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sgn yuxx + uyy +
2q
y
ux +

2p
y
uy = 0; p < 0; (1)

£¤¥ p, q| ¢¥é¥áâ¢¥­­ë¥ ¯ à ¬¥âàë, ¢ á¬¥è ­­®© ®¡« áâ¨ D, í««¨¯â¨ç¥áª ï ¯®¤®¡« áâì ª®â®à®©
D1 á®¢¯ ¤ ¥â á® ¢á¥© ¢¥àå­¥© ¯®«ã¯«®áª®áâìî,   £¨¯¥à¡®«¨ç¥áª ï ¯®¤®¡« áâì D2 ¯à¥¤áâ ¢«ï¥â
á®¡®© âà¥ã£®«ì­¨ª, ®£à ­¨ç¥­­ë© å à ªâ¥à¨áâ¨ª ¬¨ BC: x � y = 1, AB: x + y = 0 ¨ ®âà¥§ª®¬
AC ®á¨  ¡áæ¨áá.

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: 2p = � + �0, 2q = � � �0. � ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï
(1) ¡ë«  ¨áá«¥¤®¢ ­  ¢ à ¡®â¥ [1]. �ë«® ¤®ª § ­®, çâ® ¢ á«ãç ¥ � > 0, �0 < 0 § ¤ ç  ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ ¢ë¯®«­¥­¨¨ n+1 ¨«¨ n+2 ãá«®¢¨© à §à¥è¨¬®áâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â
§­ ç¥­¨ï ¯ à ¬¥âà  c, ¢å®¤ïé¥£® ¢ ãá«®¢¨¥ áª«¥¨¢ ­¨ï. �¤¥áì n 2 N0 = N [ f0g ¨ ¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢® 0 < � � n < 1, �0 = � � n.

�â«¨ç¨â¥«ì­®© ®á®¡¥­­®áâìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¢ ª« á-
á¥ äã­ªæ¨©, ­¥®£à ­¨ç¥­­ëå ­  å à ªâ¥à¨áâ¨ª¥ BC, çâ® ¯®§¢®«ï¥â á­ïâì ãª § ­­ë¥ ãá«®¢¨ï
à §à¥è¨¬®áâ¨.

�ãáâì k;m 2 N ¨ 0 < �0 + k < 1, �00 = �0 + k, 0 < 2p+m < 1; � = 2p+m. �ã¤¥¬ ¨áá«¥¤®¢ âì
á«ãç © 1 < �0 + �00 < 2. �®£¤  ¨¬¥¥¬ �0 > �, �00 > �, m = k � n� 1.

� ¤ ç  T. � ©â¨ äã­ªæ¨î u(x; y) á® á¢®©áâ¢ ¬¨

1) u(x; y) ¯à¨­ ¤«¥¦¨â C(D1 [D2 [AB [ f(x; 0)g) ¨ ®£à ­¨ç¥­  ­  ¡¥áª®­¥ç­®áâ¨;
2) u(x; y) ¯à¨­ ¤«¥¦¨â C2(D1 [D2) ¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (1) ¢ D1 [D2;
3) áãé¥áâ¢ãîâ ¯à¥¤¥«ë

vj(x) = lim
y!0

(x;y)2Dj

jyj2p[u(x; y) �Aj
p;q(x; y; �)]y ; 0 < x < 1; j = 1; 2; (2)

¨ ­  AC ¢ë¯®«­ï¥âáï ãá«®¢¨¥ áª«¥¨¢ ­¨ï

v1(x) = cv2(x); 0 < x < 1; (3)

£¤¥

�(x) = u(x; 0); 0 � x � 1; (4)

Aj
p;q(x; y; �) =

mP
l=1

a
j

l

l!
� (l)(x)yl, a1l = l1(�1)l

�R
0

e2q� cosl � sin�2p�l � d�, l1 = B(1 � p � iq; 1 �

p + iq)=4p�e�q, B | ¡¥â -äã­ªæ¨ï, c > 0 | ¯ à ¬¥âà, a2l = F (�l; �; � + �0; 2), F |

£¨¯¥à£¥®¬¥âà¨ç¥áª ï äã­ªæ¨ï � ãáá ;
4) u(x; y) ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬

u(x; 0) = 0, x � 0 ¨«¨ x � 1, u(x; y)jAB =  (x), 0 � x � 1
2
.

�¤¥áì  (x) | § ¤ ­­ ï äã­ªæ¨ï, ¤«ï ª®â®à®© ¢ë¯®«­ï¥âáï
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�á«®¢¨¥ 1. �ã­ªæ¨ï  
�
x
2

�
2 C[0; 1) ¯à¨ x = 0 ¨¬¥¥â ­ã«ì ¯®àï¤ª  ¡®«ìè¥ 1� �,   ¯à¨ x = 1

¨¬¥¥â ®á®¡¥­­®áâì ¯®àï¤ª  ¬¥­ìè¥ �.

�¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¡ã¤¥¬ ¨áª âì ¢ ª« áá¥ äã­ªæ¨© �(x), vi(x), ¤«ï ª®â®àëå ¢ë¯®«­ï-
¥âáï

�á«®¢¨¥ 2. �ã­ªæ¨ï �(x) ¯à¨­ ¤«¥¦¨â C[0; 1] \ Cm�1(0; 1] \ Ck(0; 1), � (m)(x) ¯à¨ x = 1
¨¬¥¥â ®á®¡¥­­®áâì ¯®àï¤ª  ¬¥­ìè¥ �, �(x) ¯à¨ x = 0 ¨¬¥¥â ­ã«ì ¯®àï¤ª  ¡®«ìè¥ 1� �; äã­ªæ¨¨
vi(x) 2 Cn(0; 1) ¬®£ãâ ¨¬¥âì ®á®¡¥­­®áâ¨ ¯à¨ x = 1 ¯®àï¤ª  ¬¥­ìè¥ 1, ¯à¨ x = 0 | ¯®àï¤ª 
¬¥­ìè¥ m.

� ¤ çã ¡ã¤¥¬ à¥è âì ¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �®®â­®è¥­¨ï ¨§ í««¨¯â¨ç¥áª®© ¨
£¨¯¥à¡®«¨ç¥áª®© ¯®¤®¡« áâ¥©, ¯®«ãç¥­­ë¥ ¢ [1], á¯à ¢¥¤«¨¢ë ¤«ï ª« áá  äã­ªæ¨©, £¤¥ �(x) 2
C[0; 1] \ Cm(0; 1], vi(x) 2 Cn(0; 1). �®íâ®¬ã íâ¨ á®®â­®è¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì ¨ ¢ ¤ ­­®¬
á«ãç ¥. �­¨ ¨¬¥îâ ¢¨¤

v1(x) = �l1�(2p)D
1�2p
0x �(x)� l1e

2�q�(2p)D1�2p
x1 �(x); (5)

v2(x) = l2�(2p)D
1�2p
0x �(x)�

�(1� �0)21����
0

�(1� � � �0)
x�

0

D1��
0x  

�
x

2

�
; (6)

£¤¥ l2 =
2�(1��0)

�(�)(1����0)
, D1�2p

0x , D1�2p
x1 | ¤à®¡­ë¥ ¯à®¨§¢®¤­ë¥.

�§ ãá«®¢¨© 1, 2 ¨ ä®à¬ã«ë (5) ¯®«ãç¨¬

� (s)(1) = 0; s = 0;m� 1: (7)

�¥à¥©¤¥¬ ª ¢ë¢®¤ã ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï. �á¯®«ì§ãï ãá«®¢¨¥ áª«¥¨¢ ­¨ï (3), ¨§ á®®â­®-
è¥­¨© (5) ¨ (6) ¨¬¥¥¬

(l1 + cl2)D
1�2p
0x �(x) + l1e

2�qD1�2p
x1 �(x) = l3x

�0D1��
0x  

�
x

2

�
; (8)

£¤¥ l3 =
c21����0�(1��0)

�(2p)(1����0)
.

� «ì­¥©è¨© á¯®á®¡ ¢ë¢®¤  ãà ¢­¥­¨ï ®â«¨ç ¥âáï ®â ¯à¥¤«®¦¥­­®£® ¢ [1]. �¡¥ ç áâ¨ à -
¢¥­áâ¢  (8) ¯à¨ x = 0 ¨¬¥îâ ®á®¡¥­­®áâ¨ ¯®àï¤ª  ¬¥­ìè¥ m. �à¨¬¥­¨¬ ª ­¥¬ã ®¯¥à â®à
xR
0

(x � �)���m : : : d�. �á¯®«ì§ãï ä®à¬ã«ã ([2], á. 78) x�a�bM(a; b; l; x) = dl

dxl
xl�a�bM(a; b � l; 0; x),

£¤¥ M(a; b; l; x) =
xR
0

g(l)(�)�b(x� �)a�1d�, a > 0, b > l � 1, ¯®«ãç¨¬

(l1 + cl2)x
1�2p d

m

dxm
x��1D��1

0x D1��
0x �(x) + l1e

2�qx1�2p
dm

dxm
x��1D��1

0x D1��
x1 �(x) =

= l3

Z x

0
(x� �)���m+�0D1��

0�  

�
�

2

�
d�: (9)

