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1. �á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

�®­ïâ¨¥ ¯®«®áë ¢ âàeå¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ E3 ¢¢e« �.�«ïèª¥ [1]. �®«®á®©
®­ ­ §ë¢ « «¨­¨î ¢ E3, ®á­ ée­­ãî £« ¤ª¨¬ ¯®«¥¬ ª á â¥«ì­ëå ®¡« áâ¥©. �.�. � £­¥à ¢ [2]
®¡®¡é¨« íâ® ¯®­ïâ¨¥ ¤«ï m-¬¥à­®© ¯®¢¥àå­®áâ¨ ¢ n-¬¥à­®¬ æ¥­âà®- ää¨­­®¬ ¯à®áâà ­áâ¢¥.

�¯à¥¤¥«¥­¨¥ 1. �« ¤ª®© m-¬¥à­®© £¨¯¥à¯®«®á®© Hm ¢ n-¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥
En ­ §ë¢ ¥âáï m-¯ à ¬¥âà¨ç¥áª®¥ ¬­®£®®¡à §¨¥ â ª¨å ¯«®áª¨å í«¥¬¥­â®¢ (x; �), çâ® â®çª  x

®¯¨áë¢ ¥â ¯®¢¥àå­®áâìMm,   £¨¯¥à¯«®áª®áâì �(x) ª á ¥âáï ¯®¢¥àå­®áâ¨Mm ¢ á®®â¢¥âáâ¢ãîé¥©
â®çª¥ x 2Mm [2].

�®¢¥àå­®áâì Mm ­ §ë¢ ¥âáï ¡ §¨á­®© ¤«ï £¨¯¥à¯®«®áë Hm,   £¨¯¥à¯«®áª®áâ¨ �(x) ­ §ë¢ -
îâáï £« ¢­ë¬¨ ª á â¥«ì­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨ £¨¯¥à¯®«®áë Hm. �á«¨ § ¤ ­® m-¬¥à­®¥ ¬­®-
£®®¡à §¨¥ £¨¯¥à¯«®áª®áâ¥© ¢ En, â® ®¯à¥¤¥«ï¥âáï ¬­®£®®¡à §¨¥ ¥£® å à ªâ¥à¨áâ¨ª, ®¯à¥¤¥«ïî-
é¨å ¯à¥¤¥«ë (n �m � 1)-¬¥à­ëå ¯¥à¥á¥ç¥­¨© m + 1 ¡¥áª®­¥ç­® á¡«¨¦ îé¨åáï ­¥§ ¢¨á¨¬ëå
£¨¯¥à¯«®áª®áâ¥© ¤ ­­®£® ¬­®£®®¡à §¨ï.

�á«¨ (n �m � 1)-¬¥à­ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯«®áª®áâ¨ �(x) á¥¬¥©áâ¢  £« ¢­ëå ª á â¥«ì-
­ëå £¨¯¥à¯«®áª®áâ¥© £¨¯¥à¯®«®áë Hm ­¥ á®¤¥à¦ â ­ ¯à ¢«¥­¨©, ª á â¥«ì­ëå ª ¥e ¡ §¨á­®©
¯®¢¥àå­®áâ¨, â® £¨¯¥à¯®«®á  ­ §ë¢ ¥âáï à¥£ã«ïà­®© [2].

�á«¨ ª á â¥«ì­ ï ¯«®áª®áâì Tx(Mm) ¡ §¨á­®© ¯®¢¥àå­®áâ¨ Mm ¢¯®«­¥ ®àâ®£®­ «ì­  å à ª-
â¥à¨áâ¨ç¥áª®© ¯«®áª®áâ¨ �(x), x 2 Mm, â® Hm ­ §ë¢ ¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë [3]. �à¨
m = 1 ¨ n = 3 £¨¯¥à¯®«®á  ªà¨¢¨§­ë ¡ë«  ®¯à¥¤¥«¥­  ¢ [1].

