
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2001 ���������� ò 4 (467)

��� 517.518

���. �. �������

��������� ������� � ���� ��������
��� M-������������� �������

�¢¥¤¥¨¥

�ãáâì f | ¥¯à¥àë¢ ï äãªæ¨ï   ¢¥é¥áâ¢¥®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ Rn, n � 2, E
| § ¤ ®¥ ¬®¦¥áâ¢® ¯®«®¦¨â¥«ìëå ç¨á¥«. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ ¢á¥å r 2 E ¨ x 2 Rn

f(x) =
1
!rn

Z
jyj�r

f(x+ y)dy; (1)

£¤¥ !| ®¡ê¥¬ ¥¤¨¨ç®£® è à  ¢ Rn ¨ j�j| ¥¢ª«¨¤®¢  ®à¬  ¢ Rn. �«ï ª ª¨åE ®âáî¤  á«¥¤ã¥â,
çâ® f | £ à¬®¨ç¥áª ï äãªæ¨ï? �§¢¥áâ ï â¥®à¥¬  �¥«ìá àâ  ® ¤¢ãå à ¤¨ãá å ãâ¢¥à¦¤ ¥â,
çâ® äãªæ¨ï f £ à¬®¨ç¥áª ï, ¥á«¨ E á®áâ®¨â ¨§ ¤¢ãå ç¨á¥« r1 ¨ r2, ®â®è¥¨¥ ª®â®àëå ¥
ï¢«ï¥âáï ®â®è¥¨¥¬ ª®à¥© æ¥«®© äãªæ¨¨ 2n=2�

�
n
2
+ 1

� _Jn=2(z)=zn=2�1 (á¬. [1],   â ª¦¥ ®¡§®àë
[2]{[4] á ®¡è¨à®© ¡¨¡«¨®£à ä¨¥©). �à¨¬¥àë ¯®ª §ë¢ îâ ( ¯à., [5]), çâ® ãª § ®¥ ãá«®¢¨¥ ¤«ï
r1=r2 ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬.

�®«ãç¥¨¥ «®ª «ì®£®   «®£  â¥®à¥¬ë �¥«ìá àâ  ( ¯à., ¢ á«ãç ¥, ª®£¤  äãªæ¨ï á ãá«®-
¢¨¥¬ (1) § ¤   ¢ è à¥ BR = fx 2 Rn : jxj < Rg à ¤¨ãá  R > max(r1; r2)) ï¢«ï¥âáï áãé¥áâ¢¥®
¡®«¥¥ âàã¤®© § ¤ ç¥©. �¤¥áì ¢®§¨ª îâ ®¢ë¥ íää¥ªâë:  «¨ç¨¥ £ à¬®¨ç®áâ¨ ¢® ¬®£®¬
§ ¢¨á¨â ¥ â®«ìª® ®â ¯à¨à®¤ë ç¨á¥« r1 ¨ r2, ® ¨ ®â à §¬¥à®¢ BR. �®ª «ì ï â¥®à¥¬  ® ¤¢ãå à -
¤¨ãá å ¯à¨ ãá«®¢¨¨ R > r1+ r2 ¯®«ãç¥  à §«¨çë¬¨ ¬¥â®¤ ¬¨ ¢ [6] ¨ [7]. � [7] ¤®ª §   â ª¦¥
â®ç®áâì íâ®£® ãá«®¢¨ï   à §¬¥àë BR. �®«¥¥ â®£®, ¤ «ì¥©è¥¥ à §¢¨â¨¥ â¥å¨ª¨, ¯à¥¤«®¦¥-
®© ¢ [7], ¯®§¢®«¨«® ¯®«®áâìî ¨§ãç¨âì ¢®¯à®á ® £ à¬®¨ç®áâ¨ äãªæ¨¨ f á ãá«®¢¨¥¬ (1) ¨ ¯à¨
¢á¥å R � r1+r2 [5]. �®«ìè®© ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â ®¡®¡é¥¨¥ íâ¨å à¥§ã«ìâ â®¢   ¥ª®¬¯ ªâë¥
¤¢ãåâ®ç¥ç®-®¤®à®¤ë¥ ¯à®áâà áâ¢  (¢ á®®â¢¥âáâ¢¨¨ á ¨å ª« áá¨ä¨ª æ¨¥© ( ¯à., [8], á. 203)
| íâ® ¢ â®ç®áâ¨ ¥¢ª«¨¤®¢ë ¯à®áâà áâ¢ , £¨¯¥à¡®«¨ç¥áª¨¥ ¯à®áâà áâ¢  Hn(R), Hn(C ), Hn(H )
¨ £¨¯¥à¡®«¨ç¥áª®¥ ¯à®áâà áâ¢® �í«¨ H16(Cay)). �¥à¢ë¥ à¥§ã«ìâ âë ¢ íâ®¬  ¯à ¢«¥¨¨ ¯à¨-
 ¤«¥¦ â �.�. �¥à¥áâ¥©ã ¨ �. � «ìæ¬ ã [9], ª®â®àë¥ à á¯à®áâà ¨«¨ â¥®à¥¬ã �¥«ìá àâ   
ãª § ë© ª« áá ¯à®áâà áâ¢. �  ¨áª«îç¥¨¥¬ ¥¢ª«¨¤®¢  á«ãç ï «®ª «ìë©   «®£ íâ®© â¥®à¥-
¬ë ¡ë« ¯®«ãç¥ «¨èì ¤«ï ¢¥é¥áâ¢¥®£® £¨¯¥à¡®«¨ç¥áª®£® ¯à®áâà áâ¢  Hn(R) ([10], â¥®à¥¬ 
8). � ¤ ®© à ¡®â¥ ¤®ª §   «®ª «ì ï â¥®à¥¬  ® ¤¢ãå à ¤¨ãá å ¤«ï £ à¬®¨ç¥áª¨å äãªæ¨©
  ª®¬¯«¥ªá®¬ £¨¯¥à¡®«¨ç¥áª®¬ ¯à®áâà áâ¢¥ Hn(C ).

1. �®à¬ã«¨à®¢ª  ®á®¢®£® à¥§ã«ìâ â 

�ãáâì C n | ª®¬¯«¥ªá®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® à §¬¥à®áâ¨ n � 2 á íà¬¨â®¢ë¬ áª «ïà-
ë¬ ¯à®¨§¢¥¤¥¨¥¬ h�; �i, B = fz 2 C n : jzj < 1g, £¤¥ jzj2 = hz; zi. �¡®§ ç¨¬ ç¥à¥§ d(z; w)
à ááâ®ï¨¥ ¬¥¦¤ã â®çª ¬¨ z; w 2 B ¢ ¬¥âà¨ª¥ �¥à£¬  , â. ¥.

d(z; w) =
1
2
ln
�
j1� hw; zij +

p
jw � zj2 + jhw; zij2 � jwj2jzj2

j1� hw; zij �
p
jw � zj2 + jhw; zij2 � jwj2jzj2

�
: (2)
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� ª ¨§¢¥áâ® ( ¯à., [11]), ª®¬¯«¥ªá®¥ £¨¯¥à¡®«¨ç¥áª®¥ ¯à®áâà áâ¢® Hn(C ) à §¬¥à®áâ¨ n
¨§®¬¥âà¨ç® è àã B á ¬¥âà¨ª®© (2). �¨¬ ®¢  ¬¥à    Hn(C ) ¨¬¥¥â ¢¨¤ d�(z) = dm(z)=(1 �
jzj2)n+1, £¤¥ dm | ¬¥à  �¥¡¥£  ¢ C

n . �¯¥à â®à � ¯« á {�¥«ìâà ¬¨   Hn(C ) ¨¬¥¥â ¢¨¤ ([11];
[12], á. 54)

e� = 4(1� jzj2)
nX

i;j=1

(�ij � zizj)
@2

@zi@zj
;

£¤¥ �ij | á¨¬¢®« �à®¥ª¥à . �ãªæ¨ï f 2 C2(B)  §ë¢ ¥âáïM-£ à¬®¨ç¥áª®© ¢ B, ¥á«¨ e�f = 0.