�  ®á­®¢¥ ä®à¬ã« ª®¬¯®§¨æ¨¨ ¤à®¡­ëå ¯à®¨§¢®¤­ëå ¨ ¨­â¥£à «®¢ ([3], áá. 18, 24) ¢ëà ¦¥­¨¥
(9) ¯à¨¬¥â ¢¨¤

(l1 + cl2)x1�2p
dm

dxm
x��1�(x) + l1e

2�qx1�2p
dm

dxm
x��1

�
�(x) cos �(1� �)�

�
sin�(1� �)

�

Z 1

0

�
x

�

�1��
�(�)d�
� � x

�
= l3D

��1
0x xm+�0D1��

0x

�
x

2

�
:
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�¡®§­ ç¨¬ �(x) = x��1�(x) ¨ ¯®á«¥ ¯à¨¢¥¤¥­¨ï ¯®¤®¡­ëå ç«¥­®¢ ¯®«ãç¨¬ ¨­â¥£à «ì­®¥ ãà ¢-
­¥­¨¥

�(m)(x) ctg �'�
1
�

dm

dxm

Z 1

0

�(�)d�
� � x

= f(x); (10)

£¤¥

f(x) =
l3�(1� �)x2p�1

l1e2�q sin�(1� �)
D��1

0x xm+�0D1��
0x  

�
x

2

�
; ' =

1
�
arcctg

�
l1 + cl2

l1e2�q sin�(1� �)
+ ctg �(1� �)

�
:

� äã­ªæ¨¨ �(m)(x) ¤®¯ãáª îâáï ®á®¡¥­­®áâ¨ ¯à¨ x = 0 ¯®àï¤ª  ¬¥­ìè¥ m, ¯à¨ x = 1 |
¬¥­ìè¥ �. � ª¨¥ ¦¥ ®á®¡¥­­®áâ¨ ¨¬¥¥â äã­ªæ¨ï f(x).

�ç¨âë¢ ï à ¢¥­áâ¢  (7), ¯®«ãç¨¬

�(s)(1) = 0; s = 0;m� 1: (11)

�à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ (10). �ã¤¥¬ § ­®á¨âì ®¯¥à æ¨î ¤¨ää¥à¥­æ¨à®¢ ­¨ï¯®¤ §­ ª ¨­â¥£à « .
�¥à¢ãî ¯à®¨§¢®¤­ãî ¬®¦­® ¢ëç¨á«¨âì, ­¥¯®áà¥¤áâ¢¥­­® ¤¨ää¥à¥­æ¨àãï ¯«®â­®áâì ¨­â¥£à « 
â¨¯  �®è¨. �«ï á«¥¤ãîé¨å ¯à®¨§¢®¤­ëå ¬®¦­® ¨á¯®«ì§®¢ âì ä®à¬ã«ã ¤¨ää¥à¥­æ¨à®¢ ­¨ï
¨­â¥£à «  á ï¤à®¬ â¨¯  �®è¨ á ¯«®â­®áâìî, ¤®¯ãáª îé¥© ¨­â¥£à¨àã¥¬ë¥ ®á®¡¥­­®áâ¨. �­ 
¨¬¥¥â ¢¨¤ [4]

Q(x)
d

dx

Z 1

0

g(�)d�
� � x

=
Z 1

0

[Q(�)g(�)]0

� � x
d� +

Z 1

0

g(�)
� � x

Q(x)�Q(�)
� � x

d�:

�â®¡ë ¨§¡ ¢¨âìáï ®â ®á®¡¥­­®áâ¨ ¯à¨ x = 0, ¯®«®¦¨¬ Q = x. �®£¤  ¯®á«¥¤­¥¥ á®®â­®è¥­¨¥
¯à¨¬¥â ¢¨¤

d

dx

Z 1

0

g(�)d�
� � x

=
Z 1

0

�
�

x

�
g0(�)
� � x

d�: (12)

� áá¬®âà¨¬ ¢ëà ¦¥­¨¥

dm�s

dxm�s

Z 1

0

�
�

x

�s�1
�(s)(�)d�
� � x

=

=
dm�s�1

dxm�s�1

�
�
s� 1
xs

Z 1

0

�s�1�(s)(�)
� � x

d� +
1

xs�1
d

dx

Z 1

0

�s�1�(s)(�)
� � x

d�

�
; s = 0;m� 1:

�à¨¬¥­ïï ä®à¬ã«ã (12) ª® ¢â®à®¬ã á« £ ¥¬®¬ã ¢ ¯à ¢®© ç áâ¨, ¨¬¥¥¬

dm�s

dxm�s

Z 1

0

�
�

x

�s�1
�(s)(�)d�
� � x

=
dm�s�1

dxm�s�1

�
�(s� 1)

xs

Z 1

0

�s�1�(s)(�)
� � x

d� +

+
1

xs�1

Z 1

0

�

x

(s� 1)�s�2�(s)(�)
� � x

d� +
1

xs�1

Z 1

0

�

x

�s�1�(s+1)(�)
� � x

d�

�
=

dm�s�1

dxm�s�1

Z 1

0

�
�

x

�s
�(s+1)(�)d�

� � x
:

�âáî¤  ¯®«ãç¨¬
dm�1

dxm�1

Z 1

0

�(�)d�
� � x

=
Z 1

0

�
�

x

�m�1
�(m)(�)d�
� � x

:

� à¥§ã«ìâ â¥ ãà ¢­¥­¨¥ (10) ¯à¨¬¥â ¢¨¤

�(m)(x) ctg �'�
1
�

Z 1

0

�
�

x

�m�1
�(m)(�)d�
� � x

= f(x): (13)

�¡®§­ ç¨¬ �(x) = �(m)(x)xm�1, g(x) = xm�1f(x). �®£¤  (13) ¯¥à¥©¤¥â ¢ ãà ¢­¥­¨¥

�(x) ctg �'�
1
�

Z 1

0

�(�)d�
� � x

= g(x): (14)
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�ã­ªæ¨ï g(x) ¬®¦¥â ¨¬¥âì ®á®¡¥­­®áâ¨ ¯à¨ x = 0 ¯®àï¤ª  ¬¥­ìè¥ 1, ¯à¨ x = 1 | ¬¥­ìè¥ �.
� ª¨¥ ¦¥ ®á®¡¥­­®áâ¨ ¨¬¥¥â äã­ªæ¨ï  (x). � ¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (14) ¢ ª« áá¥ äã­ªæ¨©,
­¥®£à ­¨ç¥­­ëå ¯à¨ x = 0 ¨ x = 1, ¨¬¥¥â à¥è¥­¨¥ á ®á®¡¥­­®áâìî ¯à¨ x = 0 ¯®àï¤ª  ', ¯à¨
x = 1 | ¯®àï¤ª  1� ' ([5]). �® ' < 1

�
arcctg(ctg �(1 � �)) = 1� �, â. ¥. 1� ' > �. �®íâ®¬ã ­¥®¡-

å®¤¨¬® ¨á¯®«ì§®¢ âì ä®à¬ã«ã à¥è¥­¨ï, ®£à ­¨ç¥­­®£® ¯à¨ x = 1. � ª®¥ à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®.
� «¥¥ à¥è¥­¨¥ ¨áå®¤­®© § ¤ ç¨ ­ å®¤¨âáï ¯® áâ ­¤ àâ­®© áå¥¬¥. �à¨ ¢®ááâ ­®¢«¥­¨¨ äã­ªæ¨¨
�(x) ¨á¯®«ì§ãîâáï à ¢¥­áâ¢  (11). �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ á«¥¤ã¥â ¨§ ®¤­®-
§­ ç­®áâ¨ ®¯à¥¤¥«¥­¨ï ¢á¯®¬®£ â¥«ì­ëå äã­ªæ¨© ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© § ¤ ç¨ �¨à¨å«¥
¨ § ¤ ç¨ â¨¯  �®è¨.

�â ª, ¤®ª § ­ 

�¥®à¥¬  1. �á«¨ äã­ªæ¨ï  (x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1, â® ¢ ª« áá¥ äã­ªæ¨© �(x), vi(x),
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î 2, § ¤ ç  �à¨ª®¬¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�áá«¥¤ã¥¬ ¯®¢¥¤¥­¨¥ à¥è¥­¨ï u(x; y) ­  å à ªâ¥à¨áâ¨ª¥ BC. �¥è¥­¨¥ § ¤ ç¨ â¨¯  �®è¨
(1), (2), (4) § ¯¨áë¢ ¥âáï ä®à¬ã«®© [1]

u(x; y) =
k�1X
s=0

� (s)(x� y)2s(�0)s
s!(� + �0)s

ys �
n�1X
s=0

v(s)(x� y)2s(�1)s(1� �)s
s!(1� � � �0)s+1

(�y)1����
0+s +

+
�(� + �0)2kyk

�(�0)�(� + k)

Z 1

0

� (k)(&)��+k�1F (�; 1� �0; � + k; �)d� �

�
�(1� � � �0)2n(�1)n(�y)1����

0+n

�(1� �0 + n)�(1� �)

