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� áâ âì¥ ¥ª®â®àë¥ à¥§ã«ìâ âë à ¡®â [1]{[3] ® ¥¯à¥àë¢®áâ¨ ¨ á¢ï§®áâ¨ ¬¥âà¨ç¥áª®© �-
¯à®¥ªæ¨¨ ¢ à ¢®¬¥à® ¢ë¯ãª«®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ ®¡®¡é îâáï   á«ãç © à ¢®¬¥à®
¢ë¯ãª«®£® £¥®¤¥§¨ç¥áª®£® ¯à®áâà áâ¢ . �¤¨¬ ¨§ ¯à®áâëå á«¥¤áâ¢¨© â ª®£® ®¡®¡é¥¨ï ï¢«ï-
¥âáï á¯à ¢¥¤«¨¢®áâì   «®£¨çëå à¥§ã«ìâ â®¢ ¢ ¯à®áâà áâ¢ å �®¡ ç¥¢áª®£® (¢ª«îç ï ¡¥áª®-
¥ç®¬¥àë¥).

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï ¨ â¥®à¥¬ë

�ãáâì (X; �) | ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® [3] (â. ¥. ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, ¢
ª®â®à®¬ à ááâ®ï¨¥ ¬¥¦¤ã ª ¦¤ë¬¨ ¤¢ã¬ï â®çª ¬¨ à ¢® ¤«¨¥ ªà âç ©è¥© ªà¨¢®© á ª®æ -
¬¨ ¢ íâ¨å â®çª å). �ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®  §®¢¥¬ ¯àï¬ë¬ ¢ë¯ãª«ë¬ ¬¥âà¨ç¥-
áª¨¬ ¯à®áâà áâ¢®¬ (áà. [4], á. 13), ¥á«¨ ç¥à¥§ ª ¦¤ë¥ ¥£® ¤¢¥ à §«¨çë¥ â®çª¨ ¬®¦® ¯à®¢¥áâ¨
¥¤¨áâ¢¥ãî ¯àï¬ãî (â. ¥. £¥®¤¥§¨ç¥áªãî ªà¨¢ãî, ¨§®¬¥âà¨çãî ¢á¥© ¢¥é¥áâ¢¥®© ®á¨ R á®
áâ ¤ àâ®© ¬¥âà¨ª®© ([4], á. 52)). �®«®¥ ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®  §ë¢ ¥âáï £¥®-
¤¥§¨ç¥áª¨¬ ¯à®áâà áâ¢®¬ [5].

� ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: B(x; r) (B[x; r], S(x; r)) | ®âªàëâë©
è à (§ ¬ªãâë© è à, áä¥à ) á æ¥âà®¬ ¢ â®çª¥ x, à ¤¨ãá  r > 0, xy = �(x; y), xM = �(x;M);
[x; y] ((x; y)) | § ¬ªãâë© (®âªàëâë©) ®âà¥§®ª á ª®æ ¬¨ x; y 2 X. �ãáâì !�(x; y), � 2 R, |
â®çª    ¯àï¬®© ¯àï¬®£® ¢ë¯ãª«®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ , ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ x, y,
ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬  ) x!�(x; y) = j�jxy; ¡) ¥á«¨ � 2 [0; 1], â® !�(x; y) 2 [x; y]; ¢) ¥á«¨
� > 1, â® y 2 (x; !�(x; y)); £) ¥á«¨ � < 0, â® x 2 (!�(x; y); y).

�®¦¥áâ¢® M ¯àï¬®£® ¢ë¯ãª«®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢   §ë¢ ¥âáï ¢ë¯ãª«ë¬, ¥á«¨
¤«ï ª ¦¤ëå ¤¢ãå à §«¨çëå â®ç¥ª x, y ¨§ íâ®£® ¬®¦¥áâ¢  ®âà¥§®ª [x; y] ¯à¨ ¤«¥¦¨â íâ®¬ã
¬®¦¥áâ¢ã.

�¯à¥¤¥«¥¨¥. �àï¬®¥ ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® X  §®¢¥¬ à ¢®¬¥à® ¢ë¯ã-
ª«ë¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬, ¥á«¨ ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

A) ¤«ï ª ¦¤®£® � 2 R ®â®¡à ¦¥¨¥ !� : X � X ! X à ¢®¬¥à® ¥¯à¥àë¢®   ª ¦¤®¬
¬®¦¥áâ¢¥ ¢¨¤  B �B, £¤¥ B | ¯à®¨§¢®«ìë© § ¬ªãâë© è à ¯à®áâà áâ¢  X;

B) ª ¦¤ë© § ¬ªãâë© è à B[p; r] ¯à®áâà áâ¢  X ¢ë¯ãª«ë© ¨ ®¡« ¤ ¥â á¢®©áâ¢®¬: ¥á«¨
lim
n!1

p!1=2(xn; yn) = r ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¥© (xn); (yn) ¨§ è à  B[p; r], â® ([6])

lim
n!1

xnyn = 0:

�à®áâë¬¨ ¯à¨¬¥à ¬¨ à ¢®¬¥à® ¢ë¯ãª«ëå £¥®¤¥§¨ç¥áª¨å ¯à®áâà áâ¢ ï¢«ïîâáï à ¢®-
¬¥à® ¢ë¯ãª«ë¥ ¡  å®¢ë ¯à®áâà áâ¢  ¨ ¯à®áâà áâ¢  �®¡ ç¥¢áª®£® (¢ª«îç ï ¡¥áª®¥ç®-
¬¥àë¥).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 00-01-00308.
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� ¯®¬¨¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï ¨§ [2], [3]. �ãáâì � � 0, x 2 X, M � X,
M 6= ;, t � 0; x�M = fy 2 M : xy � xM + �g (xM = x0M ) | ¬¥âà¨ç¥áª ï �-¯à®¥ªæ¨ï (¬¥-
âà¨ç¥áª ï ¯à®¥ªæ¨ï) â®çª¨ x   ¬®¦¥áâ¢® M ; P : X � 2X � R+ ! 2X , P (x;M; �) = x�M |
®¯¥à â®à ¬¥âà¨ç¥áª®£® �-¯à®¥ªâ¨à®¢ ¨ï (®¯¥à â®à ¬¥âà¨ç¥áª®£® ¯à®¥ªâ¨à®¢ ¨ï, ¥á«¨ � � 0);
�(M) = supf�(A;B) : A [ B = M , A;B 6= ;g; �M(�) = supf�(x�M ) : x 2 Xg | ¬¥à  ¥á¢ï§-
®áâ¨ ¬¥âà¨ç¥áª®© �-¯à®¥ªæ¨¨; �(A;B) = supfxB : x 2 Ag, �(A;B) = maxf�(A;B); �(B;A)g
| ¯®«ããª«®¥¨¥ ¨ à ááâ®ï¨¥ ¯® � ãá¤®àäã ¬¥¦¤ã ¥¯ãáâë¬¨, ®£à ¨ç¥ë¬¨ ¬®¦¥áâ¢ ¬¨
A;B � X; !(t) = supf�(x�M ; y

�
M) : y 2 X, xy � t; y�M 6= ;g, b!(t) = supf�(x�M ; x

�
N) : N � X,

�(M;N) � t; x�N 6= ;g, !(t) = supf�(x�M ; x
"
M ) : " � 0, j" � �j � t; x"M 6= ;g, 
(t) = supf�(x�M ; y

"
N) :

" � 0, y 2 X, N � X, xy � t, j" � �j � t, �(M;N) � t, y"N 6= ;g | ç¥âëà¥ ¬®¤ã«ï ¥¯à¥-
àë¢®áâ¨ ®¯¥à â®à  P ¢ â®çª¥ (x;M; �) ¯® x, ¯® M , ¯® � ¨ ¯® á®¢®ªã¯®áâ¨ íâ¨å ¯¥à¥¬¥-
ëå, ¯à¨ç¥¬ xM 6= ; ¯à¨ � = 0; uM(�) = supf!(+0) : x 2 Xg, buM (�) = supfb!(+0) : x 2 Xg,
uM (�) = supf!(+0) : x 2 Xg, UM(�) = supf
(+0) : x 2 Xg, £¤¥ !(+0) = lim

t!+0
!(t) | ¢¥àå-

¨¥ £à ¨ à §àë¢®¢ ®¯¥à â®à  P   ¬®¦¥áâ¢¥ f(x;M; �) : x 2 Xg. �¯¥à â®à PM : X ! 2X ,
PM (x) = xM ¬¥âà¨ç¥áª®£® ¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢® M  §ë¢ ¥âáï ¥¯à¥àë¢ë¬ ¢ á« ¡®¬
á¬ëá«¥, ¥á«¨ xn ! x ¢«¥ç¥â �(PM (xn); PM (x))! 0 [1]. EM = fx 2 X : xM 6= ;g, TM = fx 2 X : xM
®¤®â®ç¥ç®g, DMx = lim

�!+0
diam(x�M ), T

0

M = fx 2 X : DMx = 0g. �®¦¥áâ¢® M � X  §ë¢ ¥âáï

P -á¢ï§ë¬, ¥á«¨ ¤«ï ª ¦¤®£® x 2 X ¬®¦¥áâ¢® xM ¥¯ãáâ®¥ ¨ á¢ï§®¥. �®¦¥áâ¢® M � X

 §ë¢ ¥âáï B-á¢ï§ë¬ (
�

B-á¢ï§ë¬), ¥á«¨ ¯¥à¥á¥ç¥¨¥ ¬®¦¥áâ¢  M á ª ¦¤ë¬ § ¬ªãâë¬ (®â-
ªàëâë¬) è à®¬ ï¢«ï¥âáï á¢ï§ë¬. �®¦¥áâ¢® M � X  §ë¢ ¥âáï ¬®¦¥áâ¢®¬ áãé¥áâ¢®¢ ¨ï
(ç¥¡ëè¥¢áª¨¬ ¬®¦¥áâ¢®¬), ¥á«¨ EM = X (TM = X).

�à¨¢¥¤¥¬ ¥áª®«ìª® ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨©.

�¥¬¬  1 ([6]). �ãáâì X | à ¢®¬¥à® ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ x 2 X.

�á«¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ (yn), (zn), (un) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ xyn = r (r > 0), xzn = r+ h

(h > 0), un 2 [x; zn], xun = r (n = 1; 2; : : : ), lim
n!1

ynzn = h, â® lim
n!1

ynun = 0.

�à¥¤«®¦¥¨¥ 1 ([6], â¥®à¥¬  2). �ãáâì X | à ¢®¬¥à® ¢ë¯ãª«®¥ £¥®¤¥§¨ç¥áª®¥ ¯à®áâà -

áâ¢®,   M | ¥¯ãáâ®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ X. �®£¤  ª ¦¤®¥ ¨§ ¬®¦¥áâ¢

TM , T
0

M ï¢«ï¥âáï ¤®¯®«¥¨¥¬ ¬®¦¥áâ¢  ¯¥à¢®© ª â¥£®à¨¨ (¢ ç áâ®áâ¨, ¢áî¤ã ¯«®â®).

�à¥¤«®¦¥¨¥ 2 ([3], â¥®à¥¬  1). �ãáâìM | ¯®¤¬®¦¥áâ¢® ¢ë¯ãª«®£® ¬¥âà¨ç¥áª®£® ¯à®-

áâà áâ¢  X. �®£¤  �M (�+0) � uM (�) ¯à¨ 0 < � < �M (�+0),   ¥á«¨M |¬®¦¥áâ¢® áãé¥áâ¢®-

¢ ¨ï, â® á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  �M (�) � uM (�) ¯à¨ 0 � � < �M (�); max[�M (+0); �M (0)] �
uM (0).

�ä®à¬ã«¨àã¥¬ â¥¯¥àì ¯®«ãç¥ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì ¬®¦¥áâ¢® M ¯à¨ ¤«¥¦¨â ¯àï¬®¬ã £¥®¤¥§¨ç¥áª®¬ã ¯à®áâà áâ¢ã

X, ¢ ª®â®à®¬ ª ¦¤ë© § ¬ªãâë© è à ¢ë¯ãª«ë© ¨, ªà®¬¥ â®£®, ¢ë¯®«ï¥âáï ®¤® ¨§ á«¥¤ãî-

é¨å ãá«®¢¨©:

a) ¬®¦¥áâ¢® M P -á¢ï§® ¨ ®¯¥à â®à PM ¥¯à¥àë¢¥ ¢ á« ¡®¬ á¬ëá«¥;
b) lim

�!+0
�(x�M ) = 0 ¤«ï ª ¦¤®£® x 2 X.

�®£¤  M |
�

B-á¢ï§®¥ ¬®¦¥áâ¢®.

�¥¬¬  2. �ãáâì X | à ¢®¬¥à® ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, x 2 X, 0 < h < H.

�®£¤  a) diam(B[z; zy + �] n B(x; xy)) ! 0; b) diam(B[z; zy] n B(x; xy � �)) ! 0 ¯à¨ � ! +0
à ¢®¬¥à® ¯® ¢á¥¬ y; z 2 X, ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨ï¬ z 2 (x; y), xy = H, xz = h.

�¥®à¥¬  2. �ãáâì M | P -á¢ï§®¥ ¬®¦¥áâ¢® ¢ à ¢®¬¥à® ¢ë¯ãª«®¬ £¥®¤¥§¨ç¥áª®¬ ¯à®-

áâà áâ¢¥ X. �®£¤  M | B-á¢ï§®¥ ¬®¦¥áâ¢®.
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�¥¬¬  3. �ãáâì M | § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ à ¢®¬¥à® ¢ë¯ãª«®¬ £¥®¤¥§¨ç¥áª®¬ ¯à®-

áâà áâ¢¥ X. �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

a) ¬®¦¥áâ¢® M
�

B-á¢ï§®; b) x�M á¢ï§® ¤«ï ª ¦¤®£® x 2 X ¨ ª ¦¤®£® � > 0;
c) �M (�) = 0 ¤«ï ª ¦¤®£® � > 0; d) lim

�!+0
�(x�M ) = 0 ¤«ï ª ¦¤®£® x 2 X.

�¥¬¬  4. �ãáâì X | ¯àï¬®¥ ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �®£¤  ¤«ï ª ¦¤®©

â®çª¨ (x;M; �) � X � 2X � R+, � > 0, M 6= ;, ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® !(t) < b!(t) + t ¯à¨

0 < t < �.

� ¬¥ç ¨¥ 1. �§ «¥¬¬ë 4 ¨ ¥à ¢¥áâ¢  (2) ¨§ [3]: 
(t) � !(t) + t ¤«ï (x;M; �) � X � 2X �
R+, � > 0, M 6= ;, ¢ ¯àï¬®¬ ¢ë¯ãª«®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ X á«¥¤ãîâ á®®â®è¥¨ï,
  «®£¨çë¥ á®®â®è¥¨ï¬ (4) ¢ [3],

uM (�) � buM(�) = uM (�) = UM(�) ¤«ï ª ¦¤®£® � > 0: (1)

�¥®à¥¬  3. �ãáâì X | à ¢®¬¥à® ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, M � X, � > 0.
�®£¤  UM (�) � �(x��0M ).

�¥®à¥¬  4. �ãáâì X | à ¢®¬¥à® ¢ë¯ãª«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, M � X. �®£¤ 

¨¦¥á«¥¤ãîé¨¥ ãá«®¢¨ï a){e) íª¢¨¢ «¥âë. �á«¨ ¦¥ M | § ¬ªãâ®¥ ¬®¦¥áâ¢® à ¢®¬¥à-

® ¢ë¯ãª«®£® £¥®¤¥§¨ç¥áª®£® ¯à®áâà áâ¢  X, â® ãá«®¢¨ï a){h) íª¢¨¢ «¥âë.
 ) UM (�) = 0 ¤«ï ª ¦¤®£® � > 0; b) lim

�!+0

UM (�) = 0;

c) uM (�) = 0 ¤«ï ª ¦¤®£® � > 0; d) lim
�!+0

uM(�) = 0;

e) �M (�) = 0 ¤«ï ª ¦¤®£® � > 0; f) lim
�!+0

�(x�M ) = 0 ¤«ï ª ¦¤®£® x 2 X;

g) M |
�

B-á¢ï§®¥ ¬®¦¥áâ¢®; h) x�M | á¢ï§®¥ ¬®¦¥áâ¢® ¤«ï ª ¦¤ëå � > 0 ¨ x 2 X.

�«¥¤áâ¢¨¥ 1 (â¥®à¥¬ 2, 3). �ãáâì M | ç¥¡ëè¥¢áª®¥ ¬®¦¥áâ¢® ¢ à ¢®¬¥à® ¢ë¯ãª«®¬
£¥®¤¥§¨ç¥áª®¬ ¯à®áâà áâ¢¥ X. �®£¤  ®¯¥à â®à P ¬¥âà¨ç¥áª®£® �-¯à®¥ªâ¨à®¢ ¨ï   ¬®¦¥áâ¢®
M ¥¯à¥àë¢¥ ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå, â. ¥. UM(�) = 0 ¤«ï ª ¦¤®£® � > 0.

�«¥¤áâ¢¨¥ 2 (¯à¥¤«®¦¥¨ï 2 ¨ â¥®à¥¬ë 3). �ãáâì M | ¬®¦¥áâ¢® áãé¥áâ¢®¢ ¨ï ¨§ à ¢-
®¬¥à® ¢ë¯ãª«®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  X, ¢ ª®â®à®¬ ®¯¥à â®à PM ¬¥âà¨ç¥áª®£® ¯à®¥ª-
â¨à®¢ ¨ï   ¬®¦¥áâ¢® M ¥¯à¥àë¢¥ ¯® � ãá¤®àäã (â. ¥. uM(0) = 0). �®£¤  UM(�) = 0 ¤«ï
ª ¦¤®£® � > 0.

� ¬¥ç ¨¥ 2. �¥®à¥¬  1 ï¢«ï¥âáï ®¡®¡é¥¨¥¬ â¥®à¥¬ë 1 �.�.�« á®¢  [1] ¨ «¥¬¬ë 2
�.�.� à¨®¢  [3]. �¥®à¥¬  2 ï¢«ï¥âáï ®¡®¡é¥¨¥¬ â¥®à¥¬ë 4.2 �.�.�« á®¢  [2]. �¥®à¥¬ë 3,
4 ï¢«ïîâáï ®¡®¡é¥¨ï¬¨ â¥®à¥¬ 2, 4 �.�.� à¨®¢  [3]. �â¢¥à¦¤¥¨¥ a) «¥¬¬ë 2 ï¢«ï¥âáï
®¡®¡é¥¨¥¬ «¥¬¬ë 1.1 �.�. �â¥çª¨  [1] ¨ ¤®ª § ® ¢ [6], ãâ¢¥à¦¤¥¨¥ b) «¥¬¬ë 2 ï¢«ï¥âáï
®¡®¡é¥¨¥¬ ãâ¢¥à¦¤¥¨ï ¢ «¥¬¬¥ 4 �.�.� à¨®¢  [3] ¨ ¤®ª § ® ¢ íâ®© áâ âì¥. �¥¬¬ë 3, 4
ï¢«ïîâáï ®¡®¡é¥¨ï¬¨ «¥¬¬ë 3 ¨ ¥à ¢¥áâ¢  (3) �.�.� à¨®¢  [3].

2. �®ª § â¥«ìáâ¢  ¯®«ãç¥ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®ª § â¥«ìáâ¢® ¯à¨ ãá«®¢¨¨ a) ¯®çâ¨ ¤®á«®¢® ¯®¢â®àï¥â ¤®-
ª § â¥«ìáâ¢® â¥®à¥¬ë 1 �.�. �« á®¢  [1]. �â«¨ç¨¥ | ¢ á®¤¥à¦ ¨¨ ¯®ïâ¨ï ¤¥«¥¨ï ®âà¥§ª  ¢
¤ ®¬ ®â®è¥¨¨, á¢®¥¢à¥¬¥®¬ ã¯®¬¨ ¨¨ ãá«®¢¨ï ¢ë¯ãª«®áâ¨ ª ¦¤®£® § ¬ªãâ®£® è à 
¨ ®¡®§ ç¥¨ïå. �ãáâì,  ¯à®â¨¢,  ©¤¥âáï â ª®© ®âªàëâë© è à B0 = B(x;R0), çâ® ¬®¦¥áâ¢®
M \ B0 ¥á¢ï§®. � ç¨â, M \ B0 = A [ C, £¤¥ A, C | ¥¯ãáâë¥, § ¬ªãâë¥ ¢ B0 ¨ ¥¯¥à¥á¥-
ª îé¨¥áï ¬®¦¥áâ¢ . �ë¡¥à¥¬ R1 â ª, çâ®¡ë max[xA; xC] < R1 < R0. �®£¤  § ¬ªãâë© è à
B1 = B[x;R1] ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® B1\M à á¯ ¤ ¥âáï   ¥¯ãáâë¥, § ¬ªãâë¥ ¨ ¥¯¥à¥-
á¥ª îé¨¥áï ¬®¦¥áâ¢  A\B1, C \B1. �®ª ¦¥¬, çâ®  ©¤¥âáï § ¬ªãâë© è à B = B[y; r] � B0

â ª®©, çâ® �(B \ A;B \ C) > 0. �®¯ãáâ¨¬, çâ® íâ® ¥ â ª. �ãáâì Ri > 0 ¯à¨ i � 2 â ª¨¥,
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çâ®
1P
i=2

Ri < R0 �R1. �®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì § ¬ªãâëå è à®¢ B1; B2; : : : ; Bn; : : : ¨¤ãª-

â¨¢®. � à B1 ã¦¥ ¯®áâà®¥. �ãáâì Bn \ A 6= ;, Bn \ C 6= ; ¨ à ¤¨ãá Bn à ¢¥ Rn. �®£¤ 
¯® ¯à¥¤¯®«®¦¥¨î �(Bn \ A;Bn \ C) = 0. � ç¨â,  ©¤ãâáï â®çª¨ an 2 Bn \ A, cn 2 Bn \ C

â ª¨¥, çâ® ancn < 2Rn+1. � ª ç¥áâ¢¥ Bn+1 ¢®§ì¬¥¬ è à B[qn+1; Rn+1], £¤¥ qn+1 = !1=2(an; cn).
�§ ãá«®¢¨ï ¢ë¯ãª«®áâ¨ ª ¦¤®£® § ¬ªãâ®£® è à  ¨ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª  á«¥¤ã¥â, çâ®

qnqn+p � qnqn+1 + � � � + qn+p�1qn+p �
n+p�1P
k=n

Rk ! 0 ¯à¨ p ! 1, n ! 1. � ç¨â, (qn) | äã¤ -

¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâì ¨  ©¤¥âáï â ª ï â®çª  q 2 X, çâ® qn ! q (n ! 1). �à®¬¥

â®£®, x = q1 ¨ xq = q1q � q1qn + qnq �
n�1P
k=1

qkqk+1 + qnq �
1P
k=1

Rk + qnq. �®
1P
k=1

Rk < R0, qnq ! 0

(n ! 1). �«¥¤®¢ â¥«ì®, q 2 B0. �à®¬¥ â®£®, Rn ! 0 (n ! 1). � ç¨â, an ! q, cn ! q

(n ! 1) ¨ q 2 A \ C \ B0. �à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, ¢ëè¥ãª § ë© è à áãé¥áâ¢ã¥â.
�®£¤  B \ M = A0 [ C 0, £¤¥ A0 = A \ B, C 0 = C \ B | ¥¯ãáâë¥ § ¬ªãâë¥ ¬®¦¥áâ¢  á
�(A0; C 0) > 0.