�¯à¥¤¥«¥­¨¥ 2. �®¢¥àå­®áâì Mm ¢ En ­ §ë¢ ¥âáï ¤¢®©áâ¢¥­­® ­®à¬ «¨§ã¥¬®©, ¥á«¨ áã-
é¥áâ¢ã¥â â ª®¥ m-¬¥à­®¥ ¬­®£®®¡à §¨¥ ª á â¥«ì­ëå ª Mm £¨¯¥à¯«®áª®áâ¥© �(x), çâ® ¢ «î¡®©
â®çª¥ x 2Mm (n�m�1)-¬¥à­ë¥ å à ªâ¥à¨áâ¨ª¨ �(x) á®¤¥à¦ âáï ¢ ­®à¬ «ì­®© ªMm (n�m)-
¯«®áª®áâ¨ N(Mm) [4].

�ãáâì ¢ ¯à®¨§¢®«ì­®© â®çª¥ x 2 Mm ¢ (n � m)-¬¥à­®© ­®à¬ «ì­®© ¯«®áª®áâ¨ N(Mm) ¯®-
¢¥àå­®áâ¨ Mm ¢ë¡à ­® p ­ ¯à ¢«¥­¨© â ª, çâ® ®¡à §ã¥âáï £« ¤ª®¥ ¯®«¥ p-¬¥à­ëå ­ ¯à ¢«¥­¨©
�p � N(Mm), p 6 n�m.

�¯à¥¤¥«¥­¨¥ 3. �®«¥ �p ­ §ë¢ ¥âáï ¯ à ««¥«ì­ë¬ ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨, ¥á«¨ ¯à¨ «î-
¡®¬ ¨­ä¨­¨â¥§¨¬ «ì­®¬ ¯¥à¥¬¥é¥­¨¨ ¯à®¨§¢®«ì­®© â®çª¨ x ¢ Mm á¬¥é¥­¨¥ p-¬¥à­®£® ­ -
¯à ¢«¥­¨ï �p(x) ¯à®¨áå®¤¨â ¢ (m+ p)-¬¥à­®© ¯«®áª®áâ¨, ­ âï­ãâ®© ­  ª á â¥«ì­ãî ¯«®áª®áâì
Tx(Mm), x 2Mm, ¨ ­  ­®à¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢® �p(x) [4].

�ã¤¥¬ £®¢®à¨âì, çâ® £« ¢­ ï âà¥âìï äã­¤ ¬¥­â «ì­ ï ä®à¬  �3 (á¬. [4]) £¨¯¥à¯®«®áë ªà¨-
¢¨§­ë ¯ à ««¥«ì­ , ¥á«¨rhijk = 0 [5], £¤¥r ®¡®§­ ç ¥â á¢ï§­®áâì � ­ ¤¥à � à¤¥­ {�®àâ®«®ââ¨.
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�®ª «ì­®¥ áâà®¥­¨¥ £¨¯¥à¯®«®áë ªà¨¢¨§­ë ¨§ãç¥­® ¢ [3], [6]. � ¤ ­­®© à ¡®â¥ ¯à®¤®«¦ ¥âáï ¨á-
á«¥¤®¢ ­¨¥ £¨¯¥à¯®«®áë ªà¨¢¨§­ë á ¯ à ««¥«ì­®© £« ¢­®© âà¥âì¥© äã­¤ ¬¥­â «ì­®© ä®à¬®©.
�á­®¢­ë¥ à¥§ã«ìâ âë áä®à¬ã«¨à®¢ ­ë ¢ á«¥¤ãîé¨å â¥®à¥¬ å.

�¥®à¥¬  1. �¥£ã«ïà­ ï £¨¯¥à¯®«®á  Hm ¢ En ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ®­  ¤¢®©áâ¢¥­­® ­®à¬ «¨§ã¥¬ .

�¥®à¥¬  2. �¥£ã«ïà­ ï £¨¯¥à¯®«®á  Hm ¢ En ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  å à ªâ¥à¨áâ¨ç¥áª¨¥ ­ ¯à ¢«¥­¨ï £« ¢­®© ª á â¥«ì­®© £¨¯¥à¯«®áª®áâ¨

£¨¯¥à¯®«®áë ¯ à ««¥«ì­ë ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¡ §¨á­®© ¯®¢¥à­®áâ¨ Mm.

