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1. �à®áâà áâ¢  ¢¥ªâ®à-äãªæ¨© á® § ç¥¨ï¬¨
¢ ¯à®áâà áâ¢ å á ®à¬®© £à ä¨ª 

�  ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ áâ âì¨ [1]. � ¯®¬¨¬ ®á®¢ë¥ ¯®ïâ¨ï ¨ ®¡®§ -
ç¥¨ï. �¥à¥§ �, 	 ®¡®§ ç îâáï â®¯®«®£¨ç¥áª¨¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  (���). �áî¤ã, ¥á«¨
¥ ®£®¢®à¥® ®á®¡®, ¤«ï ��� U ¢ª«îç¥¨¥ U � � ¡ã¤¥â ¯®¨¬ âìáï ¥ â®«ìª® ¢ â¥®à¥â¨ª®-
¬®¦¥áâ¢¥®¬, ® ¨ ¢ â®¯®«®£¨ç¥áª®¬ á¬ëá«¥; â ª¨¬ ®¡à §®¬, à ¢¥áâ¢® U = V ¤«ï B-
¯à®áâà áâ¢ ¡ã¤¥â ®§ ç âì â ª¦¥ íª¢¨¢ «¥â®áâì ®à¬ íâ¨å ¯à®áâà áâ¢. �â¬¥â¨¬ â ª¦¥
á«¥¤ãîé¥¥: ¥á«¨ B-¯à®áâà áâ¢  U; V � � â ª®¢ë, çâ® V ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ U , â® V ¥-
¯à¥àë¢® ¢«®¦¥® ¢ U | íâ® á«¥¤ã¥â ¨§ â¥®à¥¬ë �  å  ® § ¬ªãâ®¬ £à ä¨ª¥, ª®â®àãî ã¦®
¯à¨¬¥¨âì ª â®¦¤¥áâ¢¥®¬ã ®â®¡à ¦¥¨î.

�¡®§ ç¨¬ ç¥à¥§ L(�;	) ¬®¦¥áâ¢® «¨¥©ëå ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ¨§ � ¢ 	. �ãáâì
 2 L(�;	) ¨ U � �. �®£¤ , ®ç¥¢¨¤®,  2 L(U;	) (áã¦¥¨¥    U §¤¥áì ¨ ¤ «¥¥ ¡ã¤¥â
®¡®§ ç âìáï â¥¬ ¦¥ á¨¬¢®«®¬ ). �á«¨ U � � | B-¯à®áâà áâ¢®, â® «¨¥©®¥ ¬®¦¥áâ¢® (U)
(®¡à § U ¯à¨ ®â®¡à ¦¥¨¨ ),  ¤¥«¥®¥ ä ªâ®à-®à¬®©

kxk(U) = inffkukU : u 2 U; u = xg;

¡ã¤¥â B-¯à®áâà áâ¢®¬, ¨§®¬¥âà¨çë¬, ®ç¥¢¨¤®, ä ªâ®à-¯à®áâà áâ¢ã U=(ker  \ U), ¯à¨ç¥¬
(U) � 	 ¨  2 L(U; (U)). �à®¬¥ â®£®, ¥á«¨ B-¯à®áâà áâ¢® X ¥¯à¥àë¢® ¢«®¦¥® ¢ 	, â®,
¤«ï â®£® çâ®¡ë  ¥¯à¥àë¢® ®â®¡à ¦ «® U ¢ X, ¤®áâ â®ç® (¨, à §ã¬¥¥âáï, ¥®¡å®¤¨¬®), çâ®¡ë
(U) ¡ë«® ¯®¤¬®¦¥áâ¢®¬ ¯à®áâà áâ¢  X. �á«¨  ¥¯à¥àë¢® ®â®¡à ¦ ¥â B-¯à®áâà áâ¢® U
  B-¯à®áâà áâ¢® X, â® ä ªâ®à-®à¬  ¯à®áâà áâ¢  (U) íª¢¨¢ «¥â  ®à¬¥ ¯à®áâà áâ¢ 
X.

�¯¥à â®à  2 L(U;X)  §ë¢ ¥âáï à¥âà ªæ¨¥©, ¥á«¨ áãé¥áâ¢ã¥â ®¯¥à â®à � 2 L(X;U),  §ë-
¢ ¥¬ë© ª®à¥âà ªæ¨¥©, â ª®©, çâ®

�x = x 8x 2 X:

�ãáâì  2 L(�;	) ¨ ¯ãáâì U � � ¨ X � 	 | ¤¢  B-¯à®áâà áâ¢ . �¯à¥¤¥«¨¬ ¯à®áâà áâ¢®

(U;X) def= fu 2 U : u 2 Xg;

 ¤¥«¥®¥ ®à¬®© £à ä¨ª 

kuk(U;X) = kukU + kukX : (1)

