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� â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥ ¨â¥á¨¢ëå ¯à®æ¥áá®¢ ¥áâ æ¨® à®£® ¬ áá®-í¥à£®¯¥à¥-
®á  á  «¨ç¨¥¬ à¥« ªá æ¨®ëå íää¥ªâ®¢ ¯à¨¢®¤¨â ª ¥®¡å®¤¨¬®áâ¨ à¥è¥¨ï ãà ¢¥¨ï

�(@2c=@t2) + @c=@t = D(@2c=@x2) + S(@c=@x); (1)

 §ë¢ ¥¬®£® £¨¯¥à¡®«¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¬ áá®¯¥à¥®á  á ª®¢¥ªâ¨¢ë¬ ç«¥®¬ [1], ¨ à §«¨ç-
ëå ¥£®   «®£®¢. �¤¥áì c(x; t) | ¯¥à¥®á¨¬®¥ ä¨§¨ç¥áª®¥ ¯®«¥, �| ¢à¥¬ï à¥« ªá æ¨¨ áà¥¤ë, D
| ª®íää¨æ¨¥â ¤¨ääã§¨¨, S | áª®à®áâì á®á . �®¡áâ¢¥® ª®¢¥ªâ¨¢ë¬ ç«¥®¬ ¢ (1)  §ë¢ -
îâ ¢ëà ¦¥¨¥ S(@c=@x). �á«¨ ® ®âáãâáâ¢ã¥â (S = 0), â® á ¯®¬®éìî (1) ®¯¨áë¢ îâ, ¢ ç áâ®áâ¨,
¢®«®¢®© ¯à®æ¥áá à á¯à®áâà ¥¨ï ¢ áà¥¤¥ ¢®§¬ãé¥¨© ¥ª®â®à®£® ¢¥é¥áâ¢  (á ª®¥ç®© áª®à®-
áâìî w), ¯à¨ç¥¬ ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ w =

p
D=�. � íâ®¬ á«ãç ¥, ¥á«¨ ¯®«®¦¨âì a = 1=(2�),

ãà ¢¥¨¥ (1) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ® ¢ ¢¨¤¥

@2c=@t2 + 2a(@c=@t) = w2(@2c=@x2): (2)

�¡ëç® (2)  §ë¢ îâ â¥«¥£à äë¬ ãà ¢¥¨¥¬; ¥áª®«ìª® ¯®á«¥¤¨å ¤¥áïâ¨«¥â¨© ®®  -
å®¤¨«®áì ¯®¤ ¯à¨áâ «ìë¬ ¢¨¬ ¨¥¬ ¬®£¨å ¬ â¥¬ â¨ª®¢. �¥«® ¢ â®¬, çâ® (2) | ®¤® ¨§
¯à®áâ¥©è¨å ãà ¢¥¨© £¨¯¥à¡®«¨ç¥áª®£® â¨¯ ,   ¯à¨ à¥è¥¨¨ ¯®á«¥¤¨å âà ¤¨æ¨®ë¬ ¬¥â®-
¤®¬ ª®¥çëå à §®áâ¥© ¢®§¨ª îâ âàã¤®áâ¨, á¢ï§ ë¥ á ¨áª ¦¥¨ï¬¨ ª®æ¥âà æ¨®®£®
äà®â  ¯à¨ ¯¥à¥å®¤¥ ®â ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ª à §®áâ®¬ã. �à¨æ¨¯¨ «ì® ¤àã£®©
¯®¤å®¤ ª íâ®© ¯à®¡«¥¬¥ ¤®áâ ¢«ïîâ ¢¥à®ïâ®áâë¥ ¬¥â®¤ë, ãá¯¥è®¥ ¯à¨¬¥¥¨¥ ª®â®àëå ª
í««¨¯â¨ç¥áª¨¬ ¨ ¯ à ¡®«¨ç¥áª¨¬ ãà ¢¥¨ï¬ å®à®è® ¨§¢¥áâ® [2]. �â®â ¯®¤å®¤, ª ª ¯à ¢¨«®,
®á®¢    á¢ï§¨ ãà ¢¥¨© á® áª çª®®¡à §ë¬¨ ¬ àª®¢áª¨¬¨ ¯à®æ¥áá ¬¨, ®¤ ª® ¤«ï £¨¯¥à-
¡®«¨ç¥áª¨å ãà ¢¥¨© áâ®«ì ï¢®© á¢ï§¨ ¥ áãé¥áâ¢ã¥â.

�ãáâì '(x) ¨  (x) | ¤®áâ â®ç® à¥£ã«ïàë¥ äãªæ¨¨. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ à §«¨ç âì á«¥-
¤ãîé¨¥ âà¨ ¢¨¤   ç «ìëå ãá«®¢¨©:

c(x; 0) = '(x); (@c=@t)jt=0 � 0; (3)

c(x; 0) � 0; (@c=@t)jt=0 =  (x); (4)

c(x; 0) = '(x); (@c=@t)jt=0 =  (x): (5)

� ç «®¬ ¢¥à®ïâ®áâ®£® ¨áá«¥¤®¢ ¨ï ãà ¢¥¨ï (2) ¯à¨ïâ® áç¨â âì ª« áá¨ç¥áªãî à ¡®âã
�.� æ  [3], £¤¥ à áá¬ âà¨¢ ¥âáï áâ®å áâ¨ç¥áª ï ¬®¤¥«ì, á¢ï§  ï á (2), | á«ãç ©®¥ ¡«ã¦¤ -
¨¥ ¬ â¥à¨ «ì®© â®çª¨ (ç áâ¨æë) ¯® ¯àï¬®© á ¯®áâ®ï®© áª®à®áâìî w, ¯à¨ç¥¬  ¯à ¢«¥¨¥
¤¢¨¦¥¨ï ¨§¬¥ï¥âáï á ¯®áâ®ï®© ¨â¥á¨¢®áâìî a. � [3] ¯à¨¢¥¤¥  â ª¦¥ ¢¥à®ïâ®áâ ï
ä®à¬ã«  ¤«ï à¥è¥¨ï § ¤ ç¨ �®è¨ (2), (3). � [4] �¦.�¨§¨áª¨©, ¨á¯®«ì§ãï â¥®à¨î ®¤®¯ à -
¬¥âà¨ç¥áª¨å £àã¯¯ ¨ ¯®«ã£àã¯¯ «¨¥©ëå ®¯¥à â®à®¢, ®¡®¡é¨« ä®à¬ã«ã � æ    á«ãç © § ¤ ç¨
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(2), (5); íâ®¬ã à¥§ã«ìâ âã ¯®á«¥ ¥ª®â®àëå ¯à¥®¡à §®¢ ¨© ¬®¦® ¯à¨¤ âì á«¥¤ãîéãî ä®à¬ã:

c(x; t) = Ef'(x+ "wt)g+E
�
("=w)

Z x+"wt

0

 (�)d�
�
; (6)

£¤¥ t | à ¤®¬¨§¨à®¢ ®¥ ¢à¥¬ï
�
t =

tR
0

(�1)N(�)d� , N(�) | ®¤®à®¤ë© ¯à®æ¥áá �ã áá®  á

¯ à ¬¥âà®¬ a
�
, " | ¥§ ¢¨á¨¬ ï ®â N(�) á«ãç © ï ¢¥«¨ç¨ , ¯à¨¨¬ îé ï § ç¥¨ï �1 á

¢¥à®ïâ®áâìî 1/2, E | ®¯¥à æ¨ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ¨ï.
�¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¯®«ãç¥¨¥ ä®à¬ã«ë,   «®£¨ç®© (6), ¤«ï à¥è¥¨ï § ¤ ç¨

�®è¨ (1), (5).
�¥à¥©¤¥¬ ª ¯®áâà®¥¨î ¢¥à®ïâ®áâ®© ¬®¤¥«¨, ¯®§¢®«ïîé¥© ¯®«ãç¨âì à¥è¥¨¥ ãà ¢¥¨ï

(1). �ë¤¥«¨¬   ¯«®áª®áâ¨ (x; v), x 2 R1, v | áª®à®áâì, ¤¢¥ ¯ à ««¥«ìë¥ ¯àï¬ë¥ (x;w) ¨
(x;�w), ®¡ê¥¤¨¥¨¥ ª®â®àëå ¯à¨¬¥¬ §  ä §®¢®¥ ¯à®áâà áâ¢® á®áâ®ï¨© X. � áá¬®âà¨¬  
X á«¥¤ãîé¨© áª çª®®¡à §ë© ¬ àª®¢áª¨© ¯à®æ¥áá. �®âà¥¡ã¥¬, çâ®¡ë ¥£® á®áâ®ï¨¥ ¢ ¬®¬¥â
¢à¥¬¥¨ t, ®¡®§ ç ¥¬®¥ ç¥à¥§ zt = (xt; vt), vt = �w, §  ¡¥áª®¥ç® ¬ «ë© ¯à®¬¥¦ãâ®ª ¢à¥¬¥¨
[t; t+ dt] á ¢¥à®ïâ®áâìî 1� aidt+ o(dt) ¯¥à¥å®¤¨«® ¢ á®áâ®ï¨¥ (xt + vtdt; vt),   á ¢¥à®ïâ®áâìî
aidt+o(dt) á®¢¥àè «® áª ç®ª ¢ ®¡« áâì (xt+O(1);�vt)   ¤àã£®© ¯àï¬®© (i = 1; 2). �â¥á¨¢®áâì
á®áª®ª  ai § ¢¨á¨â, ¢®®¡é¥ £®¢®àï, ®â ¯àï¬®©: á ¯àï¬®© (x;w) ¯à¨¬¥¬ ¥¥ §  a1,   á (x;�w) | § 
a2. �ãªæ¨î F   X §¤¥áì ã¤®¡® § ¤ ¢ âì ¯ à®© äãªæ¨© f1, f2, ®¯à¥¤¥«¥ëå   R1, ¯à¨ç¥¬
f1(x) = F (x;w), f2(x) = F (x;�w). �®£¤  á®®â¢¥âáâ¢ãîé ï íâ®¬ã ¯à®æ¥ááã ¯®«ã£àã¯¯  â ª¦¥
¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ¯ àë