�¥®à¥¬  3. �á«¨ à¥£ã«ïà­ ï £¨¯¥à¯®«®á  Hm ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë á ¯ à ««¥«ì-

­®© £« ¢­®© âà¥âì¥© äã­¤ ¬¥­â «ì­®© ä®à¬®© ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ En, â®

1) ­®à¬ «ì­ ï á¢ï§­®áâì ¡ §¨á­®© ¯®¢¥à­®áâ¨ Mm ¯«®áª ï,

2) ¢­ãâà¥­­ïï £¥®¬¥âà¨ï ¡ §¨á­®© ¯®¢¥àå­®áâ¨ «®ª «ì­®-¥¢ª«¨¤®¢ .

2. �¯¯ à â ¨áá«¥¤®¢ ­¨ï

� áá¬®âà¨¬ n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® En ¨ ¯à¨á®¥¤¨­¨¬ ª â¥ªãé¥© ¥£® â®çª¥ x ¯®-
¤¢¨¦­®© à¥¯¥à fx; rJg, J;K;L = 1; : : : ; n.

�à ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯¥à¥¬¥é¥­¨ï à¥¯¥à  ¨¬¥îâ ¢¨¤ dx = !JeJ , deJ = !KJ eK , £¤¥
!J , !KJ | «¨­¥©­ë¥ ä®à¬ë ®â ¤¨ää¥à¥­æ¨ «®¢ ¯ à ¬¥âà®¢.

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ íâ¨å á®®â­®è¥­¨© ¯à¨¢®¤¨â ª áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ ¤«ï
ä®à¬ d!J = !K ^ !JK, d!

K
J = !LJ ^ !KL . �à¨á®¥¤¨­¨¬ ª à¥£ã«ïà­®© £¨¯¥à¯®«®á¥ Hm à áá«®¥­¨¥

à¥¯¥à®¢ â ª, çâ®¡ë ¢¥ªâ®àë ei (i; j; k = 1; : : : ;m) á®áâ ¢«ï«¨ ¡ §¨á ¯®¤¯à®áâà ­áâ¢  Tx(Mm),
¢¥ªâ®àë e� (�; �; 
 = m + 1; : : : ; n � 1) | ¡ §¨á ¯®¤¯à®áâà ­áâ¢  �x(Mm),   ¥¤¨­¨ç­ë© ¢¥ªâ®à
en ¡ë« ®àâ®£®­ «¥­ £¨¯¥à¯«®áª®áâ¨ �x = [Tx;�x]. �®£¤ 

(ei; en) = 0; (e�; en) = 0; (en; en) = 1;

(ei; ej) = gij ; (e�; e�) = g��; (ei; e�) = gi�;
(1)

£¤¥ det(gij) 6= 0, det (g��) 6= 0, ¨ â¥­§®àë gij ¨ g�� ®¯à¥¤¥«ïîâ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«e­­ë¥
ª¢ ¤à â¨ç­ë¥ ä®à¬ë.

�à ¢­¥­¨ï ¤¢¨¦¥­¨ï ¢ â ª®¬ à¥¯¥à¥ § ¯¨èãâáï ¢ ¢¨¤¥

dx = !iei; dei = !
j
i ej + !�i e� + !ni en;

de� = !i�ei + !��e� + !n�en; den = !inei + !�ne� + !inen:
(2)

�à¨ íâ®¬ ­  ¡ §¨á­®¬ ¯®¤¬­®£®®¡à §¨¨ Mm ¡ã¤¥¬ ¨¬¥âì ds2 = (dx)2 = gij!
i!j . �«¥¤®¢ â¥«ì­®,

â¥­§®à gij ï¢«ï¥âáï ¯¥à¢ë¬ äã­¤ ¬¥­â «ì­ë¬ â¥­§®à®¬ íâ®£® ¯®¤¬­®£®®¡à §¨ï.
�¨ää¥à¥­æ¨àãï á®®â­®è¥­¨ï (1) ¨ ¨á¯®«ì§ãï (2), ¯®«ãç¨¬ á«¥¤ãîé¨¥ ãà ¢­¥­¨ï �ä ää ,

ª®â®àë¬ ã¤®¢«¥â¢®àïîâ 1-ä®à¬ë, ¢å®¤ïé¨¥ ¢ (2):

!jngji + !�ng�i + !ni = 0; !ingi� + !�ng�� + !n� = 0; !nn = 0;

dgij = gik!
k
j + gkj!

k
i ; dg�� = g�
!