�§ ®¯à¥¤¥«¥¨ï ®à¬ë (1) ¨ ¨§ ¯®«®âë ¯à®áâà áâ¢ U , X á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â, çâ® (U;X)
ï¢«ï¥âáï B-¯à®áâà áâ¢®¬, ¥¯à¥àë¢® ¢«®¦¥ë¬ ¢ ¯à®áâà áâ¢® U , ¯à¨ç¥¬ (U;X) = U
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (U) ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬ ¯à®áâà áâ¢  X.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë 01-01-00616, 03-01-00380) ¨ £à â  ò�02-1.0-189 �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨¨ ¯® äã¤ -
¬¥â «ìë¬ ¨áá«¥¤®¢ ¨ï¬ ¢ ®¡« áâ¨ ¥áâ¥áâ¢¥ëå ¨ â®çëå  ãª.
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�ãáâì (T;�; �) | ¯à®áâà áâ¢® á (¯®«®© ª®¥ç®©) ¬¥à®© �, § ¤ ®©   �- «£¥¡à¥ � ¯®¤-
¬®¦¥áâ¢ ¬®¦¥áâ¢  T . �«ï B-¯à®áâà áâ¢  U � � ¬®¦¥áâ¢® ¢á¥å �-¨§¬¥à¨¬ëå äãªæ¨©
u : T ! U ®¡®§ ç ¥âáï ç¥à¥§ L0(T;�; �;U) = L(T ;U), ¨«¨, ª®à®ç¥, ª®£¤  ¥ ¢®§¨ª ¥â ¤¢ãá¬ë-
á«¥®áâ¨, ç¥à¥§ L0(U). �«ï ¯à®áâ®âë ¨§«®¦¥¨ï ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ á¥¯ à ¡¥«ìëå
B-¯à®áâà áâ¢ U � �;X � 	. �®íâ®¬ã ¢ á¨«ã ªà¨â¥à¨ï �¥ââ¨á  ¨§¬¥à¨¬®áâ¨ äãªæ¨¨ ([2],
c. 166) äãªæ¨ï u : T ! U ¡ã¤¥â ¨§¬¥à¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  U�-áª «ïà® ¨§¬¥-
à¨¬ , â. ¥. ¤«ï ª ¦¤®£® í«¥¬¥â  u� 2 U� ¨§¬¥à¨¬  áª «ïà ï äãªæ¨ï t! hu(t); u�iU .

�ãáâì M | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¯à®áâà áâ¢  U . �ãªæ¨î t 2 T ! f(t) 2 U=M
á® § ç¥¨ï¬¨ ¢ ä ªâ®à-¯à®áâà áâ¢¥ ¬®¦® à áá¬ âà¨¢ âì ¨ ª ª ¬®£®§ çãî äãªæ¨î t 2
T ! f(t) 2 2U . � ª ¯®ª § ® ¨¦¥, áãé¥áâ¢®¢ ¨¥ ¨§¬¥à¨¬®£® á¥ç¥¨ï u(t) 2 f(t) à ¢®á¨«ì®
¨§¬¥à¨¬®áâ¨ äãªæ¨¨ f .

�¥¬¬  1.1. �«ï äãªæ¨¨ f : T ! U=M íª¢¨¢ «¥âë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

(i) äãªæ¨ï f : T ! U=M ¨§¬¥à¨¬ ;
(ii) ¤«ï «î¡®£® u 2 U áª «ïà ï äãªæ¨ï t 2 T ! dist(u; f(t)) = inffku� vkU : v 2 f(t)g

¨§¬¥à¨¬ ;
(iii) ¤«ï «î¡®£® u 2 U ¬®¦¥áâ¢® ft 2 T : u 2 f(t)g �-¨§¬¥à¨¬®;
(iv) áãé¥áâ¢ã¥â áç¥â®¥ ¬®¦¥áâ¢® ¨§¬¥à¨¬ëå äãªæ¨© un : T ! U â ª¨å, çâ® un(t) 2

f(t) ¯®çâ¨ ¢áî¤ã ¨ ¯à¨ ¯®çâ¨ ¢á¥å (¯. ¢.) t 2 T ¬®¦¥áâ¢® fun(t) : n � 1g ¯«®â® ¢

f(t);
(v) áãé¥áâ¢ã¥â ¨§¬¥à¨¬ ï äãªæ¨ï u : T ! U â ª ï, çâ® u(t) 2 f(t).

�®ª § â¥«ìáâ¢®. (i)) (ii). �ãáâì u 2 U ¨ bu = u+M 2 U=M . �á«¨ f : T ! U=M ¨§¬¥à¨¬ ,
â®, ®ç¥¢¨¤®, ¨§¬¥à¨¬  ¨ ®à¬  à §®áâ¨ t 2 T ! kbu� f(t)kU=M . �áâ «®áì § ¬¥â¨âì, çâ®

kbu� f(t)kU=M = dist(u; f(t)):

�ª¢¨¢ «¥â®áâì ãâ¢¥à¦¤¥¨© (ii), (iii) ¨ (iv) á®¤¥à¦¨âáï ¢ â¥®à¥¬¥ �¥¡à¥{� áâ¥  ®¡ ¨§¬¥-
à¨¬®áâ¨ ¬®£®§ çëå ®â®¡à ¦¥¨© ([3], c. 74). �¬¯«¨ª æ¨ï (iv) ) (v) âà¨¢¨ «ì . �áâ «®áì
¯®ª § âì (v) ) (i).

�ãáâì áãé¥áâ¢ã¥â ¨§¬¥à¨¬®¥ á¥ç¥¨¥ u(t) 2 f(t). �®áª®«ìªã B-¯à®áâà áâ¢® U á¥¯ à ¡¥«ì®,
â® á¥¯ à ¡¥«ì® ¨ ä ªâ®à-¯à®áâà áâ¢® U=M . �® â¥®à¥¬¥ �¥ââ¨á  ®¡ ¨§¬¥à¨¬®áâ¨ ¤®áâ â®ç®
ãáâ ®¢¨âì, çâ® ¤«ï «î¡®£® «¨¥©®£® ¥¯à¥àë¢®£® äãªæ¨® «  F   U=M ¨§¬¥à¨¬  áª -
«ïà ï äãªæ¨ï t 2 T ! hf(t); F iU=M . �® ª ¦¤ë© â ª®© äãªæ¨® « F 2 (U=M)� ä®à¬ã«®©
u 2 U ! F (bu) ®¯à¥¤¥«ï¥â «¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® « u� 2 U� â ª®©, çâ® M � keru�.
�®íâ®¬ã

hf(t); F iU=M = hbu(t); F iU=M = hu(t); u�iU ;

¯®á«¥¤ïï ¦¥ äãªæ¨ï ¨§¬¥à¨¬  ¢ á¨«ã ¨§¬¥à¨¬®áâ¨ äãªæ¨¨ t! u(t).

