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�¢¥¤¥¨¥

�®«¨ç¥áâ¢® à¥§ã«ìâ â®¢ ® ¯®¢¥¤¥¨¨ íª®«®£¨ç¥áª¨å á¨áâ¥¬ ¢ ¯¥à¥¬¥®© áà¥¤¥ ¥¢¥«¨ª®. �â®
á¢ï§ ® á á¥àì¥§ë¬¨ âàã¤®áâï¬¨ ¯à¨ ¨áá«¥¤®¢ ¨¨ £«®¡ «ì®© ¤¨ ¬¨ª¨ á¨áâ¥¬ ¥«¨¥©ëå,
¥ ¢â®®¬ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. � ¤ ®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¬¥â®¤, ®á®¢ ë©
  ¨á¯®«ì§®¢ ¨¨ ¯¥à¨®¤¨ç¥áª¨å ¤¥«ìâ -äãªæ¨© ¢ ª ç¥áâ¢¥ áª®à®áâ¥© à®áâ  ¯®¯ã«ïæ¨©.

1. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï

� á¯à®áâà ¥ ï ¢ ¬ â¥¬ â¨ç¥áª®© íª®«®£¨¨ ¬®¤¥«ì ï áå¥¬  ¤¨ ¬¨ª¨ ®¤®© ¯®¯ã«ïæ¨¨
¨¬¥¥â ¢¨¤

_x = xf(x; �(t)); (1.1)

£¤¥ x | ç¨á«¥®áâì ¨ � | ä¨§¨®«®£¨ç¥áª¨© ¯ à ¬¥âà ¯®¯ã«ïæ¨¨; x(0) = x0 > 0. �« ¤ª ï
äãªæ¨ï f å à ªâ¥à¨§ã¥â ¤¥©áâ¢¨¥ ¢ãâà¥¥© ª®ªãà¥æ¨¨ ¨ ¯®íâ®¬ã f áâà®£® ã¡ë¢ ¥â ¯®
¯¥à¥¬¥®© x. �ãáâì ãá«®¢¨ï áà¥¤ë (â¥¬¯¥à âãà  ¨ â. ¤.) ¯¥à¨®¤¨ç¥áª¨ ¨§¬¥ïîâáï, â®£¤  �(t)
| ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï. � áá¬®âà¨¬ á¯¥æ¨ «ìë© ª« áá T -¯¥à¨®¤¨ç¥áª¨å ¤¥«ìâ -äãªæ¨©:
¯à¨ ä¨ªá¨à®¢ ®¬ ¯ à ¬¥âà¥ � ¤«ï ª ¦¤®© ¯¥à¥¬¥®© t ¨§ [0; T ] ¯®«®¦¨¬ �(t) = �(t � �)
¨ ¤ «¥¥ ¡ã¤¥¬ áç¨â âì �(t + mT ) = �(t) ¤«ï ¢á¥å æ¥«ëå m. �¤®¡® ¢ë¡à âì ¯ à ¬¥âà � ¨§
¨â¥à¢ «  (0; T ). � ¯®¬¨¬ [1], çâ® ¯®¤ à¥è¥¨¥¬ ãà ¢¥¨ï

_x = xf(x; �(� � t))

  [0; T ] ¯®¤à §ã¬¥¢ ¥âáï ¯®â®ç¥çë© ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨ à¥è¥¨©

_xn = xnf(xn; �n(t� �));

£¤¥ x0n = x0 ¤«ï ¢á¥å n, a f�ng | ¯à®¨§¢®«ì ï ¤¥«ìâ ®¡à § ï ¯®á«¥¤®¢ â¥«ì®áâì £« ¤ª¨å
äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬:

 ) ª ¦¤ ï �n ¯®«®¦¨â¥«ì    ¬ «®¬ ®âà¥§ª¥ [� � an; � + bn] = In ¨ à ¢  ã«î ¢¥ ¥£®.
�¥«¨ç¨ë an, bn ¯®«®¦¨â¥«ìë ¨ áâà¥¬ïâáï ª 0 ¯à¨ n!1;

¡) ¨â¥£à « ®â äãªæ¨¨ �n   ®âà¥§ª¥ In à ¢¥ 1.
�à¨ ª ¦¤®¬ t ¢¥«¨ç¨  x(t) áç¨â ¥âáï ª®àà¥ªâ® ®¯à¥¤¥«¥®©, ¥á«¨ ®¤®§ ç® áãé¥áâ¢ã¥â

limxn(t) ¯à¨ n!1

¥§ ¢¨á¨¬® ®â ¢ë¡®à  ¤¥«ìâ ®¡à §®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�ng.
� ¤ ®© à ¡®â¥ ®£à ¨ç¨¬áï ¢¥áì¬  ã§ª¨¬ ª« áá®¬ ¬®¤¥«¥©, ª®£¤  äãªæ¨ï f ¯à¥¤áâ ¢«ï-

¥âáï ¢ ä®à¬¥
f(x; �(t)) = g(x) + �(t)h(x);

� ë¥ ¨áá«¥¤®¢ ¨ï ¯®¤¤¥à¦ ë �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (ª®¤ ¯à®¥ªâ 
94-01-01145).
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£¤¥ g(x) | ¥¢®§à áâ îé ï ¨ h(x) | § ª®®¯à¥¤¥«¥ ï áâà®£® ã¡ë¢ îé ï £« ¤ª¨¥ äãªæ¨¨;
h0(x) < 0 ¯à¨ x > 0. �¯à ¢¥¤«¨¢  ¯à®áâ ï

�¥¬¬  1.1. �à¨ ¢á¥å t 6= mT + � à¥è¥¨¥ ãà ¢¥¨ï

_x = x[g(x) + �(t� �)h(x)] (1.2)

®¯à¥¤¥«¥® ª®àà¥ªâ®. � â®çª å à §àë¢  áãé¥áâ¢ãîâ ¯à¥¤¥«ë á«¥¢  ¨ á¯à ¢ .

�â¬¥â¨¬, çâ® ¢ â®çª¥ à §àë¢  t = � § ç¥¨¥ x ¬®¦¥â § ¢¨á¥âì ®â ¢ë¡®à  ¤¥«ìâ ®¡à §®©
¯®á«¥¤®¢ â¥«ì®áâ¨ f�ng [1], [2].

�¥¯¥àì ¢ë¢¥¤¥¬ ä®à¬ã«ã ¤«ï ¢ëç¨á«¥¨ï áª çª  ¢ â®çª¥ à §àë¢ , â. ¥. ¯à¨ t = � . �¥©áâ¢ãï
ä®à¬ «ì®, ¯à®¨â¥£à¨àã¥¬ ®¡¥ ç áâ¨ ¯à¥®¡à §®¢ ®£® ãà ¢¥¨ï (1.2)

_xn
xnh(xn)

�
g(xn)
h(xn)

= �n(t� �) (1.3)

  ¬ «®¬ ®âà¥§ª¥ [� � an; � + bn]. �¥¢ ï ç áâì (1.3) ¯à¨ ¢á¥å n à ¢  1. � ¯à ¢®© ç áâ¨ (1.3)
§ ç¥¨¥ ¨â¥£à «  ®â ¥¯à¥àë¢®© ¨ ®£à ¨ç¥®© äãªæ¨¨ g=h ¬ «® ¨ áâà¥¬¨âáï ª ã«î ¯à¨
n!1. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ (1.3), ®ª®ç â¥«ì® ¯®«ãç ¥¬ ãà ¢¥¨¥ à §àë¢ 

'(x+)� '(x�) = 1; (1.4)

£¤¥ '(x) | ¯¥à¢®®¡à § ï ®â äãªæ¨¨ 1=[xh(x)],

x+ = x(� + 0) ¨ x� = x(� � 0):

�®áª®«ìªã h(x) 6= 0, â® h(x) á®åà ï¥â § ª ¤«ï ¢á¥å x > 0. � ç¨â, ' | ¬®®â® ï äãªæ¨ï á
®á®¡¥®áâìî ¢ ã«¥. �®«®¦¨¬ x+ = 0 ¯à¨ x� = 0. �§ ¢ëà ¦¥¨ï (1.4) § ç¥¨¥ x+ ®¯à¥¤¥«ï¥âáï
¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¨ ï¢«ï¥âáï ¥ª®â®à®© £« ¤ª®© äãªæ¨¥© ®â x�.