� + g
�!



�; dgi� = g��!

�
i + gij!

j
�:

(3)

�¥à¢®¥ ãà ¢­¥­¨¥ ¨§ (2) ¯®ª §ë¢ ¥â, çâ® ­  ¡ §¨á­®© ¯®¢¥àå­®áâ¨ Mm

!n = 0; !� = 0: (4)

� ª ª ª ¯®¤¯à®áâà ­áâ¢® �x = [x; e�] ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¤«ï á¥¬¥©áâ¢  £¨¯¥à¯«®á-
ª®áâ¥© �x, â® de� 2 �x ¨ ¨§ âà¥âì¥£® ãà ¢­¥­¨ï á¨áâ¥¬ë (2) á«¥¤ã¥â

!n� = 0: (5)
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�à ¢­¥­¨ï (4) ¨ (5) ï¢«ïîâáï ®á­®¢­ë¬¨ ãà ¢­¥­¨ï¬¨ à¥£ã«ïà­®© £¨¯¥à¯®«®áë Hm. �§ ¢â®à®£®
ãà ¢­¥­¨ï ¢ (3) á«¥¤ã¥â

!�n = 0:

�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (4) ¨ (5), ¯®«ãç¨¬

!i ^ !ni = 0; !i ^ !�i = 0; (6)

!i� ^ !
n
i = 0: (7)

�à¨¬¥­ïï ª ãà ¢­¥­¨ï¬ (6) «¥¬¬ã � àâ ­ , ¡ã¤¥¬ ¨¬¥âì

!ni = hij!
j; !�i = h�ij!

j ; (8)

£¤¥ hij = hji, h�ij = h�ji. �â¨ â¥­§®àë ®¡à §ãîâ á¨áâ¥¬ã ¢â®àëå äã­¤ ¬¥­â «ì­ëå â¥­§®à®¢
¯®¢¥àå­®áâ¨ Mm,   ¯¥à¢ë© ¨§ ­¨å ®¯à¥¤¥«ï¥â £« ¢­ãî ¢â®àãî äã­¤ ¬¥­â «ì­ãî ä®à¬ã

h = hij!
i!j

¯®¢¥àå­®áâ¨Mm ®â­®á¨â¥«ì­® á¥¬¥©áâ¢  ®á­ é îé¨å £¨¯¥à¯«®áª®áâ¥© �x. � ª ª ª £¨¯¥à¯®«®á 
Hm à¥£ã«ïà­ , â® det(hij) 6= 0 [2]. �¥­§®à hij ­ §®¢e¬ ¢â®àë¬ £« ¢­ë¬ äã­¤ ¬¥­â «ì­ë¬ â¥­§®-
à®¬ Hm. �«ï £¨¯¥à¯®«®áë ªà¨¢¨§­ë Hm ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï á¨áâ¥¬ë (3) ¨ ãà ¢­¥­¨© (8)
á«¥¤ã¥â

!i� = �g��g
ijh

�
jk!

k:

�®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥,   â ª¦¥ ¢ëà ¦¥­¨¥ !ni (á¬. (8)) ¢ (7) ¨ ãç¨âë¢ ï, çâ® det(g��) 6= 0,
¯®«ãç¨¬ gijh�jkhil!

k ^ !l = 0. �âáî¤ 

gijh�j[khjijl] = 0: (9)

�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (8) ¨ ¯à¨¬¥­ïï «¥¬¬ã � àâ ­ , ¯®«ãç¨¬ á«¥¤ãî-
é¨¥ á®®â­®è¥­¨ï:

rhij = hijk!
k; hijk = hikj (= rjhik);

rh�ij = h�ijk!
k; h�ijk = h�ikj (= rjh

�
ik);

(10)

£¤¥ r | á¢ï§­®áâì � ­ ¤¥à � à¤¥­ {�®àâ®«®ââ¨,   ª®¢ à¨ ­â­ë¥ ¤¨ää¥à¥­æ¨ «ë rhij , rh�ij
®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

rhij = dhij � hkj!
k
i � hik!

k
j ; rjh

�
ij = dh�ij + h

�
ij!