�¥¬¬  1.2. �ãáâì f : T ! U=M ¨§¬¥à¨¬ . �®£¤  ¤«ï «î¡®£® " > 0  ©¤¥âáï ¨§¬¥à¨¬ ï

äãªæ¨ï u" : T ! U â ª ï, çâ® u"(t) 2 f(t) ¨

kf(t)kU=M � ku"(t)kU � (1 + ")kf(t)kU=M ¯. ¢.

�®ª § â¥«ìáâ¢®. �®£« á® «¥¬¬¥ 1.1 (ãâ¢¥à¦¤¥¨¥ (iv)) áãé¥áâ¢ã¥â áç¥â®¥ ¬®¦¥áâ¢® ¨§-
¬¥à¨¬ëå äãªæ¨© un : T ! U â ª¨å, çâ® un(t) 2 f(t) ¯®çâ¨ ¢áî¤ã ¨ ¯à¨ ¯. ¢. t 2 T ¬®¦¥áâ¢®
fun(t) : n � 1g ¯«®â® ¢ f(t). �®£¤  ¯à¨ ¯.¢. t 2 T kf(t)kU=M = inffkun(t)kU : n � 1g. �®«®¦¨¬
T0 = ft 2 T : 0 2 f(t)g ¨ ¯à¨ ä¨ªá¨à®¢ ®¬ " > 0 Tn = ft 2 T : kun(t)kU � (1 + ")kf(t)kU=Mg.

�®áâà®¥ë¥ ¬®¦¥áâ¢  Tn (n � 0) ¨§¬¥à¨¬ë ¨ �
�
T n

1S
n=0

Tn
�
= 0. � «¥¥ áâà®¨¬ ¯®á«¥¤®¢ -

â¥«ì®áâì ¥¯¥à¥á¥ª îé¨åáï ¬®¦¥áâ¢ En, ¯®« £ ï ¯à¨ n � 1 En = Tn n
n�1S
j=0

Tj . �ãªæ¨î u"
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®¯à¥¤¥«¨¬ ä®à¬ã«®©

u"(t) =
1X
n=1

�
En
(t)un(t);

£¤¥ �
En
(t) ®¡®§ ç ¥â å à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î ¬®¦¥áâ¢  En. �® ¯®áâà®¥¨î u"(t) 2 f(t)

¯à¨ ¯. ¢. t 2 T ,   ¯®â®¬ã kf(t)kU=M � ku"(t)kU . �à®¬¥ â®£®, ª ª á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ¬®¦¥áâ¢
T0 ¨ En, ku"(t)kU � (1 + ")kf(t)kU=M .

�ãáâì Lp = Lp(T;�; �). � ª ®¡ëç®, ¯à®áâà áâ¢® U -§ çëå äãªæ¨© ª« áá  Lp (1 � p <1)
c á®®â¢¥âáâ¢ãîé¥© ¬¥âà¨ª®© ®¡®§ ç îâáï ç¥à¥§ Lp(T;�; �;U) = Lp(T ;U) (ª®à®âª® Lp(U)). �á«¨
 2 L(�;	) ¨ U � �, X � 	, â® ¤«ï «î¡®© äãªæ¨¨ u 2 Lp(U) äãªæ¨ï t 2 T ! u(t) 2 X ¡ã¤¥â
¯à¨ ¤«¥¦ âì ª« ááã Lp(X). �¥¬ á ¬ë¬  ®¯à¥¤¥«ï¥â ®â®¡à ¦¥¨¥ ¨§ Lp(U) ¢ Lp(X), ª®â®à®¥
¡ã¤¥¬ ®¡®§ ç âì â¥¬ ¦¥ á¨¬¢®«®¬ .

�¥®à¥¬  1.1. �¬¥¥â ¬¥áâ® â¥®à¥â¨ª®-¬®¦¥áâ¢¥®¥ ¨ ¬¥âà¨ç¥áª®¥ à ¢¥áâ¢®

(Lp(U)) = Lp((U)):

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ X = (U). �®£¤  ¯® ®¯à¥¤¥«¥¨î kkU!X = 1, ®âªã¤  á«¥¤ã-
¥â, çâ® kkLp(U)!Lp(X) � 1 ¨ (Lp(U)) � Lp(X). �ãáâì x 2 Lp(X) | ¯à®¨§¢®«ì ï äãªæ¨ï.
� áá¬ âà¨¢ ï �1 ª ª ¨§®¬¥âà¨î ¨§ X ¢ U=U0, ®¯à¥¤¥«¨¬ äãªæ¨î f(t) = �1x(t) 2 U=U0. �®
¯à¥¤ë¤ãé¥© «¥¬¬¥ ¤«ï ¯à®¨§¢®«ì®£® " > 0  ©¤¥âáï â ª ï ¨§¬¥à¨¬ ï äãªæ¨ï u(t) 2 f(t),
çâ® kf(t)kU=U0

� ku(t)kU � (1 + ")kf(t)kU=U0
¯®çâ¨ ¢áî¤ã. �â ª, ¤«ï ¯à®¨§¢®«ì®£® "  ©¤¥ 

äãªæ¨ï u â ª ï, çâ® x(t) = u(t) ¯®çâ¨ ¢áî¤ã ¨

kxkLp(X) = kfkLp(U=U0)
� kukLp(U) � (1 + ")kfkLp(U=U0)

= (1 + ")kxkLp(X):

� á¨«ã ¯à®¨§¢®«ì®áâ¨ x 2 Lp(X) ¨ " > 0 íâ® ®§ ç ¥â, çâ® ¬®¦¥áâ¢  (Lp(U)) ¨ Lp(X)
á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®© ¨ kxkLp(X) = kxk(Lp(U)).

�¥®à¥¬  1.2. �¬¥¥â ¬¥áâ® â¥®à¥â¨ª®-¬®¦¥áâ¢¥®¥ ¨ â®¯®«®£¨ç¥áª®¥ à ¢¥áâ¢®

(Lp(U); Lp(X)) = Lp((U;X)):

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§ ç¥¨ï: V = (U;X), W = (Lp(U); Lp(X)). �á«¨ u 2 W ,
â® u(t) 2 V ¯®çâ¨ ¢áî¤ã. �ãáâì c1; c2 > 0 â ª¨¥ ¯®áâ®ïë¥ (§ ¢¨áïé¨¥ ®â p), ¤«ï ª®â®àëå
¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

c1(jajp + jbjp) � (jaj+ jbj)p � c2(jajp + jbjp)

(a, b | ¯à®¨§¢®«ìë¥ ç¨á« ). �®£¤  ¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨ u 2 W [ Lp(V ) á¯à ¢¥¤«¨¢ 
æ¥¯®çª  ¥à ¢¥áâ¢ c1kuk

p

W � kuk
p

Lp(V ) � c2kuk
p

W , ®âªã¤  ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥.

�«ï 1 � p; q < 1 à áá¬®âà¨¬ â¥¯¥àì ãá¨«¥®¥ ¯à®áâà áâ¢® W = (Lp(U); Lq(X)). �á®,
çâ® ¥á«¨ u 2W , â® u(t) 2 (U;X) ¯à¨ ¯.¢. t 2 T .

�¥¬¬  1.3. �®¦¥áâ¢® ¯à®áâëå (â. ¥. ¨§¬¥à¨¬ëå ¨ ¯à¨¨¬ îé¨å ª®¥ç®¥ ç¨á«® § ç¥-

¨©) (U;X)-§ çëå äãªæ¨© ¯«®â® ¢ W .

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ¯à®¢®¤¨âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¤«ï ¯à®áâà áâ¢ â¨-
¯  Lp. C ç «  ¤®ª ¦¥¬ ¯«®â®áâì ¢ ãá¨«¥®¬ ¯à®áâà áâ¢¥ W ¯®¤¬®¦¥áâ¢  áç¥â®§ çëå
¨§¬¥à¨¬ëå äãªæ¨© ¨§ W : ¤¥©áâ¢¨â¥«ì®, ¤«ï «î¡®© äãªæ¨¨ u 2 W ¨ ¯à®¨§¢®«ì®£® " > 0
 ©¤¥âáï áç¥â®§ ç ï ¨§¬¥à¨¬ ïäãªæ¨ï u" â ª ï, çâ® ¯à¨ ¯. ¢. t 2 T ku(t)� u"(t)k(U;X) < ",
®âáî¤  u" 2 W ¨ ku� u"kW < c" (c | ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â u ¨ "). � «¥¥, â. ª. ®à¬ 
¯à®áâà áâ¢  W  ¡á®«îâ® ¥¯à¥àë¢ , â. ¥.

k�
E
ukW ! 0 ¯à¨ �(E)! 0;

 ©¤¥âáï â ª®¥ ¬®¦¥áâ¢® E 2 �, çâ® \áà¥§ª " �
E
u" äãªæ¨¨ u" ¡ã¤¥â ª®¥ç®§ ç®© ¨

ku� �
E
u"kW < c", çâ® ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥.
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�¥®à¥¬  1.3. �ãáâì ¬®¦¥áâ¢® áª «ïàëå äãªæ¨© L � Lp \ Lq ¯«®â® ¢ Lp \ Lq ¨

¬®¦¥áâ¢® M � (U;X) ¯«®â® ¢ (U;X). �®£¤  «¨¥© ï ®¡®«®çª  ¬®¦¥áâ¢  äãªæ¨©

L
M = f'u : ' 2 L; u 2Mg ¯«®â  ¢ ¯à®áâà áâ¢¥ W = (Lp(U); Lq(X)).

�®ª § â¥«ìáâ¢®. �ãáâì r = max(p; q), V = (U;X). �§ ãá«®¢¨ï â¥®à¥¬ë ¢ëâ¥ª ¥â ¯«®â-
®áâì «¨¥©®© ®¡®«®çª¨ ¬®¦¥áâ¢  äãªæ¨© L 
M ¢ Lr(V ). � á¢®î ®ç¥à¥¤ì, ¨§ «¥¬¬ë 1.3
á«¥¤ã¥â ¯«®â®áâì Lr(V ) ¢ W .

�«¥¤áâ¢¨¥. � áá¬®âà¨¬ ¥¤¨¨çë© ¨â¥à¢ « T = (0; 1) á «¥¡¥£®¢®© ¬¥à®©. �á«¨ ¬®¦¥áâ¢®
M � (U;X) ¯«®â® ¢ ¯à®áâà áâ¢¥ (U;X), â® «¨¥© ï ®¡®«®çª  ¬®¦¥áâ¢  äãªæ¨© f'u :
' 2 C1[0; 1], u 2Mg ¯«®â  ¢ ¯à®áâà áâ¢¥ W = (Lp(T ;U); Lq(T ;X)).