�¡®§ ç¨¬ Y m = x(mT +�+0) ¤«ï æ¥«ëåm. �®áâà®¨¬ ¢ ï¢®¬ ¢¨¤¥ ®â®¡à ¦¥¨¥ �ã ª à¥
¤«ï ãà ¢¥¨ï (1.2). �ãáâì  | á¤¢¨£-®â®¡à ¦¥¨¥ §  ¢à¥¬ï T ¯® âà ¥ªâ®à¨ï¬ ãà ¢¥¨ï

_x = xg(x):

�ç¥¢¨¤®, (0) = 0 ¨  | ¬®®â®® ¢®§à áâ îé ï äãªæ¨ï. � ãç¥â®¬ (1.4) ¯®«ãç ¥¬ à¥ªãà-
à¥âãî ¯®á«¥¤®¢ â¥«ì®áâì

'(Y m+1) = 1 + '((Y m)): (1.5)

�¥âàã¤® ¯®ª § âì, çâ® ï¢ ï § ¢¨á¨¬®áâì Y m+1 = P (Y m) § ¤ ¥â ¬®®â®® ¢®§à áâ îéãî
äãªæ¨î, ¯à¨ íâ®¬ P (0) = 0. �ãáâì ¢ ãà ¢¥¨¨ (1.5) ¨¬¥¥âáï ¯®«®¦¨â¥«ì®¥ à ¢®¢¥á¨¥ Y �,
â. ¥.

'(Y �) = 1 + '((Y �)):

�®£¤  ¢ ¬®¤¥«¨ (1.2) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥ T -¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥, ¢ ª®â®à®¬ x(�+0) =
x(� + T + 0) = Y �.

�¥®à¥¬  1. �á«¨ ¢ ¬®¤¥«¨ (1.2) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥ T -¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥, â®
®® ¥¤¨áâ¢¥® ¨ £«®¡ «ì® ãáâ®©ç¨¢® ¢ R+.

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® ®â®¡à ¦¥¨¥ �ã ª à¥, ¨¤ãæ¨à®¢ ®¥ ãà ¢-
¥¨¥¬ (1.2), ï¢«ï¥âáï ¢ ¥ª®â®à®¬ á¬ëá«¥ á¦¨¬ îé¨¬. �ãáâì t ¯à¨ ¤«¥¦¨â ®âà¥§ªã [0; T ].
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì  ¯¯à®ªá¨¬¨àãîé¨å (1.2) ãà ¢¥¨©

_xn = xn[g(xn) + �n(t� �)h(xn)]: (1.6)

� á¨«ã ¤®¯ãé¥¨ï ® ¥¢®§à áâ ¨¨ äãªæ¨© g ¨ f , ¤«ï à¥è¥¨© ãà ¢¥¨ï (1.6)  å®¤¨¬
®æ¥ªã

_xn 6 xn[g(0) + �n(t� �)h(0)]:
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�âáî¤  «¥£ª® ¯®«ãç ¥¬, çâ® ¤«ï ª ¦¤®£® n à¥è¥¨¥ xn(t)   [0; T ] à ¢®¬¥à® ®£à ¨ç¥®
á¢¥àåã ¥ª®â®à®© ¢¥«¨ç¨®©M(X0), § ¢¨áïé¥© ®â  ç «ì®£® § ç¥¨ï x0n = x0 > 0. � §ã¬¥¥âáï,
à¥è¥¨ï (1.6) à ¢®¬¥à® ®£à ¨ç¥ë ¨ á¨§ã (ã«¥¬).

�¥¯¥àì ãáâ ®¢¨¬ ¥áâ¥áâ¢¥®¥ á¢®©áâ¢® ¬®®â®®áâ¨ (1.6). � ¨¬¥®, ¯ãáâì xn ¨ yn |
à¥è¥¨ï (1.6), á®®â¢¥âáâ¢ãîé¨¥ à §ë¬ ¯®«®¦¨â¥«ìë¬  ç «ìë¬ ãá«®¢¨ï¬ x0 ¨ y0. � á¨«ã
â¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨ íâ¨ ¤¢¥ âà ¥ªâ®à¨¨ ¥ ¯¥à¥á¥ª îâáï. � ç¨â, ¯à¨ x0 < y0 ¨¬¥¥¬ xtn < ytn
¤«ï ¢á¥å t.

�ãáâì ª®ªà¥â® y0� x0 = " > 0. �ç¥¢¨¤®, ¯à¨ t ¨§ [0; T ] ¯¥à¥¬¥ë¥ yn ¨ xn ¨§¬¥ïîâáï ¢
®£à ¨ç¥®¬ ¬®¦¥áâ¢¥ D = [0; maxfM(y0);M(x0)g]. �§ (1.6) á«¥¤ã¥â

_yn=yn � _xn=xn = [g(yn)� g(xn)] + �y(t� �)[h(yn)� h(xn)]:

�¥à¢®¥ ¢ëà ¦¥¨¥ ¢ ª¢ ¤à âëå áª®¡ª å ¥¯®«®¦¨â¥«ì®,   ¢â®à®¥ | ®âà¨æ â¥«ì® ¯à¨ yn >
xn. �ãáâì H = max h0(�) ¯® ¢á¥¬ � ¨§ D. �®£¤  h(yn)� h(xn) < "H ¤«ï ¢á¥å t ¨§ [0; T ]. � ãç¥â®¬
íâ®£® ¥à ¢¥áâ¢  ¤«ï ãà ¢¥¨ï (1.6)  å®¤¨¬

ln
�
yTn
xTn

�
� ln

�
y0n
x0n

�
< "HT:

�®áª®«ìªã H < 0, â® ¤«ï ¯à¥¤¥«ì®£® ãà ¢¥¨ï (1.2) ¢ë¯®«ï¥âáï áâà®£®¥ ¥à ¢¥áâ¢®

ln yT � lnxT < ln y0 � lnx0:

�ë¬¨ á«®¢ ¬¨, \«®£ à¨ä¬¨ç¥áª ï à §®áâì" ã¡ë¢ ¥â   ®à¡¨â å ãà ¢¥¨ï (1.2). �âáî¤  ¢ë-
â¥ª ¥â ¥¤¨áâ¢¥®áâì ¨ £«®¡ «ì ï ãáâ®©ç¨¢®áâì T -¯¥à¨®¤¨ç¥áª®£® à¥è¥¨ï.

�®áâà®¨¬ ¢ ï¢®© ä®à¬¥ ®â®¡à ¦¥¨¥ �ã ª à¥ ¤«ï ¥ª®â®àëå ª®ªà¥âëå ¬®¤¥«¥©, á®¤¥à-
¦ é¨å ¤¥«ìâ -äãªæ¨î ¢ ¯à ¢®© ç áâ¨.

�à¨¬¥à 1. � áá¬®âà¨¬ �®«ìâ¥àà®¢áªãî áå¥¬ã [3]

_x = x[1� ��(t� �)(x+ c)];

£¤¥ � ¨ c | ¯®«®¦¨â¥«ìë¥ ª®áâ âë. �ç¥¢¨¤®, ¯à¨ t 6= � + mT à¥è¥¨¥ ï¢«ï¥âáï ¢®§à -
áâ îé¥© íªá¯®¥â®©. � â®çª å à §àë¢  ¢ë¯®«ï¥âáï á®®â®è¥¨¥ '(x+) = '(x�) � �c, £¤¥
'(z) = ln z � ln(z + c), a ®â®¡à ¦¥¨¥ �ã ª à¥ ¨¬¥¥â ¢¨¤

1
Y m+1

=
exp(�c)� 1

c
+
exp(�c� T )

Y m
: (1.7)

�à¨ �c < T ¯®á«¥¤®¢ â¥«ì®áâì (1.7) áå®¤¨âáï ª ¥¤¨áâ¢¥®© ¯®«®¦¨â¥«ì®© ¯à¥¤¥«ì®© â®çª¥
Y � = c[1 � exp(�c� T )]=[exp(�c)� 1].

�à¨¬¥à 2. �®¤¥«ì � âç¨á®  [4] ¨¬¥¥â ¢¨¤

_x = x[1� �x(t� a)] (1.8)

¯à¨ § ¤ ®© ¥¯à¥àë¢®©  ç «ì®© äãªæ¨¨ x0   [�a; 0] ¨ � > 0, a > 0. �®£¤  a > �=2, à ¢-
®¢¥á¨¥ x� = 1=� ®ª §ë¢ ¥âáï ¥ãáâ®©ç¨¢ë¬, ¨ ¯®íâ®¬ã à¥ «¨§ãîâáï ª®«¥¡ ¨ï ®£à ¨ç¥®©
 ¬¯«¨âã¤ë. �®à¬ «ì® íâ® ãà ¢¥¨¥ á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬ ¥ ¯à¨ ¤«¥¦¨â ª« ááã
¬®¤¥«¥© (1.1), ® ¨ §¤¥áì ¢®§¬®¦® ¨á¯®«ì§®¢ ¨¥ T -¯¥à¨®¤¨ç¥áª®© ¤¥«ìâ -äãªæ¨¨

_x = x[1� ��(t� �)x(t� a)]; t > 0; (1.9)

¯à¨ § ¤ ®© ¥¯à¥àë¢®©  ç «ì®© äãªæ¨¨ x0   [�a; 0]. �ãáâì á ç «  0 < a < T . �¥è¥¨¥
ãà ¢¥¨ï (1.9) ï¢«ï¥âáï ¢®§à áâ îé¥© íªá¯®¥â®© §  ¨áª«îç¥¨¥¬ ¤¨áªà¥â®£®  ¡®à  â®ç¥ª
à §àë¢ . �¯à¥¤¥«¨¬ ¢¥«¨ç¨ã áª çª  ¢ â®çª¥ t = � + mT ¯à¨ § ¤ ®¬ § ç¥¨¨ Y m�1 =
x(mT � T + � + 0). �à¥¤¢ à¨â¥«ì® ®â¬¥â¨¬ á«¥¤ãîé¨¥ á®®â®è¥¨ï:

x(mT + � + 0) = Y m�1 expT ¨ x(mT + � � a) = Y m�1 exp(T � a):

25



� «¥¥, ¯®áª®«ìªã � 6= a, â® ¢ â®çª¥ t = mT+��a äãªæ¨ï x ¥¯à¥àë¢ . �®íâ®¬ã ¢ \¡¥áª®¥ç®
¬ «®© ®ªà¥áâ®áâ¨" [mT + � � 0;mT + � + 0] ãà ¢¥¨¥ (1.9) ¯à¥®¡à §ã¥âáï ª ä®à¬¥

_x
x
= 1� ��(t� �)Y m�1 exp(T � a):

�®á«¥ § ¬¥ë Zm = �Y m exp(T � a) ®âáî¤   å®¤¨¬

Zm = Zm�1 exp(T � Zm�1): (1.10)

� ¬¥â¨¬, çâ® íâ  à¥ªãàá¨ï á®¢¯ ¤ ¥â á â ª  §ë¢ ¥¬®© ¯®á«¥¤®¢ â¥«ì®áâìî �¨ªª¥à , ª®â®à ï
¡ë«  ¯®¤à®¡® ¨áá«¥¤®¢   �ª®¡á®®¬ [5]. � ª, á ã¢¥«¨ç¥¨¥¬ ¯ à ¬¥âà  T ®â 0 ¤® � e ¯à®¨á-
å®¤¨â ¡¥áª®¥ç ï á¥à¨ï ¡¨äãàª æ¨© ã¤¢®¥¨ï æ¨ª«®¢; § â¥¬ ¤«ï T ¨§ [� e;� 2:77] ãáâ  ¢«¨-
¢ ¥âáï å ®â¨ç¥áª¨© à¥¦¨¬; ¯à¨ ¤ «ì¥©è¥¬ ã¢¥«¨ç¥¨¨ T ¬®£ãâ à¥ «¨§®¢ë¢ âìáï ãáâ®©ç¨¢ë¥
æ¨ª«ë. � ç áâ®áâ¨, ¯à¨ T = 3:14 áãé¥áâ¢ã¥â (ãáâ®©ç¨¢ë©) æ¨ª« ¤«¨ë âà¨

(8:475 ! 0:041 ! 0:909 ! 8:475)

¨ ¯® â¥®à¥¬¥ � àª®¢áª®£® [6] ¨¬¥îâáï (§¤¥áì ¥ãáâ®©ç¨¢ë¥) æ¨ª«ë «î¡®£® ¯¥à¨®¤ . � ª¨¬
®¡à §®¬, áà¥¤¨ à¥è¥¨© (1.9) á®¤¥à¦ âáï á ¬ë¥ à §®®¡à §ë¥ ¤¨ ¬¨ç¥áª¨¥ à¥¦¨¬ë.

�ãáâì â¥¯¥àì a > T ¨ k = [a=T ] + 1, â®£¤  ®â®¡à ¦¥¨¥ �ã ª à¥ ¤«ï ãà ¢¥¨ï (1.9)
¯à¨¨¬ ¥â ¢¨¤

Zm = Zm�1 exp(T � Zm�k): (1.11)

�à¨¢¥¤¥¬ ¥ª®â®àë¥ á¢®©áâ¢  ¯®á«¥¤®¢ â¥«ì®áâ¨ (1.11). � ª, å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥
¤«ï «¨¥ à¨§®¢ ®£® ãà ¢¥¨ï (1.11) ¢ ®ªà¥áâ®áâ¨ à ¢®¢¥á¨ï Z� � T ¨¬¥¥â ¢¨¤

�k � �k�1 + T = 0: (1.12)

�à¨ 0 < T < Tªà = 2 sin(�=(4k�2)) ¢á¥ ª®à¨ (1.12) «¥¦ â ¢ãâà¨ ¥¤¨¨ç®£® ªàã£  ª®¬¯«¥ªá®©
¯«®áª®áâ¨,   ¯à¨ T = Tªà ¯¥à¢ ï ¯ à  ª®¬¯«¥ªá®-á®¯àï¦¥ëå ª®à¥©

�1;2 = cos! � i sin! á ! = �=(2k � 1)

¯¥à¥á¥ª ¥â ¥¤¨¨çãî ®ªàã¦®áâì ¨ à®¦¤ ¥âáï ãáâ®©ç¨¢ë© æ¨ª« ¯¥à¨®¤  4k�2. �¥âà¨¢¨ «ìë¥
£«®¡ «ìë¥ á¢®©áâ¢  (1.11) ¯à®ï¢«ïîâáï ã¦¥ ¯à¨ k = 2. �®¬¯ìîâ¥àë¥ à áç¥âë ¯®ª § «¨ á«¥-
¤ãîé¥¥: ¯à¨ ã¢¥«¨ç¥¨¨ T ¢ ¨â¥à¢ «¥ (1; 3) ¢ ¤ ®¬ ãà ¢¥¨¨ ¢®§¨ª îâ (\à¥§® áë¥" ?)
ª®«¥¡ ¨ï ¡®«ìè®©  ¬¯«¨âã¤ë,   ¯à¨ T > 3 ¥ª®â®àë© í«¥¬¥â Zm�k áâ ®¢¨âáï ¤®áâ â®ç®
¡®«ìè¨¬ ¨ â®£¤  Zm á®£« á® (1.11) ®¡à é ¥âáï ¢ \¬ è¨ë© ã«ì". �¥ ¢¯®«¥ ïá®, ï¢«ï¥â-
áï «¨ íâ® \ª â áâà®ä¨ç¥áª®¥ á®¡ëâ¨¥" á«¥¤áâ¢¨¥¬ ®£à ¨ç¥®áâ¨ ¢®§¬®¦®áâ¥© ª®¬¯ìîâ¥à 
¨«¨ ¢á¥-â ª¨ âà ¥ªâ®à¨¨ (1.11) ¥ ®â¤¥«¥ë ®â ã«ï. �®íâ®¬ã ¯à¥¤áâ ¢«ï¥â ¨â¥à¥á ¯à®¡«¥¬ 
¨áá«¥¤®¢ ¨ï ¤¨ ¬¨ª¨ ãà ¢¥¨ï �¨ªª¥à  á § ¯ §¤ë¢ ¨¥¬ (1.11).