�
� � h�kj!

k
i � h�ik!

k
j : (11)

� (8) ¨ (10) äã­ªæ¨¨ hij , hijk , h�ij , h
�
ijk á¨¬¬¥âà¨ç­ë ¯® ­¨¦­¨¬ ¨­¤¥ªá ¬, ï¢«ïîâáï ª®¬¯®­¥­-

â ¬¨ £« ¢­ëå äã­¤ ¬¥­â «ì­ëå ä®à¬ �2, �3 ¨ äã­¤ ¬¥­â «ì­ëå ä®à¬ ��2, �
�
3 á®®â¢¥âáâ¢¥­­®.

�â® T?(Mm)-§­ ç­ë¥ ä®à¬ë, ¤¥©áâ¢ãîé¨¥ á®®â¢¥âáâ¢¥­­® ¯® ¯à ¢¨« ¬

�2 : (X;Y ) 7�! hijX
iY jen; �3 : (X;Y;Z) 7�! hijkX

iY jZken;

��2 : (X;Y ) 7�! h�ijX
iY je�; ��3 : (X;Y;Z) 7�! h�ijkX

iY jZke�;
(12)

£¤¥ X = X iei, Y = Y iei, Z = Z iei. �§ (10) á«¥¤ã¥â �3 = r�2, ��3 = r��2. �®¬¯®­¥­âë hijkl, h�ijkl
£« ¢­®© äã­¤ ¬¥­â «ì­®© ä®à¬ë �4 ¨ äã­¤ ¬¥­â «ì­®© ä®à¬ë ��4 ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨-
ï¬¨

rhijk = hijkl!
l; rh�ijk = h�ijkl!

l; (13)

£¤¥ «¥¢ë¥ ç áâ¨ à áªàë¢ îâáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¢ (11). �®à¬ë �4, ��4 â ª¦¥ ï¢«ïîâáï
T?(Mm)-§­ ç­ë¬¨, ¨ ¨å ¤¥©áâ¢¨¥ ®¯à¥¤¥«ï¥âáï â ª¨¬ ¦¥ ®¡à §®¬, ª ª ¨ ¢ (12). �¤­ ª® íâ¨
ä®à¬ë, ¢ ®â«¨ç¨¥ ®â ä®à¬ �2, ��2 ¨ �3, ��3, á¨¬¬¥âà¨ç­ë â®«ìª® ¯® ¯¥à¢ë¬ âàe¬  à£ã¬¥­â ¬ ¨
¢ ®¡é¥¬ á«ãç ¥ á¨¬¬¥âà¨ç­ë¬¨ ­¥ ï¢«ïîâáï. �§ (13) á«¥¤ã¥â �4 = r�3, ��4 = r��3.
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�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (10) ¨ ãç¨âë¢ ï (5), ¯®«ãç¨¬

rhijk ^ !
k = hkj
k

i + hik
k
j ; rh�ijk ^ !

k = h�kj

k
i + h�ik


k
j � h�ij


�
� ;

£¤¥


j
i = d!ij � !ki ^ !

j
k = !�i ^ !

j
� + !ni ^ !

j
n = �g��g

jmh�ikh
�
ml!

k ^ !l � hikhjl!
k ^ !l;


n
n = 0; 
�

n = 0; 
n
� = 0;

(14)


�
� = d!�� � !
� ^ !

�

 = !i� ^ !

�
i = �g�
g

ijh


jkh

�
il!

k ^ !l; (15)

ï¢«ïîâáï 2-ä®à¬ ¬¨ ªà¨¢¨§­ë á¢ï§­®áâ¨ � ­ ¤¥à � à¤¥­ {�®àâ®«®ââ¨ r = r�r?. �¤¥áì r
®¡®§­ ç ¥â à¨¬ ­®¢ã á¢ï§­®áâì ­  ¯®¢¥àå­®áâ¨ Mm,   r? | ­®à¬ «ì­ãî á¢ï§­®áâì. � (14) ¨
(15) ª®íää¨æ¨¥­âë

Rj
ikl = �g��g

jmh�i[kh
�

l]m � hi[khjjjl]; R�
�kl = �g�
g

imh
j[kh
�

l]i

¯à¨ !k ^ !l ï¢«ïîâáï ª®¬¯®­¥­â ¬¨ â¥­§®à®¢ ªà¨¢¨§­ë R ¨ R? á¢ï§­®áâ¥© r ¨ r? á®®â¢¥â-
áâ¢¥­­®. �á«¨ R = 0, â® ¯®¢¥àå­®áâì ­ §ë¢ ¥âáï «®ª «ì­® ¥¢ª«¨¤®¢®©. �á«¨ R? = 0, â® £®¢®àïâ
® ¯®¢¥àå­®áâ¨ á ¯«®áª®© ­®à¬ «ì­®© á¢ï§­®áâìî.

3. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì à¥£ã«ïà­ ï £¨¯¥à¯®«®á Hm ¢ En ï¢«ï¥âáï £¨¯¥à¯®«®-
á®© ªà¨¢¨§­ë. �®£¤  å à ªâ¥à¨áâ¨ç¥áª ï (n�m�1)-¬¥à­ ï ¯«®áª®áâì �(x) £« ¢­®© ª á â¥«ì­®©
£¨¯¥à¯«®áª®áâ¨ £¨¯¥à¯®«®áë Hm ¢ «î¡®© â®çª¥ ¡ §¨á­®£® ¯®¤¬­®£®®¡à §¨ï Mm ¢¯®«­¥ ®àâ®-
£®­ «ì­  ª á â¥«ì­®© ¯«®áª®áâ¨ Tx(Mm). �«¥¤®¢ â¥«ì­®, å à ªâ¥à¨áâ¨ç¥áª ï ¯«®áª®áâì á®¤¥à-
¦¨âáï ¢ (n�m)-¬¥à­®© ­®à¬ «ì­®© ¯«®áª®áâ¨ N(Mm), â. ¥. ­®à¬ «¨§ æ¨ï ¡ã¤¥â ¤¢®©áâ¢¥­­®©.

�¡à â­®, ¯ãáâì à¥£ã«ïà­ ï £¨¯¥à¯®«®á  ­®à¬ «¨§®¢ ­  ¤¢®©áâ¢¥­­®. �®£¤  ­®à¬ «ì­ ï
(n � m)-¬¥à­ ï ¯«®áª®áâì N(Mm) ¢ ª ¦¤®© â®çª¥ ¡ §¨á­®£® ¯®¤¬­®£®®¡à §¨ï Mm á®¤¥à¦¨â
(n � m � 1)-¬¥à­ãî å à ªâ¥à¨áâ¨ç¥áªãî ¯«®áª®áâì �(x). � ª ª ª ¢ ª ¦¤®© â®çª¥ x 2 Mm

­®à¬ «ì­ ï ¯«®áª®áâì Nx(Mm) ¢¯®«­¥ ®àâ®£®­ «ì­  ª á â¥«ì­®© ¯«®áª®áâ¨ Tx(Mm), â® å à ª-
â¥à¨áâ¨ç¥áª ï ¯«®áª®áâì �(x) ¡ã¤¥â ¢¯®«­¥ ®àâ®£®­ «ì­  ª á â¥«ì­®© ¯«®áª®áâ¨ Tx(Mm). �â®
®§­ ç ¥â, çâ® £¨¯¥à¯®«®á  ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ãáâì à¥£ã«ïà­ ï £¨¯¥à¯®«®á  ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨-
¢¨§­ë. �®£¤  (n�m�1)-¬¥à­®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ­ ¯à ¢«¥­¨¥ �n�m�1 £¨¯¥à¯®«®áë ªà¨¢¨§­ë
¢ ª ¦¤®© â®çª¥ ¢¯®«­¥ ®àâ®£®­ «ì­® ª á â¥«ì­®© ¯«®áª®áâ¨ Tx(Mm). �î¡ãî â®çªã, ¯à¨­ ¤«¥-
¦ éãî �n�m�1, ¬®¦­® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬: y = x + y�e�. �¨ää¥à¥­æ¨àãï íâ®
à ¢¥­áâ¢® ¨ ãç¨âë¢ ï (2), ¯®«ãç¨¬ dy = (!i + y�!i�)ei + (dy� + y�!�� )e�. �âáî¤  á«¥¤ã¥â, çâ®
¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨å ­ ¯à ¢«¥­¨© �n�m�1 ¯ à ««¥«ì­® ¢ ­®à¬ «ì­®© á¢ï§­®áâ¨ ¡ §¨á­®©
¯®¢¥àå­®áâ¨ Mm.