2. �à®áâà áâ¢  �®¡®«¥¢  á ãá¨«¥®© ¬¥âà¨ª®©

�ãáâì 
| ®£à ¨ç¥ ï ¯«®áª ï ®¡« áâì á £à ¨æ¥© �0 = @
, á®áâ®ïé¥© ¨§ ª®¥ç®£® ç¨á« 
ªãáª®¢ ª« áá  C2, ¯à¨ç¥¬ á®á¥¤¨¥ ªãáª¨ ¢ â®çª å áâëª  ¥ ®¡à §ãîâ ã«¥¢ëå ã£«®¢. �ãáâì
¤ ë ªà¨¢ë¥ �i � 
, i = 1; 2; : : : ;m, ª« áá  C2 á ª®æ ¬¨   �0. �à¥¤¯®« £ ¥âáï, çâ® ¢ â®çª å
¯¥à¥á¥ç¥¨© ªà¨¢ë¥ �i (i = 0;m) â ª¦¥ ¥ ®¡à §ãîâ ã«¥¢ëå ã£«®¢. � ª¨¬ ®¡à §®¬, ®¡« áâì 

à §¡¨¢ ¥âáï   ª®¥ç®¥ ç¨á«® ¯®¤®¡« áâ¥© 
k, k = 1; n, á £à ¨æ ¬¨ â®£® ¦¥ ª« áá , çâ® ¨ ã 
.

�¯à¥¤¥«¥¨¥. �ãáâì 1 < p; q <1. �à®áâà áâ¢®¬ �®¡®«¥¢  á ãá¨«¥®© ¬¥âà¨ª®©  §ë¢ -
îâ ¬®¦¥áâ¢® äãªæ¨©

V = V 1;1
p;q = V 1;1

p;q (
; f�ig)
def= fu 2W 1

p (
) : uj�i 2W
1
q (�i); i = 0;mg

á ®à¬®©

kukV = kukW 1
p (
)

+
mX
i=0

kukW 1
q (�i)

: (2)

�à®áâà áâ¢  â ª®£® à®¤  à áá¬ âà¨¢ «¨áì ¢ [4]{[11]. �§ ®¯à¥¤¥«¥¨ï á ®ç¥¢¨¤®áâìî ¢ëâ¥-
ª ¥â, çâ® ¯à®áâà áâ¢® V ï¢«ï¥âáï à¥ä«¥ªá¨¢ë¬B-¯à®áâà áâ¢®¬. �¨¦¥ ãáâ ®¢¨¬ ¯«®â®áâì
£« ¤ª¨å äãªæ¨© ¢ ãá¨«¥®¬ ¯à®áâà áâ¢¥ �®¡®«¥¢ ,   â ª¦¥ ¢ ®¤®¬ á¯¥æ¨ «ì®¬ ¯à®áâà -
áâ¢¥, ª®â®à®¥ ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª ¯à®áâà áâ¢® V -§ çëå äãªæ¨© â®£® ¦¥ â¨¯ , çâ®
¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥. �â®â ä ªâ ¯®§¢®«ï¥â ¤ âì íª¢¨¢ «¥â®¥ ®¯à¥¤¥«¥¨¥ ¯à®áâà áâ¢ 
�®¡®«¥¢  á ãá¨«¥®© ¬¥âà¨ª®© ª ª § ¬ëª ¨¥ £« ¤ª¨å äãªæ¨© ¢ ®à¬¥ (2).

�ãáâì � =
mS
i=0

�i. �«ï r 2 (0; 1] ç¥à¥§W r
p (�) ®¡®§ ç¨¬ ¬®¦¥áâ¢® äãªæ¨©, ®¯à¥¤¥«¥ëå  

� â ª¨å, çâ® áã¦¥¨¥ íâ¨å äãªæ¨©   ª ¦¤®¥ �i ¯à¨ ¤«¥¦¨â ª« ááã W r
p (�i) ¨, ªà®¬¥ â®£®, ¢

á«ãç ¥ rp > 1 äãªæ¨¨ ª« áá W r
p (�) ¯à¥¤¯®« £ îâáï (¯®á«¥ ¨á¯à ¢«¥¨ï   ¬®¦¥áâ¢¥ ã«¥¢®©

«¨¥©®© ¬¥àë) ¥¯à¥àë¢ë¬¨   ª®¬¯ ªâ¥ �. �  W r
p (�) ¥áâ¥áâ¢¥® ¢¢¥áâ¨ ®à¬¨à®¢ªã

kukW r
p (�)

=
mX
i=0

kukW r
p (�i)

¯à¨ rp � 1

¨

kukW r
p (�)

=
mX
i=0

kukW r
p (�i)

+ kukC(�) ¯à¨ rp > 1:

� ¯®á«¥¤¥¬ á«ãç ¥ ¬®¦®  ¤¥«¨âì W r
p (�) íª¢¨¢ «¥â®© ®à¬®©

kukW r
p (�)

=
mX
i=0

kukW r
p (�i)

+
�X

�

ju(�)jp
�1=p

;
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£¤¥ â®çª  � ¯à®¡¥£ ¥â ¢á¥ ¯¥à¥á¥ç¥¨ï á¥¬¥©áâ¢  ªà¨¢ëå f�ig, i = 0;m. �ç¥¢¨¤®, W r
p (�) ï¢«ï-

¥âáï à¥ä«¥ªá¨¢ë¬ B-¯à®áâà áâ¢®¬.
�áî¤ã ¢ ¤ «ì¥©è¥¬ ç¥à¥§  ¡ã¤¥â ®¡®§ ç âìáï ®¯¥à â®à á«¥¤    �. �¯¥à â®à  ï¢«ï-

¥âáï à¥âà ªæ¨¥© ¨§ W 1
p (
)   W

1�1=p
p (�). �¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã £à ¨æ  ª ¦¤®© ¨§ ¯®¤-

®¡« áâ¥© 
k á®áâ®¨â ¨§ £« ¤ª¨å ªãáª®¢, áâëªãîé¨åáï ¡¥§ ã«¥¢ëå ã£«®¢, â®, ª ª á«¥¤ã¥â ¨§
à¥§ã«ìâ â®¢ à ¡®âë [12], ®¯¥à â®àë á«¥¤  ku = uj@
k

ï¢«ïîâáï à¥âà ªæ¨ï¬¨ ¨§ W 1
p (
k)  

W 1�1=p
p (@
k). �®íâ®¬ã áãé¥áâ¢ãîâ á®®â¢¥âáâ¢ãîé¨¥ ª®à¥âà ªæ¨¨ (®¯¥à â®àë ¯à®¤®«¦¥¨ï)

�k 2 L(W 1�1=p
p (@
k);W 1

p (
k)). �ç¥¢¨¤®, ®¯à¥¤¥«ï¥¬ë© \ªãá®ç®" ®¯¥à â®à

�' =
nX

k=1

�
k
�k�k';

£¤¥ �k | ®¯¥à â®àë áã¦¥¨ï á �   @
k, ¡ã¤¥â ª®à¥âà ªæ¨¥© ¤«ï .