� áá¬®âà¨¬ â¥¯¥àì á®®¡é¥áâ¢® ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¯®¯ã«ïæ¨©

_xk = xkfk(x1; : : : ; xn; �k(t));

£¤¥ k = 1; : : : ; n; x0k > 0; £« ¤ª¨¥ äãªæ¨¨ fk ¢ § ¢¨á¨¬®áâ¨ ®â å à ªâ¥à  íª®«®£¨ç¥áª¨å ®â-
®è¥¨© (ª®ªãà¥æ¨ï, å¨é¨ç¥áâ¢® ¨ â. ¤.) ã¤®¢«¥â¢®àïîâ ®¯à¥¤¥«¥ë¬ ®£à ¨ç¥¨ï¬ [3].
�à¥¤¯®« £ ¥âáï, çâ® ª ¦¤ ï �k(t) ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª®© ¤¥«ìâ -äãªæ¨¥©. � ¤ «ì¥©è¥¬
â ª¨¥ ¬®¤¥«¨ ¡ã¤¥¬  §ë¢ âì D-á¨áâ¥¬ ¬¨.
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2. �¥®à¨ï ª®ªãà¥æ¨¨ ¢ D-á¨áâ¥¬¥ �®«ìâ¥àà 

� à ¬ª å ¤ ®© áå¥¬ë ¤¨ ¬¨ª  ¡«¨§ª¨å ª®ªãà¨àãîé¨å ¯®¯ã«ïæ¨© ¯à¥¤áâ ¢«ï¥âáï ¢
ä®à¬¥ [7]

_xk = xk[1� �k�(t � �k)(x1 + � � �+ xn)]; k = 1; n; (2.1)

£¤¥ �k > 0 ¨ x0k > 0 ¤«ï ¢á¥å k; 0 < �1 < �2 < � � � < �n < T ¨ � ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª®© ¤¥«ìâ -
äãªæ¨¥©. � ¦¤ ï ¯¥à¥¬¥ ï xk ¢ (2.1)   ®âà¥§ª¥ [0; T ] ï¢«ï¥âáï ¢®§à áâ îé¥© íªá¯®¥â®©,
§  ¨áª«îç¥¨¥¬ \á¢®¥©" â®çª¨ �k, ¢ ª®â®à®© ¨¬¥¥â ¬¥áâ® áª ç®ª (á¢¥àåã ¢¨§). �®âï ¢ â®çª¥
�k § ç¥¨¥ xk(�k) ¥ ®¯à¥¤¥«¥®, â¥¬ ¥ ¬¥¥¥ áãé¥áâ¢ãîâ ¯à¥¤¥«ë á«¥¢  xk(�k � 0) ¨ á¯à ¢ 
xk(�k+0). �®áª®«ìªã ¢á¥ f�kg à §«¨çë, â® íâ® ®¡áâ®ïâ¥«ìáâ¢® ¯®§¢®«ï¥â ¨§¡¥¦ âì âàã¤®áâ¥©,
á¢ï§ ëå á ¥®¯à¥¤¥«¥®áâìî ¢¥«¨ç¨ë xk ¢ â®çª¥ t = �k. � ¯à¨¬¥à, ¢ ãà ¢¥¨¨ ¤«ï x1
¢ ¦ë «¨èì § ç¥¨ï x2; : : : ; xn ¢ â®çª¥ t = �1, ¢ ª®â®à®© ®¨ ¥¯à¥àë¢ë ¨, § ç¨â, ®¤®§ ç®
®¯à¥¤¥«¥ë. � æ¥«®¬ à®«ì ¤¥«ìâ -äãªæ¨© á¢®¤¨âáï ª â®¬ã, çâ® \¥«¨¥©®áâ¨" ¯à®ï¢«ïîâáï
«¨èì ¢ \¡¥áª®¥ç® ¬ «ë¥" ¨â¥à¢ «ë ¢à¥¬¥¨,   ¤«ï ¯®çâ¨ ¢á¥å t á¨áâ¥¬  (2.1) ®ª §ë¢ ¥âáï
«¨¥©®©.

�â¬¥â¨¬, çâ® ¥á«¨ �k > T , â® k-ï ¯®¯ã«ïæ¨ï ¢ë¬¨à ¥â ¤ ¦¥ ¢ ®âáãâáâ¢¨¥ ª®ªãà¥â®¢.
�®íâ®¬ã ¨¦¥ à áá¬®âà¨¬ ¥âà¨¢¨ «ìë© á«ãç ©, ª®£¤  �k < T ¤«ï ¢á¥å k.

�®«®¦¨¬ ymk = xk(mT + �k + 0) ¨ ¯ãáâì § ¤ ë  ç «ìë¥ ¢¥«¨ç¨ë fym1 ; : : : ; y
m
n g. �®àï¤®ª

ç¥à¥¤®¢ ¨ï áª çª®¢ f�kg § ¤ ¥â ¥áâ¥áâ¢¥ãî ¯®á«¥¤®¢ â¥«ì®áâì ¢ëç¨á«¥¨©| á ç «  ym+1
1 ,

§ â¥¬ ym+1
2 ¨ â. ¤. � ª, ¯à®æ¥¤ãà  ¢ëç¨á«¥¨ï ym+1

1 = x1(t1+0), £¤¥ t1 = mT+T+�1, ®¯¨à ¥âáï  
á®®â®è¥¨¥ (1.7), ¢ ª®â®à®¬ ¯ à ¬¥âà c ï¢«ï¥âáï áã¬¬®© ¯¥à¥¬¥ëå x2; : : : ; xn ¢ â®çª¥ (t1+0).
�¥£ª® ¢¨¤¥âì, çâ®

xj(t1 + 0) = ymj exp(T � �j + �1) ¤«ï j > 1:

�®áª®«ìªã x1(t1 � 0) = ym1 e
T , â® ¬®¦® ®¯à¥¤¥«¨âì ¢¥«¨ç¨ã x1(t1 + 0). � ª ¯®«ãç ¥¬

1
ym+1
1

=
exp(�1cm1 )� 1

cm1
+
exp(�1cm1 � T )

ym1
; (2.2)

£¤¥ cm1 =
nP

j=2

b1jy
m
j ¨ b1j = exp(T + �1� �j). �à ¢¥¨¥ (2.2) ®¯à¥¤¥«ï¥â ®â®¡à ¦¥¨¥, ¨§¬¥ïîé¥¥

â®«ìª® ¯¥à¢ãî ª®¬¯®¥âã,

g1 : (y
m
1 ; y

m
2 ; : : : ; y

m
n )! (ym+1

1 ; ym2 ; : : : ; y
m
n ):

�«ï ®¯¨á ¨ï ®áâ «ìëå ¯¥à¥¬¥ëå ¯®áâà®¨¬ ¬ âà¨æã ¢§ ¨¬®¤¥©áâ¢¨© Bn = (bkj):

bkj =

8>><
>>:
exp(�k � �j); ¥á«¨ �k > �j;

exp(T + �k � �j); ¥á«¨ �k < �j;

0; ¥á«¨ �k = �j:

�à¨ n = 3 ¨ à ¢®¬¥à®¬ à á¯®«®¦¥¨¨ â®ç¥ª f�kg   ®âà¥§ª¥ [0; T ] ¨¬¥¥¬

B3 =

0
@ 0 a2 a
a 0 a2

a2 a 0

1
A ; £¤¥ a = exp(T=3):

�¥¯¥àì ¤«ï k > 1 ¯®«ãç ¥¬   «®£¨çë¥ á®®â®è¥¨ï

1
ym+1
k

=
exp(�kc

m
k )� 1

cmk
+
exp(�kc

m
k � T )

ymk
; (2.3)

£¤¥ cmk =
k�1P
j=1

bkjy
m+1
j +

nP
j=k+1

bkjy
m
j . �à¨ k > 1 ãà ¢¥¨¥ (2.3) § ¤ ¥â ®â®¡à ¦¥¨¥ gk, ª®â®à®¥

¤¥©áâ¢ã¥â â®«ìª®   k-î ¯¥à¥¬¥ãî. �¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï

27



�¥¬¬  2.1. � ¦¤ ï äãªæ¨ï gk ¢®§à áâ ¥â ¯® ¯¥à¥¬¥®© yk ¨ ã¡ë¢ ¥â ¯® ¢á¥¬ ®áâ «ì-

ë¬ ¯¥à¥¬¥ë¬.

� æ¥«®¬ ®â®¡à ¦¥¨¥ �ã ª à¥ P á¨áâ¥¬ë (2.1) ¤®¯ãáª ¥â à áé¥¯«¥¨¥ ¢ ª®¬¯®§¨æ¨î ¯à®-
áâëå ®â®¡à ¦¥¨© gn � � � � � g1. �  ä §®¢®© ¯«®áª®áâ¨ Rn

+ ®¯à¥¤¥«¨¬ (\à ¢®¢¥áë¥" ¯® k-©
ª®®à¤¨ â¥) ¬®¦¥áâ¢  Ek = fY j gk(Y ) = Y g. �¤¥áì ¢ ¦®¥ § ç¥¨¥ ¨¬¥îâ á¢®©áâ¢  í«¥¬¥-
â à®© äãªæ¨¨

V (z) =
z[1� exp(z � T )]

exp z � 1
(2.4)

¯à¨ T > 0. �¯à ¢¥¤«¨¢ 

�¥¬¬  2.2. V (z) | ã¡ë¢ îé ï (¯à¨ �1 < z 6 T ) ¨ ¢ë¯ãª« ï ¢¨§ (¯à¨ 0 6 z 6 T )
äãªæ¨ï.

�ãáâì â®çª  Y ¯à¨ ¤«¥¦¨â Ek, â®£¤  ¢ë¯®«ï¥âáï á®®â®è¥¨¥

�kyk = V

�
�k

nX
j=1

bkjyj

�
:

�«¥¤®¢ â¥«ì®, Ek | ¢ë¯ãª« ï ¢¨§ ¯®¢¥àå®áâì ¢ Rn
+. �ã¤¥¬ £®¢®à¨âì: â®çª  Y «¥¦¨â ¨¦¥

Ek, ª®£¤  ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

�kyk < V

�
�k

nX
j=1

bkjyj

�
:

�á«¨ ¢ë¯®«ï¥âáï áâà®£® ¯à®â¨¢®¯®«®¦®¥ ¥à ¢¥áâ¢®, â® â®çª  Y «¥¦¨â ¢ëè¥ Ek. �ç¥¢¨¤®,
gk(yk) > yk, ª®£¤  â®çª  Y «¥¦¨â ¨¦¥ Ek. �á«¨ â®çª  Y «¥¦¨â ¢ëè¥ Ek, â® gk(yk) < yk.
�¯à ¢¥¤«¨¢ 

�¥¬¬  2.3. �ãáâì â®çª  Y «¥¦¨â ¨¦¥ (¢ëè¥) Ek, â®£¤  ¨ â®çª  gk(Y ) «¥¦¨â ¨¦¥

(¢ëè¥) Ek.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¤«ï ¯à¨¬¥à  k = 1. �ãáâì â®çª  Y = (y1; : : : ; yn) «¥¦¨â ¨¦¥
E1, â®£¤  ¯à¨ ¥ª®â®à®¬ y�1 > y1 áãé¥áâ¢ã¥â â®çª  Z = (y�1 ; y2; : : : ; yn), ¯à¨ ¤«¥¦ é ï E1. �
á¨«ã «¥¬¬ë 2.1 ® ¬®®â®®áâ¨ g1 ¨¬¥¥¬ g1(y�1) > g1(y1). �® g1(y�1) = y�1 ¨, § ç¨â, â®çª  g1(Y )
¯®-¯à¥¦¥¬ã «¥¦¨â ¨¦¥ E1. � «®£¨ç® ãáâ  ¢«¨¢ ¥âáï á¯à ¢¥¤«¨¢®áâì ¨ ¢â®à®£® ãâ¢¥à¦¤¥-
¨ï.

�¯à¥¤¥«¨¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¯®¢¥àå®áâì E1 à á¯®« £ ¥âáï ¢ëè¥ ¢á¥å ®áâ «ìëå Ek.

�¥¬¬  2.4. �á«¨ ¯®¢¥àå®áâì Ek «¥¦¨â ¨¦¥ E1   ®á¨ OYk, â® Ek «¥¦¨â ¨¦¥ E1

¢áî¤ã ¢ Rn
+.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¤«ï ¯à¨¬¥à  ¯®¢¥àå®áâ¨ E1 ¨ E2 ¢ R3
+. �¥à¥á¥ç¥¨¥ ®á¨ OY2

¤ ë¬¨ ¯®¢¥àå®áâï¬¨ ¯à®¨áå®¤¨â ¢ â®çª å y�2 = T exp(�2� �1�T )=�1 ¨ y��2 = [1� exp(�T )]=�2
á®®â¢¥âáâ¢¥®.

�® ãá«®¢¨î ¨¬¥¥¬ y�2 > y��2 , â. ¥.

�2
�1

>
exp(�1 � �2)[exp T � 1]

T
: (2.5)

� â®çª¥ (0; y�2 ; 0) ª E1 ¯®áâà®¨¬ ª á â¥«ìãî ¯«®áª®áâì (L1), ãà ¢¥¨¥ ª®â®à®© ¨¬¥¥â ¢¨¤
(á¬. à¨á. a)

�y1 + b12y2 + b13y3 =
T

�1
;
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�¨á. a

£¤¥ � = (expT � 1)=T ¨ b12 = exp(T + �1 � �2), b13 = exp(T + �1 � �3) | í«¥¬¥âë ¬ âà¨æë
¢§ ¨¬®¤¥©áâ¢¨©. �¢¨¤ã ¢ë¯ãª«®áâ¨ E1 ¯«®áª®áâì L1 «¥¦¨â ¨¦¥ E1. � ¬®¥ £« ¢®¥, ¯®ª ¦¥¬,
çâ® L1 «¥¦¨â ¢ëè¥ E2. �§-§  ¢ë¯ãª«®áâ¨ E2 ¤®áâ â®ç® ãáâ ®¢¨âì, çâ® â®çª¨ ¯¥à¥á¥ç¥¨ïE2 á
®áï¬¨ ª®®à¤¨ â «¥¦ â ¨¦¥ â®ç¥ª ¯¥à¥á¥ç¥¨ï L1 c á®®â¢¥âáâ¢ãîé¨¬¨ ®áï¬¨ ª®®à¤¨ â. � ª
L1 ¨¬¥¥â â®çª¨ ¯¥à¥á¥ç¥¨ï

y�1 =
T 2

�1 expT � �1
¨ y�3 =

T exp(�3 � �1 � T )
�1

:

�®¢¥àå®áâì E2 ¯¥à¥á¥ª ¥â ãª § ë¥ ®á¨ ¯à¨

y��1 =
T exp(�1 � �2)

�2
¨ y��3 =

T exp(�3 � �2 � T )
�2

:

� á¨«ã ãá«®¢¨ï (2.5) ¯®«ãç ¥¬ y�k > y��k ¤«ï ¢á¥å k.

�ãáâì ¤«ï ¢á¥å k > 1 ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ § ¯ á 

�k

�1
>
expT � 1

T
; (2.6)

â®£¤    ®á¨ OYk â®çª  ¯¥à¥á¥ç¥¨ï E1 «¥¦¨â ¢ëè¥ á®®â¢¥âáâ¢ãîé¥© â®çª¨ ¯¥à¥á¥ç¥¨ï Ek.
�®íâ®¬ã á¯à ¢¥¤«¨¢ 

�¥¬¬  2.5. �®¢¥àå®áâì E1 «¥¦¨â ¢ëè¥ ¢á¥å ®áâ «ìëå fEkg ¢ Rn
+, ¥á«¨ ¢ë¯®«ï¥âáï

á®®â®è¥¨¥ § ¯ á  (2.6).

