z1, z2 | ¤¢  à¥è¥­¨ï § ¤ ç¨ (4). �¡®§­ ç¨¬ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á¢®¡®¤­ë¥ £à ­¨æë
ç¥à¥§ Si

0 = fxn = �i(x0)g, Si
1 = fxn =  i(x0)g, i = 1; 2. �®«®¦¨¬ 
i

1 = fx 2 
 j zi(x) > 0g,
z0(x) = min(z1(x); z2(x)), �0(x0) = min(�1(x0); �2(x0)),  0(x0) = max( 1(x0);  2(x0)), 
0

1 = 
1
1 \ 


2
1.

�á¯®«ì§ãï á¢®©áâ¢® ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© �i(x0),  i(x0), ãáâ ­ ¢«¨¢ ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥¬¬  4. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (i = 1; 2)Z



(kr(zi � z0)r� + g(H(zi)�H(z0))�xn)dx = 0 8� 2 H1(
): (8)

�¥è¥­¨¥ z § ¤ ç¨ (4) ­ §ë¢ ¥âáï 
2-á¢ï§­ë¬, ¥á«¨ á¢ï§­® ¬­®¦¥áâ¢® fx 2 
 j z(x) > 0g [ 
2.

�¥¬¬  5. � ¤ ç  (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ 
2-á¢ï§­®¥ à¥è¥­¨¥.

�à¨ ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§ã¥¬ à ¢¥­áâ¢® (8) ¨, ¤¥©áâ¢ãï ¯®  ­ «®£¨¨ á [11], ¤®ª §ë¢ ¥¬
¢­ ç «¥ ¥¤¨­áâ¢¥­­®áâì áã¦¥­¨ï z ­  
+. � «¥¥ ¯à¥®¡à §ã¥¬ § ¤ çã ¢ 
�, ª ª ¢ â¥®à¥¬¥ 2,
¨ ¨á¯®«ì§ã¥¬ â¥ ¦¥ ¯à¨¥¬ë, çâ® ¨ ¤«ï § ¤ ç¨ ¢ 
+, ãç¨âë¢ ï ¯à¨ íâ®¬ ãáâ ­®¢«¥­­ãî ¥¤¨­-
áâ¢¥­­®áâì z(x0; 0) ­  
0.

�¥¬¬  6. �ãáâì z | à¥è¥­¨¥ § ¤ ç¨ (4) ¨ G | á¢ï§­ ï ª®¬¯®­¥­â  ¬­®¦¥áâ¢  
1, ¤«ï

ª®â®à®© G \ 
2 = ;. �®£¤  z = (c1 � g=kxn)+ ¢ G á ¯®áâ®ï­­®© c1 = supfxnjx 2 Gg.
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� ª¨¬ ®¡à §®¬, ¥á«¨ ¤®¯ãáâ¨âì áãé¥áâ¢®¢ ­¨¥ â ª¨å ª®¬¯®­¥­â, â. ¥. áãé¥áâ¢®¢ ­¨¥ c1 6= 0,
â® z(x) > 0 ¢ â®çª å x 2 @G á 0 < xn < c1. � ¤àã£®© áâ®à®­ë, ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ z(x) ¢

 3 G, ¤®«¦­® ¡ëâì z = 0 ­  @G. �â ª, «î¡®¥ à¥è¥­¨¥ z § ¤ ç¨ (4) ¤®«¦­® ¡ëâì 
2-á¢ï§­ë¬.
�âáî¤  ¨ ¨§ «¥¬¬ë 6 ¢ëâ¥ª ¥â

�¥®à¥¬  3. � ¤ ç  (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

3. �¥â®ç­ ï áå¥¬ : áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï ¨ ¬¥â®¤ë ç¨á«¥­­®© à¥ «¨§ æ¨¨

� §®¡ì¥¬ D ¯«®áª®áâï¬¨, ¯ à ««¥«ì­ë¬¨ ª®®à¤¨­ â­ë¬, ­  á®¢®ªã¯­®áâì �h ¯ à ««¥«¥¯¨-
¯¥¤®¢. �ç¨â ¥¬, çâ® ¯«®áª®áâì xn = 0 | ®¤­  ¨§ â ª¨å ¯«®áª®áâ¥©,   ¨­¤¥ªá h á®®â¢¥âáâ¢ã¥â