�¥®à¥¬  2.1. �à®áâà áâ¢® V ï¢«ï¥âáï ¯à®áâà áâ¢®¬ (W 1
p (
);W

1
q (�)) á ®à¬®© £à -

ä¨ª  ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï ¯. 2 [1], ¯à¨ç¥¬ ®¯¥à â®à á«¥¤   ï¢«ï¥âáï à¥âà ªæ¨¥© V  

W 1
q (�) \W

1�1=p
p (�).

�®ª § â¥«ìáâ¢®. �ª«îç¥¨¥ (W 1
p (
);W

1
q (�)) � V ®ç¥¢¨¤®. �«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨¢®-

¯®«®¦®£® ¢ª«îç¥¨ï ¯®ª ¦¥¬, çâ® ¤«ï «î¡®© äãªæ¨¨ u 2 V ¥¥ á«¥¤ u ï¢«ï¥âáï ¥¯à¥àë¢®©
äãªæ¨¥©. �¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã W 1

q (�i) � C(�i), â® uj�i 2 C(�i) (i = 0;m). �âáî¤  ¨ ¨§
â®£®, çâ® u 2 W 1�1=p

p (�) á«¥¤ã¥â, çâ® ¥á«¨ � | â®çª  ¯¥à¥á¥ç¥¨ï ªà¨¢ëå �i ¨ �j, â® ¢ á¨«ã
ãá«®¢¨© \áª«¥©ª¨" ([12], c. 74) u ¤®«¦  ¡ëâì ¥¯à¥àë¢®© ¢ â®çª¥ �, ¯®íâ®¬ã u 2 C(�).

�®, çâ® ®¯¥à â®à  ï¢«ï¥âáï à¥âà ªæ¨¥© ¨§ V   W 1
q (�)

T
W 1�1=p

p (�), á«¥¤ã¥â ¨§ â®£®, çâ® 
¥áâì à¥âà ªæ¨ï ¨§ W 1

p (
)   W
1�1=p
p (�) ¨ ¨§ ãâ¢¥à¦¤¥¨ï (iii) â¥®à¥¬ë 2.1 [1].

� ¬¥ç ¨¥. � ª á«¥¤ã¥â ¨§ â¥®à¥¬ ¢«®¦¥¨ï, ¯à¨ ¢ë¯®«¥¨¨ ¥à ¢¥áâ¢  2q � p ¡ã¤¥â
¢ë¯®«¥® ¢ª«îç¥¨¥ W 1

q (�) �W 1�1=p
p (�). � íâ®¬ á«ãç ¥  ¡ã¤¥â ï¢«ïâìáï à¥âà ªæ¨¥© ¨§ V  

W 1
q (�).

�¥à¥§
�

V ®¡®§ ç¨¬ ¯®¤¯à®áâà áâ¢® äãªæ¨© u ¨§ V , ¤«ï ª®â®àëå u = 0. �á®, çâ®
�

V
ï¢«ï¥âáï § ¬ªãâë¬ ¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢ W 1

p (
) ¨ V . � ª ¡ë«® ®â¬¥ç¥® ¢ëè¥, ®¯¥-
à â®à  ï¢«ï¥âáï à¥âà ªæ¨¥© ¨§ W 1

p (
)   W
1�1=p
p (�) ¨, ª ª ãâ¢¥à¦¤ ¥âáï ¢ â¥®à¥¬¥ 2.1, ¨§ V

  W 1
q (�) \W

1�1=p
p (�). �âáî¤  ¢ëâ¥ª ¥â ¤®¯®«ï¥¬®áâì

�

V ª ª ¢ W 1
p (
), â ª ¨ ¢ V . �ãáâì � |

ª ª®©-¨¡ã¤ì ¯à®¥ªâ®à  
�

V . �®£¤  ¨§ ãâ¢¥à¦¤¥¨ï (iv) â¥®à¥¬ë 2.1 [1] ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �¯¥à â®à �u = (�u; u) ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¯à®áâà áâ¢  V   ¤¥ª àâ®-

¢® ¯à®¨§¢¥¤¥¨¥
�

V � (W 1
q (�) \W

1�1=p
p (�)).

�áâ ®¢¨¬ â¥¯¥àì ¯«®â®áâì £« ¤ª¨å äãªæ¨© ¢ ¯à®áâà áâ¢ å �®¡®«¥¢  á ãá¨«¥®© ¬¥-
âà¨ª®©. �ãáâì D�(
) ®¡®§ ç ¥â ¬®¦¥áâ¢® äãªæ¨©, ¨¬¥îé¨å ç áâë¥ ¯à®¨§¢®¤ë¥ «î¡®£®
¯®àï¤ª  ¨ ®á¨â¥«¨ ª®â®àëå ¥ ¯¥à¥á¥ª îâáï á �. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  2.2. �®¦¥áâ¢® D�(
) ¯«®â® ¢
�

V .