�ãáâì E1 à á¯®«®¦¥  ¢ëè¥ ¢á¥å ®áâ «ìëå Ek, â®£¤  ¯¥à¢ ï ç áâì «¥¬¬ë 2.3 ¬®¦¥â
¡ëâì ãá¨«¥ : ¥á«¨ Y «¥¦¨â ¨¦¥ E1, â® ¤«ï ª ¦¤®£® k â®çª  gk(Y ) «¥¦¨â ¨¦¥ E1. � íâ®©
á¢ï§¨ ®¡« áâì Rn

+, ®£à ¨ç¥ ï á¢¥àåã E1, ï¢«ï¥âáï ¯®£«®é îé¥© ¤«ï âà ¥ªâ®à¨© á¨áâ¥¬ë
(2.2)+(2.3).

�¡®§ ç¨¬ ç¥à¥§W äãªæ¨î, ®¡à âãî ª V (z). � ª ª ª ¯à¨ z 6 T äãªæ¨ï V (z) ¨§¬¥ï¥âáï
  ¯®«ã®á¨ (0;1), â®W (z) ®¯à¥¤¥«¥  ¯à¨ ¢á¥å z > 0. �ç¥¢¨¤®,W (z) | ¬®®â®® ã¡ë¢ îé ï
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äãªæ¨ï. �¥¯¥àì ¯®áâà®¨¬ ¢ Rn
+ ¥¯à¥àë¢ãî, ¥®âà¨æ â¥«ìãî äãªæ¨î (  «®£ äãªæ¨¨

�ï¯ã®¢ )

L(Y ) = max
�
W (�1y1)

�1
;

nX
j=2

b1jyj

�
:

�á«¨ Y = (y1; 0; : : : ; 0) ¨ y1 > [1 � exp(�T )]=�1, â® L(Y ) = 0. �¥«¨ç¨  L(Y ) ¢® ¬®£®¬ ®¯à¥¤¥-
«ï¥âáï ¯®«®¦¥¨¥¬ â®çª¨ Y ®â®á¨â¥«ì® E1. � ª ¨¬¥¥¬

L =

8><
>:
W (�1y1)=�1; ¥á«¨ Y «¥¦¨â ¨¦¥ E1;
nP

j=2

b1jyj ¢ ¯à®â¨¢®¬ á«ãç ¥:

�ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ § ¯ á , â®£¤  á¯à ¢¥¤«¨¢ 

�¥¬¬  2.6. �  âà ¥ªâ®à¨ïå á¨áâ¥¬ë (2.2)+(2.3) äãªæ¨ï L (¥áâà®£®) ã¡ë¢ ¥â. �à¨

íâ®¬ L(PP (Y )) < L(Y ) ¤«ï Y ¨§ Rn
+.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§ ç¥¨¥ gk(Y ) = Y � = (y�1 ; : : : ; y
�

n). �®á¯®«ì§ã¥¬áï à áé¥¯«¥-
¨¥¬ ®â®¡à ¦¥¨ï �ã ª à¥ P = gn � � � � � g1 ¨ áà ¢¨¬ § ç¥¨ï L = L(Y ) ¨ Lk = L(gk(Y )) ¤«ï
ª ¦¤®© äãªæ¨¨ gk. �®§¬®¦ë á«¥¤ãîé¨¥ âà¨ ¢ à¨ â .

1. �®çª  Y «¥¦¨â ¨¦¥ E1, â®£¤  L = W (�1y1)=�1. �®£« á® ãá¨«¥®© «¥¬¬¥ 2.3 ® ¯®£«®-
é¥¨¨ â®çª  Y � â ª¦¥ «¥¦¨â ¨¦¥ E1 ¨, § ç¨â, L1 = W (�1y�1)=�1. �à¨ k = 1 ¨¬¥¥¬ y�1 > y1,
¯®íâ®¬ã L1 < L. �à¨ k > 1 ¯®«ãç ¥¬ y�1 = y1 ¨ Lk = L.

2. �®çª  Y «¥¦¨â ¢ëè¥ E1, â®£¤  L =
nP

j=2

b1jyj . �ãáâì á ç «  k = 1. � á¨«ã «¥¬¬ë 2.3 â®çª 

Y � â ª¦¥ «¥¦¨â ¢ëè¥ E1 ¨, § ç¨â, L1 =
nP

j=2

b1jy
�

j . �®£« á® ®¯à¥¤¥«¥¨î g1 ¨¬¥¥¬ y�1 = y1 ¤«ï

¢á¥å j > 1 ¨ ¯®íâ®¬ã L1 = L. �ãáâì â¥¯¥àì k > 1, â®£¤  y�k < yk,   ®áâ «ìë¥ ª®®à¤¨ âë â®ç¥ª
Y � ¨ Y á®¢¯ ¤ îâ. �à¨ íâ®¬ ¢®§¬®¦ë ¤¢  ¯®«®¦¥¨ï â®çª¨ Y �:

 ) Y � «¥¦¨â ¨¦¥ E1, â®£¤  Lk =
nP

j=2

b1jy
�

j ¨, § ç¨â, Lk < L;

¡) Y � «¥¦¨â ¢ëè¥ E1, â®£¤  Lk =W (�1y�1)=�1 ¨, § ç¨â, Lk = L.

3. �®çª  Y «¥¦¨â   E1, â®£¤  Lk = L ¤«ï ¢á¥å k.
� æ¥«®¬  å®¤¨¬ L(P (Y )) 6 L(Y ). �¥¯¥àì à áá¬®âà¨¬ ¡®«¥¥ ¢¨¬ â¥«ì® à¥§ã«ìâ âë ¯à®¢¥-

¤¥®£® ¢ëè¥   «¨§ , ª®â®àë¥ ¤«ï  £«ï¤®áâ¨ á¢¥¤¥ë ¢ â ¡«¨æã. �§ â ¡«¨æë ¢¨¤¨¬: ¥á«¨ Y
¥ «¥¦¨â   E1, â® L(P (Y )) < L(Y ) ¨, á«¥¤®¢ â¥«ì®, L(PP (Y )) < L(P (Y )). �á«¨ Y  å®¤¨âáï
  E1, â® ¯®áª®«ìªã P (Y ) ®ª §ë¢ ¥âáï ¨¦¥ E1, ¨¬¥¥¬ L(PP (Y )) < L(P (Y )) = L(Y ).

�®«®¦¥¨¥ Y ¨¦¥ E1 Y ¢ëè¥ E1 Y   E1

Y ¨ Y �

�â®¡à ¦¥¨¥ Y � ¨¦¥ E1 Y � ¢ëè¥ E1

g1 L1 < L L1 = L L1 = L L1 = L
gi ¯à¨ i > 1 Li = L Li < L Li = L Li = L

�ãáâì â®çª  Y 0 ¯à¨ ¤«¥¦¨â ¢ãâà¥®áâ¨ Rn
+,   fY

mg | ¯®á«¥¤®¢ â¥«ì®áâì, § ¤  ï
á®®â®è¥¨¥¬ Y m+1 = P (Y m). �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï § ¯ á  ¨¬¥¥â ¬¥áâ® ®á®¢ ï

�¥¬¬  2.7. �®á«¥¤®¢ â¥«ì®áâì fY mg áå®¤¨âáï ª â®çª¥ (y�1 ; 0; : : : ; 0), £¤¥ y�1 =
= [1� exp(�T )]=�1.

30



�®ª § â¥«ìáâ¢®. �®¦® áç¨â âì, çâ® ª ¦¤ ï â®çª  Y m  å®¤¨âáï ¢ n-¬¥à®¬ á¨¬¯«¥ªá¥

S = f(y1; : : : ; yn) j y1 + � � �+ yn 6M; y1 > 0; : : : ; yn > 0g

¯à¨ ¤®áâ â®ç®¬ ¡®«ìè®¬M . �®áª®«ìªã S | ª®¬¯ ªâ, ¢ ¥¬ áãé¥áâ¢ã¥â â®çª  Y �, ï¢«ïîé ïáï
®¤®© ¨§ ¯à¥¤¥«ìëå ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fY mg. � áá¬®âà¨¬ ç¥âëà¥ ¢®§¬®¦ëå ¢ à¨ â 
à á¯®«®¦¥¨ï â®çª¨ Y �. �à¨ íâ®¬ ®ª ¦¥âáï, çâ® ¯¥à¢ë¥ âà¨ á«ãç ï ¥ ¬®£ãâ ¡ëâì à¥ «¨§®¢ ë
¨§-§  ®¯à¥¤¥«¥ëå á¢®©áâ¢ ¤¨ ¬¨ç¥áª®© á¨áâ¥¬ë (2.2)+(2.3).