�ãáâì �; � � 0, � 2 C , '(�;�)
� (t) = F

�
�+�+1�i�

2
; �+�+1+i�

2
; �+ 1; �(sh t)2

�
, £¤¥ F | £¨¯¥à£¥®-

¬¥âà¨ç¥áª ï äãªæ¨ï. �à¨ ä¨ªá¨à®¢ ®¬ r > 0 ®¡®§ ç¨¬ ç¥à¥§ M(r) ¬®¦¥áâ¢® ª®à¥© �
äãªæ¨¨ �r(�) = 1 � ch2 r � '(n;1)

� (r), «¥¦ é¨å ¢ ¯®«ã¯«®áª®áâ¨ Re� � 0 ¨ ¥ ¯à¨ ¤«¥¦ -
é¨å ®âà¨æ â¥«ì®© ç áâ¨ ¬¨¬®© ®á¨ fit; t < 0g. �ãáâì â ª¦¥ M(r1; r2) = M(r1) \ M(r2),
BR = fz 2 B : d(z; 0) < Rg.

�á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬ . �ãáâì r1; r2 > 0, R > max(r1; r2), f 2 C(BR) ¨

f(z) =
1

�(Brj )

Z
d(z;w)�rj

f(w)d�(w) (3)

¯à¨ ¢á¥å z 2 BR�rj , j = 1; 2. �®£¤ 

1) eá«¨ r1 + r2 < R ¨ M(r1; r2) = fing, â® f M-£ à¬®¨ç  ¢ BR;
2) eá«¨ r1 + r2 > R ¨«¨ M(r1; r2) 6= fing, â® áãé¥áâ¢ã¥â f 2 C1(BR) á ãá«®¢¨¥¬ (3),

ª®â®à ï ¥ ï¢«ï¥âáï M-£ à¬®¨ç¥áª®© ¢ BR.

�â¬¥â¨¬, çâ® ¥á«¨ ¢ ãá«®¢¨¨ â¥®à¥¬ë ¯à¥¤¯®« £ âì f 2 C1(BR), â® ¥¥ ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥
¢¥à® ¨ ¯à¨ r1+r2 � R,M(r1; r2) = fing. �àã£¨¥ à¥§ã«ìâ âë ¯®   «®£¨çë¬ ¯à®¡«¥¬ ¬ áà¥¤¨å
§ ç¥¨© á®¤¥à¦ âáï ¢ [4].

2. �¡®§ ç¥¨ï ¨ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï

�«¥¤ãï ([8], á. 326), ®¡®§ ç¨¬ ç¥à¥§ T1 � T2 á¢¥àâªã ¤¢ãå à á¯à¥¤¥«¥¨©   Hn(C ), ®¤® ¨§
ª®â®àëå ¨¬¥¥â ª®¬¯ ªâë© ®á¨â¥«ì. �®«®¦¨¬  r = ���r=�(Br), £¤¥ �| ¤¥«ìâ -à á¯à¥¤¥«¥¨¥
¢ ã«¥ ¯à®áâà áâ¢  Hn(C ), �r | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï (¨¤¨ª â®à) è à  Br. �« áá
äãªæ¨© f 2 C1(BR), ¤«ï ª®â®àëå (f �  r)(z) = 0, z 2 BR�r, ®¡®§ ç¨¬ Hr(BR).

