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� áá¬®âà¨¬ ®¤­®à®¤­ãî @-§ ¤ çã �¥©¬ ­ , á¢ï§ ­­ãî á ®¯¥à â®à®¬ â¨¯  ®¯¥à â®à  �®¤¦ 
@�@ ¢ C n , n > 1:

@�@F = 0 ¢ 
 ¨ (@F )n = 0 ­  @
: (1)

�â¬¥â¨¬, çâ® ¤ ­­ ï § ¤ ç  ¤«ï ¢­¥è­¨å ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬, ï¢«ïîé¨åáï à¥è¥­¨¥¬
ãà ¢­¥­¨ï @�@F = 0 ¢ 
, à áá¬ âà¨¢ « áì ¢ ([1], á. 165, [2]), £¤¥ ¡ë«  à¥è¥­  ¤àã£¨¬ á¯®á®¡®¬
¤«ï (p; q)-ä®à¬ á ª®íää¨æ¨¥­â ¬¨ ª« áá  C2(
) ¨«¨ C1;�(
). �®¯à®áë @-§ ¬ª­ãâ®áâ¨ CR-ä®à¬
à áá¬ âà¨¢ «¨áì ¢ [3] (á¬. â ª¦¥ ®¡§®à [4] ¨ ááë«ª¨, ¤ ­­ë¥ â ¬). �¥à¥ä®à¬ã«¨àã¥¬ íâã § ¤ çã.

�ãáâì 
 = fz 2 C n : %(z) > 0g | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C n á £à ­¨æ¥© ª« áá  Cm, m � 1.
�à¥¤¯®«®¦¨¬ % 2 Cm ¢ C n ¨ d% 6= 0 ­  @
.

�¡®§­ ç¨¬ ç¥à¥§ Harm(�p;q;
) ¯à®áâà ­áâ¢® ª®¬¯«¥ªá­ëå £ à¬®­¨ç¥áª¨å (p; q)-ä®à¬ F á
ª®íää¨æ¨¥­â ¬¨ ª« áá  C2 ¢ 
, â. ¥. ä®à¬, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î �F = @�@F + @ @�F = 0
¢ 
, £¤¥ ®¯¥à â®à @� = ��@�,   � | ®¯¥à â®à �®¤¦  ­  ä®à¬ å

P0

jLj=p; jMj=q

fL;M(�)d�L ^ d�M â¨¯ 

(p; q) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

�f(�) = 2p+q�nin(�1)pn
X0

jLj=p; jMj=q

�(L)�(M)fL;M d�[M ] ^ d�[L]

([5], á. 192); §¤¥áì èâà¨å ã §­ ª  áã¬¬ë ®§­ ç ¥â, çâ® áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¢®§à áâ î-
é¨¬ ¬ã«ìâ¨¨­¤¥ªá ¬ 1 � l1 < l2 < � � � < lp � n, 1 � m1 < m2 < � � � < mq � n, [M ]
®§­ ç ¥â, çâ® ¤¨ää¥à¥­æ¨ «ë ¢ d� á ­®¬¥à ¬¨ m1;m2; : : : ;mq ®¯ãé¥­ë, §­ ª �(M) ®¯à¥¤¥-
«ï¥âáï à ¢¥­áâ¢®¬ dzM ^ dz[M ] = �(M)dz. G(�p;q;
) | ¯à®áâà ­áâ¢® ª®¬¯«¥ªá­ëå (p; q)-
ä®à¬ á ª®íää¨æ¨¥­â ¬¨ ª« áá  C2 , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î @�@F = 0 ¢ 
, Ph(�p;q;
) |
¯à®áâà ­áâ¢® ¯«îà¨£ à¬®­¨ç¥áª¨å (p; q)-ä®à¬ á ª®íää¨æ¨¥­â ¬¨ ª« áá  C2 ¢ 
, â. ¥. ä®à¬,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î @@F = 0, Z(�p;q;
) | ¯à®áâà ­áâ¢® @-§ ¬ª­ãâëå (p; q)-ä®à¬ ¢ 
,
G1(�p;q;
) = G(�p;q ;
) \ C1(�p;q;
), Ph1(�p;q;
) = Ph(�p;q;
) \ C1(�p;q;
), Z1(�p;q;
) =
Z(�p;q;
) \ C1(�p;q;
). �à¨ p = 0 Ph(�p;q;
) � G(�p;q;
). �¥©áâ¢¨â¥«ì­®, ¨¬¥¥¬

@@u =
X0

L

nX
k=1
k=2L

X0

jSj=q+1

X
M[l=S

@2uL;M
@zk@zl

�(M; l)�(S)(�1)q+1dzS ^ dzk ^ dzL =

=
X0

jSj=q+1

X
M[l=S

X
jRj=p+1

X
L[k=R

@2uL;M
@zk@zl

�(M; l)�(S)�(L; k)�(R)(�1)q+1dzS ^ dzR = 0; (2)

â.¥. X
M[l=S

@2uL;M
@zk@zl

�(M; l) = 0 8jSj = q + 1; jLj = p; 1 � k � n; k =2 L; (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ £à ­â  �à¥§¨¤¥­â  ¤«ï ¢¥¤ãé¨å ­ ãç­ëå èª®« ��-
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¨ X
L[k=R

�(L; k)
@2uL;M
@zk@zl

= 0 8jRj = p+ 1; jM j = q; 1 � l � n; l =2M ; (4)

�(M;k) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ dzk ^ dzM ^ dz[M;k] = �(M;k)dz.
� ¤àã£®© áâ®à®­ë,

@�@u(z) = �2
X0

L

X0

M[l=J[k

@2uL;M
@zk@zl

�(M; l)�(J; k)dzJ ^ dzL = 0; (5)

â. ¥. X
jSj=q+1

X
J[k=S

�(J; k)
� X
M[l=S

@2uL;M
@zk@zl

�(M; l)
�
= 0 8jJ j = q; jLj = p: (6)

�§ (3), (4) ¨ (6) á«¥¤ã¥â âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥. � ¬¥â¨¬, çâ® ¯à¨ p 6= 0 íâ® ¢ª«îç¥­¨¥ ­¥ ¢¥à­®.
� ¯à¨¬¥à, ¤®áâ â®ç­® à áá¬®âà¥âì (n; q)-ä®à¬ë, ª®â®àë¥ ï¢«ïîâáï ¯«îà¨£ à¬®­¨ç¥áª¨¬¨, ­®
­¥ ®¡ï§ ­ë ¯à¨­ ¤«¥¦ âì ª« ááã G(�p;q;
). �¤­ ª® ª« áá Ph0(�p;q;
) ä®à¬ á® á¢®©áâ¢®¬

X
M[l=S

@2uL;M
@zk@zl

�(M; l) = 0 8jSj = q + 1; jLj = p; k = 1; 2; : : : ; n; (7)

ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ G(�p;q;
) ¤«ï «î¡ëå p = 0; 1; 2; : : : ; n, q = 0; 1; 2; : : : ; n,   ¤«ï p=0 ®­
á®¤¥à¦¨â ¯à®áâà ­áâ¢® Ph(�p;q;
), ¯à¨ p = q = 0 á®¢¯ ¤ ¥â á ¯«îà¨£ à¬®­¨ç¥áª¨¬¨ äã­ªæ¨ï-
¬¨.

� ¬¥â¨¬, çâ® ¥á«¨ @u = 0, â®

X0

L

X0

jSj=q+1

X
M[l=S

@uL;M
@zl

�(M; l)�(S)dzS ^ dzL = 0;

â. ¥. X
M[l=S

@uL;M
@zl

�(M; l) = 0 8jSj = q + 1; jLj = p:

�«¥¤®¢ â¥«ì­®, @-§ ¬ª­ãâë¥ ä®à¬ë á ª®íää¨æ¨¥­â ¬¨ ª« áá  C2 ¯à¨­ ¤«¥¦ â ª« ááã ä®à¬,
ã¤®¢«¥â¢®àïîé¨å à ¢¥­áâ¢ã (7).

�à¨ p = q = 0 Ph(�p;q ;
) � Harm(�p;q;
) = G(�p;q;
). �«ï ª ¦¤®£® r, 0 � r � m,
Gr(�p;q;
) = G(�p;q;
) \ Cr(�p;q;
), Phr(�p;q;
) = Ph(�p;q;
) \ Cr(�p;q;
), Zr(�p;q;
) =
Z(�p;q;
) \ Cr(�p;q;
). � ª¦¥ ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï Gf (�p;q;
) : H 2 G(�p;q;
) ¨ H ª®­¥ç­®£®
¯®àï¤ª  à®áâ  ¢¡«¨§¨ @
, Phf (�p;q;
) : H 2 Ph(�p;q;
) ¨ H ª®­¥ç­®£® ¯®àï¤ª  à®áâ  ¢¡«¨§¨
@
. �¨ää¥à¥­æ¨ «ì­ ï ä®à¬  f ï¢«ï¥âáï ä®à¬®© ª®­¥ç­®£® ¯®àï¤ª  à®áâ  ¢¡«¨§¨ �, ¥á«¨ ¤«ï
«î¡®£® è à  B(z0; r) á æ¥­âà®¬ ¢ â®çª¥ z0 2 � = fz : %(z) = 0g à ¤¨ãá  r áãé¥áâ¢ãîâ ª®­áâ ­âë
c > 0, m > 0, ¤«ï ª®â®àëå

jf(z)j =
X0

jLj=p;
jMj=q

jfL;M(z)j � cj%j�m(z); z 2 
 \B(z0; r):

�à¥¤«®¦¥­¨¥ 1. �á«¨ ¢­¥è­ïï ¤¨ää¥à¥­æ¨ «ì­ ï ä®à¬  f = u + iv á ª®íää¨æ¨¥­â ¬¨

ª« áá  C2(
) @-§ ¬ª­ãâ  ¢ 
, â® Re f = (f+f)=2 = u ¨ Im f = (f�f)=2i = v ¯«îà¨£ à¬®­¨ç­ë
¢ 
.

�®ª § â¥«ìáâ¢®. �¬¥¥¬ @@u = @@
�
f+f
2

�
= @@f�@@f

2
= 0 ¢ 
. � ª ª ª ¢¬¥áâ¥ á f ä®à¬ 

�if 2 Z(�p;q;
) ¨ Im f = Re(�if), â® â¥®à¥¬  á¯à ¢¥¤«¨¢  ¨ ¤«ï ¬­¨¬®© ç áâ¨.

�à¨¢¥¤¥¬ ¢ á«ãç ¥ 0 � p � n  ­ «®£ ä®à¬ã«ë �à¨­  ­  ®á­®¢¥ ï¤à  �®¯¯¥«ì¬ ­ {�®å­¥à {
� àâ¨­¥««¨ (  ­¥ ¬­®£®¬¥à­®£® «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â ) ¤«ï ª®£®¬®«®£¨© �®«ì¡®.
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�¥®à¥¬  1. �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C
n á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥© ¨ ä®à¬ 


 2 C2(�p;q;
), â®£¤ Z
@


(�) ^ Up;q(� � z) +

Z


g(� � z)@�@
(�) ^ {p;q(�; z)�

�

Z
@


g(� � z) � @
(�) ^ �p;q(�; z)� @

Z




(�) ^ Up;q�1(� � z) = �

(z): (8)

(�­â¥£à «ë ¯® ®¡« áâ¨ 
 áå®¤ïâáï  ¡á®«îâ­®.) �¤¥áì Up;q(� � z) | ï¤à® �®¯¯¥«ì¬ ­ {

�®å­¥à {� àâ¨­¥««¨ (­ ¯à., [6], á. 11), g(�) =

(
� (n�2)!

(2�i)n
j�j2�2n; ¥á«¨ n > 1;

(2�i)�1 ln j�j; ¥á«¨ n = 1;
| äã­¤ ¬¥­â «ì-

­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï � ¯« á , �
 | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¡« áâ¨ 
,

{p;q(�; z) = �
1
2

X0

jRj=p
jSj=q

�(R)�(S)(�1)n(n�q)d�[R] ^ d�[S]dzS ^ dzR;

�p;q(�; z) =
X0

jJj=q
jSj=p

2n�p�q�1ind�J ^ d�SdzJ ^ dzS;

¨ {p;q = ���p;q.

�®ª § â¥«ìáâ¢®. � á¨«ã  ¤¤¨â¨¢­®áâ¨ ®¯¥à â®à®¢ ä®à¬ã«ã (8) ¤®áâ â®ç­® ¤®ª § âì ¤«ï
ä®à¬ â¨¯ 

f(z)dzM ^ dzL; M = (m1; : : : ;mq); L = (l1; : : : ; lp); (9)

£¤¥ f 2 C2(
). �¬¥¥¬

� @
(�) ^ �p;q(�; z) =
X0

M[k=J[l

@f

@�k
�(J; l)�(M;k)(�1)l�1(�1)nd� ^ d�[l]dzJ ^ dzL =

= �@(f d�M) ^ �0;q(�; z) ^ dzL = (�1)q+1@(fd�M ) ^W0;q(�; z) ^ dzL; (10)

 

@�@
(�) ^ {p;q(�; z) =
X0

M[k=J[l

@2f

@�l@�k
�(J; l)�(M;k)d� ^ d� dzJ ^ dzL =

= @�@(fd�M) ^ {0;q(�; z) ^ dzL = (�1)q+1@@(f d�M ) ^W0;q(�; z) ^ dzL; (11)

£¤¥ W0;q(�; z) = (�1)n+q�1
P0

jJj=q

nP
l=1
l=2J

(�1)l�1�(J; l)d� [J; l] ^ d�[l]dzJ .

� ([6], á. 19) ¤®ª § ­  á¯à ¢¥¤«¨¢®áâì à ¢¥­áâ¢ 


(�) ^ Up;q(� � z) = f(�) d�M ^ U0;q(� � z) ^ dzL: (12)

�®íâ®¬ã ä®à¬ã«ã (8) ¤®áâ â®ç­® ¤®ª § âì ¤«ï p = 0. � íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®Z
@



(�) ^ U0;q(� � z) +
Z



g(� � z)(�1)q+1@@
(�) ^W0;q(�; z)�

�

Z
@

g(� � z)(�1)q+1@
(�) ^W0;q(�; z)� @

Z



(�) ^ U0;q�1(� � z) = �

(z)

(á¬. ¤®ª § â¥«ìáâ¢® ¢ [7], â¥®à¥¬  1).
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�«¥¤áâ¢¨¥ 1. �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C
n á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥©, ä®à¬ 


 2 G(�p;q ;
) ¨ 
 2 C1(�p;q;
), â®£¤ Z
@



(�) ^ Up;q(� � z)�
Z
@


g(� � z) � @
(�) ^ �p;q(�; z)� @

Z




(�) ^ Up;q�1(� � z) = �

(z):(13)

�®à¬ã«  (13) ¡ë«  ¯à¨¢¥¤¥­  ¯à¨ p = q = 0 �®å­¥à®¬ [8] ¯à¨ ¢ë¢®¤¥ ¨­â¥£à «ì­®£® ¯à¥¤-
áâ ¢«¥­¨ï �®å­¥à {� àâ¨­¥««¨.

