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� ­­ ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ [1]. �«¥¤ãï [2], ãáâ ­ ¢«¨¢ ¥¬ â¥®à¥¬ë ® áà¥¤­¥¬
¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© B-¯®«¨£ à¬®­¨ç¥áª®£® ®¯¥à â®à .

�¡®§­ ç¨¬ ç¥à¥§R+
N ¥¢ª«¨¤®¢® ¯®«ã¯à®áâà ­áâ¢® â®ç¥ª (x0; y), £¤¥ x0 = (x1; : : : ; xN�1) ¨ y > 0.

�ãáâì ®¡« áâì 
+ à á¯®«®¦¥­  ¢ ¯®«ã¯à®áâà ­áâ¢¥ R+
N ¨ ¯à¨«¥£ ¥â ª £¨¯¥à¯«®áª®áâ¨ y = 0.

� áâì £à ­¨æë ®¡« áâ¨ 
+, «¥¦ éãî ­  £¨¯¥à¯«®áª®áâ¨ y = 0, ®¡®§­ ç¨¬ ç¥à¥§ �0. � ®¡« áâ¨

+ ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

�B =
N�1X
j=1

@2

@x2j
+

@2

@y2
+
k

y

@

@y
;

£¤¥ k | ä¨ªá¨à®¢ ­­®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®.
�¡®§­ ç¨¬ ç¥à¥§ u(x0; y) ç¥â­®¥ ¯® y, ª« áá¨ç¥áª®¥ à¥è¥­¨¥ ¢ ®¡« áâ¨ 
+ ãà ¢­¥­¨ï

�m
B u� (�1)m�u = 0; (1)

£¤¥m| «î¡®¥ ­ âãà «ì­®¥ ç¨á«®, � > 0. �¯¥à â®à �m
B ¡ã¤¥¬ ¨¬¥­®¢ âì B-¯®«¨£ à¬®­¨ç¥áª¨¬.

�ã­ªæ¨ï ', ¢¢¥¤¥­­ ï ¯® ä®à¬ã«¥ u(x0; y) = '(�x0; �y), £¤¥ � = �1=2m, � > 0, ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î

�m
B '� (�1)m ' = 0: (2)

�ãáâì �1; : : : ; �m | ª®à­¨ ãà ¢­¥­¨ï �m = (�1)m: �®£¤  äã­ªæ¨ï� mY
l=1;l6=j

(�B � �l)
�
' =  j ; j = 1; 2; : : : ;m;

ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î �B j � �j  j = 0. �®íâ®¬ã ¤«ï  j á¯à ¢¥¤«¨¢  â¥®à¥¬  ® áà¥¤­¥¬ ¯®
«î¡®© ¯®«ãáä¥à¥ á æ¥­âà®¬ ¢ â®çª¥ (s0; 0) 2 �0 ¨ à ¤¨ãá®¬ R, æ¥«¨ª®¬ «¥¦ é¥© ¢ ®¡« áâ¨ 
+,
¨ ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë [1]

(�1)mm�2(p�m) �

Z
!+
R

�m�p
B u(x0; y) ykd! =

mX
j=1

�m�p
j �j(s

0; 0); p = 1; 2; : : : ;m: (3)

�¤¥áì �
Z

®¡®§­ ç ¥â ¨­â¥£à « ¯® áä¥à¨ç¥áª¨¬ ã£« ¬, ¤¥«¥­­ë© ­  ¯«®é ¤ì ¥¤¨­¨ç­®© (N � 1)-

¬¥à­®© ¯®«ãáä¥àë, à ¢­ãî �(N�1)=2�((k + 1)=2)=�((N + k)=2) (á¬. [3]);

�j(x0; y) = �jZj(R
p��j) j(x0; y); j = 1; 2; : : : ;m;

Zj � Zj(R
p��i) = �

�
N + k

2

�
J(N+k�2)=2(R

p��j).
�
R
p��j
2

�(N+k�2)=2

;

arg
p��j 2 [��=2; �=2]:

31



� ¢¥­áâ¢  (3) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã m «¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® �j : �¥è ï á¨-
áâ¥¬ã (3), ¯®«ãç¨¬

�j(s
0; 0) = (�1)mm

mX
p=1

cjp �
2(p�m) �

Z
!+
R

�m�p
B u(x0; y)yk d!; (4)