�¡à â­®, ¯ãáâì ¯®«¥ å à ªâ¥à¨áâ¨ç¥áª¨å ­ ¯à ¢«¥­¨© �n�m�1 ¯ à ««¥«ì­® ¢ á¢ï§­®áâ¨ ­®à-
¬ «ì­®£® à áá«®¥­¨ï ¡ §¨á­®© ¯®¢¥àå­®áâ¨ Mm. �®£¤  !n� = 0 (á¬. [4], á. 89). � ¤àã£®© áâ®à®-
­ë, ®¤­®¬¥à­®¥ ¤®¯®«­¥­¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ­ ¯à ¢«¥­¨ï â ª¦¥ ¯ à ««¥«ì­® ¢ ­®à¬ «ì-
­®© á¢ï§­®áâ¨ (á¬. [4], á. 89). �®£¤  !�n = 0 ¨ ¨§ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢­¥­¨© ¢ (3) ¯®«ãç¨¬
!jngij + !ni = 0, !ingi� = 0. �âáî¤  á«¥¤ã¥â, çâ® hjigi� = 0, £¤¥ hij = gikhkj . � ª ª ª det(hij) 6= 0,
â® gi� = 0. �«¥¤®¢ â¥«ì­®, ¯«®áª®áâ¨ �(x) ¨ Tx(Mm) ¢¯®«­¥ ®àâ®£®­ «ì­ë. �â® ®§­ ç ¥â, çâ®
£¨¯¥à¯®«®á  ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. � ª ª ª ¯® ãá«®¢¨î â¥®à¥¬ë à¥£ã«ïà­ ï £¨¯¥à¯®«®á  Hm

ï¢«ï¥âáï £¨¯¥à¯®«®á®© ªà¨¢¨§­ë, â® ¨¬¥¥â ¬¥áâ® (9). �á«¨ ¢â®à®© £« ¢­ë© äã­¤ ¬¥­â «ì­ë©
â¥­§®à hij ¨¬¥¥â ¯à®áâ®© á¯¥ªâà, â® ¢ ª ¦¤®¬ Tx(Mm) ®àâ®­®à¬¨à®¢ ­­ë© à¥¯¥à ¬®¦­® ¢ë¡à âì
â ª, çâ® hij = �i�ij , �i 6= �j ¯à¨ i 6= j. �®¤áâ ¢«ïï §­ ç¥­¨¥ hij ¢ (9), ¯®«ãç¨¬ (�i � �j)h�ij = 0,
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i 6= j. �âáî¤  á«¥¤ã¥â h�ij = ��i �ij , i 6= j, â. ¥. ¨ ¬ âà¨æë h = khijk, h� = kh�ijk ®¤­®¢à¥¬¥­­® ¨¬¥îâ
¤¨ £®­ «ì­ë© ¢¨¤. �®£« á­® ªà¨â¥à¨î � àâ ­  (á¬. [7], á. 101), ãâ¢¥à¦¤¥­¨¥ 1) ¤®ª § ­®.

�á«¨ ãç¥áâì ¯ à ««¥«ì­®áâì £« ¢­®© âà¥âì¥© äã­¤ ¬¥­â «ì­®© ä®à¬ë, â® ¨§ ¯¥à¢®£® ãà ¢-
­¥­¨ï ¢ (5) ¯®«ãç¨¬

hkj

k
i + hik


k
j = 0:

� ¢ë¡à ­­®¬ à¥¯¥à¥ ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤: �k�kj
k
i + �i�ik
k

j = 0 ¨«¨
(�i � �j)
i

j = 0 (­¥â áã¬¬¨à®¢ ­¨ï). � ª ª ª �i 6= �j , i 6= j, â® 
i
j = 0 ¨ ¢­ãâà¥­­ïï á¢ï§­®áâì

¡ §¨á­®© ¯®¢¥àå­®áâ¨ «®ª «ì­® ¥¢ª«¨¤®¢ . �â¢¥à¦¤¥­¨¥ 2) ¤®ª § ­®.
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