Ut(z) = (u1(x; t); u2(x; t)) = (E(x;w)fF (zt)g;E(x;�w)fF (zt)g);

¯à¨ íâ®¬ U0(z) = (f1(x); f2(x)). �¥¯®áà¥¤áâ¢¥® ¯® ®¯à¥¤¥«¥¨î  å®¤¨¬ ¨ä¨¨â¥§¨¬ «ìë©
®¯¥à â®à A  è¥£® ¯à®æ¥áá . �â®¬ã ®¯¥à â®àã ¬®¦® ¯à¨¤ âì á«¥¤ãîéãî ¬ âà¨çãî ä®à¬ã:

A =
�
w(@=@x) � a1 a1

a2 �w(@=@x) � a2

�
:

�á«¨ â¥¯¥àì ¢®á¯®«ì§®¢ âìáï ¨§¢¥áâë¬ á®®â®è¥¨¥¬ ¤«ï ¯®«ã£àã¯¯ë (®¡à âë¬ ãà ¢¥¨-
¥¬ �®«¬®£®à®¢ ) @Ut(z)=@t = AUt(z), â® ®â®á¨â¥«ì® ª®¬¯®¥â Ut(z) ¯®«ãç¨¬ á¨áâ¥¬ã ¤¢ãå
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª 

@ui=@t = �i[w(@ui=@x) + ai(u2 � u1)]; i = 1; 2; �1 = 1; �2 = �1: (7)

�§ (7) ¢ëâ¥ª ¥â, çâ® äãªæ¨¨ bci = (u1 + �iu2)=2 ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï

@2c=@t2 + (a1 + a2)(@c=@t) = w2(@2c=@x2) + (a2 � a1)w(@c=@x); (8)

¯à¨ç¥¬ (1) ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ (8) ¯à¨ ai = (w� �iS)=(2�w), i = 1; 2. �®ïâ®, çâ®  á¨¬-
¬¥âà¨ç®áâì ¯à®æ¥áá  (a1 6= a2) ¯à¨¢®¤¨â ª ¯à¥¨¬ãé¥áâ¢¥®¬ã ¤¢¨¦¥¨î ¢ ®¤®¬  ¯à ¢«¥¨¨
(¤à¥©äã),   ¯à¨ a1 = a2 = a (8) ¯¥à¥å®¤¨â ¢ (2). �¢¨¤ã ¥®âà¨æ â¥«ì®áâ¨ a1, a2 § ¬¥ç ¥¬ â ª¦¥,
çâ® ¯à¥¤« £ ¥¬ ï ¬®¤¥«ì ¯à¨¥¬«¥¬  ¯à¨ jSj � w, çâ® á®£« áã¥âáï á ä¨§¨ª®© ¯à®æ¥áá .

�®¦® ¯®ª § âì, çâ® ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (6) ¥áâì ¥ çâ® ¨®¥, ª ª à¥è¥¨¥
§ ¤ ç¨ �®è¨ (2), (3),   ¢â®à®¥ | § ¤ ç¨ (2), (4). � ª ª ª (@ui=@t)jt=0 = �i[w(dfi=dx) + ai(f2 �
f1)], i = 1; 2,  å®¤¨¬, çâ® bci(x; 0) = (f1(x) + �if2(x))=2; (@bci=@t)jt=0 = (w=2)(d(f1 � �if2)=dx) +
(a1 � �ia2)(f2 � f1)=2. �§ ¯®á«¥¤¨å ¤¢ãå á®®â®è¥¨© ¢¨¤®, çâ® ¥á«¨ f1(x) = f2(x) = f(x), â®

bc1(x; 0) = f(x); (@bc1=@t)jt=0 � 0; (9)

bc2(x; 0) � 0; (@bc2=@t)jt=0 = w(df=dx): (10)
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�®ïâ®, çâ® â ª¨¥ bc1 ¨ bc2 ï¢«ïîâáï à¥è¥¨ï¬¨ ¥ª®â®àëå § ¤ ç (8), (3) ¨ (8), (4) á®®â¢¥âáâ¢¥-
®. �¤ ª® ¢ (9) ¨ (10) f(x) ¬®¦® ¢ë¡¨à âì ¯®-à §®¬ã. �®«®¦¨¬ ¢ (9) f(x) = '(x),   ¢ (10)
| w(df=dx) =  (x), â. ¥.