£¤¥ cjp | ­¥ª®â®àë¥ ª®¬¯«¥ªá­ë¥ ç¨á« .
� ¬¥â¨¬, çâ® ¬ ªá¨¬ã¬ ¬®¤ã«ï «î¡®£® ­®à¬¨à®¢ ­­®£® ¢ L2;k(
+), ç¥â­®£® ¯® y à¥è¥­¨ï

ãà ¢­¥­¨ï (1),   â ª¦¥ ¬ ªá¨¬ã¬ë ¬®¤ã«¥© ¥£® ¯à®¨§¢®¤­ëå ®£à ­¨ç¥­ë ¢ ¯®¤®¡« áâ¨ 
+
0 ®¡« -

áâ¨ 
+ ­¥ª®â®à®© áâ¥¯¥­ìî � ¯à¨ ¢á¥å � > 0:
�«ï à¥è¥­¨ï T t

yu(x
0; y) ãà ¢­¥­¨ï (1) (T t

y | ®¯¥à â®à ®¡®¡é¥­­®£® á¤¢¨£ , ®¯à¥¤¥«¥­­ë© ¢
[4]) ¨ äã­ªæ¨¨ v, ®¯à¥¤¥«¥­­®© ä®à¬ã«®©

v = E
�
�
N�1
2 �

�
k + 1
2

�.
�
�
N + k

2

���1
+ w;

£¤¥ E | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï �m
Bu = 0; w | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï,

ç¥â­ ï ¯® y äã­ªæ¨ï ¨, ªà®¬¥ â®£®, supp v � 
+
0 � 
+, § ¯¨è¥¬ ä®à¬ã«ã �à¨­ 

u(s0; t) =
Z

+
0

(T t
yu�

m
Bv � v�m

BT
t
yu) y

k dx0dy: (5)

�¤¥áì ¢ ª ç¥áâ¢¥ â®çª¨ (s0; t) ¢ë¡¨à ¥âáï â®çª , ª®â®à ï ¯à¨­ ¤«¥¦¨â áâà®£® ¢­ãâà¥­­¥© ¯®¤-
®¡« áâ¨ ®¡« áâ¨ 
+ â ª, çâ®¡ë ®¡®¡é¥­­ë© á¤¢¨£ T t

y ¯® ­ ¯à ¢«¥­¨î y ­¥ ¢ëå®¤¨« §  ¯à¥¤¥«ë

+. �ç¨âë¢ ï, çâ® ®¯¥à â®à ®¡®¡é¥­­®£® á¤¢¨£  T t

y ¨ ®¯¥à â®à �B ª®¬¬ãâ¨àãîâ,   äã­ªæ¨ï
u(x0; y) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1), ¯¥à¥¯¨è¥¬ (5) ¢ ¢¨¤¥

u(s0; t) =
Z

+
0

T t
yu�

m
Bv y

k dx0dy + (�1)m�
Z

+
0

v T t
yu y

k dx0dy:

� ¬¥â¨¬, çâ® ¢á¥£¤  áãé¥áâ¢ã¥â æ¥«®¥ ç¨á«® � â ª®¥, çâ® v = (�m
B )

�~v, £¤¥ ~v | äã­ªæ¨ï,
¨­â¥£à¨àã¥¬ ï ¢ ª¢ ¤à â¥ á ¢¥á®¬ yk; ç¥â­ ï ¯® y. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

u(s0; t) =
Z

+
0

T t
yu(�

m
B )

�+1~v yk dx0dy + (�1)m+1�

Z

+
0

(�m
B )

�~v T t
yu y

k dx0dy: (6)

� ¯®¬®éìî ä®à¬ã«ë ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¯à¥®¡à §ã¥¬ (6) ª ¢¨¤ã

u(s0; t) = 2(�1)(m+1)(�+1)��+1
Z

+
0

T t
yu ~v y

k dx0dy: (7)

�à¨¬¥­ïï ª (7) ­¥à ¢¥­áâ¢® �®è¨-�ã­ïª®¢áª®£® ¨ ãç¨âë¢ ï, çâ® kukL2;k � 1 ¨ kT t
yukL2;k �

ckukL2;k ; ¯®«ãç¨¬ âà¥¡ã¥¬ãî ®æ¥­ªã. �­ «®£¨ç­® ¯®áâã¯ ¥¬ ¨ á ¯à®¨§¢®¤­ë¬¨ äã­ªæ¨¨ u(x0; y):
� ª¨¬ ®¡à §®¬, ¯à ¢ ï ç áâì ¢ (4) ¯à¨ ª ¦¤®¬ j = 1; 2; : : : ;m à áâ¥â ­¥ ¡ëáâà¥¥, ç¥¬ ­¥ª®-