¬ ªá¨¬ «ì­®¬ã ¨§ ¤¨ ¬¥âà®¢ � 2 �h. �ãáâì Q1 | ¯à®áâà ­áâ¢® ¯®«¨­®¬®¢ ¢¨¤ 
1P

�i=0
a�x

�1
1 : : : x�nn

¨ Vh = fuh 2 C(D) j uh 2 Q1 ­  ª ¦¤®¬ � 2 �hg. �ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ 
3h (
4h) á®¢®ªã¯­®áâì
� 2 �h, ¢å®¤ïé¨å ¢ 
3 (
4). �¯à¥¤¥«¨¬ ¤ «¥¥ á«¥¤ãîé¨¥  ¯¯à®ªá¨¬ æ¨¨ ¯®¤¬­®¦¥áâ¢ K0, K1,
M :

K0h = fuh 2 Vh j uh(x) � 0 ¢ D n 
4h; uh(x) = 0 ¢ 
4hg;

K1h = fuh 2 Vh j uh(x) = H0 � xn ¢ 
3h; uh(x) = 0 ­  �2g; Kh = K0h \K1h;

Mh = fuh 2 Vh j uh(x) � 0 ¢ 
4h; uh(x) = 0 ¢ 
3h [ �2g:

�  ª ¦¤®¬ � 2 �h, � =
nQ
i=1
[ai; bi], § ¤ ¤¨¬ ª¢ ¤à âãàë. � íâ®© æ¥«ìî ¬­®¦¥áâ¢® ¢¥àè¨­ �

à §®¡ì¥¬ ­  ¤¢¥ £àã¯¯ë: !+(�) | ¢¥àè¨­ë ¢ ¯«®áª®áâ¨ xn = bn ¨ !�(�) | ¢¥àè¨­ë ¢ ¯«®áª®áâ¨
xn = an ¨ ®¯à¥¤¥«¨¬

S+
� (v) = 2�(n�1)mes �

X
x2!+(�)

v(x); S�� (v) = 2�(n�1)mes �
X

x2!�(�)

v(x);

S�(v) = 2�1(S+
� (v) + S�� (v))

¤«ï «î¡®© v 2 C(�). �¥à¥§ S+, S� ¨ S ®¡®§­ ç¨¬ á®®â¢¥âáâ¢ãîé¨¥ á®áâ ¢­ë¥ ª¢ ¤à âãàë ­ 
¢á¥© ®¡« áâ¨ D. �ã­ªæ¨î g(x) ¤®®¯à¥¤¥«¨¬ ­ã«¥¬ ¯à¨ xn = 0, ªà®¬¥ â®£®, ¯®«®¦¨¬ k0(x) =
(mes �)�1

R
�

k(x)dx. �¥è¥­¨¥¬ á¥â®ç­®© áå¥¬ë ¤«ï § ¤ ç¨ (5) ­ §®¢¥¬ ¯ àã äã­ªæ¨© (zh; �h) 2

Kh � Vh â ª¨å, çâ®

S(k0rzhr�h) + S+

�
g+�h

@�h
@xn

�
� S�

�
g��h

@�h
@xn

�
� 0 8�h 2Mh;

�h(x) 2 H(zh(x)) 8x 2 D; (9)

£¤¥ g+ = 0:5(jgj + g), g� = 0:5(jgj � g). � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â ª¦¥ \¯®â®ç¥ç­ãî"
§ ¯¨áì á¥â®ç­®© áå¥¬ë (9). �«ï ¥¥ ®¯à¥¤¥«¥­¨ï ¢¢¥¤¥¬ ¢­ ç «¥ á¥â®ç­ë¥ ¬­®¦¥áâ¢ 

! | ¬­®¦¥áâ¢® ¢¥àè¨­ í«¥¬¥­â®¢ � 2 �h;

@! = � \ !; @2! = �2 \ !; @1! = @! n @2!;

@0! = ! \ fxn = 0g; !0 = ! n @0!; !k = 
kh \ !; k = 3; 4:

�«ï á¥â®ç­®© äã­ªæ¨¨ vh 2 Vh ®¡®§­ ç¨¬ ç¥à¥§ v ¢¥ªâ®à ¥¥ ã§«®¢ëå ¯ à ¬¥âà®¢, â. ¥. ¢¥ªâ®à
§­ ç¥­¨© vh ¢ ã§« å !. �ã¤¥¬ ¯¨á âì v , vh. �¥à¥§ K (K0, K1) ®¡®§­ ç¨¬ ¢ë¯ãª«®¥ § ¬ª­ãâ®¥
¬­®¦¥áâ¢® ¢¥ªâ®à®¢ v â ª¨å, çâ® v , vh, vh 2 Kh (vh 2 K0h, vh 2 K1h). �á¯®«ì§ã¥¬ ¤«ï ¢¥ª-
â®à®¢ ã§«®¢ëå ¯ à ¬¥âà®¢ ¨ ¨å ¯®¤¬­®¦¥áâ¢ â¥ ¦¥ ®¡®§­ ç¥­¨ï, çâ® ¨ ¢ ¯¯. 1, 2 ¤«ï äã­ªæ¨©
­¥¯à¥àë¢­®£®  à£ã¬¥­â  ¨ ¨å ¯®¤¬­®¦¥áâ¢ ¢ á®¡®«¥¢áª¨å ¯à®áâà ­áâ¢ å. �â® ­¥ ¤®«¦­® ¯à¨-
¢¥áâ¨ ª ­¥¤®à §ã¬¥­¨î, ¯®áª®«ìªã ¢ ¤ ­­®¬ ¯ã­ªâ¥ à¥çì ¨¤¥â «¨èì ® ª®­¥ç­®¬¥à­ëå ¢¥ªâ®à å
¨ á¥â®ç­ëå äã­ªæ¨ïå.
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�¥â®ç­ ï áå¥¬  (9) íª¢¨¢ «¥­â­  á«¥¤ãîé¥© á¨áâ¥¬¥ á®®â­®è¥­¨© :

(Az +B�)i = 0 8i 2 (! n !4) [ @!;

(Az +B�)i � 0 8i 2 !4 n @!; z 2 K;�i 2 H(zi) 8i 2 !0; (10)

£¤¥ A ¥áâì M -¬ âà¨æ , B = (bij); bii > 0 ¤«ï i 2 !0; bii = 0 ¤«ï i 2 @0!, bij � 0 ¤«ï i 6= j.
�¢¥¤¥¬ ¬­®¦¥áâ¢  K2 = fvi � 0 8i 2 !4g ¨ F = K1\K2. �ãáâì C1 = @IF | áã¡¤¨ää¥à¥­æ¨ «

¨­¤¨ª â®à­®© äã­ªæ¨¨ IF ¬­®¦¥áâ¢  F . �®£¤  C1 | ¤¨ £®­ «ì­ë© ¬ ªá¨¬ «ì­® ¬®­®â®­­ë©
®¯¥à â®à [17].

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî § ¤ çã

Az +B�+ C1z 3 0; �i 2 H(zi) 8i 2 !0: (11)

�¢ï§ì ¬¥¦¤ã § ¤ ç ¬¨ (10) ¨ (11) ãáâ ­ ¢«¨¢ ¥â

�¥¬¬  7. �á«¨ (z; �) | à¥è¥­¨¥ § ¤ ç¨ (11), ¤«ï ª®â®à®£® z � 0 (â. ¥. zi � 0 8i), â® (z; �)
| à¥è¥­¨¥ § ¤ ç¨ (10).

�ãáâì A = A0 �A1, B = B0 � B1, £¤¥ Ai � 0, Bi � 0 ¨ A0, B0 | ¤¨ £®­ «ì­ë¥ ¯®¤¬ âà¨æë
¬ âà¨æ A, B. �§ [18] á«¥¤ãîâ ®¤­®§­ ç­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï

A0z +B0H(z) + C1z 3 A1ez +B1 e� (12)

¤«ï «î¡ëå ez, e� ¨ ­¥à ¢¥­áâ¢®

z1 � z2 � A�1
0 [A1(ez1 � ez2) +B1(e�1 � e�2)]+ (13)