�ãáâì S = fz 2 C n : jzj = 1g, �, � | ¯®«ïàë¥ ª®®à¤¨ âë ¢ C n (8z 2 C n � = jzj,   ¥á«¨
z 6= 0, â® � = z=jzj), fS(k)

p;q (�)g, 1 � k � Q(n; p; q), | ä¨ªá¨à®¢ ë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢
¯à®áâà áâ¢¥ áä¥à¨ç¥áª¨å £ à¬®¨ª ¡¨áâ¥¯¥¨ (p; q) ([12], á. 265). �áïª®© äãªæ¨¨ f 2 Lloc(BR)
á®®â¢¥âáâ¢ã¥â àï¤ �ãàì¥

f(z) �
1X

p;q=0

Q(n;p;q)X
k=1

fp;q;k(�)S(k)
p;q (�); � 2 (0; thR);

£¤¥ fp;q;k(�) =
R
S

f(�; �)S(k)
p;q (�)d�.

�¥¬¬ë 1{6, ¯à¨¢®¤¨¬ë¥ ¨¦¥, ¤®ª §ë¢ îâáï ¬¥â®¤ ¬¨ à ¡®âë [13].

�¥¬¬  1. �ãáâì f 2 Hr(BR). �®£¤  äãªæ¨ï fp;q;k(�)S(l)
p;q(�) ¯à¨ ¤«¥¦¨â Hr(BR) ¯à¨ ¢á¥å

p; q � 0, 1 � k; l � Q(n; p; q).

�¥¬¬  2. �ãáâì f 2 Hr(BR) ¨ f = 0 ¢ Br. �®£¤  f = 0 ¢ BR.
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�ãáâì � 2 C ,  = (�) = n�i�
2
. �à¨ � 2 [0; 1), m = 0; 1; : : : ®¡®§ ç¨¬

�p;q
� (�) =

�( + q)�( + p)�(n)
�(n+ p+ q)�2()

�p+q(1� �2)F ( + q;  + p;n+ p+ q; �2);

�p;q
�;m(�) =

dm

d�m
�
�p;q
� (�)

�����
�=�

;

£¤¥ � | £ ¬¬ -äãªæ¨ï. �ä¥à¨ç¥áª¨¥ äãªæ¨¨  Hn(C ) ¨¬¥îâ ¢¨¤ [12] '�(z)='
(n�1;0)
� (d(0; z))=

�0;0
� (jzj). �®«®¦¨¬ '�;m(z) = �0;0

�;m(jzj).

�¥¬¬  3. �«ï «î¡®£® z 2 B

('�;m �  r)(z) =
mX
j=0

m!
j!(m� j)!

�(j)r (�)'�;m�j(z): (4)

�¥¬¬  4. �ãáâì n� | ªà â®áâì ª®àï � 2 M(r), m = 0; : : : ; n� � 1. �®£¤  äãªæ¨ï

�p;q
�;m(�)S

(k)
p;q (�) ¯à¨ ¤«¥¦¨â Hr(BR) ¯à¨ ¢á¥å p; q � 0, 1 � k � Q(n; p; q).

�¥¬¬  5. �ãáâì f 2 C1(BR). �®£¤  ¤«ï â®£® çâ®¡ë f 2 Hr(BR), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç-

®, çâ®¡ë ¯à¨ ¢á¥å æ¥«ëå p; q � 0 ¨ 1 � k � Q(n; p; q) ¨¬¥«® ¬¥áâ® à ¢¥áâ¢®

fp;q;k(�) =
X

�2M(r)

n��1X
m=0

c�;m;p;q;k�
p;q
�;m(�);

¯à¨ç¥¬

max
0�m�n��1

jc�;m;p;q;kj = O(j�jB) (5)

¯à¨ j�j ! +1 ¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ B < 0.

�¥¬¬  6. �ãáâì r1; r2 > 0, r1 + r2 � R, M(r1; r2) = fing. �®£¤ , ¥á«¨ äãªæ¨ï

f(z) =
X

�2M(r1)

n��1X
m=0

c�;m�
p;q
�;m(�)S

(k)
p;q (�); z 2 BR;

¯à¨ ¤«¥¦¨â Hr2(BR), ¯à¨ç¥¬ c�;m ã¤®¢«¥â¢®àïîâ (5), â® f M-£ à¬®¨ç  ¢ BR.