â®à ï áâ¥¯¥­ì � ¯à¨ �!1:
�¡à â¨¬áï ª äã­ªæ¨¨

�(x0; y) = �j Zj(R�
p��j ) j(x0; y) = Zj

mX
p=1

�pj �
2(p�m)�m�p

B u(x0; y): (8)

�à£ã¬¥­âë ¢á¥å Zj (j 6= 1) | ª®¬¯«¥ªá­ë¥ ç¨á« ,   ¯®â®¬ã Zj (j 6= 1) ¯à¨ ¢á¥å R > 0 ¨ ¢á¥å
� > 0 ­¥ ¨¬¥îâ ­ã«¥©, ¨ ¯à¨ jzj > 1 á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ ([5], c. 225)

Zj(z) � z�(N+k�1)=2

�
c1 exp

�
i

�
z � �

4
(N + k � 1)

��
+ c2 exp

�
i

�
z � �

4
(N + k � 1)

���
; (9)
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£¤¥ c1, c2 | ­¥ª®â®àë¥ ª®¬¯«¥ªá­ë¥ ¯®áâ®ï­­ë¥, j = 2; : : : ;m. �§ ä®à¬ã« (4), (8), (9) á«¥¤ã¥â����
mX
p=1

�pj �
2(p�m)�m�p

B u(x0; y)
���� = j�j(x0; y)j

jZj j = O
�
e��jr0�

�
; (10)

£¤¥ �j = j Imp��jj, r0>0 | «î¡®¥ ç¨á«®, ¬¥­ìè¥¥ R, ¨ R��j>1:
�ã¬¬¨àãï ¯® j, ¯®«ãç¨¬����

mX
p=1

�2(p�m)�m�p
B u(x0; y)

mX
j=2

�pj

���� = O
�
e��0 r0 �

�
; �0 = minf�2; : : : ; �mg: (11)

� «¥¥, ãç¨âë¢ ï
mX
j=2

�pj =

(
�(�1)p; p = 1; : : : ;m� 1;

(�1)m(m� 1); p = m;

¯à¥®¡à §ã¥¬ (11) ª ¢¨¤ã�����
mX
p=1

(�1)p �2(p�m)�m�p
B u(x0; y) + (�1)m(m� 1)u(x0; y)

���� = O
�
e��0 r0 �

�
: (12)

� ¯¨è¥¬ â¥¯¥àì ¤«ï à¥è¥­¨ï u(x0; y) ãà ¢­¥­¨ï (1) â¥®à¥¬ã ® áà¥¤­¥¬ ¯® ¯®«ãáä¥à¥ á æ¥­âà®¬
¢ â®çª¥ (s0; 0) 2 �0 ¨ à ¤¨ãá®¬ r, 0 < r < r0, [1]

�

Z
!+r

u(x0; y)yk d! =
(�1)m
m

mX
p=1

�2(p�m)�m�p
B u(s0; 0)

mX
j=1

�pj Zj(R�
p��j):

�®á¯®«ì§®¢ ¢è¨áì (10), ¯®«ãç¨¬

�

Z
!+r

u(x0; y)yk dy =
(�1)m
m

�
Z1

mX
p=1

(�1)p �2(p�m)�m�p
B u(s0; 0) +

mX
j=2

Zj O
�
e��j r0 �

��
: (13)

� á¨«ã ¯à¥¤áâ ¢«¥­¨ï (9) jZj(�r
p��j)j = O(e�jr �). �®íâ®¬ã, ¯à¨¬¥­ïï (12), § ¯¨è¥¬ ¢ëà ¦¥-

­¨¥ ¢ ä¨£ãà­ëå áª®¡ª å ¨§ (13) ¢ ä®à¬¥

Z1

mX
p=1

(�1)p �2(p�m)�m�p
B u(s0; 0) +O

�
e��0(r0�r)�

�
=

= Z1(�1)mmu(s0; 0) + Z1O
�
e��0 r0 �

�
+O

�
e��0(r0�r)�

�
:

� ª ª ª �1 = �1, â® jZ1(r�
p��1 )j � c0 ¯à¨ ¢á¥å r > 0, � > 0, ¨ ä®à¬ã«  (13) ¯à¨®¡à¥â¥â

®ª®­ç â¥«ì­ë© ¢¨¤

�

Z
!+r

u(x0; y)yk dy = A(r; k)u(s0; 0) +O
�
e��0(r0�r)�

�
; (14)