�à¨¢¥¤¥¬ ¢ á«ãç ¥ 0 � p � n  ­ «®£ ä®à¬ã«ë �à¨­  ­  ®á­®¢¥ ï¤à  ¬­®£®¬¥à­®£® «®£ à¨ä-
¬¨ç¥áª®£® ¢ëç¥â  ¤«ï ª®£®¬®«®£¨© �®«ì¡®.

�¡®§­ ç¨¬ ç¥à¥§ E
 à §­®áâì ¯® �¨­ª®¢áª®¬ã f� � z : �; z 2 
g. �ãáâì U | ®¡« áâì £®«®-
¬®àä­®áâ¨, E
 � U . � áá¬®âà¨¬ £®«®¬®àä­®¥ ®â®¡à ¦¥­¨¥

 (w) = ( 1(w); : : : ;  n(w)) : U ! C
n ;

¨¬¥îé¥¥ ¢ U ¥¤¨­áâ¢¥­­ë© ­ã«ì w = 0 ªà â­®áâ¨ �, â. ¥.  (0) = 0 ¨  (w) 6= 0 ¯à¨ w 6= 0.

�¥®à¥¬  2. �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C
n á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥© ¨ ä®à¬ 


 2 C2(�p;q;
), â®£¤ Z
@



(�) ^ Up;q( (� � z)) +
Z



g( (� � z))@�� p;q;
(�; z)�

�

Z
@


g( (� � z))� p;q;
(�; z)� @

Z




(�) ^ Up;q�1( (� � z)) = ��

(z): (14)

(�­â¥£à «ë ¯® ®¡« áâ¨ 
 áå®¤ïâáï  ¡á®«îâ­®.) �¤¥áì Up;q( (� � z)) | ï¤à® ¬­®£®¬¥à­®£®

«®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â  [7],   g(�) | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï � ¯« á , �
 |

å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¡« áâ¨ 
,

� p;q;
(�; z) =
X0

jLj=p

X0

M[k=J[l

nX
r=1

nX
m=1

@
L;M

@�k
Arm(� � z)Alm(� � z)�(J; l) �

� �(M;k)(�1)r�1(�1)nd� ^ d�[r]dzJ ^ dzL;

£¤¥ Ajm |  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«­¥­¨ï ª í«¥¬¥­â ¬ ¬ âà¨æë �ª®¡¨


@ m
@�j



n
m;j=1

.

�®ª § â¥«ìáâ¢®. � á¨«ã  ¤¤¨â¨¢­®áâ¨ ®¯¥à â®à®¢ ä®à¬ã«ã (14) ¤®áâ â®ç­® ¤®ª § âì ¤«ï
ä®à¬ ¢¨¤  (9). �¬¥¥¬

� p;q;
(�; z) = � 
0;q;f d�M

(�; z) ^ dzL; (15)

 

@��
 
p;q;
(�; z) =

X0

M[k=J[l

nX
r=1

nX
m=1

@2f

@�r@�k
Arm(� � z)Alm(� � z)�(J; l)�(M;k)d� ^ d� dzJ ^ dzL =

= @��
 

0;q;f d�M
(�; z) ^ dzL = (�1)q+1@@(f d�M ) ^W

 
0;q(�; z) ^ dzL; (16)

£¤¥

W 
0;q(�; z) = (�1)n+q�1

X0

jJj=q

nX
l=1
l=2J

nX
j=1

nX
m=1

(�1)j�1�(J; l)Ajm(� � z)Alm(� � z)d�[J; l] ^ d�[j] dzJ :

� ([7], «¥¬¬  5) ¤®ª § ­® à ¢¥­áâ¢®


(�) ^ Up;q( (� � z)) = f(�) d�M ^ U0;q( (� � z)) ^ dzL: (17)
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�®íâ®¬ã ä®à¬ã«ã (14) ¤®áâ â®ç­® ¤®ª § âì ¤«ï p = 0. � íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢® ¨­â¥£à «ì­®¥
¯à¥¤áâ ¢«¥­¨¥Z

@


(�) ^ U0;q( (� � z)) +

Z


g( (� � z))(�1)q+1@@
(�) ^W 

0;q(�; z)�

�

Z
@


g( (� � z))� 0;q;
(�; z)� @

Z




(�) ^ U0;q�1( (� � z)) = ��

(z)

(á¬. ¤®ª § â¥«ìáâ¢® ¢ [7], â¥®à¥¬  2).

�«¥¤áâ¢¨¥ 2. �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C n á ªãá®ç­®-£« ¤ª®© £à ­¨æ¥©, ä®à¬  

¯à¨­ ¤«¥¦¨â ª« ááã ä®à¬ á® á¢®©áâ¢®¬ (7) ¨ 
 2 C1(�p;q;
), â®£¤ Z

@


(�) ^ Up;q( (� � z))�

Z
@

g( (� � z))� p;q;
(�; z)� @

Z



(�) ^ Up;q�1( (� � z)) = ��

(z):

(18)

�ãáâì 
| ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C n , � = fz : %(z) = 0g. �¡®§­ ç¨¬ 
� = fz 2 
 : %(z) < 0g,

+ = 
 n f
� [ �g. �¨¯¥à¯®¢¥àå­®áâì � 2 C1, â. ¥. % 2 C1(
) ¨ d% 6= 0 ­  �, % | ¢¥é¥áâ¢¥­­ ï
äã­ªæ¨ï.

�à¥¤«®¦¥­¨¥ 2. �ãáâì f 2 Harmf (�p;q;
+), â®£¤  ®¯à¥¤¥«¥­ë ª á â¥«ì­ ï ç áâì f� ­ 

� ä®à¬ë f ¨ ­®à¬ «ì­ ï ç áâì (@f)n | ­  �.

�®áª®«ìªã ¤«ï ª®íää¨æ¨¥­â®¢ ¤¨ää¥à¥­æ¨ «ì­®© ä®à¬ë f 2 Harmf (�p;q), áãé¥áâ¢ãîâ
£à ­¨ç­ë¥ §­ ç¥­¨ï ¨ ¯à¨ ¤¨ää¥à¥­æ¨à®¢ ­¨¨ £ à¬®­¨ç¥áª¨å äã­ªæ¨© á®åà ­ï¥âáï á¢®©áâ¢®
ª®­¥ç­®£® ¯®àï¤ª  à®áâ , â® ¯à¥¤«®¦¥­¨¥ 2 á«¥¤ã¥â ¨§ [9].