f(x) = (1=w)
Z x

0

 (�)d� + const :

�®£¤  ¯®«ãç ¥¬ ï ¯à¨ íâ®¬ äãªæ¨ï c(x; t) = bc1 + bc2 ¡ã¤¥â, ª ª «¥£ª® ¢¨¤¥âì, à¥è¥¨¥¬ § ¤ ç¨

(8), (5); ¥¬ã ¨ ¯à¨¤ ¤¨¬ ¨áª®¬ãî ¢¥à®ïâ®áâãî ä®à¬ã. �ãáâì et = tR
0

(�1)N(�;!)d� | á«ãç ©®¥

¢à¥¬ï, á®®â¢¥âáâ¢ãîé¥¥ ®¯¨á ®¬ã ¢ëè¥ ¬ àª®¢áª®¬ã ¯à®æ¥ááã, §¤¥áì N(�; !) | áª çª®®¡à §-
ë© ¯à®æ¥áá �ã áá®  á ¯¥à¥¬¥®© ¨â¥á¨¢®áâìî, à ¢®© a1 ¯®á«¥ ç¥â®£® ç¨á«  áª çª®¢ ¨
a2 ¯®á«¥ ¥ç¥â®£® ¨å ç¨á« , ! | í«¥¬¥â ¯à®áâà áâ¢  á®¡ëâ¨© (áç¥â®£® ¬®¦¥áâ¢  á®áâ®ï-
¨©). �®£¤  ¯® ®¯à¥¤¥«¥¨î bci(x; t) = (E(x;w)fF (zt)g + �iE(x;�w)fF (zt)g)=2, i = 1; 2, ®âªã¤  ¯à¨

 è¨å ¢ë¡®à å f(x) bc1 = Ef'(x + "wet)g, bc2 = En("=w) x+"wetR
0

 (�)d�
o
. � ª¨¬ ®¡à §®¬, ä®à¬ã« 

¢¥à®ïâ®áâ®£® ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï § ¤ ç¨ �®è¨ (8), (5) ¯®«ãç ¥âáï   «®£¨ç®© (6): ¢ (6)
¥®¡å®¤¨¬® «¨èì § ¬¥¨âì t   et.

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ª ¯®«ãç¥®© ä®à¬ã«¥ ¬®¦® ¯à¨¬¥ïâì ¬¥â®¤ �®â¥-� à«®
  «®£¨ç® â®¬ã, ª ª íâ® ¤¥« ¥âáï ¢ à ¡®â¥  ¢â®à®¢ [5] (â ¬ ¦¥ ®¯¨á ®, ª ª ®æ¥¨¢ âì ¯®£à¥è-
®áâì). �®¢ëè¥¨î íää¥ªâ¨¢®áâ¨ â ª®£® ¬¥â®¤  ¯®á¢ïé¥ x 5 à ¡®âë [6]. � ¢¨á¨¬®áâì ª®íä-
ä¨æ¨¥â®¢ a, a1, a2 ®â ¢à¥¬¥¨ ¥ ï¢«ï¥âáï ¥¯à¥®¤®«¨¬ë¬ ¯à¥¯ïâáâ¢¨¥¬ [7]: ã¦® ¢®á¯®«ì-
§®¢ âìáï à¥§ã«ìâ â ¬¨ [8]{[9] ¨ ¥áª®«ìª® ¬®¤¨ä¨æ¨à®¢ âì áª çª®®¡à §ë© ¯à®æ¥áá �ã áá® .
�® ¯®¢®¤ã ¯à¨«®¦¥¨© ¯®«ãç¥ëå ¢  áâ®ïé¥© áâ âì¥ à¥§ã«ìâ â®¢ ¬ë ®âáë« ¥¬ ª [10]{[11],
à áá¬®âà¥ë¥ ¦¥ ¢ëè¥ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¢áâà¥ç «¨áì ¢ à ¡®â å [12]{[14], ¯®á¢ïé¥ëå
¥ª®â®àë¬ â¥å¨ç¥áª¨¬ § ¤ ç ¬.
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