1. Y � | ¢ãâà¥ïï â®çª  Rn
+. � á¨«ã «¥¬¬ë 2.6 ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì®áâì fL(Y m)g

ã¡ë¢ ¥â ¨ L(Y �) | ¥¥ ¯à¥¤¥«ì®¥ § ç¥¨¥. � «¥¥, PP (Y �) â ª¦¥ ï¢«ï¥âáï ®¤®© (â®© ¦¥ á ¬®©
¨«¨ ¤àã£®©) ¨§ ¯à¥¤¥«ìëå â®ç¥ª ¯®á«¥¤®¢ â¥«ì®áâ¨ fY mg ¨, § ç¨â, L(PP (Y �)) = L(Y �). �®
íâ® à ¢¥áâ¢® ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 2.6. �®íâ®¬ã ¢ ®áâ «ìëå âà¥å á«ãç ïå ¯à¥¤¯®« £ ¥âáï, çâ®
â®çª  Y � «¥¦¨â   £à ¨æ¥ Rn

+.

2. �®çª  Y � «¥¦¨â ¢ëè¥ E1. �®£« á® ãá¨«¥®© «¥¬¬¥ 2.3 ® ¯®£«®é¥¨¨ ¨ ¢áï ¯®á«¥¤®¢ -
â¥«ì®áâì fY mg «¥¦¨â ¢ëè¥ E1. � ç¨â, ¤«ï ª ¦¤®£® k = 1; : : : ; n ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì®áâì
fynkg ï¢«ï¥âáï ã¡ë¢ îé¥©. �¡®§ ç¨¬ ç¥à¥§ R ¬ «ãî ®ªà¥áâ®áâì â®çª¨ Y �, «¥¦ éãî ¢ëè¥
E1. �ãáâì ¢ ¬®¬¥â q â®çª  Y q ¯à¨ ¤«¥¦¨â R, â®£¤  ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

yqk >
V (�kc)
�k

+ �; (2.7)

£¤¥ c =
nP

j=1

bkjy
m
j ¨ � | ¯®«®¦¨â¥«ì ï ª®áâ â , ã¨¢¥àá «ì ï ¤«ï ¢á¥å ¢¥ªâ®à®¢ (ym1 ; : : : ; y

m
n )

¨§ S. �¤®¡® ¯à¥¤áâ ¢¨âì � ¢ ä®à¬¥ "c=[exp(�kc)� 1]. � ª ª ª äãªæ¨ï c=[exp(�kc)� 1] ¯®«®¦¨-
â¥«ì  ¨ ®£à ¨ç¥  (á¢¥àåã ¨ á¨§ã)   S, â® " ¬®¦® áç¨â âì ¯®«®¦¨â¥«ì®© ã¨¢¥àá «ì®©
ª®áâ â®©. �®£¤  á®®â®è¥¨¥ (2.7) íª¢¨¢ «¥â® á«¥¤ãîé¥¬ã

exp(�kc)� 1
c

+
exp(�kc� T )

yqk
>
1 + "

yq+1k

: (2.8)

� «¥¥, ¨§ ä®à¬ã«ë (2.3) ¨ ¥à ¢¥áâ¢  (2.8)  å®¤¨¬ á®®â®è¥¨¥ \¡ëáâà®£® ã¡ë¢ ¨ï"

1

yq+1k

>
1 + "

yqk
: (2.9)

�ç¥¢¨¤®, ¥á«¨ ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì fym+1
k g ã¤®¢«¥â¢®àï¥â ¤«ï ¡¥áª®¥ç®£® ¬®-

¦¥áâ¢  ¬®¬¥â®¢ q ¥à ¢¥áâ¢ã (2.9), â® ®  áâà¥¬¨âáï ª ã«î. �â ª, ¤  ï ¯à¥¤¥«ì ï â®çª 
¨¬¥¥â ¢¨¤ Y � = (0; 0; : : : ; 0) ¨, § ç¨â, «¥¦¨â ¨¦¥ E1. �à®â¨¢®à¥ç¨¥.

3. �®çª  Y � «¥¦¨â ¨¦¥ E1. �®£« á® ãá¨«¥®© «¥¬¬¥ 2.3 ® ¯®£«®é¥¨¨ ¢áï ¯®á«¥¤®¢ â¥«ì-
®áâì fY mg «¥¦¨â ¨¦¥ E1 (ªà®¬¥, ¡ëâì ¬®¦¥â, ¥áª®«ìª¨å ¯¥à¢ëå ç«¥®¢). � «¥¥, ¨á¯®«ì§ãï
§¤¥áì á®®â¢¥âáâ¢ãîé¨¥ ¨§¬¥¥¨ï ®æ¥®ª (2.7) ¨ (2.9), ãáâ  ¢«¨¢ ¥¬, çâ® y�1 = 1. �®íâ®¬ã
â®çª  Y �  å®¤¨âáï ¢ëè¥ E1. �à®â¨¢®à¥ç¨¥.

4. �®çª  Y � «¥¦¨â   E1. �®ª ¦¥¬, çâ® Y � ¨¬¥¥â ¢¨¤ (y�1 ; 0; : : : ; 0). �á«¨ Y 0 | ¢ãâà¥ïï
â®çª  Rn

+, â®   E1 ¬®¦¥â «¥¦ âì ¥ ¡®«¥¥ ®¤®© â®çª¨ Y m. � «¥¥, ¢¢¨¤ã ãá¨«¥®© «¥¬¬ë 2.3
® ¯®£«®é¥¨¨ ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fY mg ¢®§¬®¦ë ¤¢¥ á¨âã æ¨¨:

 ) ¢á¥ Y m «¥¦ â ¢ëè¥ E1. �®£¤  ¤«ï ª ¦¤®£® k ¯®á«¥¤®¢ â¥«ì®áâì fymk g ï¢«ï¥âáï ã¡ë¢ î-
é¥©. �á¯®«ì§ãï áå¥¬ã à ááã¦¤¥¨© ¨§ 2, ¤«ï k > 1 ãáâ  ¢«¨¢ ¥¬ ymk ! 0 ¯à¨ m!1. � ç¨â,
Y � = (y�1 ; 0; : : : ; 0).

¡) ¢á¥ Y m, ªà®¬¥, ¡ëâì ¬®¦¥â, ¥áª®«ìª¨å ¯¥à¢ëå ç«¥®¢, «¥¦ â ¨¦¥ E1. �®£¤  ¯®á«¥¤®-
¢ â¥«ì®áâì fym1 g ï¢«ï¥âáï ¢®§à áâ îé¥© (¤«ï ¤®áâ â®ç® ¡®«ìè¨å m), ¯®íâ®¬ã y�1 > 0. �®«¥¥
â®£®, §¤¥áì, ª ª ¨ ¢  ), ¢á¥ ®áâ «ìë¥ ª®®à¤¨ âë â®çª¨ Y � à ¢ë 0. �¥©áâ¢¨â¥«ì®, ¯ãáâì ç áâì
®áâ «ìëå ª®®à¤¨ â Y � ¡®«ìè¥ 0 ( ¯à., y�2 > 0; : : : ; y�k > 0). �® ¢á¯®¬®£ â¥«ì®© D�-á¨áâ¥¬¥,
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¢ª«îç îé¥© ¢ á¥¡ï â®«ìª® ¯¥à¥¬¥ë¥ fx1; : : : ; xkg, â ª¦¥ ¢ë¯®«ï¥âáï ãá«®¢¨¥ § ¯ á  ¨ â®çª 
(y�1 ; : : : ; y

�

k) ï¢«ï¥âáï ®¤®© ¨§ ¯à¥¤¥«ìëå. �® ¤  ï â®çª  ¯à¨ ¤«¥¦¨â ¢ãâà¥®áâ¨ Rk
+,  

¢ á¨«ã «¥¬¬ë 2.6 íâ® ¥¢®§¬®¦®.
�â ª, ¤«ï â®çª¨ Y �, «¥¦ é¥©   E1, ¨¬¥¥¬ y�2 = � � � = y�n = 0. �®íâ®¬ã y�1 = V (0)=�1 = [1 �

exp(�T )]=�1. �®áª®«ìªã ¯à¥¤¥«ì ï â®çª  ¥¤¨áâ¢¥ , â® ®  ï¢«ï¥âáï £«®¡ «ì® ãáâ®©ç¨¢®©
¢ Rn

+.