A(r; k) = 2
N+k�2

2 �
�
N + k

2

�
JN+k�2

2

(r�)(r�)�
N+k�2

2 :

� ª¨¬ ®¡à §®¬, ¯®«ãç¥­ 

�¥®à¥¬  1. �ãáâì u(x0; y) | «î¡®¥ ­®à¬¨à®¢ ­­®¥ ¢ L2;k(
+), ç¥â­®¥ ¯® y à¥è¥­¨¥ ãà ¢-

­¥­¨ï (1). �ãáâì P 0 = (s0; 0) | ¯à®¨§¢®«ì­ ï ¢­ãâà¥­­ïï â®çª  ç áâ¨ £à ­¨æë, «¥¦ é¥© ­ 

£¨¯¥à¯«®áª®áâ¨ y = 0; r | «î¡®¥ ç¨á«®, ¬¥­ìè¥¥ à ááâ®ï­¨ï �(P 0) ®â â®çª¨ P 0 ¤® £à ­¨æë

®¡« áâ¨ �0; r0 | «î¡®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î 0 < r < r0 < �(P 0); � = �
1
2m > 0: �®£¤ 

á¯à ¢¥¤«¨¢  ä®à¬ã«  (14), ¯à¥¤áâ ¢«ïîé ï á®¡®© â¥®à¥¬ã ® áà¥¤­¥¬ á ¢¥á®¬ yk ¯® ¯®«ãáä¥à¥

!+r á æ¥­âà®¬ ­  �0 ¨ à ¤¨ãá®¬ r.
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�«ï ¯®«ãç¥­¨ï â¥®à¥¬ë ® áà¥¤­¥¬, ¢ ª®â®à®© ¡ë ä¨£ãà¨à®¢ «® §­ ç¥­¨¥ äã­ªæ¨¨ u(x0; y) ¢®
¢­ãâà¥­­¥© â®çª¥ P = (s0; t) ®¡« áâ¨ 
+, ¨á¯®«ì§ã¥¬ ®¯¥à â®à ®¡®¡é¥­­®£® á¤¢¨£  T t

y . �®§ì¬¥¬
¢ ª ç¥áâ¢¥ äã­ªæ¨¨ u(x0; y) äã­ªæ¨î T t

yu(x
0; y) ¨ ¢®á¯®«ì§ã¥¬áï á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬®© ®

áà¥¤­¥¬ (á¬. [1])

�

Z
!+r

T t
yuj(x

0; y)yk d! = uj(x
0; t)Zj(R

p��j):
�¤¥áì ¨ ¤ «¥¥ ¢ ª ç¥áâ¢¥ â®çª¨ P = (s0; t) ¢ë¡¨à îâáï â ª¨¥ â®çª¨, çâ®¡ë ®¡®¡é¥­­ë© á¤¢¨£ ¯®
­ ¯à ¢«¥­¨î y ­¥ ¢ë¢®¤¨« §  ¯à¥¤¥«ë 
+. �®¢â®àïï ¨§«®¦¥­­ë¥ ¢ëè¥ à ááã¦¤¥­¨ï, ¯à¨¤¥¬
ª ä®à¬ã«¥

�

Z
!+r

T t
yuj(x

0; y)yk d! = A(r; k)u(s0; t) +O
�
e��0(r0�r)�

�
: (15)

�«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �ãáâì u(x0; y) | «î¡®¥ ­®à¬¨à®¢ ­­®¥ ¢ L2;k(
+), ç¥â­®¥ ¯® y à¥è¥­¨¥ ãà ¢-

­¥­¨ï (1). �ãáâì P = (s0; t) | ¯à®¨§¢®«ì­ ï ¢­ãâà¥­­ïï â®çª  ®¡« áâ¨ 
+; r | «î¡®¥ ç¨á«®,

¬¥­ìè¥¥ à ááâ®ï­¨ï �(P ) ®â â®çª¨ P ¤® £à ­¨æë ®¡« áâ¨ 
+; r0 | «î¡®¥ ç¨á«®, ã¤®¢«¥â¢®-

àïîé¥¥ ãá«®¢¨î 0 < r < r0 < �(P ); � = �1=2m > 0: �®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã«  (15), ¯à¥¤áâ ¢«ï-
îé ï á®¡®© â¥®à¥¬ã ® áà¥¤­¥¬ á ¢¥á®¬ yk ¯® ¯®«ãáä¥à¥ !+r á æ¥­âà®¬ ­  �0 ¨ à ¤¨ãá®¬ r.
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