�ãáâì â¥¯¥àì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ C n á £« ¤ª®© £à ­¨æ¥©, � = @
, � = fz : %(z) = 0g.
�¡®§­ ç¨¬ 
� = C n n f
 [ �g ¨ áç¨â ¥¬ 
 = 
+.

�®£« á­® ¯à¥¤«®¦¥­¨î 2 ¯à¨¬¥­¥­¨¥¬ à ¢¥­áâ¢  (13) ª ®¡« áâ¨ 
" = fz 2 C n : %(z) > "g,
¯¥à¥å®¤®¬ ª ¯à¥¤¥«ã ¯à¨ "! +0 ¯®«ãç¨¬

lim
"!+0

Z
@
"

f(�) ^ Up;q(� � z)� lim
"!+0

Z
@
"

g(� � z) � @f(�) ^ �p;q(�; z)�

� lim
"!+0

@

Z

"

f(�) ^ Up;q�1(� � z) = �
f(z); (19)

¥á«¨ f ã¤®¢«¥â¢®àï¥â ãá«®¢¨î @�@f = 0 ¢ 
, ¨¬¥¥â ª®­¥ç­ë© ¯®àï¤®ª à®áâ  ¢¡«¨§¨ @
 ¨ £ à-
¬®­¨ç¥áª¨¥ ª®íää¨æ¨¥­âë ¢ 
.

�¢¥¤¥¬ ¤¨ää¥à¥­æ¨ «ì­ãî ä®à¬ã Vp;q+1(�; z), ¯®« £ ï

Vp;q+1(�; z) =
(�1)p(n�q�1)

2

X0

jIj=p

X0

G[k=J

�(I)�(J)g(�; z)d� [J ] ^ d�[I]dzJ ^ dzI :

�¥¬¬ . �¬¥¥â ¬¥áâ® à ¢¥­áâ¢® @�zVp;q+1(�; z) = Up;q(��z), £¤¥ Up;q(��z) | ï¤à® �®¯¯¥«ì-

¬ ­ {�®å­¥à {� àâ¨­¥««¨.

�¥¬¬  ¤«ï á«ãç ï p = 0 ¤®ª § ­  ¢ [10].
� ¬¥â¨¬, çâ® ¯®áª®«ìªã ï¤à® �®¯¯¥«ì¬ ­ {�®å­¥à {� àâ¨­¥««¨ ¨¬¥¥â £ à¬®­¨ç¥áª¨¥ ª®-

íää¨æ¨¥­âë, â® ¨§ «¥¬¬ë á«¥¤ã¥â

0 = �Up;q = @�@Up;q + @ @�Up;q = @�@Up;q + @ @�@�Vp;q+1 = @�@Up;q;

â. ¥. @�@Up;q = 0, ª ª ®â¬¥ç «®áì ¢ [1]. �âáî¤  â ª¦¥ á«¥¤ã¥â, çâ® @ @�Up;q = 0.
�ãáâì Mp;qF | ®¯¥à â®à �®¯¯¥«ì¬ ­ , â. ¥. (Mp;qF )(z) =

R
@


F (�)^Up;q(��z), z =2 @
 (n > 1).

�ã¤¥¬ ¯¨á âì M+
p;qF ¨«¨ M�

p;qF , ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, à áá¬ âà¨¢ ¥âáï «¨ ®¯¥à â®à Mp;qF ¢ 

¨«¨ ¢­¥ 
.
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�¥®à¥¬  3. �ãáâì F ã¤®¢«¥â¢®àï¥â ãá«®¢¨î @�@F = 0 ¢ 
, F 2 C1(�p;q;
) (ä®à¬  á

£ à¬®­¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨, ¨¬¥îé ï ª®­¥ç­ë© ¯®àï¤®ª à®áâ  ¯à¨ ¯®¤å®¤¥ ª @
) ¨ @

ªãá®ç­®-£« ¤ª ï (ª« áá  C1). �«ï â®£® çâ®¡ë (@F )n = 0 ­  @
, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë

M+
p;qF � @

Z


F (�) ^ Up;q�1(� � z) = F (z) (20)

¢ 
 (â. ¥. F ¯à¥¤áâ ¢«ï« áì ¨­â¥£à «®¬ �®¯¯¥«ì¬ ­  á â®ç­®áâìî ¤® @-â®ç­®£® á« £ ¥¬®£®).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  F 2 C1(�p;q ;
) ¨ @
 ªãá®ç­®-£« ¤ª ï.
�®£¤  ¢ë¯®«­ï¥âáï  ­ «®£ ä®à¬ã«ë �à¨­  ¤«ï ä®à¬ á £« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ (13).

�á«¨ (@F )n = 0, â® ¨§ (13) á«¥¤ã¥â, çâ® ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (20). �á«¨ ¢ë¯®«­ï¥âáï
à ¢¥­áâ¢® (20), â® ¨§ ä®à¬ã«ë (13) ¯®«ãç ¥¬Z

@


g(� � z) � @F ^ �p;q(�; z) = 0;

ª®£¤  z 2 
. �® â¥®à¥¬¥ �©§¥­¡¥à£ {� ãâ®¢  ([1], á. 34)

0 =
�
M�
p;qF � @

Z



F (�) ^ Up;q�1(� � z)
�
�

=
�Z

@


g(� � z) � @F ^ �p;q(�; z)
�
�

=

= lim
"!+0

Z
(@


�")z

Z
@
�

g(� � z) � @F ^ �p;q(�; z) ^ �(z) = lim
"!+0

Z
@
�

�@F u(�)
Z
(@


�")z

�p;q(�; z) ^ �(z);

£¤¥ (�)� | ª á â¥«ì­ ï ç áâì ä®à¬ë � ­  @
, � 2 C(�n�p;n�q�1; C n). �¤¥áì ¯à¨¬¥­ï« áì â¥®à¥¬ 
�¥«¤ëè {� ¢à¥­âì¥¢  (­ ¯à., [11], á. 418) ® ¯«®â­®áâ¨ ¤à®¡¥© ¢¨¤  g(��z) ¢ ¯à®áâà ­áâ¢¥ äã­ª-
æ¨© C(K) (�2n(K) = 0). �­â¥£à «ë ¬®¦­® ¬¥­ïâì ¬¥áâ ¬¨, â. ª. ¯®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï
­¥¯à¥àë¢­ë ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå. �âáî¤  ¯®«ãç ¥¬ (@F )n = 0 ­  @
.

�ãáâì â¥¯¥àì F | ä®à¬  á £ à¬®­¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î
@�@F = 0 ¢ 
 ¨ ¨¬¥îé ï ª®­¥ç­ë© ¯®àï¤®ª à®áâ  ¯à¨ ¯®¤å®¤¥ ª @
. �®£¤  ¤«ï ­¥¥ ¡ã¤¥â
á¯à ¢¥¤«¨¢  ä®à¬ã« 

hF;Up;q(� � z)i � lim
"!+0

Z
@
"

g(� � z) � @F (�) ^ �p;q(�; z)�

� lim
"!+0

@

Z

"

F (�) ^ Up;q�1(� � z) = �
F (z); (21)

£¤¥ hF;Up;q(� � z)i = lim
"!+0

R
@
"

F (�) ^ Up;q(� � z).

