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1. �¢¥¤¥­¨¥

�¯¨áa­¨¥ «¨­¥©­ëå, a âaª¦¥ ¡«¨§ª¨å ª ­¨¬ £àã¯¯ ç¥à¥§ ®¡àa§ãîé¨¥ í«¥¬¥­âë ¨ ®¯à¥¤¥«ï-
îé¨¥ á®®â­®è¥­¨ï á®áâa¢«ï¥â ®¤­ã ¨§ æ¥­âàa«ì­ëå §a¤aç ª®¬¡¨­aâ®à­®© â¥®à¨¨ £àã¯¯. �¯®-
¬ï­¥¬ ­¥ª®â®àë¥ à¥§ã«ìâaâë ¢ ­a§¢a­­®¬ ­a¯àa¢«¥­¨¨. �aª, ¢ [1] ¡ë«¨ ­a©¤¥­ë ®¡àa§ãîé¨¥
¨ á®®â­®è¥­¨ï ®¡®¡é¥­­®© ¯®«­®© «¨­¥©­®© £àã¯¯ë GL�(n;�), n � 2, ­a¤ ¯à®¨§¢®«ì­ë¬ (­¥
®¡ï§aâ¥«ì­® á ¥¤¨­¨æ¥©) «®ªa«ì­ë¬ ª®«ìæ®¬ �. �«ãça© íâ®© §a¤aç¨, ª®£¤a � ®¡«a¤a¥â ¥¤¨­¨æ¥©
(¢ íâ®¬ á«ãça¥ ¯®á«¥¤­ïï £àã¯¯a á®¢¯a¤a¥â á GL(n;�)), àa­¥¥ ¡ë« à¥è¥­ ¤àã£¨¬ ¬¥â®¤®¬ ¢ [2].
�â¬¥â¨¬ âaª¦¥ àa¡®âã [3], £¤¥ ­aå®¤¨«¨áì ®¡àa§ãîé¨¥ ¨ á®®â­®è¥­¨ï ®¡®¡é¥­­ëå ®àâ®£®­a«ì-
­ëå £àã¯¯ O�(n;�), SO�(n;�), n � 2, ­a¤ ª®¬¬ãâaâ¨¢­ë¬¨ «®ªa«ì­ë¬¨ ª®«ìæa¬¨ �.

�¥«ìî ¨áá«¥¤®¢a­¨©, ­açaâëå ¢ ¤a­­®© àa¡®â¥, ï¢«ï¥âáï ­aå®¦¤¥­¨¥ ®¡àa§ãîé¨å í«¥¬¥­-
â®¢ ¨ ®¯à¥¤¥«ïîé¨å á®®â­®è¥­¨© ®¡®¡é¥­­®© ¯®«­®© «¨­¥©­®© £àã¯¯ë GL�(n;�), n � 2, ­a¤
¯à®¨§¢®«ì­ë¬ ¯®«ã«®ªa«ì­ë¬ ª®«ìæ®¬ �. �à¨ à¥è¥­¨¨ íâ®© §a¤aç¨ ¯à¨¬¥­ï¥âáï ¬¥â®¤ âàa­á-
ä®à¬aæ¨¨, àa§¢¨âë© ¢ [1], [3] ¨ ¤àã£¨å àa¡®âaå a¢â®àa. �¤¥áì ¢¬¥áâ® ª«aáá¨ç¥áª¨å ¢ ®â«¨ç¨¥
®â [1] ¢§ïâë \¢­ãâà¥­­¨¥" ®¡àa§ãîé¨¥ í«¥¬¥­âë ¨§ GL�(n;�); ®¡®¡é¥­ë àa­¥¥ ¨§¢¥áâ­ë¥, a
âaª¦¥ ¢ëï¢«¥­ë ­®¢ë¥ (¢®§­¨ªaîé¨¥ ¢ ­¥«®ªa«ì­ëå á«ãçaïå �) á®®â­®è¥­¨ï; áãé¥áâ¢¥­­®
ãá®¢¥àè¥­áâ¢®¢a­a ¬¥â®¤¨ª  ¯à¥®¡à §®¢ ­¨©.

�¥è¥­¨¥ ­a§¢a­­®© §a¤aç¨ ®áãé¥áâ¢«ï¥âáï ¢ ¤¢ãå çaáâïå. � ¯¥à¢®© çaáâ¨ ¡ã¤ãâ ¢ëï¢«¥­ë
á¨áâ¥¬ë ®¡àa§ãîé¨å ¨ á®®â­®è¥­¨© £àã¯¯ë GL�(n;�), a âaª¦¥ ¯à¨¢¥¤¥­ë ­¥ª®â®àë¥ ¯à¥¤¢aà¨-
â¥«ì­ë¥ äaªâë, ª®â®àë¥ §aâ¥¬ ­¥®¡å®¤¨¬ë ¯à¨ ¤®ªa§aâ¥«ìáâ¢¥ £«a¢­®£® ãâ¢¥à¦¤¥­¨ï àa¡®âë
| §a¤a­¨ï £àã¯¯ë GL�(n;�). (�â® ªaáa¥âáï áa¬®£® ¤®ªa§aâ¥«ìáâ¢a ¯®«­®âë ­a©¤¥­­®© á¨áâ¥¬ë
á®®â­®è¥­¨©, â® ®­® ¢ ¯®«­®¬ ®¡ê¥¬¥ ¡ã¤¥â ¯à¨¢¥¤¥­® ¢ ®¤­®¨¬¥­­®© ¥¥ ¢â®à®© çaáâ¨.)

�â®¡ë ¯®áâa¢¨âì §a¤açã â®ç­®, ­a¯®¬­¨¬ ­¥ª®â®àë¥ ¯®­ïâ¨ï. �ãáâì R | ¯à®¨§¢®«ì­®¥ aá-
á®æ¨aâ¨¢­®¥ ª®«ìæ® ¨ � | ¥£® ª¢a§¨ã¬­®¦¥­¨¥, â. ¥. x � y = x + xy + y. �«¥¬¥­â � ¨§ R ¡ã¤¥¬
­a§ë¢aâì ª¢a§¨®¡àaâ¨¬ë¬, ¥á«¨ ¤«ï ­¥£® ��� = 0 = ��� ¯à¨ ­¥ª®â®à®¬ � 2 R. �® ª¢a§¨®¡àaâ¨-
¬®¬ã � ¥£® ª¢a§¨®¡àaâ­®¥ �0 ¢á¥£¤a ®¯à¥¤¥«ï¥âáï ®¤­®§­aç­®. �®¢®ªã¯­®áâì ¢á¥å ª¢a§¨®¡àaâ¨-
¬ëå í«¥¬¥­â®¢ R� ¨§ R ®¡àa§ã¥â £àã¯¯ã ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨ � (£¤¥ ¥¤¨­¨æ¥© ¡ã¤¥â ­ã«ì).
�àã¯¯ã ª¢a§¨®¡àaâ¨¬ëå ¬aâà¨æ ¯®«­®£® ¬aâà¨ç­®£® ª®«ìæa R = M(n;�) (­a¤ aáá®æ¨aâ¨¢­ë¬
�) ®¡®§­aç¨¬ ç¥à¥§ GL�(n;�) ¨ ­a§®¢¥¬ ¥¥ ®¡®¡é¥­­®© ¯®«­®© «¨­¥©­®© £àã¯¯®© áâ¥¯¥­¨ n ­a¤
ª®«ìæ®¬ �. �®áª®«ìªã ¯à¨ ­a«¨ç¨¨ ¥¤¨­¨æë ¢ � ®â®¡àa¦¥­¨¥ GL(n;�)! GL�(n;�), E+ a! a
(E | ¥¤¨­¨ç­aï ¬aâà¨æa ¯®àï¤ªa n), §a¤a¥â ¨§®¬®àä¨§¬, â® £àã¯¯a GL�(n;�) ï¢«ï¥âáï ®¡®¡-
é¥­¨¥¬ ®¡ëç­®© ¯®«­®© «¨­¥©­®© £àã¯¯ë ­a áa¬ë¥ ®¡é¨¥ á«ãça¨ aáá®æ¨aâ¨¢­ëå �.

�«¥¤ãï ([4], áá. 351, 337), aáá®æ¨aâ¨¢­®¥ ª®«ìæ® � ­a§®¢¥¬ ¯®«ã«®ªa«ì­ë¬ («®ªa«ì­ë¬), ¥á«¨
¥£® äaªâ®à ¯® àa¤¨ªa«ã �¦¥ª®¡á®­a �=J(�) ®¡àa§ã¥â ¯àï¬ãî áã¬¬ã ª®­¥ç­®£® ç¨á«a ¯®«­ëå
¬aâà¨ç­ëå ª®«¥æ ­a¤ â¥«a¬¨ (á®®â¢¥âáâ¢¥­­® â¥«®). �ãé¥áâ¢®¢a­¨¥ ¯®«ã«®ªa«ì­ëå ª®«¥æ ¡¥§
¥¤¨­¨æë, a âaª¦¥ áâ¥¯¥­ì àaáè¨àï¥¬®áâ¨ ª«aááa ¢á¥å ¯®«ã«®ªa«ì­ëå ª®«¥æ ¯® ®â­®è¥­¨î ª
¥£® ¯®¤ª«aááã ª®«¥æ á ¥¤¨­¨æ¥© ¬¥â®¤®¬ ¯àï¬ëå áã¬¬ ¬®£ãâ ¡ëâì ®¡®á­®¢ ­ë ªaª ¢ á«ãça¥
«®ªa«ì­ëå ª®«¥æ [1], £¤¥ ¯®ªa§a­®, çâ® íâa áâ¥¯¥­ì ®ç¥­ì ¢¥«¨ªa.

59



�âaª, ®¡ê¥ªâ®¬ ¨áá«¥¤®¢a­¨ï ¢ íâ®© àa¡®â¥ ï¢«ï¥âáï ®¡®¡é¥­­aï ¯®«­aï «¨­¥©­aï £àã¯¯a
GL�(n;�), n � 2, ­a¤ ¯à®¨§¢®«ì­ë¬ ¯®«ã«®ªa«ì­ë¬ ª®«ìæ®¬ �, ¤«ï ª®â®à®£® ­¨ ª®¬¬ãâaâ¨¢-
­®áâì, ­¨ áãé¥áâ¢®¢a­¨¥ ¥¤¨­¨æë ­¥ ¯à¥¤¯®«a£aîâáï.

2. �¡àa§ãîé¨¥ í«¥¬¥­âë £àã¯¯ë GL�(n;�)

�ãáâì R | aáá®æ¨aâ¨¢­®¥ ª®«ìæ® ¨ J(R) | ¥£® àa¤¨ªa« �¦¥ª®¡á®­a, a | ª¢a§¨®¡àaâ¨¬ë©
ª«aáá ¨§ äaªâ®àa R = R=J(R), ¯à¥¤áâa¢«¥­­ë© «î¡ë¬ ¨§ á¢®¨å ¢ëç¥â®¢ a. �®£¤  ¨¬¥îâ ¬¥áâ®
áàa¢­¥­¨ï a � b � b � a � 0 (mod J(R)) ¯à¨ ­¥ª®â®à®¬ b 2 R, â. ¥. àa¢¥­áâ¢a

a � b = a; b � a = b; (J(R))

£¤¥ a, b | ­¥ª®â®àë¥ í«¥¬¥­âë ¨§ J(R). �ª«îç¥­¨¥ J(R) � R� (®­® ¢¥à­® ¤«ï «î¡®£® R,
¤®ª § â¥«ìáâ¢® á¬., ­ ¯à., ¢ [5]) ¨ (J(R)) ¯®ª §ë¢ ¥â, çâ® a 2 R�, â. ¥. ¢áïª¨© ª¢ §¨®¡à â¨¬ë©
ª« áá ¨§ R ¬®¦¥â ¡ëâì ¯®¤­ïâ ¯® ¬®¤ã«î J(R) ¤® ª ¦¤®£® ¥£® ¯à¥¤áâ ¢¨â¥«ï.

� ç¨­ ï ®âáî¤ , ¢áî¤ã � ¡ã¤¥â ®§­ ç âì ¯à®¨§¢®«ì­®¥ ¯®«ã«®ª «ì­®¥ ª®«ìæ® ¨ J = J(�)
| ¥£® à ¤¨ª « �¦¥ª®¡á®­ . �â ª,

�=J �=M(m1; T1)� � � � �M(ml; Tl); (1)

£¤¥mi | ­ âãà «ì­ë¥ ç¨á« , Ti | ­¥ª®â®àë¥ â¥«  (i = 1; : : : ; l). �«ï íâ®£® à §«®¦¥­¨ï ¯®«®¦¨¬
m1 + � � � + ml = m ¨ I(m) = f1; : : : ;mg. �ãáâì epq ®§­ ç ¥â ¬ âà¨ç­ãî ¥¤¨­¨æã, ¢å®¤ïéãî ¢
¯à ¢ãî ç áâì (1) (â. ¥. ¬ âà¨æã, £¤¥ ­  ¯®§¨æ¨¨ hp; qi áâ®¨â ¥¤¨­¨æ  ¨§ á®®â¢¥âáâ¢ãîé¥£® â¥« ,
  ¯à®ç¨¥ ¯®§¨æ¨¨ § ¯®«­¥­ë ­ã«ï¬¨). �® ®¯à¥¤¥«¥­¨î ¤«ï ç¨á«  i, 1 � i � l, ¯®«®¦¨¬ p

i
� q

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  epq 2 M(mi; Ti). �á­®, çâ® (¤¨§êî­ªâ­ ï) áã¬¬ 
1
� [ � � � [

l
� =�

§ ¤ ¥â íª¢¨¢ «¥­â­®áâì ­  I(m). � «¥¥, ¤«ï íª¢¨¢ «¥­â­ëå ­®¬¥à®¢ p, q ¨§ I(m) ®¡®§­ ç¨¬
ç¥à¥§ �pq ¯®«­ë© ¯à®®¡à § á« £ ¥¬®£® Tiepq �M(mi; Ti) ¯à¨ í¯¨¬®àä¨§¬¥

�! �=J = �; �! � = �+ J (2)

(§¤¥áì i | ­®¬¥à, ¤«ï ª®â®à®£® p
i
� q). �à¨ ¯à¨­ïâëå ®¡®§­ ç¥­¨ïå ¤«ï ª®«ìæ  � ¨¬¥¥â ¬¥áâ®

à §«®¦¥­¨¥

� =
X
i�j

�ij (1 � i; j � m): (3)

�¥£ª® ã¡¥¤¨âìáï, çâ® §¤¥áì á« £ ¥¬ë¥ �i = �ii ®¡à §ãîâ «®ª «ì­ë¥ ¯®¤ª®«ìæ  ¢ �,   ­¥¤¨ £®-
­ «ì­ë¥ �ij (i 6= j) | ¥£® �i-�j-¡¨¬®¤ã«¨.

� «¥¥, ¤«ï ­®¬¥à  i ¨§ I(mn) = f1; 2; : : : ;mng ç¥à¥§ r(i) ¡ã¤¥¬ ®¡®§­ ç âì ­ ¨¬¥­ìè¨© ¯®«®-
¦¨â¥«ì­ë© ¢ëç¥â íâ®£® ç¨á«  ¯® ¬®¤ã«î m. �¢¥¤¥­­ãî ¢ëè¥ íª¢¨¢ «¥­â­®áâì � ­  ¬­®¦¥áâ¢®
I(mn) à á¯à®áâà ­ï¥¬ ¯® ¯à ¢¨«ã i � j $ r(i) � r(j). � ª ¯®ª §ë¢ ¥â (3), â®£¤  í«¥¬¥­âë ¨§
M(n;�) ¯à¥¤áâ ¢«ïîâáï ¨ ¢ \à áè¨à¥­­®¬" ¬ âà¨ç­®¬ ¢¨¤¥

a = (aij)i�j (1 � i; j � mn); (4)

£¤¥ aij 2 �r(i);r(j). �ã¤¥¬ ­ §ë¢ âì í«¥¬¥­âë ¨§ J à ¤¨ª «ì­ë¬¨ í«¥¬¥­â ¬¨.
�®®¡é¥ £®¢®àï, ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ (4) ­¥®¤­®§­ ç­® (®­® ®¤­®§­ ç­® ¢ â®¬ ¨ â®«ìª® â®¬

á«ãç ¥, ª®£¤  «¨¡® m = 1, «¨¡® J = f0g). �¨¦¥ ¤«ï ¬ âà¨æ ¨§ GL�(n;�) ¯ à ««¥«ì­® ¡ã¤ãâ
¨á¯®«ì§®¢ ­ë ª ª ¨å ®¡ëç­ë¥, â ª ¨ à áè¨à¥­­ë¥ ¯à¥¤áâ ¢«¥­¨ï (4). � à ááã¦¤¥­¨ïå ¨á¯®«ì-
§ãîâáï ¨ ¤¨§êî­ªâ­ë¥ à §«®¦¥­¨ï

�i = (�ei) [ ��

i ; ([)

£¤¥ ei | ¥¤¨­¨ç­ë© ª« áá â¥«  ¢ëç¥â®¢ �i=J(�i), i = 1; : : : ;m (¤®ª § â¥«ìáâ¢® ¬®¦­® ­ ©â¨,
­ ¯à., ¢ [5], á. 15). �á«¨ ¨­®¥ ­¥ ®£®¢®à¥­®, ¤ «¥¥ � ¡ã¤¥â ®§­ ç âì áà ¢­¥­¨¥ ¢ � ¯® ¬®¤ã«î J .
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�«ï ¨­¤¥ªá  i 2 I(mn) ¯®«®¦¨¬ p(i) = mj[i � r(i)] + 1 (¤àã£¨¬¨ á«®¢ ¬¨, p(i) | ­®¬¥à
¤¨ £®­ «ì­®© ª«¥âª¨ ¢ M(n;�), ªã¤  ¢å®¤¨â ç¨á«® i). � è¨ à ááã¦¤¥­¨ï ¨á¯®«ì§ãîâ â ª¦¥
®¯¥à â®àë [ ]rq, r; q 2 I(mn) ­  �, ®¯à¥¤¥«¥­­ë¥ ª ª

[�]rq =

(
�; ¥á«¨ p(r) = p(q);

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥:

�«ï ¨­¤¥ªá®¢ i; j 2 I(mn), i 6= j � i, ¨  à£ã¬¥­â  x 2 �r(i);r(j) ®¡®§­ ç¨¬ ç¥à¥§ tij(x) à á-
è¨à¥­­ãî ¬ âà¨æã (4), £¤¥ ­  ¯®§¨æ¨¨ hi; ji áâ®¨â í«¥¬¥­â x,   ­  ¯à®ç¨å ¯®§¨æ¨ïå | ­ã«¨
(®­¨ ¨ ¥áâì \¢­ãâà¥­­¨¥" ª¢ §¨âà ­á¢¥ªæ¨¨). �®£« á­® ä ªâã, ®â¬¥ç¥­­®¬ã ¢ ­ ç «¥ íâ®£® à §-
¤¥« , ¢¢¥¤¥­­ë¥ ¬ âà¨æë tij(x), ª ª ¯à®®¡à §ë ª¢ §¨®¡à â¨¬ëå í«¥¬¥­â®¢ ¯à¨ í¯¨¬®àä¨§¬¥
R = M(n;�) ! M(n;�) = R, (aij) ! (aij), ï¢«ïîâáï ª¢ §¨®¡à â¨¬ë¬¨. �«ï ­¨å ¨¬¥¥â ¬¥áâ®
ä®à¬ã«  t0ij(x) = tij(x�), £¤¥ x� = x0 ¯à¨ p(i) = p(j) ¨ x� = �x ¢ ¯à®â¨¢­®¬ á«ãç ¥. �á­®, çâ®
§¤¥áì x� � �x.

�«ï ­®¬¥à  i 2 I(mn) ¨ í«¥¬¥­â  � ¯®¤ di(�) ãá«®¢¨¬áï ¯®­¨¬ âì ¤¨ £®­ «ì­ãî ¬ âà¨æã
diag(0; : : : ; 0; �; 0; : : : ; 0) ¢¨¤  (4), £¤¥ � áâ®¨â ­  i-¬ ¬¥áâ¥. � âà¨æë di("), " 2 ��

i , ¢å®¤ïâ ¢ £àã¯¯ã
GL�(n;�) ®ç¥¢¨¤­ë¬ ®¡à §®¬ (®­¨ ¨ ¥áâì \¢­ãâà¥­­¨¥" ¤¨ £®­ «ì­ë¥ ®¡à §ãîé¨¥). �ãáâì hi; ji,
hk; ri | ¯ àë á í«¥¬¥­â ¬¨ ¨§ I(mn), ¤«ï ª®â®àëå p(i) = p(k) ¨ p(j) = p(r). �ç¥¢¨¤­®, ¤«ï ­¨å
tij(a) = tkr(a) ¯à¨ a 2 J , ¯à¨ç¥¬ ®­¨ á®¢¯ ¤ îâ ¥é¥ á ¤¨ £®­ «ì­®© ¬ âà¨æ¥© dq(a), ¥á«¨
p(i) = p(j), §¤¥áì q | «î¡®© ­®¬¥à, ¤«ï ª®â®à®£® p(q) = p(i).

�¢¥¤¥¬ ­¥ª®â®àë¥ ¤àã£¨¥ ¬ âà¨æë ¨§ GL�(n;�) á¯¥æ¨ «ì­®£® ¢¨¤ . �ãáâì feijgi�j , i; j 2
I(m), ®§­ ç ¥â ª ªãî-­¨¡ã¤ì ä¨ªá¨à®¢ ­­ãî á¨áâ¥¬ã ¯à®®¡à §®¢ ¬ âà¨ç­ëå ¥¤¨­¨æ eij ¨§ ¯à -
¢®© ç áâ¨ (1) ¯à¨ í¯¨¬®àä¨§¬¥ (2). �âã á¨áâ¥¬ã ­  ¯à®¨§¢®«ì­ë¥ ¯ àë i, j, i � j, ¨§ I(mn)
à á¯à®áâà ­ï¥¬ ¯à ¢¨«®¬ eij = er(i);r(j) ¨ ¤«ï ¯à®áâ®âë ¯®«®¦¨¬ eii = ei. �¨¦¥ ¤«ï ¨­¤¥ªá®¢
i; s 2 I(mn), i < s � i, ¯®¤ (is) ãá«®¢¨¬áï ¯®­¨¬ âì ®¤­ã ¨§ ¬ âà¨æ

tsi(�) � tis(�) � tsi(�) (i < s)

¨«¨

tis(�) � tsi(�) � tis(�); (s > i)

£¤¥  à£ã¬¥­âë �, �, �, � ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �� � �� � �� � �es (íâ¨ áà ¢­¥­¨ï à ¢-
­®á¨«ì­ë á �� � �� � �� � �ei). �¥£ª® ¯à®¢¥à¨âì, çâ® ª¢ §¨®¡à â­ë¥ ¤«ï (i < s) ¨ (s > i)
¬ âà¨æë ¨¬¥îâ  ¤¤¨â¨¢­ë¥ à §«®¦¥­¨ï

tsi(�
�) � tis(�

�) � tsi(�
�) = di(�

���) + tis(�
�) + tsi(') + ds(�

���)

¨
tis(��) � tsi(��) � tis(��) = di(����) + tis(�) + tsi(��) + ds(����);

£¤¥ ' = �� + ������ + �� + [����]is, � = �� + ������ + �� + [����]is. �á­®, çâ® ¢ íâ¨å ä®à¬ã« å
���� � ���� � �� � �ei, � � �� � ��� � � � �� + � � � � �� � ��, ' � �� � ��� � � �
�� + � � � � �� � �� ( 6� 0), ���� � ���� � �� = �es. �¢¥¤¥­­ë¥ \¢­ãâà¥­­¨¥" ¬ âà¨æë (is)
­¨¦¥ ¡ã¤ãâ ¨£à âì à®«ì ®¡ëç­ëå ¬ âà¨æ-âà ­á¯®§¨æ¨©. �å ¤«ï à ¢­ëå ¨­¤¥ªá®¢ ¤®®¯à¥¤¥«ï¥¬
ª ª (ii) = 0.

�®ª ¦¥¬ â¥¯¥àì, çâ® £àã¯¯  GL�(n;�) ¯®à®¦¤ ¥âáï ¬ âà¨æ ¬¨

tij(�); � 2 �r(i);r(j); 1 � i; j � mn; i 6= j � i; dk("); " 2 ��

k; 1 � k � mn: (5)

�¥©áâ¢¨â¥«ì­®, ¯ãáâì a = (aij) | ¯à®¨§¢®«ì­ ï ¬ âà¨æ  ¨§ GL�(n;�), ¯à¥¤áâ ¢«¥­­ ï ¢ à á-
è¨à¥­­®¬ ¢¨¤¥ (4). �­  ­  ª®­¥ç­®¥ ç¨á«® ¬ âà¨æ ¨§ (5) à áé¥¯«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.
�¥à¢ë© è £ à áé¥¯«¥­¨ï á®áâ®¨â ¨§ ª¢ §¨ã¬­®¦¥­¨ï a á¯à ¢  ­  ­¥ª®â®àãî ¬ âà¨æã (1s)0,
1 � s � 1. �á«¨ §¤¥áì a11 2 ��

1, â® ¯®«®¦¨¬ s = 1 (â. ¥. ¢ íâ®¬ á«ãç ¥ ­¨ª ª®£® à áé¥¯«¥­¨ï
¯à®¨§¢®¤¨âì ­¥ ­ ¤®). �ãáâì a11 =2 ��

1 (  íâ® á®£« á­® à §«®¦¥­¨î ([) ¢®§¬®¦­® â®«ìª® ¯à¨
a11 � �e1). �«ï ­®¬¥à  i, 1 � i < mn, ®¡®§­ ç¨¬ ç¥à¥§ Pi á®¢®ªã¯­®áâì â¥å t ¨§ I(mn), ¤«ï
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ª®â®àëå i < t � i. � ¢¥­áâ¢® a � a0 = 0, £¤¥ a0 = (eaij) | ª¢ §¨®¡à â­ ï ¤«ï a ¬ âà¨æ , ¢ ¤ ­­®¬
á«ãç ¥ ¤ ¥â áà ¢­¥­¨¥ a11 � ea11 + P

k2P1

a1keak1 � 0, â. ¥.
P
k2P1

a1keak1 � e1. �®á«¥¤­¥¥ ¢ á¢®î ®ç¥à¥¤ì

¢«¥ç¥â §  á®¡®© áãé¥áâ¢®¢ ­¨¥ ­®¬¥à  s 2 P1, ¤«ï ª®â®à®£® a1s 6� 0. �¢ §¨ã¬­®¦ ï a á¯à -
¢  ­  (1s)0, ¢ íâ®¬ á«ãç ¥ ¯®«ãç ¥¬ ¬ âà¨æã, ã ª®â®à®© ­  ¯®§¨æ¨¨ h1; 1i áâ®¨â «¨¡® í«¥¬¥­â
a11�(����)+a1s', «¨¡® a11�(����)+a1s�

�. �® ®¡  ®­¨ áà ¢­¨¬ë á a11�(�e1)�� � �e1�� (6� �e1)
¨, á«¥¤®¢ â¥«ì­®, ï¢«ïîâáï ­¥ª®â®àë¬¨ í«¥¬¥­â ¬¨ ¨§ ��

1. (�â¬¥â¨¬, çâ® íâ  ®¯¥à æ¨ï ¯®§¨-
æ¨î h1; si § ¬¥­ï¥â «¨¡® ­  a1s + �� + a11�

� + a1s�
���, «¨¡® ­  a1s + � + a11� + a1s�

���, ®¡  ®­¨
à ¤¨ª «ì­ë.) �â ª, ¯¥à¢ë© è £ à áé¥¯«¥­¨ï ¤ ¥â ¬ âà¨æã, ¤«ï ª®â®à®© a11 2 ��

1 (¬ âà¨æã,
¯®«ãç¥­­ãî ¯®á«¥ ª ¦¤®£® è £  à áé¥¯«¥­¨ï, ã¤®¡­® ®¡®§­ ç âì â®© ¦¥ ¡ãª¢®© a).

�¢ §¨ã¬­®¦ ï â¥¯¥àì a á¯à ¢  ­  ª¢ §¨âà ­á¢¥ªæ¨¨ t01k(xk), xk = a1k + a011a1k, k 2 P1, ¡ã¤¥¬
¨¬¥âì ¬ âà¨æã, £¤¥ a1k = 0 ¯à¨ ¢á¥å ãª § ­­ëå §­ ç¥­¨ïå k. �¢ §¨ã¬­®¦¥­¨ï ¦¥ ¯®«ãç¥­­®©
¬ âà¨æë á«¥¢  ­  t0k1(yk), yk = ak1 + ak1a

0

11, k 2 P1, ¯à¨¢¥¤ãâ ª ª«¥â®ç­®-¤¨ £®­ «ì­®© ¬ âà¨æ¥
diag(a11; a1), £¤¥ a11 2 ��

1 ¨ ª«¥âª  a
1 ¨¬¥¥â ¯®àï¤®ªmn�1. �®¢â®àïï ®¯¨á ­­ãî ¯à®æ¥¤ãàã ¤«ï

ª«¥âª¨ a1, ¯à¨å®¤¨¬ ª ¬ âà¨æ¥ ¢¨¤  diag(a11; a22; a2), £¤¥ a11 2 ��

1, a22 2 ��

2 ¨ a2 | ­¥ª®â®à ï
ª«¥âª  ¯®àï¤ª  mn � 2, ¨ â.¤. �à®¤®«¦¥­¨¥ íâ®£® ¯à®æ¥áá  ­  (mn � 1)-¬ è £¥ ¤ ¥â ¬ âà¨æã
diag(a11; a22; : : : ; amn;mn), £¤¥ aii 2 ��

i ¯à¨ ¢á¥å i = 1; : : : ;mn. �à¥¤áâ ¢«¥­¨¥ ¯®á«¥¤­¥© ¬ âà¨æë
¢ ¢¨¤¥ d1("1) � d2("2) � � � � � dmn("mn) ã¦¥ ­¥ ¯à¥¤áâ ¢«ï¥â âàã¤ .

�àã¯¯ã GL�(n;�) ¡ã¤¥¬ ¯à¥¤áâ ¢«ïâì ¢ ®¡à §ãîé¨å (5).

3. �¨áâ¥¬  á®®â­®è¥­¨© ¤«ï GL�(n;�)

� íâ®¬ à §¤¥«¥ ­ ¯¨è¥¬ è¥áâì á¥à¨© á®®â­®è¥­¨© ­ §¢ ­­®© £àã¯¯ë ¢  «ä ¢¨â¥ (5). �à¥¤-
¢ à¨â¥«ì­® ¯à¨¬¥¬ á«¥¤ãîé¥¥ á®£« è¥­¨¥. �¢ §¨âà ­á¢¥ªæ¨î tij(�) ¡ã¤¥¬ ­ §ë¢ âì ¤¨ £®­ «ì-
­®©, ¥á«¨ ¤«ï ­¥¥ � � 0 ¯à¨ p(i) = p(j) ¨ � = 0 ¯à¨ p(i) 6= p(j). � ¯à®â¨¢­®¬ á«ãç ¥ ®­  ­ §ë-
¢ ¥âáï ­¥¤¨ £®­ «ì­®©. �á¥ ª¢ §¨âà ­á¢¥ªæ¨¨, ¢å®¤ïé¨¥ ¢ «¥¢ë¥ ç áâ¨ á¥à¨© 2{4, áç¨â îâáï
­¥¤¨ £®­ «ì­ë¬¨, ¨  à£ã¬¥­âë ", � ¨§ 1 ¨ 2 ®â«¨ç­ë¬¨ ®â ­ã«ï.

�¯®¬ï­ãâë¥ á¥à¨¨ â ª®¢ë:
1. a) di(") � di(�) = di(" � �), b) di(") � dk(�) = dk(�) � di("), i 6= k, £¤¥ � = � + ["� + �"0 + "�"0]ik;
2. tij(�) � dk(") = dk(") � tij(�), £¤¥ � = �+ �["]kj + ["0]ik�+ ["0]ik�["]kj ;
3. a) tij(�) � tij(�) = tij(�+ [��]ij + �),

b) tir(�) � trj(�) = dr(�) � tij(z) � trj(y) � tir(x), i 6= j, £¤¥ x = (�� � �0�)� (� �), � =
[�]ir + [��]ij , y = (�� � �0�) (� �), � = � + [�]rj , � = [�]ijx� (� 0), z = (�
 � �0
)� (� ��),

 = �� + [��]rjy�, � = [� ]ir + [
]ij ;

á) tiq(�) � trj(�) = trq(b) � trj(y) � tij(a) � tiq(x), q 6= r, i 6= j, £¤¥ x = (�� � �0�)�, � =
[�]iq + [�]qr[�]ij , a = (�a � � 0a)� (� 0), a = [��]qr, � = [�]qr [�]ij , y = (�c � �0c)�, c =
� + ([�]ij + [b]iq)a�, � = [b]qr + [c]rj , b = [�]ijx� (� 0);

d) tiq(a) � tij(�) = tij(�) � tiq(a+ [��]ija), q 6= j, p(i) 6= p(q), a � 0;

4. tis(�) � tsi(�) = di(�) � ds(") � tsi(y) � tis(x), i < s, �� 6� �ei £¤¥ � = ��, x = (��� �0�)�,
y = (�� � �0�)�, � = (� + [�]is)x�, " = � + [�0]is� , � = �+ [� + �]isy�;

5. ¯à¨ m > 1 ¨ a � 0

tij(a) =

(
dk(a); ¥á«¨ p(i) = p(j), k | «î¡®© ­®¬¥à, ¤«ï ª®â®à®£® p(k) = p(i);

tmp(i);mp(j)(a) ¢ ¯à®â¨¢­®¬ á«ãç ¥;

6. ¤«ï ¨­¤¥ªá®¢ i < s, j�ij = 2

tis(eis) � tsi(esi) � tis(eis) � tsi(esi) = di(�) � ds(") � tsi(y) � tis(x);

£¤¥ � = 3eisesi + (eisesi)2 (� 0), x = (�a � �0a)� (� eis), y = (�b � �0b)� (� esi), " = � + [�0]is�,
� = � + [� + b]isy� (� 0), � = c + (b + [a + c]is)x�, a = 2eis + eisesieis, b = 2esi + esieisesi, c =
esieis + [e2is + eise

2
si + e2si + e2isesi]is.
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� ª ¢¨¤­® ¨§ ¯à¨¢¥¤¥­­®£® á¯¨áª , ¢á¥ ¥£® á®®â­®è¥­¨ï, ªà®¬¥ 1a) ¨ 5, ï¢«ïîâáï ­¥âà ¤¨æ¨-
®­­ë¬¨ ¨ ¯®íâ®¬ã ®­¨ ­ã¦¤ îâáï ¢ ®¯à¥¤¥«¥­­ëå ¯®ïá­¥­¨ïå. �®áª®«ìªã ¤®ª § â¥«ìáâ¢  íâ¨å
á®®â­®è¥­¨© ¯à®¢®¤ïâáï ®¤¨­ ª®¢ë¬¨ à ááã¦¤¥­¨ï¬¨, ®áâ ­®¢¨¬áï §¤¥áì ¢ë¡®à®ç­® «¨èì ­ 
¤®ª § â¥«ìáâ¢ å á®®â­®è¥­¨© 3c) ¨ 6.

�ë¢®¤ á®®â­®è¥­¨ï 3c). �®à¬ã«¨à®¢ª  3c) ¨á¯®«ì§ã¥â ª¢ §¨®¡à â¨¬®áâì í«¥¬¥­â®¢ � =
[�]qr[�]ij , � = [�]iq + [�]qr[�]ij ¨ � = [c]rj + [b]qr. �¢ §¨®¡à â¨¬®áâì � ®ç¥¢¨¤­ , ¯®áª®«ìªã ¤«ï
­¥£® � 2 J � �� (¯¥à¢®¥ ¢ª«îç¥­¨¥ á«¥¤ã¥â ¨§ r 6= i). �¢ §¨®¡à â¨¬®áâì � ¯à¨ p(i) 6= p(q)
â ª¦¥ ®ç¥¢¨¤­ , ¨¡® ¢ íâ®¬ á«ãç ¥ [�]iq = 0 ¨ � = � . �¡®á­ã¥¬ ª¢ §¨®¡à â¨¬®áâì �. �ãáâì
p(i) = p(q). �¤¥áì ª¢ §¨âà ­á¢¥ªæ¨ï tiq(�), ª ª ­¥ª®â®à ï ­¥à áè¨à¥­­ ï ¤¨ £®­ «ì­ ï ¬ âà¨-
æ  ¨§ GL�(n;�), ®¡ï§ ­  ¨¬¥âì ª¢ §¨®¡à â¨¬ë©  à£ã¬¥­â � 2 ��. � íâ® ¯à¨ R = � á®£« á­®
ä ªâã, ¯à¨¢¥¤¥­­®¬ã ¢ ­ ç «¥ ¯. 2, ¢«¥ç¥â §  á®¡®© ª¢ §¨®¡à â¨¬®áâì áã¬¬ë � = � + � ª ª
¢ëç¥â  ª¢ §¨®¡à â¨¬®£® ª« áá  � ¨§ �. �â® ª á ¥âáï í«¥¬¥­â  �, â® ¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ � = [�]rj + c, c � 0 (¨¡® c � � ¨ b � 0). �á«¨ §¤¥áì p(r) 6= p(j), â® á­®¢  ¨¬¥¥¬ � 2 J � ��.
� ¯à®â¨¢­®¬ á«ãç ¥ ¥£® ª¢ §¨®¡à â¨¬®áâì ¯®ª §ë¢ ¥âáï ª ª ¤«ï �.

�à®¨§¢®¤¨¬ â¥¯¥àì ®âé¥¯«¥­¨ï ¬ âà¨æë A = tiq(�) � trj(�) = tiq(�) + tiq(�)trj(�) + trj(�) =
tiq(�) + tij([�]qr�) + trj(�) ¯à¨ ¯®¬®é¨ ¬ âà¨æ, ãª § ­­ëå ¢ ¯à ¢®© ç áâ¨ 3c). �âé¥¯«¥­¨¥ ¬ -
âà¨æ¥© t0iq(x) á¯à ¢  ¤ ¥â á«¥¤ãîé¨© à¥§ã«ìâ â:

A � t0iq(x) = tiq(�) + tij([�]qr�) + trj(�) + [tiq(�) + tij([�]qr�) + trj(�)]tiq(x
�) + tiq(x

�) =

= tiq(�) + tij([�]qr�) + trj(�) + tiq([�]iqx�) + tiq([�]qr[�]ijx�) + trq([�]ijx�) + tiq(x�) =

= tiqf� + ([�]iq + [�]qr[�]ij)x� + x�g+ tij([��]qr) + trj(�) + trq(b) = tiq(�+ �x� + x�) + tij(a) +

+ trj(�) + trq(b) = tiq[�+ �(��� �0�)� �� �0�] + tij(a) + trj(�) + trq(b) =

= tiq[�(� + ��0 + �0)�] + tij(a) + rrj(�) + trq(b) = tij(a) + trj(�) + trq(b);

â. ¥. á ¯®¬®éìî ãª § ­­®© ®¯¥à æ¨¨ ¤®¡¨«¨áì  ­­ã«ïæ¨¨ ¯®§¨æ¨¨ hi; qi ¢ A.
�¢ §¨ã¬­®¦ ï ¯®«ãç¥­­ãî ¬ âà¨æã á¯à ¢  ­  t0ij(a),  ­ «®£¨ç­ë¬ ®¡à §®¬ ¡ã¤¥¬ ¨¬¥âì

A � t0iq(x) � t
0

ij(a) = tij(a) + trj(�) + trq(b) + tij(a)tij(a�) + trj(�)tij(a�) + trq(b)tij(a�) + tij(a�) =

= tij(a) + trj(�) + trq(b) + tij([�]qr [�]ija�) + trj([�]ija�) + trj([b]iqa�) + tij(a�) =

= tij(a+ �a� + a
�) + trjf� + ([�]ij + [b]iq)a

�g+ trq(b) = tij [a+ �(�a� � 0a)� a� � 0a] +

+ trjf� � ([�]ij + [b]iq)(a+ � 0a)g+ trq(b) = tijf�(� + �� 0 + � 0)ag+ trj(c) + trq(b) = trj(c) + trq(b):

�¥¯¥àì ®âé¥¯«¥­¨¥ á¯à ¢  ¯®á«¥¤­¥© ¬ âà¨æë á ¯®¬®éìî t0rj(y) ¯à¨¢¥¤¥â ª

A � t0iq(x) � t
0

ij(a) � t
0

rj(y) = trj(c) + trq(b) + trj(c)trj(y
�) + trq(b)trj(y

�) + trj(y
�) =

= trj(c) + trq(b) + trj([c]rjy
�) + trj([b]qry

�) + trj(y
�) = trjfc+ ([c]rj + [b]qr)y

� + y�g+ tqr(b) =

= trj(c+�y�+y�)+trq(b) = trjfc+�(�c��0c)�c��0cg+trq(b) = trj [�(�+��0+�0)c]+trq(b) = trq(b):

�®­¥ç­ë¥ §¢¥­ìï ¯®á«¥¤­¥© æ¥¯®çª¨ ¯®ª §ë¢ îâ, çâ® á®®â­®è¥­¨¥ 3c) ¤¥©áâ¢¨â¥«ì­® ¡ë«® ¢¥à-
­ë¬.

�ë¢®¤ á®®â­®è¥­¨ï 6. � ®¡®§­ ç¥­¨ïå íâ®£® á®®â­®è¥­¨ï «¥£ª® ¬®¦­® ã¡¥¤¨âìáï ¢ ¯à ¢¨«ì-
­®áâ¨ ( ¤¤¨â¨¢­®£®) à §«®¦¥­¨ï

A = tis(eis) � tsi(esi) � tis(eis) � tsi(esi) = di(�) + tis(a) + tsi(b) + ds(c):

� ª ¨ ¢ëè¥, ¯à®¨§¢®¤ïâáï ®âé¥¯«¥­¨ï ¬ âà¨æë A ®¡à §ãîé¨¬¨ ¬ âà¨æ ¬¨ ¨§ ¯à ¢®© ç áâ¨ 6.
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�¥§ã«ìâ âë íâ¨å ®âé¥¯«¥­¨© â ª®¢ë:

A � t0is(x) = di(�) + tis(a) + tsi(b) + ds(c) + di(�)tis(x
�) + tis(a)tis(x

�) + tsi(b)tis(x
�) +

+ds(c)tis(x�) + tis(x�) = di(�) + tis(a) + tsi(b) + ds(c) + tis(�x�) + ds([a]isx�) + ds(bx�) +

+ds([c]isx
�) + tis(x

�) = di(�) + tis(a+ �x� + x�) + tsi(b) + ds(c+ [a]isx
� + bx� + [c]isx

�) =

= di(�) + tisfa+ �(�a� �0a)� a� �0ag+ tsi(b) + ds(�) = di(�) + tisf�(� + ��0 + �0)ag+ tsi(b) +

+ds(�) = di(�) + tsi(b) + ds(�);

A � t0is(x) � t
0

si(y) = di(�) + tsi(b) + ds(�) + di(�)tsi(y�) + tsi(b)tsi(y�) + ds(�)tsi(y�) +

+tsi(y�) = di(�) + tsi(b) + ds(�) + ds([�]isy�) + ds([b]isy�) + tsi(�y�) + tsi(y�) =

= di(�) + tsi(b+ �y� + y�) + ds(�+ [�]isy
� + [b]isy

�) = di(�) + tsifb+ �(�b� �0b)� b� �0bg+

+ds(�) = di(�) + tsif�(�+ ��0 + �0)bg+ ds(�) = di(�)ds(�);

d0i(�) � A � t0is(x) � t
0

si(y) = d0i(�) + d0i(�)di(�) + d0i(�)ds(�) + di(�) + ds(�) =

= ds(�) + ds([�0]is�) = ds("):

�®­¥ç­ë¥ §¢¥­ìï ¯®á«¥¤­¥© æ¥¯®çª¨ ¯®ª §ë¢ îâ, çâ® á®®â­®è¥­¨ï 6 á¯à ¢¥¤«¨¢ë.
� ª ®â¬¥ç¥­® ¢® ¢¢¥¤¥­¨¨, ¬­®£¨¥ ¨§ ¯¥à¥ç¨á«¥­­ëå ¢ëè¥ á®®â­®è¥­¨© ï¢«ïîâáï ®¡®¡é¥-

­¨ï¬¨ á®®â­®è¥­¨©, å®à®è® ¨§¢¥áâ­ëå ¨§ â¥®à¨¨ «¨­¥©­ëå £àã¯¯. �®ª ¦¥¬ íâ® ­  ¯à¨¬¥à¥
á®®â­®è¥­¨© á¥à¨¨ 3. �¥©áâ¢¨â¥«ì­®, ­  â¥å ­®¬¥à å i, j; i, r, j; i, q, r, j, ¤«ï ª®â®àëå p(i),
p(j); p(i), p(r), p(j); p(i), p(q), p(r), p(j) ¯®¯ à­® à §«¨ç­ë, á®®â­®è¥­¨ï 3a), 3b) ¨ 3c) ¯à¨¬ãâ
á«¥¤ãîé¨¥ å®à®è® §­ ª®¬ë¥ ä®à¬ë:

tij(�) � tij(�) = tij(�+ �); [tir(�); trj(�)]� = tij(��); [tiq(�); trj(�)]� = 0

(§¤¥áì [x; y]� = x � y �x0 � y0 | ª¢ §¨ª®¬¬ãâ â®à í«¥¬¥­â®¢ x ¨ y). � ª ¡ã¤¥â, ­ ¯à¨¬¥à, ¯à¨ ¢á¥å
i, q, r, j, i 6= j, q 6= r, ¥á«¨ m = 1, â. ¥. ª®£¤  � «®ª «ì­®. �¬¥­­®, ­ àï¤ã á ¤àã£¨¬¨ ¯®á«¥¤­¨¥
\áâ¥©­¡¥à£®¢áª¨¥" á®®â­®è¥­¨ï ¨ ¡ë«¨ ¨á¯®«ì§®¢ ­ë ¢ [1] ¯à¨ ®¯¨á ­¨¨ £àã¯¯ë GL�(n;�),
n � 2, ­ ¤ ¯à®¨§¢®«ì­ë¬ «®ª «ì­ë¬ ª®«ìæ®¬ �.

4. �à®¨§¢®¤­ë¥ à §«®¦¥­¨ï

� «ì­¥©è¨¥ à ááã¦¤¥­¨ï ¯®¬¨¬® ®á­®¢­ëå á®®â­®è¥­¨© 1{6 ¨á¯®«ì§ãîâ â ª¦¥ ­¥ª®â®àë¥
á«¥¤áâ¢¨ï ¨§ ­¨å (®­¨ ®¡®§­ ç¥­ë ¢­¨§ã ­ã¬¥à æ¨¥© (6){(15)). �â®¡ë áä®à¬ã«¨à®¢ âì ¨å, ¯à¨-

¬¥¬ á«¥¤ãîé¨¥ á®£« è¥­¨ï. �¨¦¥ ¤«ï x 2 � ¯®¤
z}|{
x ¡ã¤¥¬ ¯®­¨¬ âì ­¥ª®â®àë© í«¥¬¥­â ¨§

�, ¤«ï ª®â®à®£®
z}|{
x � x. � «¥¥, ç¥à¥§ � (á ¨­¤¥ªá ¬¨ ¨ ¡¥§ ­¨å) ¡ã¤ãâ ®¡®§­ ç âìáï ­¥ª®â®-

àë¥ í«¥¬¥­âë ¨§ �r(i);r(j), ¯à¨­¨¬ îé¨¥, ¢®®¡é¥ £®¢®àï, à §«¨ç­ë¥ §­ ç¥­¨ï ­  à §­ëå ¬¥áâ å
(¨­¤¥ªáë i, j ®¯à¥¤¥«ïîâáï ¯® ª®­â¥ªáâã). �­ «®£¨ç­ë¬ ®¡à §®¬ � ¡ã¤¥â ®¡®§­ ç âì ­¥ª®â®àë¥
í«¥¬¥­âë ¨§ J . �¨¦¥ ¯®¤ [WV ], £¤¥ W , V | ­¥ª®â®àë¥ á«®¢   «ä ¢¨â  (5), ¡ã¤¥â ¯®­¨¬ âìáï
®¤­® ¨§ íâ¨å á«®¢: W ¨«¨ V .

�¯®¬ï­ãâë¬¨ ¢ëè¥ ¯à®¨§¢®¤­ë¬¨ à §«®¦¥­¨ï¬¨ ï¢«ïîâáï

tsi(�) � tis(�) = di(�) � ds(�) � tis(�) � tsi(�); �� 6� �es; s > i; (6)

trj(�) � tir(�) = dr( � ) � tij(�
z}|{
�� ) � tir(

z}|{
� ) � trj(

z}|{
� ); j 6= i; (7)

(is) � dk(") = dk(") � (is); i < s; (8)

(is) � tis(�) = di(�) � ds(�) � tsi(�) � (is); i < s; (9)

(is) � tsi(�) = di(�) � ds(�) � tsi(�) �
�
tis(�)
(is)

�
; i < s; (10)

(is) � tij(�) = di( � ) � ds( � ) � tsj(
z}|{
�� ) � tij( � ) � (is); i < s 6= j; (11)

(is) � tsj(�) = di( � ) � ds( � ) � (
z}|{
�� ) � tsj( � ) � (is); j 6= i < s; (12)
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(is) � tji(�) = di( � ) � ds( � ) � tjs(�
z}|{
�� ) � tji( � ) � (is); i < s 6= j; (13)

(is) � tjs(�) = di( � ) � ds( � ) � tji(�
z}|{
�� ) � tjs( � ) � (is); j 6= i < s; (14)

(is) � trj(�) = di( � ) � ds( � ) � trj(
z}|{
� ) � tri( � ) � trs( � ) � tsj( � ) � tij( � ) � (is); (15)

£¤¥ i < s ¨ fi; sg \ fr; jg = ?.
�§ ¯à¨¢¥¤¥­­®£® á¯¨áª  ­¥âàã¤­® ¤®£ ¤ âìáï, çâ® ¯à¨ ¯à¨¬¥­¥­¨ïå íâ¨å à §«®¦¥­¨© ¡ã¤¥¬

¨­â¥à¥á®¢ âìáï â®«ìª® ¨å áâàãªâãà­ë¬¨ áâà®¥­¨ï¬¨ ¨, ¢®§¬®¦­®, à ¤¨ª «ì­®áâìî ­¥ª®â®àëå
 à£ã¬¥­â®¢. � íâ¨å à §«®¦¥­¨ïå ¢á¥ ª¢ §¨âà ­á¢¥ªæ¨¨, ¢å®¤ïé¨¥ ¢ «¥¢ë¥ ç áâ¨, áç¨â îâáï
­¥¤¨ £®­ «ì­ë¬¨,   ¡ãª¢  dk(") ¨§ (8) | ­¥­ã«¥¢®©. �â® ª á ¥âáï ¯à ¢¨«ì­®áâ¨ à §«®¦¥­¨©
(6){(15), â® ¢ë¢®¤ë ¤«ï (6){(8) ¯à¨¢®¤ïâáï ¯®«­®áâìî. �®áª®«ìªã ¤®ª § â¥«ìáâ¢  á¥à¨© (9),
(10) ¨ (11){(15) ¨¤¥­â¨ç­ë, ®áâ ­®¢¨¬áï §¤¥áì ­  ¢ë¢®¤ å á®®â­®è¥­¨© (10) ¨ (13). �â¬¥â¨¬,
çâ® á®®â­®è¥­¨¥ (6) ¢ à ¡®â¥ ¯à¨¬¥­ï¥âáï â®«ìª® ¯à¨ ¢ë¢®¤¥ à §«®¦¥­¨ï (10).

�ë¢®¤ à §«®¦¥­¨ï (6). �§ï¢ ª¢ §¨®¡à â­ë¥ ®â ®¡¥¨å ç áâ¥© á®®â­®è¥­¨ï 4 ¨ ¨á¯®«ì§ãï 1, 2 ¨
3a), ¡ã¤¥¬ ¨¬¥âì tsi(��)�tis(��) = tis(x�)�tsi(y�)�d0s(")�d

0

i(�) = di(�)�ds(�)�tis(�)�tsi(�). �á­®, çâ®
§¤¥áì h��; ��i ¯à¨­¨¬ ¥â ¢á¥ §­ ç¥­¨ï ¨§ �r(s);r(i) � �r(i);r(s), ¤«ï ª®â®àëå ���� 6� �es, ª®£¤  � ¨
� ¯à®¡¥£ îâ ãª § ­­ë¥ ¢ 4 §­ ç¥­¨ï. �¥¯¥àì ä®à¬ «ì­® § ¬¥­¨¢ ��, �� ­  �, � á®®â¢¥âáâ¢¥­­®,
¯à¨å®¤¨¬ ª (6).

�ë¢®¤ à §«®¦¥­¨ï (7). �¤¥áì ¢§ïâ¨¥ ª¢ §¨®¡à â­ëå ®â ®¡¥¨å ç áâ¥© 3b) ¨ ¯®á«¥¤ãîé¥¥ ¯à¨-
¬¥­¥­¨¥ á®®â­®è¥­¨ï \áâàãªâãà­®©" ¯¥à¥áâ ­®¢®ç­®áâ¨

trj(
) � tij(�) = [tij( � ) � tij(
z}|{
� )] � [trj( � ) � trj(

z}|{

 )] = tij(

z}|{
� ) � trj(

z}|{

 ) (16)

(®­® á«¥¤ã¥â ¨§ 3c), 3a)),   â ª¦¥ 1a), 2, 3b), 3a), 3d) ¨ 5 ¤ ¥â

trj(��) � tir(��) = tir(x�) � trj(y�) � tij(z�) � dr(� 0) = dr( � ) � tir(�
z}|{
� ) � [trj(�

z}|{
� ) � tij(�

z}|{
�� )] =

= dr( � ) � [tir(�
z}|{
� ) � tij(�

z}|{
�� )] � trj(�

z}|{
� ) = dr( � ) � tir( � ) � [tij(�

z}|{
�� ) � tij( � )] � tir(�

z}|{
� ) �

� trj(�
z}|{
� ) = dr( � ) � [tir( � ) � tij(�

z}|{
�� )] � tir(�

z}|{
� ) � trj(�

z}|{
� ) = dr( � ) � tij(�

z}|{
�� ) � [tir( � ) �

� tir(�
z}|{
� )] � trj(�

z}|{
� ) = dr( � ) � tij(�

z}|{
�� ) � tir(�

z}|{
� ) � trj(�

z}|{
� ) =

= dr( � ) � tij(�
z }| {
����) � tir(

z}|{
�� ) � trj(

z}|{
�� ):

�®à¬ «ì­ ï § ¬¥­  ��, �� ­  �, � á®®â¢¥âáâ¢¥­­® ¯à¨¢®¤¨â ª (7).

�ë¢®¤ à §«®¦¥­¨ï (8). � áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  (is) ®¯à¥¤¥«¥­  ä®à¬ã«®© (i < s).
�à¨¬¥­ïï §¤¥áì á®®â­®è¥­¨¥ 2, ¨§ãç ¥¬®¥ á«®¢® ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

V = (is) � dk(") = dk(") � tsi(x) � tis(y) � tsi(z): (dk)

�®ª ¦¥¬, çâ® à ¢¥­áâ¢® (dk) ¢®§¬®¦­® â®«ìª® ¯à¨ yx � yz � �ei. �¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¢
yx 6� �ei, ¤«ï ªà âª®áâ¨ ¯à¨­ï¢ ®¡®§­ ç¥­¨¥ di(�) � ds(�) = dis(�; �) ¨ ¯à¨¬¥­ïï (6), 2 ¨ 3a),
¡ã¤¥¬ ¨¬¥âì V = dk(") � [tsi(x) � tis(y)] � tsi(z) = dk(") � dis(�; �) � tis(�) � [tsi(�) � tsi(z)] = dk(") �
dis(�; �)�tis(�)�tsi(�). � ¯®«ãç¥­­®¬ ¢ëà ¦¥­¨¨ ¯®§¨æ¨ï hs; si ï¢«ï¥âáï ­¥ª®â®àë¬ í«¥¬¥­â®¬ ¨§
��

s. �â® ¯à®â¨¢®à¥ç¨â ­¥ª¢ §¨®¡à â¨¬®áâ¨ â ª®© ¦¥ ¯®§¨æ¨¨ ¢ V (¨¡® ®­  ¢ (is)�dk(") áà ¢­¨¬ 
á �es). �á«¨ ¦¥ ¢ (dk) ¤®¯ãáâ¨âì yz 6� �ei, â® ¯à¨¬¥­¥­¨¥ 4, 2, 3a) ¤ ¥â ¯à¥¤áâ ¢«¥­¨¥ V =
dk(") � tsi(x) � [tis(y) � tsi(z)] = dk(") � dis(�; �) � [tsi(�) � tsi(�)] � tis(�) = dk(") � dis(�; �) � tsi(�) � tis(�).
�®§¨æ¨ï hi; ii ¯®á«¥¤­¥£® ¢ëà ¦¥­¨ï ï¢«ï¥âáï ª¢ §¨®¡à â¨¬®©, ª®£¤  ¢ â® ¦¥ ¢à¥¬ï ®­  ¢ V
áà ¢­¨¬  á �ei. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ­¥ ¬®¦¥â ¡ëâì ¨ yz 6� �ei. �â ª, ¢
(dk) ¤®«¦­® ¡ëâì yx � yz � �ei. �®«®¦¨¢ tsi(x)� tis(y)� tsi(z) = (is) ¢ ¤ ­­®¬ á«ãç ¥, ¯à¨å®¤¨¬
ª à §«®¦¥­¨î (8).
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�¯à ¢¥¤«¨¢®áâì (8) ¯à¨ (is) = tis(�) � tsi(�) � tis(�) ¤®ª §ë¢ ¥âáï ¯à¨ ¯®¬®é¨ â¥å ¦¥ 2, 3a),
4 ¨ (6).

�ë¢®¤ à §«®¦¥­¨ï (10). �ë¢®¤ íâ®£® à §«®¦¥­¨ï âà¥¡ã¥â ¡®«¥¥ £«ã¡®ª¨å ª®¬¡¨­ â®à­ëå
à ááã¦¤¥­¨©. � áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  (is) ®¯à¥¤¥«¥­  ä®à¬®© (i < s). �á¯®«ì§ãï 3a),
¯à¥¤áâ ¢¨¬ ¨§ãç ¥¬®¥ á«®¢® ¢ ¢¨¤¥ V = (is) � tsi(�) � tis(�) � [tsi(�) � tsi(�)] = tsi(�) � tis(�) � tsi(a).
�á«¨ ¢ ¯®«ãç¥­­®© § ¯¨á¨ a � �, â® tsi(�) � tis(�) � tsi(a) = (is) ¨ ¯à¥¤áâ ¢«¥­¨¥ (10) ¨¬¥¥â ¬¥áâ®
(®ç¥¢¨¤­®, §¤¥áì di(�) = ds(�) = tsi(�) = 0). �á«¨ ¦¥ a 6� �, â®, ¯à¨¬¥­ïï 4, 2 ¨ 3a), ¡ã¤¥¬ ¨¬¥âì
V = tsi(�) � [tis(�) � tsi(a)] = dis(�; �) � [tsi(�) � tsi(�)] � tis(�) = dis(�; �) � tsi(�) � tis(�), â. ¥. (10) ¨¬¥¥â
¬¥áâ® ¨ ¢ íâ®¬ á«ãç ¥.

�ãáâì â¥¯¥àì (is) ®¯à¥¤¥«¥­  ä®à¬®© (s > i), â. ¥.

V = (is) � tsi(�) = tis(�) � tsi(�) � tis(�) � tsi(�): (17)

� §¡¥à¥¬ á­ ç «  á«ãç ©, ª®£¤  �� 6� �ei. �¤¥áì, ¨á¯®«ì§ãï 4, 2 ¨ 3a), ¨¬¥¥¬

V = tis(�)�tsi(�)�[tis(�)�tsi(�)] = dis(�; �)�tis(�)�[tsi(�)�tsi(�)]�tis(z) = dis(�; �)�tis(x)�tsi(y)�tis(z):

�á«¨ ¢ íâ®© § ¯¨á¨ yx � yz � �es, â® V = dis(�; �) � (is) (§¤¥áì tsi(�) = 0) ¨ (10) á¯à ¢¥¤«¨¢®.
�ãáâì yz 6� �es. �®£¤  ¯à¨¬¥­¥­¨¥ (6), 2, 1 ¨ 3a) ¤ ¥â V = dis(�; �) � tis(x) � [tsi(y) � tis(z)] =
[dis(�; �)�dis(�; �)]�[tis(�)�tis(�)]�tsi(b) = dis(�; �)�tis(a)�tsi(b). �á«¨ §¤¥áì ab 6� �ei, â®, ¨á¯®«ì§ãï
4, 2 ¨ 1, ¡ã¤¥¬ ¨¬¥âì V = dis(�; �) � tsi(�) � tis(�). �à¨ ab � �ei âà¥¡ã¥¬ãî ä®à¬ã ¯®«ãç ¥¬ â ª:
V = dis(�; �) � tsi(b�) � [tsi(b) � tis(a) � tsi(b)] = dis(�; �) � tsi(b�) � (is) (¨á¯®«ì§®¢ ­® 3a)). � ¥á«¨
yz � �es (­® yx 6� �es), â®, ¯à¨¬¥­ïï 4, 1 ¨ 3a), ¨¬¥¥¬ V = dis(�; �) � [tis(x) � tsi(y)] � tis(z) =
dis(�; �) � tsi(�) � [tis(�) � tis(z)] = dis(�; �) � tsi(�) � tis(�) (çâ® â ª¦¥ ï¢«ï¥âáï âà¥¡ã¥¬®© ä®à¬®©).

� §¡¥à¥¬ â¥¯¥àì á«ãç ©, ª®£¤  ¢ (17) �� � �ei. �ã¤¥¬ à §«¨ç âì á«¥¤ãîé¨¥ ¯®¤á«ãç ¨:
j�ij � 3 ¨ j�ij = 2. �ãáâì á­ ç «  j�ij � 3. �ç¥¢¨¤­®, ­ ©¤¥âáï í«¥¬¥­â � 2 �r(s);r(i), ¤«ï
ª®â®à®£® � 6� 0; �. �à¨¬¥­ïï á®®â­®è¥­¨ï 3a), (6), 2, 1 (¨ ãç¨âë¢ ï, çâ® 
 6� 0, í«¥¬¥­â 

®¯à¥¤¥«ï¥âáï ­  á®®â¢¥âáâ¢ãîé¥¬ ¬¥áâ¥), ¨¬¥¥¬

V = tsi(�
�) � [tsi(�) � tis(�)] � tsi(�) � tis(�) � tsi(�) = dis(�; �) � tsi(�) � tis(�) � [tsi(
) �

� tsi(�)] � tis(�) � tsi(�) = dis(�; �) � tsi(�) � tis(�) � [tsi(
z }| {

 + �) � tis(�)] � tsi(�) = dis(�; �) �

� tsi(�) � [tis(�) � tis(�)] � [tsi(�) � tsi(�)] = dis(�; �) � tsi(a) � tis(b) � tsi(c):

�á«¨ ¢ ¯®«ãç¥­­®© § ¯¨á¨ bc 6� �ei, â® ¤ «ì­¥©è¥¥ ¯à¨¬¥­¥­¨¥ 4, 2, 1 ¨ 3a) ¤ ¥â V = dis(�; �) �
tsi(a)� [tis(b)� tsi(c)] = dis(�; �)� [tsi(�)� tsi(�)]� tis(�) = dis(�; �)� tsi(�)� tis(�). � ¯à®â¨¢­®¬ á«ãç ¥,
¨á¯®«ì§ãï 3a) (¨ ®¡®§­ ç¥­¨¥ (i < s)), ¡ã¤¥¬ ¨¬¥âì V = dis(�; �) � [tsi(a) � tsi(c�)] � [tsi(c) � tis(b) �
tsi(c)] = dis(�; �) � tsi(�) � (is).

�ãáâì â¥¯¥àì j�ij = 2. �à¨¬¥­ïï 3a), 4, 2, (6), 1 ¨ 6, ¢ë¯®«­ï¥¬ á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï:

V = tis(�) � tsi(�) � [tis(�) � tsi( � )] � tsi(esi) = dis( � ; � ) � tis(
z}|{
eis ) � [tsi(

z}|{
esi ) � tsi( � )] � tis(

z}|{
eis ) �

� tsi(esi) = dis( � ; � ) � tis(
z}|{
eis ) � [tsi(

z}|{
esi ) � tis( � )] � tis(eis) � tsi(esi) = dis( � ; � ) � [tis(

z}|{
eis ) � tis( � )] �

� tsi(
z}|{
esi ) � tis(eis) � tsi(esi) = dis( � ; � ) � [tis(

z}|{
eis ) � tsi( � )] � tsi(esi) � tis(eis) � tsi(esi) = dis( � ; � ) �

� tsi( � ) � tis(
z}|{
eis ) � tsi(esi) � tis(eis) � tsi(esi) = dis( � ; � ) � tsi( � ) � tis( � ) � [tis(eis) � tsi(esi) � tis(eis) �

� tsi(esi)] = [dis( � ; � ) � dis( � ; � )] � tsi( � ) � [tis( � ) � tsi(
z}|{
esi )] � tis(

z}|{
eis ) = dis( � ; � ) � [tsi( � ) � tsi(

z}|{
esi )] �

� [tis( � ) � tis(
z}|{
eis )] = dis( � ; � ) � tsi(

z}|{
esi ) � tis(

z}|{
eis );
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â. ¥. ¯®«ãç ¥¬ ®¤­ã ¨§ âà¥¡ã¥¬ëå ä®à¬. �â ª, ¢® ¢á¥å ¨¬¥îé¨åáï á«ãç ïå à §«®¦¥­¨¥ ¢¨¤  (10)
¤¥©áâ¢¨â¥«ì­® ¨¬¥¥â ¬¥áâ®.

�ë¢®¤ à §«®¦¥­¨ï (13). �á«¨ (is) ¨¬¥¥â ¢¨¤ (s > i), â® ¢ ­ã¦­ëå ¬¥áâ å, ¨á¯®«ì§ãï á®®â­®-
è¥­¨ï (7), 2, 1, 3c), 3a), (16) ¨ 3d), ¨¬¥¥¬

(is) � tji(�) = tis(�) � tsi(�) � [tis(
z}|{
� ) � tji(�)] = di( � ) � tis(

z}|{
� ) � [tsi(

z}|{
� ) � tjs(�

z}|{
�� )] � tji(

z}|{
� ) �

�tis(
z}|{
� ) = di( � )�ds( � )�tis(

z}|{
� )�tji(

z}|{
���)�tjs(�

z}|{
�� )�[tsi(

z}|{
� )�tji(

z}|{
� )]�tis(

z}|{
� ) = dis( � ; � )�tis(

z}|{
� )�

�[tji(�
z}|{
� )�tjs(�

z}|{
�� )]�tji(

z}|{
� )�tsi(

z}|{
� )�tis(

z}|{
� ) = dis( � ; � )�tis(

z}|{
� )�tji( � )�[tjs(�

z}|{
�� )�tjs( � )]�

�[tji(�
z}|{
� )�tji(

z}|{
� )]�tsi(

z}|{
� )�tis(

z}|{
� ) = dis( � ; � )�tis(

z}|{
� )�[tji( � )�tjs(�

z}|{
�� )]�tji( � )�tsi(

z}|{
� )�tis(

z}|{
� ) =

= dis( � ; � )�[tis(
z}|{
� )�tjs(�

z}|{
�� )]�[tji( � )�tji( � )]�tsi(

z}|{
� )�tis(

z}|{
� ) = dis( � ; � )�tjs(�

z}|{
�� )�[tis(

z}|{
� )�

� tji( � )] � tsi(
z}|{
� ) � tis(

z}|{
� ) = dis( � ; � ) � [tjs(�

z}|{
�� ) � tjs( � )] � tji( � ) � [tis(

z}|{
� ) � tsi(

z}|{
� ) � tis(

z}|{
� )] =

= dis( � ; � ) � tjs(�
z}|{
�� ) � tji( � ) � (is);

â. ¥. ¡ã¤¥¬ ¨¬¥âì âà¥¡ã¥¬ãî ä®à¬ã. �«ãç ©, ª®£¤  (is) ®¯à¥¤¥«¥­  ª ª (i < s), ¯à®¢¥àï¥âáï ¯à¨
¯®¬®é¨ â¥å ¦¥ á®®â­®è¥­¨© (7), 2, 1, 3c), 3a), (16) ¨ 3d).
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