1) � ç¨â, yM � A0 [ C 0. �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ yM � A0. �®£¤  yM 6� C 0, ¯®áª®«ìªã
�(A0; C 0) > 0 ¨ yM á¢ï§®. �ãáâì c 2 C 0. �®£¤  PM (!�(y; c)) � B ¯à¨ 0 � � � 1, â. ª. !�(y; c)M �
!�(y; c)c � R� y!�(y; c) = �(!�(y; c); X nB). � ç¨â, PM (!�(y; c)) � A0[C 0. �ë¡¥à¥¬ �0 = supf� :
0 � � � 1, PM (!�(y; c)) � A0g. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì (�n) (n = 1; 2; : : : ) â ª ï, çâ® �n ! �0,
�n > �0. �®£¤  PM (!�n(y; c)) � C 0, !�n(y; c)! !�0(y; c) ¨ �(PM (!�n(y; c)); PM (!�0(y; c)))! 0 (n!
1). �«¥¤®¢ â¥«ì®, �(A0; PM (!�0(y; c))) = 0. �® ¢®§¬®¦ë â®«ìª® ¤¢  á«ãç ï: PM (!�0(y; c)) � A0

¨«¨ PM (!�0(y; c)) � C 0. � ç¨â, �(A0; C 0) = 0. �à®â¨¢®à¥ç¨¥. �¥®à¥¬  1 ¯à¨ ãá«®¢¨¨  ) ¤®ª §  .

2) (Cà. ¤®ª § â¥«ìáâ¢® «¥¬¬ë 2 ¢ [3].) �á«¨ ¬®¦¥áâ¢®M ¥ ï¢«ï¥âáï
�

B-á¢ï§ë¬, â®, ª ª ¡ë-
«® ¤®ª § ® ¢ëè¥,  ©¤ãâáï x 2 X ¨ � > 0 â ª¨¥, çâ® x�M = A0[C 0, �(A0; C 0) > 0, max[xA0; xC 0] <
xM + �. �¥âàã¤® § ¬¥â¨âì, çâ® ¢ á«ãç ¥ xA0 = xC 0 ¢¥à® ¥à ¢¥áâ¢® �(A0; C 0) � �(x�M ) ¯à¨
� > 0. �® íâ® ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ b) â¥®à¥¬ë. �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢ 
®áâ «®áì ¯à¨¢¥áâ¨ á«ãç © xA0 < xC 0 ª ¯à¥¤ë¤ãé¥¬ã. �ãáâì 0 < 2t < xM + � � xC 0, y 2 xtC0 .
� ©¤¥âáï â ª ï â®çª  v 2 [x; y], çâ® vA0 = vC 0, â. ª. ¥¯à¥àë¢ ï äãªæ¨ï zA0 � zC 0 ¬¥ï¥â
§ ª   ®âà¥§ª¥ [x; y]. �®£¤  xv = xy � vy � xC 0 + t� vC 0 ¨ B[v; vC 0 + t] � B[x; xM + �]. � ç¨â,
vtM � A0 [C 0 ¨ �(A0; C 0) � �(vtM ). � íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î b). �

�®ª § â¥«ìáâ¢® ¯. b) «¥¬¬ë 2. �ãáâì ¤«ï ª ¦¤®£® 0 < � < H � h ¢ ¬®¦¥áâ¢¥ B[z; zy] n
B(x; xy � �) ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¢ë¡¨à ¥âáï í«¥¬¥â u. �ç¥¢¨¤®, ¤®áâ â®ç® ¤®ª § âì, çâ®
uy ! 0 ¯à¨ � ! +0. �ãáâì v | â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ x, u, á®
áä¥à®© S(x; xy), t = [x; u]