�á«¨ (@F )n = 0 ­  @
, â®

hF;Up;q(� � z)i � lim
"!+0

@

Z

"

F (�) ^ Up;q�1(� � z) = F (z) (22)

¢ 
. �á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (22), â®

h�@F; g(� � z)�p;q(�; z)i = lim
"!+0

Z
@
"

g(� � z) � @F (�) ^ �p;q(�; z) = 0

¤«ï z 2 
. �«¥¤®¢ â¥«ì­®,

0 =
�
hF;Up;q(� � z)i � lim

"!+0
@

Z

"

F (�) ^ Up;q�1(� � z)
�
�

= (h�@F; g(� � z)�p;q(�; z)i)� =

= lim
�!+0

Z
(@


��)z

h�@F; g(� � z)�p;q(�; z)i ^ �(z) = lim
�!+0

D
� @F; u(�)

Z
(@


��)z

�p;q(�; z) ^ �(z)
E
;
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� 2 C1(�n�p;n�q�1; C n), â. ª. ¯® «¥¬¬¥ 14.2 ¨§ ([1], á. 158) «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ¤à®¡¥© g(� � z)
¯«®â­ë ¢ C1(@
), ¨­â¥£à «ë ¬®¦­® ¬¥­ïâì ¬¥áâ ¬¨. �®áª®«ìªã ¯®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï
­¥¯à¥àë¢­ë ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå, â® (@F )n = 0 ­  @
.

�ãáâì Lp;qF | ®¯¥à â®à �®¯¯¥«ì¬ ­  á ï¤à®¬ «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â , â. ¥. (Lp;qF )(z) =R
@


F (�) ^ Up;q( (� � z)), z =2 @
 (n > 1). �ã¤¥¬ ¯¨á âì L+
p;qF ¨«¨ L�p;qF ¢ § ¢¨á¨¬®áâ¨ ®â â®£®,

à áá¬ âà¨¢ ¥âáï «¨ ®¯¥à â®à Lp;qF ¢ 
 ¨«¨ ¢­¥ 
.

�¥®à¥¬  4. �ãáâì F ¯à¨­ ¤«¥¦¨â ª« ááã ä®à¬ á® á¢®©áâ¢®¬ (7) ¢ 
, F 2 C1(�p;q;
)
(ä®à¬  á £ à¬®­¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨, ¨¬¥îé ï ª®­¥ç­ë© ¯®àï¤®ª à®áâ  ¯à¨ ¯®¤å®¤¥

ª @
) ¨ @
 ªãá®ç­®-£« ¤ª ï (ª« áá  C1). �«ï â®£® çâ®¡ë (@F )n = 0 ­  @
, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë

L+
p;qF � @

Z



F (�) ^ Up;q�1( (� � z)) = �F (z) (23)

¢ 
 (â. ¥. F ¯à¥¤áâ ¢«ï« áì ¨­â¥£à «®¬ �®¯¯¥«ì¬ ­  ­  ®á­®¢¥ «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â  á

â®ç­®áâìî ¤® @-â®ç­®£® á« £ ¥¬®£®).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  F 2 C1(�p;q ;
) ¨ @
 ªãá®ç­®-£« ¤ª ï.
�®£¤  ¢ë¯®«­ï¥âáï  ­ «®£ ä®à¬ã«ë �à¨­  ­  ®á­®¢¥ ï¤à  ¬­®£®¬¥à­®£® «®£ à¨ä¬¨ç¥áª®£® ¢ë-
ç¥â  ¤«ï ä®à¬ á £« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ (18). �á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 7.1 ¨§ [12] ® ¯«®â­®áâ¨
¤à®¡¥© ¢¨¤ 

nX
m=1

g( (� � zs))Arm(� � zs)Akm(� � zs); r; k = 1; 2; : : : ; n; zs =2 @
; (24)

¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨© C(@
), ¯®«ãç ¥¬

� p;q;F (�; z)j@
g( (� � z)) = �@F ^ �p;q(�; z)j@
u(�) (25)

¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ u 2 C(@
).
�á«¨ (@F )n = 0 ­  @
, â® ¨§ (18), (25) á«¥¤ã¥â (23). �á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (23), â®R

@


g( (� � z))� p;q;F (�; z) = 0 ¤«ï z 2 
. �® â¥®à¥¬¥ 5 ¨§ [7], ¨á¯®«ì§ãï à ¢¥­áâ¢® (25), ¯®«ãç¨¬

0 =
�
L�p;qF � @

Z


F (�) ^ Up;q�1( (� � z))

�
�

=
�Z

@

g( (� � z))� p;q;F (�; z)

�
�

=

= lim
"!+0

Z
(@


�")z

Z
@
�

g( (� � z))� p;q;F (�; z) ^ �(z) =

= lim
"!+0

Z
(@


�")z

Z
@
�

u(�) � @F ^ �p;q(�; z) ^ �(z) = lim
"!+0

Z
@
�

�@F u(�)
Z
(@


�")z

�p;q(�; z) ^ �(z):

�­â¥£à «ë ¬®¦­® ¬¥­ïâì ¬¥áâ ¬¨, ¯®áª®«ìªã ¯®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ­¥¯à¥àë¢­ë ¯® á®-
¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå. �«¥¤®¢ â¥«ì­®, (@F )n = 0 ­  @
.

�ãáâì â¥¯¥àì F |ä®à¬  á £ à¬®­¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨, ¯à¨­ ¤«¥¦ é ï ª« ááã ä®à¬,
ã¤®¢«¥â¢®àïîé¨å à ¢¥­áâ¢ã (7) ¢ 
, ¨¬¥îé ï ª®­¥ç­ë© ¯®àï¤®ª à®áâ  ¯à¨ ¯®¤å®¤¥ ª @
. �á-
¯®«ì§ãï  ­ «®£ ä®à¬ã«ë �à¨­  ­  ®á­®¢¥ «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â , ¯®«ãç ¥¬ë© ¨§ ä®à¬ã«ë
(18) ¤«ï ®¡« áâ¥© 
" ¯à¨¬¥­¥­¨¥¬ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤ , ä®à¬ã«ã (25) ¨ ¯à¥¤«®¦¥­¨¥ 2, ¨¬¥¥¬

hF;Up;q( (� � z))i � lim
"!+0

Z
@
"

g( (� � z))� p;q;F (�; z)�

� lim
"!+0

@

Z

"

F (�) ^ Up;q�1( (� � z)) =

(
�F (z); ¥á«¨ z 2 
;
0; ¥á«¨ z =2 
;

(26)
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£¤¥

hF;Up;q( (� � z))i = lim
"!+0

Z
@
"

F (�) ^ Up;q( (� � z)):

�á«¨ (@F )n = 0 ­  @
, â® ¨§ (25) ïá­®, çâ®

hF;Up;q( (� � z))i � lim
"!+0

@

Z

"

F (�) ^ Up;q�1( (� � z)) = �F (z) (27)

¢ 
. �á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (27), â®

lim
"!+0

Z
@
"

g( (� � z))� p;q;F (�; z) = 0

¤«ï z 2 
. �«¥¤®¢ â¥«ì­®, ¨á¯®«ì§ãï à ¢¥­áâ¢® (25) ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ C1(@
"), ¯®-
«ãç¨¬

0 =
�
hF;Up;q( (��z))i� lim

"!+0
@

Z

"

F (�)^Up;q�1( (��z))
�
�

=
�
lim
"!+0

Z
@
"

g( (��z))� p;q;F (�; z)
�
�

=

= lim
�!+0

Z
(@


��)z

lim
"!+0

Z
(@
")�

g( (� � z))� p;q;F (�; z) ^ �(z) =

= lim
�!+0

Z
(@


��)z

lim
"!+0

Z
(@
")�

u(�) � @F ^ �p;q(�; z) ^ �(z) =

= lim
�!+0

lim
"!+0

Z
(@
")�

�@F u(�)
Z
(@


��)z

�p;q(�; z) ^ �(z):

�­â¥£à «ë ¬®¦­® ¬¥­ïâì ¬¥áâ ¬¨, ¯®áª®«ìªã ¯®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ­¥¯à¥àë¢­ë ¯® á®-
¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå. �âáî¤  ¨¬¥¥¬ (@F )n = 0 ­  @
.