Z 1

0

v(n)(&)�n��
0

F (�; 1� �0; 1� �0 + n; �)d�:

� ­®¢®© ¯¥à¥¬¥­­®© ¨­â¥£à¨à®¢ ­¨ï & = x+ y(1� 2�) ¯®«ãç¨¬

u(x; y) =
k�1X
s=0

� (s)(x� y)2s(�0)s
s!(� + �0)s

ys �
n�1X
s=0

v(s)(x� y)2s(�1)s(1� �)s
s!(1� � � �0)s+1

(�y)1����
0+s +

+
�(� + �0)2��y��

�(�0)�(� + k)

Z x�y

x+y

� (k)(&)(x+ y � &)�+k�1F
�
�; 1� �0; � + k;

x+ y � &

2y

�
d& �

�
�(1� � � �0)2�

0
�1(�1)�

0
�1(�y)��

�(1� �0 + n)�(1� �)

Z x�y

x+y

v(n)(&)(x+y�&)n��
0

F

�
�; 1��0; 1��0+n;

x+ y � &

2y

�
d& =

= S1(x� y)� S2(x� y) + I1(x� y)� I2(x� y): (15)

�æ¥­¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¨§ ¯à ¢®© ç áâ¨ (15) ¯à¨ x� y = t! 1. �ç¨âë¢ ï

� (k�1)(t) = o
�
(1� t)1�2p�k

�
¯à¨ t! 1; (16)

¨¬¥¥¬

jS1(t)j �
k�1X
s=0

�����
(s)(x� y)2s(�0)s
s!(� + �0)s

(x� t)s
���� � 2k�1(�0)k�1

(k � 1)!(� + �0)k�1
M(x� t)k�1(1� t)���n:

�âáî¤  ¯®«ãç¨¬ S1 = o
�
(1� t)�n

�
¯à¨ t! 1.

�­ «®£¨ç­® ¨§ v(t) = o
�
(1� t)�1

�
¯à¨ t! 1 ¨¬¥¥¬ S2(t) = o

�
(1� t)�n

�
¯à¨ t! 1.

� ¨á¯®«ì§®¢ ­¨¥¬ ¯¥à¥¬¥­­®© t = x� y § ¯¨è¥¬

I1(t) =
�(� + �0)2��(t� x)��

�(�0)�(� + k)

Z t

2x�t

� (k)(&)(& � (2x� t))�+k�1F
�
�; 1� �0; � + k;

& � (2x� t)
2(t� x)

�
d&:
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�à¨¬¥­ïï ¯®á«¥¤®¢ â¥«ì­® á®®â­®è¥­¨¥ (16) ¨ ä®à¬ã«ã  ¢â®âà ­áä®à¬ æ¨¨ ¤«ï £¨¯¥à£¥®-
¬¥âà¨ç¥áª®© äã­ªæ¨¨, ¯®«ãç¨¬

jI1(t)j � C1(t� x)��
Z t

2x�t

(1� �)�2p�k+"(& � (2x� t))�+k�1
�
1�

& � (2x� t)
2(t� x)

��0
0
�1

d& =

= C1(t� x)1����
0

0

Z t

2x�t

(1� �)�2p�k+"(& � (2x� t))�+k�1(t� �)�
0

0
�1d&;

£¤¥ � = t� (2t� 2x)z. �®£¤ 

jI1(t)j � C3(t� x)k(1� t)�2p�k+"F (�00; 2p+ k � "; �00 + � + k; �); � = 2(x� t)=(1 � t):

�á¯®«ì§ãï ä®à¬ã«ã �®«ìæ  (15.3.4) [6], ¨¬¥¥¬

jI1(t)j � C3(t� x)k(1� t)�2p�k+"(1� �)��
0

0F

�
�00; �

0

0 + � � 2p+ "; �00 + � + k;
�

� � 1

�
=

= C3(t� x)k(1� t)�2p�k+�
0

0
+"(1� (2x� t))��

0

0F

�
�00; �

0

0 + � � 2p+ "; �00 + � + k;
2x� 2t

2x� t� 1

�
=

= O
�
(1� t)��+"

�
¯à¨ t! 1:

�­ «®£¨ç­® ¯®«ãç¨¬ I2(t) = O
�
(1� t)��+"

�
¯à¨ t! 1.

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  2. �¥è¥­¨¥ u(x; y) ¯à¨ x� y = t! 1 ¨¬¥¥â ®á®¡¥­­®áâì ¯®àï¤ª  ­¨¦¥ �.
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