¤«ï à¥è¥­¨© zi ãà ¢­¥­¨ï (12) , á®®â¢¥âáâ¢ãîé¨å (ezi; e�i).
�® à¥è¥­¨î z ãà ¢­¥­¨ï (12) ¯®áâà®¨¬ ¢¥ªâ®à � = �(z), ¤«ï ª®â®à®£®

�i =

(
1 ¯à¨ i 2 (!3 n @2!) [ @0!;

Pr[0;1][B
�1
0 (A1ez +B1 e��A0z)]i ¯à¨ ®áâ «ì­ëå i;

(14)

£¤¥ Pr[0;1]x | ¯à®¥ªæ¨ï ç¨á«  x ­  ®âà¥§®ª [0; 1].
�¯à¥¤¥«¨¬ ®¯¥à â®à G, ª®â®àë© áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¯ à¥ ¢¥ªâ®à®¢ (ez; e�) ¯ àã (z; �), £¤¥

z | à¥è¥­¨¥ ãà ¢­¥­¨ï (12),   � § ¤ ­® ¯® ä®à¬ã« ¬ (14). �§ (13), (14) á«¥¤ã¥â

�¥¬¬  8. �¯¥à â®à G ­¥¯à¥àë¢­ë© ¨ ¬®­®â®­­ë©, â. ¥.

(z1; �1)� (z2; �2)) G(z1; �1)� G(z2; �2):

�à®¬¥ â®£®, G(0; 0)� 0.

�¥¬¬  9. �ãáâì e�0
h � 1, ez0h = f eH0 � xn ¯à¨ xn � 0, eH0 + (� � 1)xn ¯à¨ xn < 0g á eH0 � H0

â ª¨¬, çâ® ez0h(x) � 0. �®£¤  ¢¥ªâ®à (ez0; e�0), (ez0h; e�0
h) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã G(ez0; e�0)�

(ez0; e�0).

�á¯®«ì§ãï «¥¬¬ë 8, 9 ¨ à¥§ã«ìâ â ® áãé¥áâ¢®¢ ­¨¨ ­¥¯®¤¢¨¦­ëå â®ç¥ª ã ¬®­®â®­­®£® ®¯¥-
à â®à  ¨§ [21], ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  4. �ãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­  ­¥¯®¤¢¨¦­ ï â®çª  ®¯¥à â®à  G ­  ª®-

­ãá¥ ­¥®âà¨æ â¥«ì­ëå ¢¥ªâ®à®¢ (z; �). �â  â®çª  ï¢«ï¥âáï à¥è¥­¨¥¬ á¥â®ç­®© § ¤ ç¨ (10).
�â¥à æ¨¨

(zk+1; �k+1) = G(zk; �k); k = 0; 1; : : : ; (15)

áå®¤ïâáï ª ­¥¯®¤¢¨¦­®© â®çª¥ G, ¥á«¨ (z0; �0) = (ez0; e�0) ¨«¨ (z0; �0) = (ez0; e�0).
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�á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ ®¯¥à â®à  G, § ¯¨è¥¬ ¨â¥à æ¨®­­ë© ¯à®æ¥áá (15) ¢ ¢¨¤¥

A0z
k+1 +B0H(z

k+1) + C1z
k+1 3 A1z

k +B1�
k; �k+1 = �(zk+1); (16)

çâ® á®®â¢¥âáâ¢ã¥â ¬¥â®¤ã �ª®¡¨ ¤«ï ãà ¢­¥­¨ï, á®¤¥à¦ é¥£® ¬ ªá¨¬ «ì­® ¬®­®â®­­ë© ®¯¥-
à â®à. �«¥¤ãï [18], ¬®¦­® ¤®ª § âì áå®¤¨¬®áâì ¨ ¤àã£¨å ¢ à¨ ­â®¢ à¥« ªá æ¨®­­ëå ¬¥â®¤®¢.
�¬¥­­®, á¯à ¢¥¤«¨¢ 

�¥¬¬  10. �ãáâì A = A0�A1, £¤¥ A0 |M -¬ âà¨æ  ¨ A1 � 0. �®£¤  ¨â¥à æ¨®­­ë© ¬¥â®¤
(16) áå®¤¨âáï, ­ ç¨­ ï á (z0; �0) = (ez0; e�0) ¨«¨ (z0; �0) = (ez0; e�0). � ç áâ­®áâ¨, ¬®¦­® ¢§ïâì

¢ ª ç¥áâ¢¥ A0 âà¥ã£®«ì­ãî ¯®¤¬ âà¨æã A (¬¥â®¤ � ãáá {�¥©¤¥«ï) ¨«¨ ¡«®ç­®-âà¥ã£®«ì­ãî

¯®¤¬ âà¨æã A (¡«®ç­ë© ¬¥â®¤ � ãáá {�¥©¤¥«ï).