�¥®à¥¬  5. �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì á ªãá®ç­®-£« ¤ª®© (á®®â¢¥âáâ¢¥­­® ª« áá 
C2) £à ­¨æ¥© @
 ¨ F 2 C1(�p;q;
) (á®®â¢¥âáâ¢¥­­® C(�p;q;
)). �«ï â®£® çâ®¡ë F 2 Z(�p;q;
),
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ (20) ¢ 
.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï �®¯¯¥«ì¬ ­ .

�®áâ â®ç­®áâì. �á«¨ F (z) =M+
p;qF � @

R



F (�)^Up;q�1(� � z) ¢ 
, â® @�@F (z) = @�@M+
p;qF =R

@


F (�) ^ @�z@zUp;q(� � z) = 0 ¢ 
. �§ â¥®à¥¬ë 3 ¯®«ãç ¥¬ (@F )n = 0 ­  @
. �®£¤ 

0 =
Z
@


F ^ �@F =
Z



@F ^ �@F + (�1)p+q
Z



F ^ @ � @F =

= k@F k2 + (�1)p+q
Z



F ^ @ � @F = k@Fk2 (28)

�
á®®â¢¥âáâ¢¥­­®

0 = hF ; �@F i = lim
"!+0

Z
@
"

F ^ �@F = lim
"!+0

Z

"

@F ^ �@F
�
; (29)

¯®áª®«ìªã �@�@F = �@�@F = 0.
�«¥¤®¢ â¥«ì­®, ¨§ à ¢¥­áâ¢  (28) (á®®â¢¥âáâ¢¥­­® (29)) ¢ëâ¥ª ¥â k@Fk = 0, â. ¥. @F = 0

¢ 
.

�â  â¥®à¥¬  ¤«ï äã­ªæ¨© F 2 C1(D) ¯à¨¢¥¤¥­  ¢ [13], à á¯à®áâà ­¥­  ­  äã­ªæ¨¨ ª« áá 
C1 ¢ [14], ­  ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë á ª®íää¨æ¨¥­â ¬¨ ª« áá  C2, C1;� ¢ ([1], á. 164; [2]).
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�¥®à¥¬  6. �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì á ªãá®ç­®-£« ¤ª®© (á®®â¢¥âáâ¢¥­­® ª« áá 
C2) £à ­¨æ¥© @
 ¨ F 2 C1(�p;q;
) (á®®â¢¥âáâ¢¥­­® C(�p;q;
)). �«ï â®£® çâ®¡ë F 2 Z(�p;q;
),
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢® (23) ¢ 
 ¨ F ¯à¨­ ¤«¥¦ «  ª« ááã

ä®à¬, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (7).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï �®¯¯¥«ì¬ ­ 
­  ®á­®¢¥ «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â  ¨ â®£®, çâ® @-§ ¬ª­ãâë¥ ä®à¬ë ¯à¨­ ¤«¥¦ â ª« ááã ä®à¬,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (7).

�®áâ â®ç­®áâì. �§ â¥®à¥¬ë 4 ¯®«ãç ¥¬ (@F )n = 0 ­  @
. �®£¤  ¨§ â¥®à¥¬ 3 ¨ 5 á«¥¤ã¥â,
çâ® ä®à¬  F ï¢«ï¥âáï @-§ ¬ª­ãâ®© ¢ 
.

� ¬¥â¨¬, çâ® ¢ íâ¨å ãâ¢¥à¦¤¥­¨ïå ­¥ ¯à¥¤¯®« £ ¥âáï á¢ï§­®áâ¨ £à ­¨æë ®¡« áâ¨ 
.
�ã¤¥¬ ®¡®§­ ç âì ¯®¤¯à®áâà ­áâ¢® G1(�p;q;
) ç¥à¥§

G1
0(�

p;q;
) = fH 2 G1(�p;q;
) : Im(@H)n = 0 ­  @
g:

�ãáâì Ph10(�
p;q ;
) = fH 2 Ph1(�p;q;
) : Im(@H)n = 0 ­  @
g, Ph0

1

0(�
p;q;
) = fH 2 Ph0

1
(�p;q;
) :

Im(@H)n = 0 ­  @
g.
�¢¥¤¥¬ ¯®¤¯à®áâà ­áâ¢  Gf0 (�

p;q;
) = fH 2 Gf (�p;q;
) : Im(@H)n = 0 ­  @
g, Phf0(�
p;q;
) =

fH 2 Phf (�p;q;
) : Im(@H)n = 0 ­  @
g, Ph0
f

0(�
p;q;
) = fH 2 Ph0

f
(�p;q;
) : Im(@H)n = 0 ­  @
g.

� ¤¨¬ ®¯¨á ­¨¥ ¯à®áâà ­áâ¢  ä®à¬ ¨§ G1
0(�

p;q;
) ¢ â¥à¬¨­ å ¯à¥®¡à §®¢ ­¨ï �®¯¯¥«ì¬ ­ .

�à¥¤«®¦¥­¨¥ 3. �ãáâì p 6= q + 1,   @
 | ªãá®ç­®-£« ¤ª ï £à ­¨æ . �®£¤  ä®à¬  F 2
G1(�p;q;
) ¯à¨­ ¤«¥¦¨â F 2 G1

0(�
p;q;
) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

ImMp;qF � Im @

Z



F (�) ^ Up;q�1(� � z) = ImF (z) (30)

¢ 
.

