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1. �¢¥¤¥­¨¥

� áá¬ âà¨¢ îâáï á¨áâ¥¬ë á ª®­¥ç­ë¬ ç¨á«®¬ áâàãªâãà­ëå á®áâ®ï­¨©. �à¥¤¯®« £ ¥âáï, çâ®
¢ ª ¦¤®¬ áâàãªâãà­®¬ á®áâ®ï­¨¨ á¨áâ¥¬  ®¯¨áë¢ ¥âáï á¢®¨¬ ®¡ëª­®¢¥­­ë¬ ¢¥ªâ®à­ë¬ ¤¨ä-
ä¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬,   ¯à®æ¥áá ¨§¬¥­¥­¨ï áâàãªâãà­ëå á®áâ®ï­¨© ¯à¥¤áâ ¢«ï¥âáï ®¤­®-
à®¤­®© ¬ àª®¢áª®© æ¥¯ìî á § ¤ ­­ë¬¨ ¢¥à®ïâ­®áâï¬¨ ¯¥à¥å®¤®¢ [1]-[3]. � ¤ ­­®© à ¡®â¥ ¤«ï ¨á-
á«¥¤®¢ ­¨ï ¢¥à®ïâ­®áâ­®© ãáâ®©ç¨¢®áâ¨ â ª¨å á¨áâ¥¬, ­ §ë¢ ¥¬ëå á¨áâ¥¬ ¬¨ á«ãç ©­®© áâàãª-
âãàë [4], ¨á¯®«ì§ã¥âáï ¬¥â®¤ ¢¥ªâ®à­ëå äã­ªæ¨©�ï¯ã­®¢  (���). �­ «®£¨ç­ë¥ ¬®¤¥«¨ á¨áâ¥¬
á® á«ãç ©­ë¬¨ ¯ à ¬¥âà¨ç¥áª¨¬¨ ¨ áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨ à áá¬ âà¨¢ «¨áì ¢ àï¤¥ à ¡®â
[1]{[12]. � ­¨å ¨áá«¥¤®¢ ­¨¥ ¢¥à®ïâ­®áâ­®© ãáâ®©ç¨¢®áâ¨ ¯à®¢®¤¨«®áì á ¯®¬®éìî ¬¥â®¤  äã­ª-
æ¨© �ï¯ã­®¢  [1], [5]{[10], ¨ ��� [2], [11], [12]. �à¨ íâ®¬ ®¤­ ª® ¯à¥¤¯®« £ «®áì, çâ® à §¬¥à­®áâì
ä §®¢®£® ¯à®áâà ­áâ¢  ®áâ ¥âáï ­¥¨§¬¥­­®© ¯à¨ á¬¥­¥ áâàãªâãà­ëå á®áâ®ï­¨©.

�â¬¥â¨¬, çâ® ¤«ï áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© �â® â¥®à¨ï ãáâ®©ç¨¢®áâ¨
à §¢¨â  ¢ à ¡®â å [5]{[7]. �¡§®à á®¢à¥¬¥­­®£® á®áâ®ï­¨ï ¯à¨ª« ¤­®© â¥®à¨¨ áâ®å áâ¨ç¥áª®©
ãáâ®©ç¨¢®áâ¨ ¤ ­ ¢ [8], [9].

2. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì ¢®§¬ãé¥­­®¥ ¤¢¨¦¥­¨¥ á¨áâ¥¬ë, ­ å®¤ïé¥©áï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¢ l-¬ áâàãªâãà­®¬
á®áâ®ï­¨¨, ®¯¨áë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬

_x(t) = f(t; x(t); l(t)); (1)

£¤¥ x 2 Rnl | nl-¢¥ªâ®à ä §®¢ëå ª®®à¤¨­ â á¨áâ¥¬ë ¢ l-¬ áâàãªâãà­®¬ á®áâ®ï­¨¨, t 2 I =
[0;+1), l(t) 2 J = f1; 2; : : : ; kg; ¢¥ªâ®à-äã­ªæ¨ï f ­¥¯à¥àë¢­  ¯® (t; x) 2 I � 
l (
l � Rnl) ¯à¨
ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ l(t), f(t; 0; l) = 0, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¯® x à ¢­®¬¥à­®
®â­®á¨â¥«ì­® t 2 I ¨ l(t) 2 J : ¯à¨ «î¡ëå x0; x00 2 
l, t 2 I

kf(t; x0; l)� f(t; x00; l)kl(t) � Lkx0 � x00kl(t);

£¤¥ ¢¥«¨ç¨­ë

kxkl(t) = max
j=1;nl(t)

jxj j; kxkl(t) =

vuutnl(t)X
j=1

jxj j2; (2)

¯à¨ ª ¦¤®¬ t (l(t)) ¡ã¤ãâ, ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àïâì ¢á¥¬  ªá¨®¬ ¬ ­®à¬ë.
�âàãªâãà­®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ®¯à¥¤¥«ï¥âáï ¯¥à¥¬¥­­®© l(t), ¨§¬¥­¥­¨¥

ª®â®à®© ®¯¨áë¢ ¥âáï ®¤­®à®¤­®© ¬ àª®¢áª®© æ¥¯ìî á ª®­¥ç­ë¬ ç¨á«®¬ á®áâ®ï­¨© J . �¥à¥å®¤ë
¬ àª®¢áª®© æ¥¯¨, ¤«ï ª®â®àëå § ¤ ­  ¬ âà¨æ  P (�) ¢¥à®ïâ­®áâ¥© ¯¥à¥å®¤®¢ ¢ ¢¨¤¥

P (�) = (pij(�))ki;j=1 = [P (l(t+ �)) = i j l(t) = j]ki;j=1; pij(�) = �ij� +O(�); (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâ 93-011-
16112).
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£¤¥ �ij � 0 ¯à¨ i; j = 1; k, i 6= j; �ii = �i =
kP

j 6=i

�ji, ®¯à¥¤¥«ïîâ ¯à®æ¥áá á¬¥­ë áâàãªâãà­ëå

á®áâ®ï­¨© ¢ ¨áå®¤­®© á¨áâ¥¬¥. �¡®§­ ç¨¬ ç¥à¥§ ts, s = 1; 2; : : : , ¬®¬¥­âë áª çª®¢ ¯à®æ¥áá  l(t),
  ç¥à¥§ � = fts; s = 1; 2; : : : g | ¨å ¬­®¦¥áâ¢®. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¥á«¨ ¢ ¬®¬¥­â t = ts
¯à®¨áå®¤¨â áª ç®ª ¨§ á®áâ®ï­¨ï j ¢ á®áâ®ï­¨¥ i, â® ¢ íâ®â ¬®¬¥­â ¢ë¯®«­ï¥âáï ãá«®¢¨¥ áâëª®¢ª¨
¯à®æ¥áá  x(t) ¯à¨ ¯¥à¥å®¤¥ ¨§ j-£® áâàãªâãà­®£® á®áâ®ï­¨ï ¢ i-¥

x(ts + 0) = x(ts) = 'ij(t; x(ts � 0)); i; j 2 J; t 2 �; (4)

£¤¥ x(ts � 0), x(ts +0) | á®®â¢¥âáâ¢¥­­® «¥¢ë© ¨ ¯à ¢ë© ¯à¥¤¥«ë x(t) ¢ â®çª¥ ts; 'ij : ��
j !

i, 'ij(t; x) | ¨§¢¥áâ­ë¥ ­¥¯à¥àë¢­ë¥ ¯® x 2 
j äã­ªæ¨¨, 'ij(t; 0) = 0, t 2 �, ¨ ¤«ï ­¨å
ã¤®¢«¥â¢®àïîâáï ãá«®¢¨ï �¨¯è¨æ 

k'ij(t; x0)� 'ij(t; x00)ki � Lijkx
0 � x00kj ; t 2 �:

�à ¢­¥­¨ï (1) ¢¬¥áâ¥ á á®®â­®è¥­¨ï¬¨ (3), (4) ¨ ­ ç «ì­ë¥ ãá«®¢¨ï x(t0) = x0, l(t0) = l0 2 J
®¯à¥¤¥«ïîâ ¢ ¯à®áâà ­áâ¢¥ Rnl(t) � J ¬ àª®¢áª¨© ¯à®æ¥áá z(t) = fx(t); l(t)g, ª®¬¯®­¥­â  x(t)
ª®â®à®£® ­¥¯à¥àë¢­  ¯à¨ t 2 I n �, ­¥¯à¥àë¢­  á¯à ¢  ¯à¨ t 2 � ¨ ­¥ ¨¬¥¥â à §àë¢®¢ ¢â®à®£®
à®¤ . �ç¥¢¨¤­®, á¨áâ¥¬  (1) ¯à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¤®¯ãáª ¥â à¥è¥­¨¥ z(t) = (0; l(t)),
t 2 I.

�áá«¥¤ã¥¬ ¢®¯à®á ® áà¥¤­¥ª¢ ¤à â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ à¥è¥­¨ï x = 0 á¨áâ¥¬ë (1). �à¨
íâ®¬ ãáâ®©ç¨¢®áâì ¡ã¤¥¬ ¯®­¨¬ âì ¢ á¬ëá«¥ ®¡ëç­ëå ®¯à¥¤¥«¥­¨© áà¥¤­¥ª¢ ¤à â¨ç¥áª®© ãáâ®©-
ç¨¢®áâ¨, ¢ ª®â®àëå ¢ ª ç¥áâ¢¥ ­®à¬ë ¢¥ªâ®à  x ¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì ®¤­ã ¨§ ­®à¬ (2).

3. �¥ªâ®à-äã­ªæ¨¨ �ï¯ã­®¢  ¢ ¨áá«¥¤®¢ ­¨¨ ãáâ®©ç¨¢®áâ¨ ¢
áà¥¤­¥ª¢ ¤à â¨ç­®¬

�áá«¥¤®¢ ­¨¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¡ã¤¥¬ ¯à®¢®¤¨âì á ¯®¬®éìî ¬¥â®¤  ���
[13]. �ã¤¥â ¨á¯®«ì§®¢ ­  ¢¥ªâ®à-äã­ªæ¨ï á ª®¬¯®­¥­â ¬¨ ¢ ¢¨¤¥ ¬ âà¨ç­ëå äã­ªæ¨© ¤«ï ª -
¦¤®£® á®áâ®ï­¨ï l(t) 2 J . �­ «®£ â ª®© ¢¥ªâ®à-äã­ªæ¨¨ ¡ë« ¢¢¥¤¥­ �.�.�¨«ìèâ¥©­®¬ [2], £¤¥ á
¥¥ ¯®¬®éìî ¨áá«¥¤®¢ ­  áà¥¤­¥ª¢ ¤à â¨ç¥áª ï ãáâ®©ç¨¢®áâì «¨­¥©­®© á¨áâ¥¬ë, ­ å®¤ïé¥©áï
¯®¤ ¢®§¤¥©áâ¢¨¥¬ ¬ àª®¢áª®© æ¥¯¨ (¢ ