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� à ¡®â¥ à áá¬ âà¨¢ îâáï § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ­ ç «ì­®-ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨
£¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ ¯¥à¢®£® ¯®àï¤ª  ¢ ª« áá¥ £« ¤ª¨å ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨©. � ¨áá«¥-
¤ã¥¬ë¬ á¨áâ¥¬ ¬ á¢®¤ïâáï ª« áá¨ç¥áª®¥ £¨¯¥à¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª , á¨áâ¥¬ë
â¨¯  �ãàá {� à¡ã ¨ ª ­®­¨ç¥áª¨¥ £¨¯¥à¡®«¨ç¥áª¨¥ á¨áâ¥¬ë ¯¥à¢®£® ¯®àï¤ª  á ®àâ®£®­ «ì­ë¬¨
á¨áâ¥¬ ¬¨ å à ªâ¥à¨áâ¨ª. � [1] ¡ë«¨ ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ £« ¤ª¨å
£à ­¨ç­ëå ¨ áâ àâ®¢ëå ã¯à ¢«¥­¨©, ã¤®¢«¥â¢®àïîé¨å ¯®â®ç¥ç­ë¬ ¨«¨ ¨­â¥£à «ì­ë¬ ®£à ­¨-
ç¥­¨ï¬. � ¤ ­­®© áâ âì¥ ¯à¥¤«®¦¥­ ç¨á«¥­­ë© ¬¥â®¤ à¥è¥­¨ï § ¤ ç ®¯â¨¬¨§ æ¨¨ £à ­¨ç­ëå ¨
áâ àâ®¢ëå ã¯à ¢«¥­¨© ¯à¨ ­ «¨ç¨¨ ¨­â¥£à «ì­ëå ®£à ­¨ç¥­¨© ­  ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï.
�áá«¥¤®¢ ­ë ¤¢¥ ¯à¨ª« ¤­ë¥ § ¤ ç¨: § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¯®¯ã«ïæ¨¥©, à á¯à¥-
¤¥«¥­­®© ¯® ¢®§à áâã, ¨ ®¡à â­ ï § ¤ ç  ¢®ááâ ­®¢«¥­¨ï ¯à®ä¨«ï £à ¢¨â æ¨®­­®© ¢®«­ë ¯à¨
¤®¯®«­¨â¥«ì­®¬ ¨­â¥£à «ì­®¬ ®£à ­¨ç¥­¨¨, ¢ëâ¥ª îé¥¬ ¨§ § ª®­  á®åà ­¥­¨ï ¬ ááë.

1. �®áâ ­®¢ª  § ¤ ç¨ ¨ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨

� ¯àï¬®ã£®«ì­¨ª¥ P = S � T , S = [s0; sk], T = [t0; tk], à áá¬®âà¨¬ á¨áâ¥¬ã ¯®«ã«¨­¥©­ëå
£¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨©

@x

@t
+A(s; t)

@x

@s
= f(x; s; t); s 2 S; t 2 T: (1)

�¤¥áì x = x(s; t) | n-¬¥à­ ï ¢¥ªâ®à-äã­ªæ¨ï. �à¥¤¯®« £ ¥¬, çâ® á¨áâ¥¬  (1) § ¯¨á ­  ¢ ¨­¢ -
à¨ ­â­®¬ ¢¨¤¥, â. ¥. ¬ âà¨æ  A(s; t) ¤¨ £®­ «ì­ ï ([2], á. 25{28).

�®¯®«­¨â¥«ì­® ¢¢¥¤¥¬ ¯à¥¤¯®«®¦¥­¨¥, çâ® ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ai = ai(s; t), i = 1; 2; : : : ; n,
¬ âà¨æë ª®íää¨æ¨¥­â®¢ §­ ª®¯®áâ®ï­­ë ¢ P :

ai(s; t) > 0; i = 1; 2; : : : ;m1;

ai(s; t) = 0; i = m1 + 1;m1 + 2; : : : ;m2;

ai(s; t) < 0; i = m2 + 1;m2 + 2; : : : ; n:

�®áâ ¢¨¬ ¤¢¥ ¤¨ £®­ «ì­ë¥ ¯®¤¬ âà¨æë: A+(s; t) à §¬¥à­®áâ¨ m1 �m1 ¨ A�(s; t) à §¬¥à­®áâ¨
(n �m2) � (n �m2) ¨§ ¯®«®¦¨â¥«ì­ëå ¨ ®âà¨æ â¥«ì­ëå ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢ ¬ âà¨æë A
á®®â¢¥âáâ¢¥­­®. �§ ¢¥ªâ®à  á®áâ®ï­¨ï x = x(s; t) ¢ë¤¥«¨¬ ¤¢  ¯®¤¢¥ªâ®à , á®®â¢¥âáâ¢ãîé¨å
¯®«®¦¨â¥«ì­ë¬ ¨ ®âà¨æ â¥«ì­ë¬ ¤¨ £®­ «ì­ë¬ í«¥¬¥­â ¬ ¬ âà¨æë A:

x+ = (x1; x2; : : : ; xm1
); x� = (xm2+1; xm2+2; : : : ; xn):

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨,
£à ­â ò�02-1.0-60, �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­âë òò02-01-00243, 02-01-
81001, ¨ ¯à®£à ¬¬ë \�­¨¢¥àá¨â¥âë �®áá¨¨" (¯à®¥ªâ ò��.03.01.008).
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� áá¬®âà¨¬ ã¯à ¢«ï¥¬ë¥ ­ ç «ì­®-ªà ¥¢ë¥ ãá«®¢¨ï ¤«ï á¨áâ¥¬ë (1)

x(s; t0) = p(u(s); s); s 2 S;
x+(s0; t) =M(t)x�(s0; t) + g(1)(u(1)(t); t); (2)

x�(sk; t) = N(t)x+(sk; t) + g(2)(u(2)(t); t); t 2 T:
�¤¥áì M(t), N(t) | ¯àï¬®ã£®«ì­ë¥ ¬ âà¨æë à §¬¥à­®áâ¨ á®®â¢¥âáâ¢¥­­® m1 � (n � m2) ¨
(n�m2)�m1. �¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï u = u(s), u(1) = u(1)(t), u(2) = u(2)(t) ï¢«ïîâáï ¢¥ªâ®à-
äã­ªæ¨ï¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ¨­â¥£à «ì­ë¬ ®£à ­¨ç¥­¨ï¬ â¨¯  à ¢¥­áâ¢ Z

S

�j(u(s))ds = Lj ; j = 1; 2; : : : ; k;Z
T

�(1)
� (u(1)(t))dt = L(1)

� ; � = 1; 2; : : : ; k1; (3)Z
T
�(2)
� (u(2)(t))dt = L

(2)
� ; � = 1; 2; : : : ; k2:

�à¥¤¯®« £ ¥âáï, çâ® ¤«ï ¯®¤¨­â¥£à «ì­ëå äã­ªæ¨© ¢ (3) ¢ë¯®«­¥­ë ãá«®¢¨ï ®¤­®à®¤­®áâ¨

�j(�u) = �
�j(u); �(1)
� (�u) = �
1�(1)

� (u); �(2)
� (�u) = �
2�(2)

� (u);

� > 0; 
 > 0; 
1 > 0; 
2 > 0:

�¥«ì § ¤ ç¨ á®áâ®¨â ¢ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ « 

J(u) =
Z
S

'(x(s; tk); s)ds+
ZZ
P

F (x; s; t)ds dt: (4)

� ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (1){(4) à áá¬ âà¨¢ ¥âáï ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå:
1) ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë ai = ai(s; t), i = 1; 2; : : : ; n, ¬ âà¨æë A ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨-

àã¥¬ë ¢ P ;
2) ¢¥ªâ®à-äã­ªæ¨¨ p(u; s), g(1)(u(1); t), g(2)(u(2); t) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ¯® á¢®¨¬

 à£ã¬¥­â ¬ ¨ ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯® u, u(1) ¨ u(2) á®®â¢¥âáâ¢¥­­®;
3) ¢¥ªâ®à-äã­ªæ¨ï f = f(x; s; t) ¨ áª «ïà­ë¥ äã­ªæ¨¨ F = F (x; s; t), ' = '(x; s) ­¥¯à¥àë¢­ë

¯® á®¢®ªã¯­®áâ¨ á¢®¨å  à£ã¬¥­â®¢ ¨ ¨¬¥îâ ­¥¯à¥àë¢­ë¥ ¨ ®£à ­¨ç¥­­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥
¯® ª®¬¯®­¥­â ¬ ¢¥ªâ®à  á®áâ®ï­¨ï;

4) í«¥¬¥­âë ¬ âà¨æ M(t), N(t) ­¥¯à¥àë¢­ë ­  T ;
5) ã¯à ¢«¥­¨ï u = u(s), u(1) = u(1)(t) ¨ u(2) = u(2)(t) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë á®®â¢¥â-

áâ¢¥­­® ­  ®âà¥§ª å S ¨ T .
�¥è¥­¨¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (1), (2) ¯®­¨¬ ¥âáï ¢ ®¡®¡é¥­­®¬ á¬ëá«¥,   ¨¬¥­­® ª ª

à¥è¥­¨¥ ¨­â¥£à «ì­®© á¨áâ¥¬ë, ¯®áâà®¥­­®© ­  å à ªâ¥à¨áâ¨ª å ¨áå®¤­®© £¨¯¥à¡®«¨ç¥áª®© á¨-
áâ¥¬ë. �¤¥« ­­ë¥ ¯à¥¤¯®«®¦¥­¨ï £ à ­â¨àãîâ áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì «¨èì ªãá®ç­®-
­¥¯à¥àë¢­®£® à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (1), (2). �à¨ íâ®¬ ª®¬¯®­¥­âë ¢¥ªâ®à-äã­ªæ¨¨
á®áâ®ï­¨ï ¡ã¤ãâ ¤¨ää¥à¥­æ¨àã¥¬ë ¢¤®«ì á®®â¢¥âáâ¢ãîé¨å å à ªâ¥à¨áâ¨ª £¨¯¥à¡®«¨ç¥áª®© á¨-
áâ¥¬ë ([2], c. 53{59; [3], c. 467{469).

�á®¡¥­­®áâìî ¨áá«¥¤ã¥¬®© § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ï¢«ï¥âáï £« ¤ª®áâì ã¯à ¢«ï-
îé¨å ¢®§¤¥©áâ¢¨©. � [1] ãáâ ­®¢«¥­® ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ £« ¤ª¨å áâ àâ®¢ëå
ã¯à ¢«¥­¨©, ã¤®¢«¥â¢®àïîé¨å ¨­â¥£à «ì­ë¬ ®£à ­¨ç¥­¨ï¬ ¢ ä®à¬¥ ­¥à ¢¥­áâ¢. �ä®à¬ã«¨àã-
¥¬  ­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¤«ï § ¤ ç¨ (1){(4).

�¥®à¥¬  1. �ãáâì ¯à®æ¥áá fu; u(1); u(2);xg ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¢ § ¤ ç¥ (1){(4). �®£¤ 
¢áî¤ã ­  ®âà¥§ª¥ S ¢ë¯®«­ï¥âáï ãá«®¢¨¥

hhu; _u(s)i � 1


hhu; uis = 0; s 2 S; (5)
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  ¢áî¤ã ­  ®âà¥§ª¥ T á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥­áâ¢ :

hh(1)
u(1)

; _u(1)(t)i � 1

1
hh(1)

u(1)
; u(1)it = 0;

hh(2)
u(2)

; _u(2)(t)i � 1

2
hh(2)

u(2)
; u(2)it = 0; t 2 T: (6)

�¤¥áì h ; i | ®¡®§­ ç¥­¨¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ á®®â¢¥âáâ¢ãîé¥¬ ª®­¥ç­®¬¥à­®¬ ¯à®-
áâà ­áâ¢¥,

h(u; s) = h (s; t0); p(u; s)i;
h(1)(u(1); t) = hA+ +(s0; t); g(1)(u(1); t)i;
h(2)(u(2); t) = hA� �(sk; t); g(2)(u(2); t)i:

�ã­ªæ¨ï  =  (s; t) ã¤®¢«¥â¢®àï¥â á®¯àï¦¥­­®© § ¤ ç¥

 t + (A )s = Fx(x; s; t)� fx(x; s; t) ; (s; t) 2 P ;
 (s; tk) = �'x(x(s; tk); s); s 2 S;

 +(sk; t) = N1(t) �(sk; t);  �(s0; t) =M1(t) +(s0; t); t 2 T ;
N1(t) = �(A+(sk; t))

�1NT (t)A�(sk; t);

M1(t) = �(A�(s0; t))�1MT (t)A+(s0; t):

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¤«ï á«ãç ï áâ àâ®¢®£® ã¯à ¢«¥­¨ï u(s) ¡ë«® ¯à®¢¥¤¥­® ¢ [1]. �¤¥ï
¤®ª § â¥«ìáâ¢  ®á­®¢ ­  ­  ¯à¨¬¥­¥­¨¨ ­¥áâ ­¤ àâ­®© ¢ à¨ æ¨¨, á®åà ­ïîé¥© £« ¤ª®áâì ã¯à -
¢«¥­¨ï

�u(s) = �(s)u(s+ " �(s)) � u(s):

�¤¥áì " | ¯ à ¬¥âà, å à ªâ¥à¨§ãîé¨© ¬ «®áâì ¢ à¨ æ¨¨, �(s) | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã-
¥¬ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

s0 � s+ �(s) � sk; j _�(s)j � 1; s 2 S;
�(s0) = �(sk) = 0:

�ë¡®à ¬­®¦¨â¥«ï �(s) = (1+" _�(s))1=
 ®¡¥á¯¥ç¨¢ ¥â ¤®¯ãáâ¨¬®áâì äã­ªæ¨¨ u"(s) = u(s)+�u(s)
¤«ï «î¡®£® §­ ç¥­¨ï " 2 [0; 1]. �á«®¢¨¥ j _�(s)j � 1 áãé¥áâ¢¥­­® ¤«ï áå®¤¨¬®áâ¨ àï¤ 

(1 + " _�(s))1=
 = 1 +
1


" _�(s) + � � �+ 1

n!
1



�
1


� 1

�
� : : : �

�
1


� n+ 1

�
"n _�n(s) + � � � (7)

¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1. � áâ âì¥ [1] ¯à¨¢¥¤¥­  â ª¦¥ ®¡é ï áå¥¬  ã«ãçè¥­¨ï ã¯à ¢«¥-
­¨ï, ®á­®¢ ­­ ï ­  ¤®ª § ­­®¬ ãá«®¢¨¨ ®¯â¨¬ «ì­®áâ¨.

�á­®¢­ ï æ¥«ì ¤ ­­®© à ¡®âë | ¯à¨¬¥­¥­¨¥ ¨§«®¦¥­­®£® ¢ëè¥ à¥§ã«ìâ â  ¤«ï ¨áá«¥¤®¢ -
­¨ï ®¤­®© ¨§ § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¯®¯ã«ïæ¨¥© ¨ ®¡à â­®© § ¤ ç¨ ¢®ááâ ­®¢«¥­¨ï
¯à®ä¨«ï £à ¢¨â æ¨®­­®© ¢®«­ë.

�à¥¦¤¥ ¢á¥£® á¤¥« ¥¬ § ¬¥ç ­¨¥ ®â­®á¨â¥«ì­® ®¤­®£® ç áâ­®£® á«ãç ï ®£à ­¨ç¥­¨© (3).

� ¬¥ç ­¨¥. �á«¨ ¢ ¨­â¥£à «ì­ë¥ ®£à ­¨ç¥­¨ï ã¯à ¢«¥­¨ï ¢å®¤ïâ «¨­¥©­® (
=
1=
2=1),
â® ãá«®¢¨ï (5), (6) § ¯¨èãâáï ¢ ¡®«¥¥ ¯à®áâ®© ä®à¬¥

hhus; u(s)i = 0; s 2 S;
hh(1)

u(1)t
; u(1)(t)i = 0; hh(2)

u(2)t
; u(2)(t)i = 0; t 2 T:

�à¨ íâ®¬ ­¥â ­¥®¡å®¤¨¬®áâ¨ ¯à®¨§¢®¤¨âì à §«®¦¥­¨¥ (7),   §­ ç¨â, ¨ âà¥¡®¢ âì ¢ë¯®«­¥­¨ï
ãá«®¢¨ï ¢¨¤  j _�(s)j � 1.
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2. � ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢®§à áâ­ë¬ à á¯à¥¤¥«¥­¨¥¬

à®¦ îé¨å ®á®¡¥©

�  ­¥ª®â®à®¬ ®âà¥§ª¥ ¢à¥¬¥­¨ T = [0; tk] à áá¬®âà¨¬ äã­ªæ¨î x = x(s; t), å à ªâ¥à¨§ãîéãî
¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¯®¯ã«ïæ¨¨ ­¥ª®â®à®£® ¢¨¤  ¢ § ¢¨á¨¬®áâ¨ ®â ¢®§à áâ  s 2 S = [0; sk],
sk | ¬ ªá¨¬ «ì­ ï ¯à®¤®«¦¨â¥«ì­®áâì ¦¨§­¨. �à¥¤¯®« £ ï, çâ® ¨§¬¥­¥­¨¥ ç¨á«¥­­®áâ¨ ¯®¯ã-
«ïæ¨¨ ¬®¦¥â ¯à®¨áå®¤¨âì â®«ìª® §  áç¥â à®¦¤¥­¨ï ¨ á¬¥àâ¨ ¥¥ ç«¥­®¢,   ç¨á«® ã¬¥àè¨å ®á®¡¥©
¯à®¯®àæ¨®­ «ì­® ®¡é¥© ç¨á«¥­­®áâ¨ ¯®¯ã«ïæ¨¨, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© ­ ç «ì­®-ªà ¥¢®© § -
¤ ç¥ [4]{[6]:

@x

@t
+
@x

@s
= ��(s)x; s 2 S; t 2 T ;

x(s; 0) = x0(s); s 2 S; (8)

x(0; t) = �(t)
Z s2

s1

K(s)u(s)x(s; t)ds; t 2 T:

�¤¥áì �(s) | ª®íää¨æ¨¥­â á¬¥àâ­®áâ¨; x0(s) | ¯¥à¢®­ ç «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¯®¯ã«ïæ¨¨ ¯®
¢®§à áâã; �(t) | ª®íää¨æ¨¥­â, å à ªâ¥à¨§ãîé¨© áà¥¤­¨© ãà®¢¥­ì à®¦¤ ¥¬®áâ¨ ¢ ª ¦¤ë© ¬®-
¬¥­â ¢à¥¬¥­¨; K(s) | ¤®«ï á ¬®ª. �®«ì ã¯à ¢«¥­¨ï ¨£à ¥â äã­ªæ¨ï u = u(s), § ¤ îé ï ¢®§-
à áâ­®¥ à á¯à¥¤¥«¥­¨¥ à®¦ îé¨å ®á®¡¥©. �â  äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ®£à ­¨ç¥­¨-
ï¬: Z s2

s1

u(s)ds = 1; u(s) � 0; u(s1) = u(s2) = 0; (9)

£¤¥ s1, s2 | £à ­¨æë ¤¥â®à®¤­®£® ¢®§à áâ , 0 < s1 < s2 � sk.
�¥«ìî § ¤ ç¨ ¡ã¤¥¬ áç¨â âì ¬¨­¨¬¨§ æ¨î äã­ªæ¨®­ « 

J(u) =
Z
S

'(x(s; tk); s) ds: (10)

� ç áâ­®áâ¨, ¥á«¨

'(x; s) =
1
2
(x(s; tk)� x(s))2;

£¤¥ x(s) | § ¤ ­­ ï äã­ªæ¨ï, â® æ¥«ì ã¯à ¢«¥­¨ï á®áâ®¨â ¢ ¤®áâ¨¦¥­¨¨ ¢ ª®­¥ç­ë© ¬®¬¥­â
¢à¥¬¥­¨ § ¤ ­­®© ¯«®â­®áâ¨ x.

� ¤ ç  (8){(10) ¨áá«¥¤ã¥âáï ¯à¨ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå ­  ¥¥ ¯ à ¬¥âàë:
1) äã­ªæ¨¨ u = u(s), K = K(s) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ­  ®âà¥§ª¥ [s1; s2]; ¢ ¤ «ì­¥©-

è¥¬ ã¤®¡­® áç¨â âì, çâ® u(s) � 0, s =2 [s1; s2];
2) äã­ªæ¨¨ x0 = x0(s) ¨ � = �(t) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ­  ®âà¥§ª å S ¨ T á®®â¢¥â-

áâ¢¥­­®;
3) äã­ªæ¨ï ' = '(x; s) ­¥¯à¥àë¢­  ¯® á®¢®ªã¯­®áâ¨ á¢®¨å  à£ã¬¥­â®¢ ¨ ¨¬¥¥â ­¥¯à¥àë¢­ë¥

¨ ®£à ­¨ç¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x ­  E1 � S;
4) äã­ªæ¨ï � = �(s) ­¥¯à¥àë¢­  ­  ¯®«ã¨­â¥à¢ «¥ [0; sk) ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨îZ sk

0

�(s)ds = +1:

�®á«¥¤­¥¥ ãá«®¢¨¥ ®¡¥á¯¥ç¨¢ ¥â ­ã«¥¢ãî ¯«®â­®áâì ¯à¨ ¢®§à áâ¥ ®á®¡¥©, ¯à¥¢ëè îé¥¬ ¬ ªá¨-
¬ «ì­ë© ¢®§à áâ sk [5], [6].

�¥è¥­¨¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (8), ¢®®¡é¥ £®¢®àï, ­ã¦­® ¯®­¨¬ âì ª ª à¥è¥­¨¥ ¨­â¥-
£à «ì­®£® ãà ¢­¥­¨ï, ¯®áâà®¥­­®£® ­  á¥¬¥©áâ¢¥ å à ªâ¥à¨áâ¨ª ¨áå®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®-
£® ãà ¢­¥­¨ï. �à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¤«ï «î¡®£® ¤®¯ãáâ¨¬®£® ã¯à ¢«¥­¨ï à¥è¥­¨¥
­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (8) ¡ã¤¥â ï¢«ïâìáï ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¥©, £« ¤ª®© ¢ ®¡« áâïå
s < t ¨ s > t.

�ä®à¬ã«¨àã¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ¢ ®¯¨á ­­®© § ¤ ç¥.
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�¥®à¥¬  2. �ãáâì u� = u�(s) | ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ § ¤ ç¥ (8){(10), x� = x�(s; t) |
á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã á®áâ®ï­¨¥. �®£¤  ¤«ï ¢á¥å â®ç¥ª s 2 [s1; s2] ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

u�(s)
Z
T
 �(0; t)�(t) [K(s)x�(s; t)]s dt = 0; (11)

£¤¥  � =  �(s; t) | à¥è¥­¨¥ á«¥¤ãîé¥© á®¯àï¦¥­­®© § ¤ ç¨ ¯à¨ u = u�(s), x = x�(s; t):

@ 

@t
+
@ 

@s
= �(s) �  (0; t)�(t)K(s)u(s); s 2 S; t 2 T ;

 (s; tk) = �@'(x(s; tk); s)
@x

; s 2 S; (12)

 (sk; t) = 0; t 2 T:
� ­­ ï â¥®à¥¬  ­¥ ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1 ¢ á¨«ã ­¥áâ ­¤ àâ­®áâ¨ ªà ¥-

¢ëå ãá«®¢¨© ¢ § ¤ ç¥ (8). �¤­ ª® ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï â¥¬ ¦¥ á¯®á®¡®¬, ®á­®¢ ­­ë¬ ­ 
 ­ «¨§¥ ä®à¬ã«ë ¯à¨à é¥­¨ï æ¥«¥¢®£® äã­ªæ¨®­ « , ª®â®àë© ¡ë« ¯à¨¬¥­¥­ ¢ [1].

�¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ (11) á«ã¦¨â ®á­®¢®© ¤«ï ¯®áâà®¥­¨ï ç¨á«¥­­ëå  «£®-
à¨â¬®¢ à¥è¥­¨ï § ¤ ç¨. �¥à¥©¤¥¬ ª ®¯¨á ­¨î ®¡é¥© áå¥¬ë ¬¥â®¤ .

�ãáâì § ¤ ­® ­ ç «ì­®¥ ¯à¨¡«¨¦¥­¨¥ u0 = u0(s) ¨ á ¯®¬®éìî ¬¥â®¤  ¢ëç¨á«¥­® ui = ui(s),
i = 1; 2 : : : �«ï íâ®£® ã¯à ¢«¥­¨ï ¢ëç¨á«ïîâáï à¥è¥­¨ï xi = xi(s; t),  i =  i(s; t) ¨áå®¤­®© ¨
á®¯àï¦¥­­®© § ¤ ç (8) ¨ (12).

�âà®¨âáï äã­ªæ¨ï

!i(s) = ui(s)
Z
T

 i(0; t)�(t)[K(s)xi(s; t)]s dt:

�á«¨ !i(s) � 0, s 2 [s1; s2], â® ­ ©¤¥­­®¥ à¥è¥­¨¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¯â¨¬ «ì­®áâ¨, ¨
¬¥â®¤ ¯à¥ªà é ¥â á¢®î à ¡®âã. � ¯à®â¨¢­®¬ á«ãç ¥ ¢ë¤¥«¨¬ ®¡« áâ¨


+
i = fs 2 [s1; s2] : !i(s) > 0g;


�i = fs 2 [s1; s2] : !i(s) < 0g:
�¯à¥¤¥«¨¬ ¤®¯ãáâ¨¬ãî äã­ªæ¨î

�i(s) =

8>><
>>:
�i(s) > 0; s 2 
+

i ;

�i(s) < 0; s 2 
�i ;

0; s =2 
+
i [ 
�i :

�®áâà®¨¬ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ã¯à ¢«¥­¨©

ui"(s) = (1 + " _�i(s))ui(s+ "�i(s)):

� ©¤¥¬ "i ¨§ ãá«®¢¨ï
J(ui")! min; " 2 [0; 1]:

�®£¤  á«¥¤ãîé¥¥ ¯à¨¡«¨¦¥­¨¥ áâà®¨âáï ¯® ä®à¬ã«¥

ui+1(s) = ui"i(s):

�à¨ ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå ® £« ¤ª®áâ¨ ¯ à ¬¥âà®¢ § ¤ ç¨ ¨ ®£à ­¨ç¥­­®áâ¨ á­¨-
§ã æ¥«¥¢®£® äã­ªæ¨®­ «  ­  ¬­®¦¥áâ¢¥ ¤®¯ãáâ¨¬ëå ¯à®æ¥áá®¢ [1] ¬¥â®¤ £¥­¥à¨àã¥â à¥« ªá æ¨-
®­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ã¯à ¢«¥­¨© (J(ui+1) < J(ui), i = 0; 1; 2; : : : ), áå®¤ïéãîáï ¢ á¬ëá«¥Z s2

s1

�i(s)!i(s)ds! 0; i!1:

�®­ªà¥â­ë¥ ¢ à¨ ­âë  «£®à¨â¬®¢ ®â«¨ç îâáï ª®­áâàãªâ¨¢­ë¬¨ ¬¥â®¤ ¬¨ ¯®áâà®¥­¨ï äã­ª-
æ¨© �i(s).
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�à®¢¥¤¥­  á¥à¨ï â¥áâ®¢ëå à áç¥â®¢ ¤«ï § ¤ ç¨ á ª¢ ¤à â¨ç­ë¬ ªà¨â¥à¨¥¬ ª ç¥áâ¢ . �«ï
ç¨á«¥­­®£® à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (8) ¨á¯®«ì§®¢ « áì å à ªâ¥à¨áâ¨ç¥áª ï à §­®áâ-
­ ï á¥âª . �à¨¢¥¤¥­­ë¥ ­¨¦¥ à¥§ã«ìâ âë ¯®«ãç¥­ë ¤«ï á«¥¤ãîé¨å §­ ç¥­¨© ¯ à ¬¥âà®¢:

sk = 5; tk = 5; s1 = 1; s2 = 4;

x(s) = exp
�
5� s� 1

5� s

�
; x0(s) = exp

�
� s� 1

5� s

�
;

�(s) =
1

(5� s)2
; K(s) = s exp

�
s+

1
5� s

�
;

�(t) =
1
2
exp(�0:2):

�ã­ªæ¨¨ �i(s) áâà®¨«¨áì ¯® ¯à ¢¨«ã

�i(s) =
�i(s)
Mi

;

�i(s) =
(s� s0)(s1 � s)

(s1 � s0)
� !i(s)
max

s2[s1;s2]
j!i(s)j ;

Mi = max
s2[s1;s2]

j _�i(s)j:

� ª®© ¢ë¡®à äã­ªæ¨© £ à ­â¨àã¥â ¢ë¯®«­¥­¨¥ ­  ª ¦¤®© ¨â¥à æ¨¨ ®£à ­¨ç¥­¨© (9).

�â¥à æ¨ï i J(eul) J(bul) J(�ul)
0 2:827 � 107 1:143 � 104 1:329 � 103
1 2:605 � 101 2:315 � 103 2:236 � 102
2 2:16 � 10�7 2:646 � 102 1:052 � 102
3 2:26 � 10�7 4:593 � 101
6 2:19 � 10�7

� â ¡«¨æ¥ ¯à¨¢¥¤¥­ë §­ ç¥­¨ï æ¥«¥¢®£® äã­ªæ¨®­ «  ­  á®®â¢¥âáâ¢ãîé¨å ¨â¥à æ¨ïå ¤«ï
âà¥å à §«¨ç­ëå ­ ç «ì­ëå ¯à¨¡«¨¦¥­¨©:

eu0(s) = 1
3
; bu0(s) = 2

9
(s� 1); �u0(s) =

1
3
(sin 2�s+ 1):

3. �®ááâ ­®¢«¥­¨¥ ­ ç «ì­®£® ¯à®ä¨«ï £à ¢¨â æ¨®­­®© ¢®«­ë

� ª ç¥áâ¢¥ ¢â®à®£® ¯à¨¬¥à  à áá¬®âà¨¬ ®¡à â­ãî § ¤ çã ¢®ááâ ­®¢«¥­¨ï ¯à®ä¨«ï £à ¢¨â -
æ¨®­­®© ¢®«­ë.

�à¥¤¯®« £ ¥¬, çâ® ¯à®æ¥áá à á¯à®áâà ­¥­¨ï £à ¢¨â æ¨®­­ëå ¢®«­ ®¯¨áë¢ ¥âáï ãà ¢­¥­¨ï-
¬¨ «¨­¥ à¨§®¢ ­­®© â¥®à¨¨ \¬¥«ª®© ¢®¤ë" ([2], c. 569{572)

�t + b0(s)vs = �_b0(s)v; vt + g�s = 0;

�(s; t0) = u(s); v(s; t0) = q(s):

�¤¥áì �(s; t) | ¯à®ä¨«ì ¢®«­ë, v(s; t) | ¬ áá®¢ ï áª®à®áâì ç áâ¨æë ¢®¤ë, b0(s) | ¯à®ä¨«ì
¤­ , q(s) | ¨§¢¥áâ­ ï äã­ªæ¨ï, t 2 T = [t0; tk], s 2 S = [s0; sk]. �¥¨§¢¥áâ­®¥ ã¯à ¢«¥­¨¥ u(s) |
­ ç «ì­ë© ¯à®ä¨«ì ¢®«­ë.

�à¥¤¯®«®¦¨¬, çâ® ¢ ª®­¥ç­ë© ¬®¬¥­â ¢à¥¬¥­¨ ¨§¢¥áâ¥­ ¯à®ä¨«ì ¢®«­ë | äã­ªæ¨ï �(s),
s 2 S. �®£¤  ¤ ­­ ï ®¡à â­ ï § ¤ ç  ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­ 
ª ª § ¤ ç  ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ « 

J(u) =
1
2

Z
S
(�(u; s; tk)� �(s))2ds:
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�à¨¢¥¤¥¬ ¬®¤¥«ì \¬¥«ª®© ¢®¤ë" ª ¨­¢ à¨ ­â­®© ä®à¬¥

x1t +
q
gb0(s)x1s = �a(s)(x1 � x2); x2t �

q
gb0(s)x2s = �a(s)(x1 � x2); (13)

x1(s; t0) =
p
gu(s) +

q
b0(s)q(s); x2(s; t0) =

p
gu(s)�

q
b0(s)q(s); x1(s0; t) = x2(sk; t) = 0:

�¤¥áì

x1(s; t) =
p
g�(s; t) +

q
b0(s)v(s; t); x2(s; t) =

p
g�(s; t)�

q
b0(s)v(s; t);

a(s) =
p
g _h0(s)

4
p
b0(s)

:

�®£¤ 

J(u) =
1
2

Z
S

�
x1(s; tk) + x2(s; tk)

2
p
g

� �(s)
�2

ds: (14)

� ®â«¨ç¨¥ ®â [1] § ¤ çã à áá¬®âà¨¬ ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ¨­â¥£à «ì­®¬ ®£à ­¨ç¥­¨¨Z
S

u(s)ds =
Z
S

�(s)ds = const: (15)

� ä¨§¨ç¥áª®© â®çª¨ §à¥­¨ï ®£à ­¨ç¥­¨¥ (15) ¯à¥¤áâ ¢«ï¥â á®¡®© § ª®­ á®åà ­¥­¨ï ¬ ááë. �­®
¬®¦¥â ¡ëâì ¯®«ãç¥­® ¯ãâ¥¬ ¨­â¥£à¨à®¢ ­¨ï ¯® ¯àï¬®ã£®«ì­¨ªã P = S � T áã¬¬ë ãà ¢­¥­¨©
(13).

� ¤ ç  (13){(15) | íâ® § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢¨¤  (1){(4). �¥®¡å®¤¨¬®¥ ãá«®¢¨¥
®¯â¨¬ «ì­®áâ¨ (5) ¨¬¥¥â ¢¨¤

( 1s(s; t0) +  2s(s; t0))u(s) = 0; s 2 S;
£¤¥  (s; t) { à¥è¥­¨¥ á®¯àï¦¥­­®© § ¤ ç¨

 1t +
q
gb0(s) 1s = �a(s)( 1(s; t)�  2(s; t));

 2t �
q
gb0(s) 2s = �a(s)( 1(s; t)�  2(s; t));

 1(s; tk) =  2(s; tk) =
1

2
p
g

�
�(s)� x1(s; tk) + x2(s; tk)

2
p
g

�
; s 2 S;

 1(sk; t) =  2(s0; t) = 0; t 2 T:
� ¤ ç  (13){(15) à¥è « áì á ¯®¬®éìî ¬¥â®¤ , áå¥¬  ª®â®à®£® ¯à¨¢¥¤¥­  ¢ ¯à¥¤ë¤ãé¥¬ à §-

¤¥«¥. � ¤ ­­®¬ á«ãç ¥

!i(s) = �( 1
i
s(s; t0) +  2

i
s(s; t0))u

i(s); s 2 S:
�«ï ¨­â¥£à¨à®¢ ­¨ï £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¡ë« ¯à¨¬¥­¥­ ç¨á«¥­­ë© ¬¥â®¤ å à ªâ¥à¨-
áâ¨ª. � áç¥âë ¯à®¢®¤¨«¨áì ¯à¨ á«¥¤ãîé¨å ¢å®¤­ëå ¤ ­­ëå: t0 = 0, tk = 1, s0 = �35, sk = 100,
b0(s) = 100�0:02(s+40)(s�100), ç¨á«® á«®¥¢ ¯® ¢à¥¬¥­¨ ¯à¨ ç¨á«¥­­®¬ ¨­â¥£à¨à®¢ ­¨¨ £¨¯¥à-
¡®«¨ç¥áª¨å á¨áâ¥¬ N = 200, £à ­¨æë ­¥¨§¢¥áâ­®£® ¯à®ä¨«ï ¢®«­ë ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨
s1 = 3:97033, s2 = 62:5367,

�i(s) =
(s� s1)(s2 � s)!i(s)
(s2 � s1)max

s2S
j!i(s)j :

� ¬®¤¥«ì­ëå à áç¥â å § à ­¥¥ § ¤ ¢ «®áì ã¯à ¢«¥­¨¥

u�(s) = �6 sin
�
2�(s� s1)
s2 � s1

�
cos

�
� +

�(s� s1)
s2 � s1

�
:
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�® íâ®¬ã ã¯à ¢«¥­¨î ¢ëç¨á«ï« áì äã­ªæ¨ï �(s), ­¥®¡å®¤¨¬ ï ¤«ï ä®à¬¨à®¢ ­¨ï æ¥«¥¢®£®
äã­ªæ¨®­ «  (14) ¨ ¨­â¥£à «ì­®£® ®£à ­¨ç¥­¨ï (15). �®á«¥ íâ®£® ã¯à ¢«¥­¨¥ u� = u�(s), ª®â®à®¥
ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¢ ¨áá«¥¤ã¥¬®© § ¤ ç¥, \§ ¡ë¢ «®áì" ¨ ¯à®¢®¤¨« áì à¥ «¨§ æ¨ï ¬¥â®¤ 
¯à¨ à §«¨ç­ëå ­ ç «ì­ëå ¯à¨¡«¨¦¥­¨ïå.

�¥§ã«ìâ âë ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢ ¯®ª §ë¢ îâ, çâ® ¬¥â®¤ ­¥ â ª çã¢áâ¢¨â¥«¥­ ª ¢ë-
¡®àã ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï, ª ª ¢ á«ãç ¥  ¬¯«¨âã¤­ëå ®£à ­¨ç¥­¨© ­  ã¯à ¢«¥­¨ï [1], ¨
å®à®è® ã«ãçè ¥â ã¯à ¢«ïîé¨¥ ¢®§¤¥©áâ¢¨ï, ¨¬¥îé¨¥ ãç áâª¨ ¯®áâ®ï­áâ¢ . � ç áâ­®áâ¨, ¤«ï
­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï u0(s) = 4 sin

�
�(s�s1)
s2�s1

�
§­ ç¥­¨¥ æ¥«¥¢®£® äã­ªæ¨®­ «  §  255 ¨â¥à æ¨©

ã¬¥­ìè¨«®áì á 73.2 ¤® 0.2. �à¨ íâ®¬ ®á­®¢­®¥ ã«ãçè¥­¨¥ ¯à®¨§®è«® §  ¯¥à¢ë¥ 20 ¨â¥à æ¨©,  
¯®«ãç¥­­®¥ ­  ¢ëå®¤¥ ã¯à ¢«¥­¨¥ ¡«¨§ª® ¯® áâàãªâãà¥ ª ®¯â¨¬ «ì­®¬ã. �à ªâ¨ç¥áª¨  ­ «®£¨ç-
­ë© à¥§ã«ìâ â ¯®«ãç¥­ ¤«ï ­ ç «ì­®£® ã¯à ¢«¥­¨ï, à ¢­®£® ª®­áâ ­â¥ ¯®çâ¨ ­  ¢á¥¬ ®âà¥§ª¥
[s1; s2].
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