�§ «¥¬¬ë 2.7 áà §ã á«¥¤ã¥â, çâ® ¥á«¨ ¨¬¥¥â ¬¥áâ® ãá«®¢¨¥ § ¯ á , â® ¯¥à¢ ï ¯®¯ã«ïæ¨ï
¢ëâ¥áï¥â ®áâ «ìë¥, â. ¥. á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �ãáâì ¢ á¨áâ¥¬¥ (2.1) ¢ë¯®«ï¥âáï ãá«®¢¨¥ § ¯ á 

�k

�1
>
expT � 1

T
¤«ï ¢á¥å k > 1:

�®£¤  ¯à¨ k > 1 ª ¦¤ ï ¯¥à¥¬¥ ï xk áâà¥¬¨âáï ª 0.

�à¨ n = 2 ®¯à¥¤¥«¨¬ £¥®¬¥âà¨ç¥áª¨¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¯®«®¦¨â¥«ì®£® à ¢®¢¥á¨ï ¢
á¨áâ¥¬¥ (2.2)+(2.3). � á¨«ã «¥¬¬ë 2.4 ª ¦¤ ï à ¢®¢¥á ï ªà¨¢ ï ¤®«¦  «¥¦ âì ¢ëè¥ ¤àã£®©
¢¡«¨§¨ \á¢®¥©" ®á¨ ª®®à¤¨ â (á¬. à¨á. b). �âáî¤  ¢¨¤®, çâ® ¥¤¨áâ¢¥ ï à ¢®¢¥á ï â®çª 
| á¥¤«®. �¥à®ïâ®, ¨ ¢ ¬®£®¬¥à®¬ á«ãç ¥ ¯®«®¦¨â¥«ì®¥ à ¢®¢¥á¨¥ (¥á«¨ ®® áãé¥áâ¢ã¥â)
¢ D-á¨áâ¥¬¥ �®«ìâ¥àà  ¡ã¤¥â ¥ãáâ®©ç¨¢ë¬.

�¨á. b

3. � ª«îç¥¨¥

� à ¡®â å [8], [9] ¯à¨ ®¯¨á ¨¨ ª®ªãà¥âëå ¢§ ¨¬®¤¥©áâ¢¨© ¨á¯®«ì§®¢ « áì ¬¥¥¥ ¦¥áâ-
ª ï ¥«¨¥© ï § ¢¨á¨¬®áâì (â. . áå¥¬  �®âã ). �à¨ n = 2 ¢ D-á¨áâ¥¬¥ �®âã , ¢ ®â«¨ç¨¥ ®â
D-á¨áâ¥¬ë �®«ìâ¥àà , ¯®«®¦¨â¥«ì®¥ à ¢®¢¥á¨¥ ï¢«ï¥âáï £«®¡ «ì® ãáâ®©ç¨¢ë¬. � ¬ ¦¥ ¯®-
ª § ®, çâ® ¯¥à¥¬¥ë¥ ¢ D-á¨áâ¥¬¥ �®âã  ¬ ¦®à¨àãîâ (ª ª á¢¥àåã, â ª ¨ á¨§ã) á®®â¢¥âáâ¢ã-
îé¨¥ ¯¥à¥¬¥ë¥ ¢ ®¡ëç®© á¨áâ¥¬¥ �®âã  á £« ¤ª¨¬¨ T -¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥â ¬¨
¨ ¯®íâ®¬ã ¬®£ãâ ¨á¯®«ì§®¢ âìáï ª ª ã¨¢¥àá «ìë¥ ®æ¥ª¨ à¥è¥¨©. �®§¬®¦®,   «®£¨çë¥
íªáâà¥¬ «ìë¥ á¢®©áâ¢  D-á¨áâ¥¬ ¨¬¥îâ ¬¥áâ® ¨ ¤«ï ¤àã£¨å ª« áá®¢ ¬®¤¥«¥©.
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�á¯®«ì§®¢ ¨¥ ¤¥«ìâ -äãªæ¨© ¯®«¥§® ¨ ¯à¨   «¨§¥ ¤àã£¨å ¥«¨¥©ëå íª®«®£¨ç¥áª¨å
¢§ ¨¬®¤¥©áâ¢¨©. �«ï ¨««îáâà æ¨¨ à áá¬®âà¨¬ ¥ ¢â®®¬ãî ¬®¤¥«ì �®«ìâ¥àà  \å¨é¨ª{
¦¥àâ¢ "

_x = �(t � �1)xy � x; _y = y � �(t� �2)xy;

£¤¥ 0 < �1 < �2 < T ¨ � ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª®© ¤¥«ìâ -äãªæ¨¥©. �®á«¥ í«¥¬¥â àëå
¢ëç¨á«¥¨© ®â®¡à ¦¥¨¥ �ã ª à¥ ¤ ®© á¨áâ¥¬ë ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ® ª á«¥¤ãîé¥¬ã
¯à®áâ®¬ã ¢¨¤ã

lnxm+1 = lnxm � T + ym; ln ym+1 = ln ym + T � xm+1: (3.1)

�«ï ¢á¥å T > 0 ¢ á¨áâ¥¬¥ (3.1) à ¢®¢¥á¨¥ x� = y� = T ¥ãáâ®©ç¨¢®, ¨ ¯à¨ T < 2 §¤¥áì à¥ -
«¨§ãîâáï ª®«¥¡ â¥«ìë¥ à¥¦¨¬ë. � ª ¯à¨ T = 1 ¢®§¨ª ¥â «®ª «ì® ãáâ®©ç¨¢ë© æ¨ª« ¤«¨ë
6. �à¨ T > 2 ¥ª®â®à ï ¯¥à¥¬¥ ï x áâ ®¢¨âáï ¤®áâ â®ç® ¡®«ìè®© ¨ ¯®á«¥ íâ®£® ¯¥à¥-
¬¥ ï y ®¡à é ¥âáï ¢ \¬ è¨ë© ã«ì". � ª®¥ \¢§àë¢®¥" ¯®¢¥¤¥¨¥ ®¡ãá«®¢«¥® ¦¥áâª¨¬¨
¥«¨¥©®áâï¬¨, å à ªâ¥àë¬¨ ¤«ï ¢®«ìâ¥àà®¢áª®£® â¨¯  á¨áâ¥¬ (á¬. ¢ëè¥ ãà ¢¥¨¥ �¨ªª¥à 
á § ¯ §¤ë¢ ¨¥¬). �«ï ¯®«®âë ª àâ¨ë ¢®§¨ª îé¨å §¤¥áì ï¢«¥¨© á«¥¤ã¥â à áá¬®âà¥âì ¨
¤àã£¨¥ ¬®¤¥«¨ á ¡®«¥¥ \¬ï£ª¨¬¨ ¥«¨¥©®áâï¬¨". � íâ®© á¢ï§¨ ¯à¥¤áâ ¢«ï¥â ¨â¥à¥á ¨áá«¥-
¤®¢ ¨¥ ¤¨ ¬¨ª¨ ¬®¤¥«¥© â¨¯  \å¨é¨ª{¦¥àâ¢ ", ¢ ª®â®àëå ª®íää¨æ¨¥âë ¯à¥¤áâ ¢«¥ë

¯¥à¨®¤¨ç¥áª¨¬¨ ¤¥«ìâ {äãªæ¨ï¬¨.
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