�®ª § â¥«ìáâ¢®. �¤ ¯â¨àã¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �ãáâì J 6= L. �¬¥¥¬ Im(�@F ^
�p;q(�; z)j@
g(� � z)) = 0, ¥á«¨

X0

M[k=J[l

@FL;M

@�k
�(M;k)�(J; l)�l = 0 8jLj = p; jJ j = q; (31)

£¤¥ %k =
@%
@�k
=jgrad %j (§¤¥áì ¨á¯®«ì§®¢ ­  «¥¬¬  3.5 ¨§ [1], á. 30). �ãáâì J = L. �¬¥¥¬ Im(�@F ^

�p;q(�; z)j@
g(�; z)) = 0, ¥á«¨

X0

M[k=L[l

�
@FL;M

@�k
�l � (�1)p

@FL;M

@�k
�l

�
�(M;k)�(L; l) = 0 8jLj = p: (32)

�ãáâì q 6= p ¨ p 6= q + 1. � áá¬®âà¨¬

�@F ^
�+ �

2

���
@


= �@F ^
�

2

���
@


= 2p+q�1
X0

jLj=p

X0

M[k=J[l

@FL;M

@�k
�(M;k)�(J; l)�ld��L;J = 0: (33)

�«¥¤®¢ â¥«ì­®, Im(@F )n = 0 ­  @
, ¥á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (31). �á«¨ p = q, â®

�@F ^
�+ �

2

���
@


= �
X0

jLj=p; jMj=p

nX
k=1k=2M

@FL;M

@�k
d�L ^ d�k ^ d�M ^

^
1
2

� X0

jIj=p;jJj=p

�I;Jd�J ^ d�I +
X0

jIj=p;jJj=p

�I;Jd�J ^ d�I)j@
 =

=
X0

L

X0

M[k=I[l

@FL;M

@�k
(�1)p22p�1�(M;k)�(I; l)%ld��I;L +
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+
X0

L

X0

M[k=J[l

@FL;M

@�k
22p�1�(M;k)�(J; l)%ld��L;J = 0; (34)

¥á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (31).
�«¥¤®¢ â¥«ì­®, Im(@F )n = 0 ­  @
 ¯à¨ J 6= L, ¥á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (31); ¯à¨ J = L

Im(@F )n = 0 ­  @
, ¥á«¨ ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (32). �á«¨ p = q + 1, â®

�@F ^
�+ �

2

���
@


=
X0

J[l=L

X0

M[k=I

@FL;M

@�k
(�1)q+122q�(M;k)�(L)�(I)�(J; l)%ld��I;J +

+
X0

L

X0

M[k=J[l

@FL;M

@�k
22q�(M;k)�(J; l)%ld��L;J = 0; (35)

¥á«¨

X0

J[l=L

X0

M[k=I

@FL;M

@�k
�(M;k)�(L)�(J; l)%l = 0 8jIj = q + 1; jJ j = q;

X0

M[k=J[l

@FL;M

@�k
�(M;k)�(J; l)%l = 0 8jLj = q + 1; jJ j = q:

(36)

�«¥¤®¢ â¥«ì­®, ¯à¨ I 6= L Im(@F )n = 0, ¥á«¨ ¢ë¯®«­ïîâáï à ¢¥­áâ¢  (36).
�ãáâì I = L. �¬¥¥¬ Im(@F )n = 0, ¥á«¨ ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

X0

J[l=L=M[k

(�1)q+1
@FL;M

@�k
%l�(M;k)�(J; l) �

�
X0

L

X0

M[k=J[l

@FL;M

@�k
%l�(M;k)�(J; l) = 0 8jLj = q + 1; jJ j = q: (37)

�á«¨ Im(@F )n = 0 ­  @
, â® ¨§ (13), (31) ¨ (32) á«¥¤ã¥â, çâ® ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (30). �¡à â­®,
¥á«¨ ¯à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (30), â®

Im
Z
@


g(� � z) � @F ^ �p;q(�; z) = 0

¤«ï z 2 
. �® â¥®à¥¬¥ �©§¥­¡¥à£ {� ãâ®¢  ([1], á. 34)

0 = Im
�
Mp;qF � @

Z


F (�) ^ Up;q�1(� � z)

�
�

= Im
�Z

@

g(� � z) � @F ^ �p;q(�; z)

�
�

=

= Im lim
"!+0

Z
(@


�")z

Z
@
�

g(��z)�@F^�p;q(�; z)^�(z) = Im lim
"!+0

Z
@
�

�@F inu(�)
Z
(@


�")z

�p;q(�; z)^�(z);

£¤¥ � 2 C(�n�p;n�q�1 + �n�q�1;n�p; C n), Im� = 0. �¤¥áì ¡ë«  ¯à¨¬¥­¥­  â¥®à¥¬  �¥«¤ëè {
� ¢à¥­âì¥¢  ([11], á. 418) ® ¯«®â­®áâ¨ ¤à®¡¥© ¢¨¤  g(� � z) ¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨© inu 2 C(K)
(�2n(K) = 0), £¤¥ u| ¤¥©áâ¢¨â¥«ì­®§­ ç­ ï äã­ªæ¨ï. �âáî¤  ¯®«ãç ¥¬ Im(@F )n = 0 ­  @
.

�ãáâì Np;q | ¤¥©áâ¢¨â¥«ì­ë© «¨­¥©­ë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¤«ï F 2 G1(�p;q;
) á®®â-
­®è¥­¨¥¬

Np;q(F ) = Re(F ) + i Im(Mp;qF )� i Im @

Z


F (�) ^ Up;q�1(� � z):
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� ¬¥â¨¬, çâ® ¢¢¨¤ã ¯à¥¤«®¦¥­¨ï 3 G1
0(�

p;q;
) ¥áâì ¬­®¦¥áâ¢® Fix(Np;q) =
�
F 2 G1(�p;q;
) :

Np;q(F ) = F
	
. � ¤¨¬ ®¯¨á ­¨¥ ¯à®áâà ­áâ¢  Gf0 (�

p;q;
) ¢ â¥à¬¨­ å ¯à¥®¡à §®¢ ­¨ï �®¯¯¥«ì-
¬ ­ .

�à¥¤«®¦¥­¨¥ 4. �ãáâì p 6= q+1, @
 2 C1,   F 2 Gf (�p;q ;
)\Harm(�p;q;
). �®£¤  (@F )n
ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­ë¬ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

Im lim
"!+0

Z
@
"

f(�) ^ Up;q(� � z)� Im lim
"!+0

@

Z

"

F ^ Up;q�1(� � z) = ImF (38)

¢ 
.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ Im(@F )n = 0 ­  @
, â®£¤  ¨§ (31), (32) ¨ (21)
á«¥¤ã¥â, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (38).

�®áâ â®ç­®áâì. �ãáâì ¢ë¯®«­¥­® à ¢¥­áâ¢® (38), â®£¤  lim
"!+0

R
@
"

g(��z)�@F (�)^ip;q(�; z) = 0

¤«ï z 2 
. �«¥¤®¢ â¥«ì­®,

0 = Im
�
hF;Up;q(� � z)i � lim

"!+0
@

Z

"

F (�) ^ Up;q�1(� � z)
�
�

= Im(h�@F; g(� � z)�p;q(�; z)i)� =

= Im lim
�!+0

Z
(@


��)z

h�@F; g(� � z)�p;q(�; z)i ^ �(z) = Im lim
�!+0

D
� @F; inu(�)

Z
(@


��)z

�p;q(�; z) ^ �(z)
E
;

â. ª. ¯® «¥¬¬¥ 14.2 ¨§ ([1], á. 158) «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ ¤à®¡¥© g(��z) ¯«®â­ë ¢ C1(@
), ¯®íâ®¬ã
¨¬¥¥¬ Im(@F )n = 0 ­  @
.

� ¬¥ç ­¨¥. �à¥¤«®¦¥­¨¥ 3 (¯à¥¤«®¦¥­¨¥ 4) ¢ á«ãç ¥ £ à¬®­¨ç¥áª¨å äã­ªæ¨© (ª®­¥ç­®£®
¯®àï¤ª  à®áâ ) ¯®«ãç¥­® ¢ [15] ([16]).