�®ª § â¥«ìáâ¢®. �ãáâì u 2
�

V . �®£¤  uj
k
2

�

W 1
p(
k) ¤«ï ª ¦¤®£® k = 1; n. �®áª®«ìªã

¯à®áâà áâ¢® ä¨¨âëå äãªæ¨© D(
k) ¯«®â® ¢
�

W 1
p(
k) ([13], c. 87), â® ¤«ï ä¨ªá¨à®¢ ®£®

" > 0 ¬®¦® ¯®¤®¡à âì äãªæ¨î u";k 2 D(
k) â ªãî, çâ® ku� u";kkW 1
p (
k)

� "=n. �®«®¦¨¢

u" =
nP

k=1
�
k

u";k, ®ç¥¢¨¤®, ¯®«ãç¨¬ u" 2 D�(
) ¨

ku� u"kV = ku� u"kW 1
p (
)

�
nX

k=1

ku� u";kkW 1
p (
k)

� ": �
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�¥®à¥¬  2.3. �®¦¥áâ¢® ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© C1(
) ¯«®â® ¢ ¯à®-

áâà áâ¢¥ V .

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ r = max(p; q). �®à®è® ¨§¢¥áâ®, çâ® ¬®¦¥áâ¢® C1(
) ¯«®â® ¢
W 2

r (
). �®íâ®¬ã ¤®áâ â®ç® ãáâ ®¢¨âì ¯«®â®áâì ¯®á«¥¤¥£® ¢ ãá¨«¥®¬ ¯à®áâà áâ¢¥ �®¡®«¥-
¢  V (§ ¬¥â¨¬, çâ®W 2

r (
) � V ). �®£« á® á«¥¤áâ¢¨î 3 â¥®à¥¬ë 2.1 [1] ¤«ï íâ®£® ¤®áâ â®ç® ãáâ -

®¢¨âì, çâ® ¬®¦¥áâ¢®W 2
r (
)

T
ker  ¯«®â® ¢

�

V ¨ (W 2
r (
)) ¯«®â® ¢ (V ) =W 1

q (�)
T
W 1�1=p

p (�).

�®áª®«ìªã D�(
) �W 2
r (
)

T
ker , â® ¯® â¥®à¥¬¥ 2.2 ¬®¦¥áâ¢® W 2

r (
)
T
ker  ¯«®â® ¢

�

V . �â ª,
®áâ «®áì ¤®ª § âì ¯«®â®áâì ¬®¦¥áâ¢  (W 2

r (
)) ¢ (V ) = W 1
q (�)

T
W 1�1=p

p (�). �à®¢¥¤¥¬ á«¥-
¤ãîé¨¥ ¯®áâà®¥¨ï. �®áª®«ìªã ¢ ã£«®¢ëå â®çª å ¬®¦¥áâ¢  � £« ¤ª¨¥ ªãáª¨ � áâëªãîâáï ¯®¤
¥ã«¥¢ë¬ ã£«®¬, â®  ©¤¥âáï ª®¥ç®¥ á¥¬¥©áâ¢® O = fOjgj=1;N ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï
®âªàëâëå ¢ R2 ¬®¦¥áâ¢, ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) � �
NS
j=1

Oj ;

2) �
T
Oj 2 C

2 8Oj 2 O.
�®«®¦¨¬ P =

S
i6=j

Oi \ Oj \ �. �ç¥¢¨¤®, ¬®¦¥áâ¢® P ª®¥ç® ¨ á®¤¥à¦¨â ¢ á¥¡¥ ¬®¦¥áâ¢®

¢á¥å ã£«®¢ëå â®ç¥ª � ¨ ¢á¥ ¯¥à¥á¥ç¥¨ï ªà¨¢ëå �i. �¨ªá¨àã¥¬ ¯à®¨§¢®«ìãî äãªæ¨î u 2 V .
�®¤¡¥à¥¬ äãªæ¨î u0 2 C

1(
) â ª, çâ®¡ë u0(a) = u(a) 8a 2 P . �®£¤  v = u�u0 2 V ¨ äãªæ¨ï
v = u � u0 ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® v(a) = 0 8a 2 P . �ãáâì " > 0 áª®«ì ã£®¤® ¬ «®.
� áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® Oj 2 O. �¥à¥§ s ®¡®§ ç¨¬ ¤ã£®¢ãî ª®®à¤¨ âã ªà¨¢®©
Oj\�, ®âáç¨âë¢ ¥¬ãî ®â ¥ª®â®à®© ¥¥ â®çª¨. �ãªæ¨ï v ª ª äãªæ¨ï s 2 [s1; s2] ¯à¨ ¤«¥¦¨â
ª« ááã W 1

q

T
W 1�1=p

p (Oj \ �). � áá¬®âà¨¬ ¤¢  ¢®§¬®¦ëå á«ãç ï.

1) Kãá®ª Oj \ � ¥ á®¤¥à¦¨â â®ç¥ª ¨§ P . � íâ®¬ á«ãç ¥ ªà¨¢ ï Oj \ � § ¬ªãâ  ¨ ¥ ¨¬¥¥â
ã£«®¢ëå â®ç¥ª. �®íâ®¬ã  ©¤¥âáï äãªæ¨ï 'j 2 C1(Oj \ �) â ª ï, çâ®

kv � 'jkW 1
q \W

1�1=p
p (Oj\�)

�
"

N
:

� ª ª ª Oj\� 2 C2 ¨ Oj\�\P = ;, â®  ©¤¥ãî äãªæ¨î 'j 2 C
1(Oj\�) ¬®¦® ¯à®¤®«¦¨âì

á Oj \ �   ¢áî ¯«®áª®áâì R2 â ª, çâ® ¥¥ ¯à®¤®«¦¥¨¥, ª®â®à®¥ ®¡®§ ç¨¬ ç¥à¥§ vj , ¡ã¤¥â
¯à¨ ¤«¥¦ âì (¯® ªà ©¥© ¬¥à¥) ª« ááã C2(R2) ¨ supp vj \Oi = ; ¯à¨ i 6= j.