T
S(x; xz). �§ ¥à ¢¥áâ¢ H � � � xu � xv = H á«¥¤ã¥â, çâ® xu ! H

¨ uv = H � xu ! 0 ¯à¨ � ! +0. �®£¤  ¨§ ¥à ¢¥áâ¢ zy � zv � zu + uv � zy + uv á«¥¤ã¥â, çâ®
zv ! H � h ¯à¨ � ! +0. �® xt = xz = h. �®íâ®¬ã ¯® «¥¬¬¥ 1 ¨¬¥¥¬ tz ! 0 ¯à¨ � ! +0. �§
ãá«®¢¨ï A) ®¯à¥¤¥«¥¨ï á«¥¤ã¥â â¥¯¥àì, çâ® yv ! 0 ¯à¨ � ! +0. � ª¨¬ ®¡à §®¬, uy � uv+vy ! 0
¯à¨ � ! +0. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¯®«ãç ¥âáï ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.2 �.�.�« á®¢  [2]
§ ¬¥®© ááë«®ª   «¥¬¬ã 1.1 ¨ â¥®à¥¬ã 1.1 �.�.�â¥çª¨  [2] ááë«ª ¬¨   ¨å ®¡®¡é¥¨ï: «¥¬¬ã
2 ¨ ¯à¥¤«®¦¥¨¥ 1 á®®â¢¥âáâ¢¥®,   â ª¦¥ § ¬¥®© ®¡®§ ç¥¨©. �

�®ª § â¥«ìáâ¢® «¥¬¬ë 3. �¬¯«¨ª æ¨¨ b)) c))d) ®ç¥¢¨¤ë. �¬¯«¨ª æ¨ï d)) a) ¤®-
ª §   ¢ ¯. 2) ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1. �¬¯«¨ª æ¨ï a))b) ®â«¨ç ¥âáï ®â ¤®ª § â¥«ìáâ¢  ¢
«¥¬¬¥ 3 �.�.� à¨®¢  â®«ìª® â¥¬, çâ® ááë«ª    ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.2 �.�.�« á®¢ 
¤®«¦  ¡ëâì § ¬¥¥  ááë«ª®©   ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �

�®ª § â¥«ìáâ¢® «¥¬¬ë 4. �®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ z 2 xtM â®çªã v(z) =
S(x; xM + t) \ f!l(x; z) : l � 0g. �®«®¦¨¬ N = fv(z) : z 2 xtMg [ (M n xtM ). �®£¤  �(M;N) =
�(xt+�M ; x�N) = t. �«¥¤®¢ â¥«ì®, �(xt+�M ; x�M ) � �(xt+�M ; x�N) + �(x�N ; x

�
M ) � t+ b!(t).

�®«®¦¨¬ â¥¯¥àìW = f!l(x; z) : z 2 x�Mnx
��t
M , l�(x; z) = xz+tg,K = [Mn(x�M nx

��t
M )][W . �®£¤ 

W \ x�M = ;, x�K = x��tM , �(M;K) � t. �âáî¤  ¯®«ãç¨¬ �(x�M ; x
��t
M ) � �(x�M ; x

�
K) + �(x�K ; x

��t
M ) =
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�(x�M ; x
�
K) � b!(t). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¯®«ãç ¥âáï ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 �.�.� à¨®¢  [3]
§ ¬¥®© ááë«ª¨   «¥¬¬ã 4 ¢ [3] ááë«ª®©   ¡®«¥¥ ®¡éãî «¥¬¬ã 2 ¤ ®© áâ âì¨ ¨ § ¬¥®©
®¡®§ ç¥¨©. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4 (áà. [3]). �§ ¯à¥¤«®¦¥¨ï 2 ¨ â¥®à¥¬ë 3 á«¥¤ã¥â á¯à ¢¥¤«¨-
¢®áâì ¨¬¯«¨ª æ¨© d)) e)) a). �® ¨§ ¯¥à¢ëå ç¥âëà¥å ãá«®¢¨© ¯¥à¢®¥ á ¬®¥ á¨«ì®¥,   ¯®á«¥¤¥¥
á ¬®¥ á« ¡®¥. � ç¨â, ãá«®¢¨ï a){ e) íª¢¨¢ «¥âë. �ª¢¨¢ «¥â®áâì ãá«®¢¨© e){h) ¯à¨ ¤®¯®«¨-
â¥«ì®¬ ¯à¥¤¯®«®¦¥¨¨ ¯®«®âë ¯à®áâà áâ¢  X ¨ § ¬ªãâ®áâ¨ ¬®¦¥áâ¢  M á«¥¤ã¥â â¥¯¥àì
¨§ «¥¬¬ë 3. �

�¨â¥à âãà 
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