�ãáâì Np;q | ¤¥©áâ¢¨â¥«ì­ë© «¨­¥©­ë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¤«ï £ à¬®­¨ç¥áª¨å ä®à¬
F 2 Gf (�p;q;
) á®®â­®è¥­¨¥¬

Np;q(F ) = Re(F ) + i ImhF;Up;q(� � z)i � i Im lim
"!+0

@

Z

"

F (�) ^ Up;q�1(� � z):

�®£« á­® ¯à¥¤«®¦¥­¨î 4 Gf0 (�
p;q;
) \Harm(�p;q;
) ¥áâì ¬­®¦¥áâ¢®

Fix(Np;q) =
�
Gf (�p;q;
) \Harm(�p;q;
) : Np;q(F ) = F

	
:

� ¤¨¬ ®¯¨á ­¨¥ ¯à®áâà ­áâ¢  Ph0
1

0(�
p;q;
) ¢ â¥à¬¨­ å ¯à¥®¡à §®¢ ­¨ï �®¯¯¥«ì¬ ­  ­  ®á­®-

¢¥ «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â .

�à¥¤«®¦¥­¨¥ 5. �ãáâì p 6= q + 1,   @
 | ªãá®ç­®-£« ¤ª ï £à ­¨æ . �®£¤  ä®à¬  F 2

Ph0
1
(�p;q;
) ¯à¨­ ¤«¥¦¨â Ph0

1

0(�
p;q;
) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

ImLp;qF � Im @

Z



F ^ Up;q�1( (� � z)) = � ImF (39)

¢ 
.

�®ª § â¥«ìáâ¢®. �¤ ¯â¨àã¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 7.1 ¨§
[12] ® ¯«®â­®áâ¨ ¤à®¡¥© ¢¨¤  (24) ¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨© C(@
), ¯®«ãç ¥¬

� p;q;F (�; z)j@
g( (� � z)) = �@F ^ �p;q(�; z)j@
inu(�); (40)
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£¤¥ g | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï � ¯« á ,   u 2 C(@
) | ¤¥©áâ¢¨â¥«ì­®§­ ç­ ï
äã­ªæ¨ï.

�á«¨ Im(@F )n = 0, â® ¨§ (18), (40), (31) ¨ (32) á«¥¤ã¥â, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (39). �á«¨
¢ë¯®«­¥­® à ¢¥­áâ¢® (39), â®

Im
Z
@


g( (� � z))� p;q;F (�; z) = 0

¤«ï z 2 
. �® â¥®à¥¬¥ 5 ¨§ [7]

0 = Im
�
Lp;qF � @

Z



F (�) ^ Up;q�1( (� � z))
�
�

= Im
�Z

@


g( (� � z))� p;q;F (�; z)
�
�

=

= Im lim
"!+0

Z
(@


�")z

Z
@
�

g( (� � z))� p;q;F (�; z) ^ �(z) =

= Im lim
"!+0

Z
(@


�")z

Z
@
�

inu(�) � @F ^ �p;q(�; z) ^ �(z) =

= Im lim
"!+0

Z
@
�

�@F inu(�)
Z
(@


�")z

�p;q(�; z) ^ �(z);

¯à¨¬¥­ïï à ¢¥­áâ¢  (40), (31) ¨ (32), ¯®«ãç ¥¬ Im(@F )n = 0 ­  @
.

�ãáâì N 
p;q | ¤¥©áâ¢¨â¥«ì­ë© «¨­¥©­ë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¤«ï F 2 Ph0

1
(�p;q;
) á®-

®â­®è¥­¨¥¬

N 
p;q(F ) = �Re(F ) + i Im(Lp;qF )� i Im @

Z


F (�) ^ Up;q�1( (� � z)):

�¢¨¤ã ¯à¥¤«®¦¥­¨ï 5 Ph0
1

0(�
p;q ;
) ¥áâì ¬­®¦¥áâ¢® Fix(N 

p;q) =
�
F 2 Ph0

1
: N 

p;q(F ) = �F
	
.

� ¤¨¬ ®¯¨á ­¨¥ ¯à®áâà ­áâ¢  Ph0
f

0(�
p;q;
) ¢ â¥à¬¨­ å ¯à¥®¡à §®¢ ­¨ï �®¯¯¥«ì¬ ­  ­ 

®á­®¢¥ «®£ à¨ä¬¨ç¥áª®£® ¢ëç¥â .

�à¥¤«®¦¥­¨¥ 6. �ãáâì p 6= q+1, @
 2 C1,   ä®à¬  F á £ à¬®­¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨

¯à¨­ ¤«¥¦¨â Ph0
f
(�p;q;
). �®£¤  (@F )n ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

ImhF;Up;q( (� � z))i � Im lim
"!+0

@

Z

"

F ^ Up;q�1( (� � z)) = � ImF (41)

¢ 
.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ Im(@F )n = 0, â® ¨§ (31), (32), (40) ¨ (26) á«¥¤ã¥â,
çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (41).

�®áâ â®ç­®áâì. �ãáâì ¢ë¯®«­¥­® à ¢¥­áâ¢® (41), â®£¤  Im lim
"!+0

R
@
"

g( (� � z))� p;q;F = 0 ¤«ï

z 2 
. �«¥¤®¢ â¥«ì­®,

0 = Im
�
hF;Up;q( (� � z))i � lim

"!+0
@

Z

"

F (�) ^ Up;q�1( (� � z))
�
�

=

= Im
�
lim
"!+0

Z
@
"

g( (��z))� p;q;F (�; z)
�
�

= Im lim
�!+0

Z
(@


��)z

lim
"!+0

Z
(@
")�

g( (��z))� p;q;F (�; z)^�(z) =

= Im lim
�!+0

Z
(@


��)z

lim
"!+0

Z
(@
")�

inu(�) � @F ^ �p;q(�; z) ^ �(z) =

= Im lim
�!+0

lim
"!+0

Z
(@
")�

�@F inu(�)
Z
(@


��)z

�p;q(�; z) ^ �(z);
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â. ª. ¤à®¡¨ ¢¨¤  (24) ¯«®â­ë ¢ ¯à®áâà ­áâ¢¥ C1(@
) ¢á«¥¤áâ¢¨¥ à ¢¥­áâ¢  (40) ¤«ï ¯à®¨§¢®«ì­®©
¤¥©áâ¢¨â¥«ì­®§­ ç­®© äã­ªæ¨¨ C1(@
). �âáî¤  ¨¬¥¥¬ Im(@F )n = 0 ­  @
.

�ãáâì N 
p;q | ¤¥©áâ¢¨â¥«ì­ë© «¨­¥©­ë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¤«ï ä®à¬ F á £ à¬®­¨ç¥-

áª¨¬¨ ª®íää¨æ¨¥­â ¬¨, ¯à¨­ ¤«¥¦ é¨å Ph0
f
(�p;q;
), á®®â­®è¥­¨¥¬

N 
p;q(F ) = �Re(F ) + i ImhF;Up;q( (� � z))i � i Im lim

"!+0
@

Z

"

F (�) ^ Up;q�1( (� � z)):

�®£« á­® ¯à¥¤«®¦¥­¨î 6 Ph0
f

0(�
p;q;
) \Harm(�p;q;
) ¥áâì ¬­®¦¥áâ¢®

Fix(N 
p;q) =

�
F 2 Ph0

f
\Harm(�p;q;
) : N 

p;q(F ) = �F
	
:
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