2) Kãá®ª Oj \ � á®¤¥à¦¨â â®çª¨ ¨§ P , ª®â®àë¥, ®ç¥¢¨¤®, ï¢«ïîâáï ª®æ ¬¨ ªà¨¢®©
Oj \ �. � íâ®¬ á«ãç ¥ v(s1) = v(s2) = 0. � á¨«ã ¨§¢¥áâëå â¥®à¥¬ ® ¯à¨¡«¨¦¥¨¨ ä¨¨â-
ë¬¨ äãªæ¨ï¬¨ äãªæ¨© ¨§ á®¡®«¥¢áª¨å ª« áá®¢, ®¡à é îé¨åáï ¢ ã«ì   ª®æ å ®âà¥§ª ,
 ©¤¥âáï 'j 2 C10 (Oj \ �) (â. ¥. ¡¥áª®¥ç®¥ ç¨á«® à § ¤¨ää¥à¥æ¨àã¥¬ ï ¯® s äãªæ¨ï, ®¡à -
é îé ïáï ¢ ã«ì ¢ ®ªà¥áâ®áâ¨ ª®æ®¢ ªà¨¢®© Oj \ �) â ª ï, çâ®

kv � 'jkW 1
q \W

1�1=p
p (Oj\�)

�
"

N
:

� ª ª ª �
T
Oj 2 C2, â® áãé¥áâ¢ã¥â ¯à®¤®«¦¥¨¥ wj 2 C2(R2) äãªæ¨¨ 'j 2 C10 (Oj \ �).

�®áª®«ìªã ®á¨â¥«ì äãªæ¨¨ 'j æ¥«¨ª®¬ á®¤¥à¦¨âáï ¢ Oj , â®  ©¤¥âáï  j 2 C10 (Oj), ¯à¨ íâ®¬
 j = 1 ¢ ®ªà¥áâ®áâ¨ ª®¬¯ ªâ  supp'j ([14], c. 10). �®«®¦¨¬ vj = wj j 2 C

2(R2). �® ¯®áâà®¥¨î,
suppvj\Oi = ; ¯à¨ i 6= j (â. ª. Oj ï¢«ï¥âáï ®ªà¥áâ®áâìî ª®¬¯ ªâ  supp vj ¨ ®âªàëâë¥ ¬®¦¥áâ¢ 
Oj ¨ Oi ¥ ¯¥àeá¥ª îâáï) ¨ vj jOj\�

= 'j .

�â ª, ¤«ï ª ¦¤®£® j = 1; N ¯®áâà®¥ë äãªæ¨¨ vj ¨§ C2(R2), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬
1) suppvj \ supp vi = ; ¯à¨ j 6= i;
2) kv � vjkW 1

q \W
1�1=p
p (Oj\�)

= kv � 'jkW 1
q \W

1�1=p
p (Oj\�)

� "=N .
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�®«®¦¨¬ v" =
NP
j=1

vj j
 ¨ u" = v" + u0. �® ¯®áâà®¥¨î u" 2 C
2(
) �W 2

r (
) ¨

ku� u"kW 1
q \W

1�1=p
p (�)

= kv � v"kW 1
q \W

1�1=p
p (�)

�
NX
j=1

kv � v"kW 1
q \W

1�1=p
p (Oj\�)

=

=
NX
j=1

kv � vjkW 1
q \W

1�1=p
p (Oj\�)

=
NX
j=1

kv � 'jkW 1
q \W

1�1=p
p (Oj\�)

� ":

� á¨«ã ¯à®¨§¢®«ì®áâ¨ u 2 V ¨ " > 0 â¥®à¥¬  ¤®ª §  .

�«ï p1; q1 2 [1;1) ®¯à¥¤¥«¨¬ ¯à®áâà áâ¢® äãªæ¨© W ¯¥à¥¬¥ëå (t; x) 2 Q = T � 
, £¤¥
T = (0; 1), á ª®¥ç®© ®à¬®©

kukW =
�Z

T

ku(t)k
p1

W 1
p (
)

dt

�
1=p1

+
�Z

T

ku(t)k
q1

W 1
q (�)

dt

�
1=q1

:

�¥®à¥¬  2.4. �®¦¥áâ¢® ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ëå ¢ Q = [0; 1] � 
 äãªæ¨© ¯«®â®

¢ ¯à®áâà áâ¢¥ W .

�®ª § â¥«ìáâ¢®. � ª á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï, â¨¯ ¯à®áâà áâ¢  W â®â ¦¥, çâ® ¨ ¢ ¯à¥¤ë-
¤ãé¥¬ à §¤¥«¥,   ¨¬¥®W = (Lp1(T ;W

1
p (
)); Lq1(T ;W

1
q (�))). � áá¬®âà¨¬ ¬®¦¥áâ¢® äãªæ¨©

C1[0; 1] 
 C1(
) =
n
'u : ' 2 C1[0; 1]; u 2 C1(
)

o
� C1(Q):

� ª ¨§¢¥áâ®, ¬®¦¥áâ¢® C1[0; 1] ¯«®â® ¢ Lp1(0; 1) \Lq1(0; 1) = Lr(0; 1), £¤¥ r = max(p1; q1): �®
â¥®à¥¬¥ 2.3 C1(
) ¯«®â® ¢ ¯à®áâà áâ¢¥ �®¡®«¥¢  á ãá¨«¥®© ¬¥âà¨ª®© V = (W 1

p (
);W
1
q (�)).

�®£« á® á«¥¤áâ¢¨î â¥®à¥¬ë 1.3 «¨¥© ï ®¡®«®çª  Span (C1[0; 1]
C1(
)) � C1(Q) ¯«®â  ¢
W = (Lp1(T ;W

1
p (
)); Lq1(T ;W

1
q (�))).

�¨â¥à âãà 
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