4. �å®¤¨¬®áâì á¥â®ç­®© áå¥¬ë

�¥¬¬  11. �ãáâì (zh; �h) | à¥è¥­¨¥ á¥â®ç­®© áå¥¬ë (9), â®£¤ 

kzhk1 � c: (17)

�¥à¥§ k � kk §¤¥áì ¨ ¤ «¥¥ ®¡®§­ ç ¥âáï ­®à¬  ¯à®áâà ­áâ¢  Hk(D),   ç¥à¥§ c | ¯®áâ®ï­­ ï,
­¥ § ¢¨áïé ï ®â h.

�®ª § â¥«ìáâ¢®. �ãáâì �(x) 2 H1(D) \C(D) â ª®¢ , çâ® � = H0 � xn ¢ 
3, � = 0 ¢ 
4 [ �2.
�®áª®«ìªã 
3 \ 
4 = ;,   £à ­¨æ  ®¡« áâ¨ 
3 ªãá®ç­®-£« ¤ª ï, â® â ª ï äã­ªæ¨ï áãé¥áâ¢ã¥â.
�ãáâì â¥¯¥àì �h | ¥¥ Vh-¨­â¥à¯®«ï­â. �®£¤ 

k�hk1 � c; k�k1 � c: (18)

�® ¯®áâà®¥­¨î ¨¬¥¥¬ 
3h � 
3 ¨ 
4h � 
4, ¯®íâ®¬ã �h = H0�xn ¢ 
3h, �h = 0 ¢ 
4h. �âáî¤ ,
¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¤«ï zh 2 Kh äã­ªæ¨ï �h = zh � �h ¢å®¤¨â ¢ Mh. �ë¡¨à ï ¢ (9) â ªãî
äã­ªæ¨î �h, ¯®«ãç¨¬

S(k0jrzhj2) � S1=2(k0jrzhj2)S1=2(k0jr�hj2) + cS+(j@(zh � �h)=@xnj) +

+ cS�(j@(zh � �h)=@xnj) � S1=2(k0jrzhj
2)S1=2(k0jr�hj

2) + cS1=2(jrzhj
2) + cS1=2(jr�hj

2): (19)

�à¨ ¤®ª § â¥«ìáâ¢¥ (19) ¨á¯®«ì§®¢ ­ë ¯®«®¦¨â¥«ì­®áâì ª®íää¨æ¨¥­â®¢ ª¢ ¤à âãà ¨ ­¥à -
¢¥­áâ¢  â¨¯  S+(zh) � 2S(zh) 8zh � 0. �á¯®«ì§ãï ¢ ®ç¥à¥¤­®© à § ¯®«®¦¨â¥«ì­®áâì ª®íää¨æ¨-
¥­â®¢ ª¢ ¤à âãàë S ¨ ¥¥ â®ç­®áâì ­  ¯®«¨­®¬ å Q1(�), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ ¬

S(k0jrzhj
2) � c

Z
D
k0jrzhj

2dx � �

Z
D
jrzhj

2dx; � > 0; (20)

S(jrzhj
2) � �

Z
D

jrzhj
2dx 8zh 2 Vh: (21)

� á¨«ã (20), (21), (18) ¨§ (19) á«¥¤ã¥â ®æ¥­ª Z
D

jrzhj
2dx � c1

�Z
D

jrzhj
2dx

�1=2

+ c2

¨ â¥¬ á ¬ë¬ kzhk1;2;D � c.