3. �å¥¬  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë

1. �ãáâì á ç «  f 2 C1(BR). �á¯®«ì§ãï «¥¬¬ë 1, 5 ¨ 6, ¯®«ãç ¥¬, çâ® ¢á¥ ª®íää¨æ¨¥-
âë �ãàì¥ äãªæ¨¨ f M-£ à¬®¨çë ¢ BR. �â® ®§ ç ¥â, çâ® f ï¢«ï¥âáï M-£ à¬®¨ç¥áª®© ¢
BR. �¡é¨© á«ãç © á¢®¤¨âáï ª à áá¬®âà¥®¬ã áâ ¤ àâë¬ ¯à¨¥¬®¬ á£« ¦¨¢ ¨ï ( ¯à., [8],
¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.6, á. 125).

2. � á«ãç ¥, ª®£¤  M(r1; r2) 6= fing, ¢á¥¬ âà¥¡®¢ ¨ï¬ ãâ¢¥à¦¤¥¨ï 2 ã¤®¢«¥â¢®àï¥â äãª-
æ¨ï '�(z), £¤¥ � 2 M(r1; r2) n fing. �ãáâì r1 < r2, r1 + r2 > R ¨ M(r1; r2) = fing. � ä¨ªá¨-
àã¥¬ " 2 (0;minfr1 + r2 � R; R � r2g). � áá¬®âà¨¬ à ¤¨ «ìãî äãªæ¨î h(�) á® á«¥¤ãîé¨¬¨
á¢®©áâ¢ ¬¨: h 6� 0, h 2 C1(Br2+"); h(�) = 0 ¯à¨ � 2 (0; th(R � r1)) [ (th(r2 � "); th(r2 + "));R
R�r1<d(z;0)<r2�"

h(jzj)d�(z) = 0. �®£¤  h 2 Hr2(Br2+") ¨ ¯® «¥¬¬¥ 5 ¨¬¥¥¬

h(jzj) =
X

�2M(r2)

n��1X
m=0

c�;m'�;m(z);

£¤¥ c�;m ã¤®¢«¥â¢®àïîâ (5). � ¬¥ïï, ¥á«¨ ¥®¡å®¤¨¬®, äãªæ¨î h ¯®¤å®¤ïé¥© «¨¥©®© ª®¬-
¡¨ æ¨¥© ¢¨¤  �0h + �1

e�h + � � � + �k e�kh, ¬®¦® áç¨â âì, çâ® c�;m = 0 ¯à¨ j�j � { = minft �
n + 1 : n� = 1; j�j � tg. �â® ®§ ç ¥â, çâ® h(jzj) =

P
�2M(r2);j�j>{

c�'�(z), ¯à¨ç¥¬ c� = O(j�jb)
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¯à¨ j�j ! +1 ¨ «î¡®¬ b < 0. � áá¬®âà¨¬ äãªæ¨î f(z) =
P

�2M(r2);j�j>{

c�
�r1 (�)

'�(z), z 2 BR. �§

ãá«®¢¨ï r1 < r2 ¨  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥¨ï '
(n;1)
� (r1) ¯à¨ j�j ! +1 ([11], ¤®ª § â¥«ìáâ¢®

«¥¬¬ë 4.9) ¨¬¥¥¬ '
(n;1)
� (r1) ! 0 ¯à¨ j�j ! +1, � 2 M(r2). �ç¨âë¢ ï (4), ®âáî¤  ¨ ¨§ «¥¬¬ë

5 ¯®«ãç ¥¬ (f �  r1)(z) = h(jzj) ¨ f 2 Hr2(BR). �«¥¤®¢ â¥«ì®, äãªæ¨ï f ã¤®¢«¥â¢®àï¥â ¢á¥¬
âà¥¡®¢ ¨ï¬ ãâ¢¥à¦¤¥¨ï 2.

�¢â®à ¡« £®¤ à¨â ¯à®ä¥áá®à  �.�. �®«çª®¢  §  ¬®£®ç¨á«¥ë¥ ¯®«¥§ë¥ ®¡áã¦¤¥¨ï.
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