�§ (17) ¨ ­¥à ¢¥­áâ¢ 0 � �h(x) � 1; x 2 D, á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®© ¯®¤¯®á«¥¤®¢ â¥«ì-
­®áâ¨ f(zhk ; �hk)g = f(zk; �k)g, çâ®

zk �! z á« ¡® ¢ W 1
2 (D) ¨ á¨«ì­® ¢ L2(D);

�k �! � �-á« ¡® ¢ L1(D) ¨ á¨«ì­® ¢ L2(D):
(22)

�¥¬¬  12. �á«¨ (z; �) | ¯à¥¤¥«ì­ë¥ äã­ªæ¨¨ ¢ (22), â® z 2 K, �(x) 2 H(z(x)) ¯à¨ ¯®çâ¨

¢á¥å x 2 D.
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�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï zk(x) � 0 ¢ D ¨ (22) «¥£ª® á«¥¤ã¥â, çâ® z(x) � 0 ¢ D. � «¥¥,
mes(
3 n 
3h) �! 0 ¯à¨ hk �! 0, ¯®íâ®¬ãZ


3

jz � (H0 � xn)jdx =
Z

3n
3h

k

jz � (H0 � xn)jdx+
Z

3h

k

jz � zkjdx �! 0; hk �! 0:

�âáî¤  á«¥¤ã¥â, çâ® z = H0�xn ¯®çâ¨ ¢áî¤ã ¢ 
3. �­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï à ¢¥­áâ¢® z = 0
¢ 
4. �â ª, z 2 K.

�ãáâì â¥¯¥àì �(u) =
R
D

u+(x)dx | äã­ªæ¨®­ « ­  L2(D). �§¢¥áâ­® [20], çâ® � 2 L2(D) ¯à¨-

­ ¤«¥¦¨â @�(u) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(x) 2 @u+(x) � H(u(x)) ¯à¨ ¯®çâ¨ ¢á¥å x 2 D.
�®áª®«ìªã �k(x) 2 H(zk(x)) 8x 2 D, â® �k 2 @�(zk). �§ (22) ¨ á¨«ì­®-á« ¡®© § ¬ª­ãâ®áâ¨
¬ ªá¨¬ «ì­® ¬®­®â®­­®£® ®¯¥à â®à  @� : L2(D) �! L2(D) ([20]) ¢ëâ¥ª ¥â, çâ® � 2 @�(u), â. ¥.
�(x) 2 H(z(x)) ¯à¨ ¯®çâ¨ ¢á¥å x 2 D.

�¥®à¥¬  5. �ãáâì (zh; �h)| à¥è¥­¨¥ á¥â®ç­®© áå¥¬ë (19), (z; �) | ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

§ ¤ ç¨ (14). �®£¤  ¯à¨ h! 0 ¨¬¥¥¬ zh ! z á« ¡® ¢ H1(D), �h ! � �-á« ¡® ¢ L1(D).

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ 11, 12 ®áâ ¥âáï ãáâ ­®¢¨âì, çâ® ¯ à  (z; �) ¨§ ( 22) ã¤®¢«¥-
â¢®àï¥â ­¥à ¢¥­áâ¢ã (5).

�«ï ¯à®¨§¢®«ì­®£® � 2 �h ¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ v(x) 2 C(�) ®¡®§­ ç¨¬ ç¥à¥§ �iv(x) äã­ª-
æ¨î, ¯®áâ®ï­­ãî ­  � ¨ à ¢­ãî v(ai), £¤¥ ai, i = 1; : : : ; 4, | á®¢®ªã¯­®áâì ¢¥àè¨­ �. �®«®¦¨¬
¤ «¥¥

�v(x) =
1
4

4X
i=1

�iv(x); �+v(x) =
1
4

X0
�iv(x);

��v(x) =
1
4

X00
�iv(x); x 2 �;

£¤¥ ¢
P

0 áã¬¬¨à®¢ ­¨¥ à á¯à®áâà ­ï¥âáï ­  ¢¥àè¨­ë, ¯à¨­ ¤«¥¦ é¨¥ ¢¥àå­¥© ¯® xn £à ­¨ �,
¢
P

00 | ­  ¢¥àè¨­ë ­¨¦­¥© ¯® xn £à ­¨ �. �à¨ â ª¨å ®¡®§­ ç¥­¨ïå, ª ª ­¥âàã¤­® ¢¨¤¥âì,

S(k0rzhrvh) =
Z
D

k0�(rzh)�(rvh)dx;

S�
�
g�
h

@vh
@xn

�
=
Z
D

g���(
h)�
�

�
@vh
@xn

�
dx:

�«ï «î¡®© � 2M ¯®áâà®¨¬ â ªãî ¯®á«¥¤®¢ â¥«ì­®áâì �h 2Mh, çâ®

k�h � �k1 �! 0;




��@�h@xi

�
@�

@xi

�




0

�! 0; i = 1; : : : ; n;



���@�h@xn
�

@�

@xn

�




0

�! 0

¯à¨ h! 0. � «¥¥, ¨§ «¥¬¬ë 11 «¥£ª® ¢ë¢¥áâ¨ ®£à ­¨ç¥­­®áâì �(rzh) ¢ (L2(D))2. � ª¨¬ ®¡à §®¬,
¬®¦­® áç¨â âì, çâ® ­ àï¤ã á (22) á¯à ¢¥¤«¨¢ë ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

�(rzk) �! q á« ¡® ¢ (H1(D))2;

��(�k) �! l
� �-á« ¡® ¢ L1(D):

(23)

�à®¬¥ â®£®, kzh � �zhk0 � ch, kzhk1 ! 0 ¯à¨ h! 0, ¯®íâ®¬ã

�zh ! z á¨«ì­® ¢ L2(D): (24)
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�®ª ¦¥¬, çâ® q = rz. � íâ®© æ¥«ìî ¢®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬Z
D

�

�
@zk
@xi

�
�dx = �

Z
D

�zk
@�

@xi
dx; (25)

á¯à ¢¥¤«¨¢ë¬ 8� 2 C1
0 (D), i = 1; : : : ; n. �¥à¥å®¤ï ¢ (25) ª ¯à¥¤¥«ã ¯à¨ hk ! 0 ¨ ¯®«ì§ãïáì

¯à¥¤¥«ì­ë¬¨ á®®â­®è¥­¨ï¬¨ (23), (24), ¯®«ãç¨¬Z
D

qi�dx = �
Z
D

z
@�

@xi
dx 8� 2 C1

0 (D);

®âªã¤  qi = @z
@xi

, i = 1; n. �â ª, ãáâ ­®¢«¥­®, çâ® �(rzk)!rz á« ¡® ¢ L2(D) ¨ �zk ! z á¨«ì­® ¢
L2(D). �á¯®«ì§ãï íâ¨ ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï ¨ à ¢¥­áâ¢  (22), ¨§ (9) ¯à¨ hk ! 0 ¯®«ãç¨¬Z

D

krzr� dx+
Z
D

gl
@�

@xn
dx � 0 8� 2M;

£¤¥ l = fl+ ¢ D+; l� ¢ D�g ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ 0 � l(x) � 1 ¯®çâ¨ ¢áî¤ã ¢ D. �à®¬¥ â®-
£®, ¯®¤®¡­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 12 ¨§ á®®â­®è¥­¨© �+�h(x) 2 H(�+zh(x)), ��h(x) 2 H(�zh(x))
«¥£ª® ¢ë¢¥áâ¨, çâ® l(x) 2 H(z(x)) ¤«ï ¯®çâ¨ ¢á¥å x 2 D.

�â ª, ¯ à  (z; l) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (5). �® íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®, ¯à¨ç¥¬ ¨§
¢ª«îç¥­¨ï l(x) 2 H(z(x)) á«¥¤ã¥â, çâ® l(x) = Ifz>0g(x) ¯®çâ¨ ¢áî¤ã ¢ 
, £¤¥ Ifz>0g | å à ªâ¥-
à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  fx 2 
 j z(x) > 0g. �âáî¤  á«¥¤ã¥â, çâ® ¯à¥¤¥«ì­ ï äã­ªæ¨ï
�(x) ¨§ á®®â­®è¥­¨© (22) ¯®çâ¨ ¢áî¤ã á®¢¯ ¤ ¥â á l(x), â ª çâ® ¯ à  (z; �) ¥áâì à¥è¥­¨¥ (5). �
á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ (z; �) ¨ ¢áï ¯®á«¥¤®¢ â¥«ì­®áâì f(zh; �h)g áå®¤¨âáï ª (z; �).
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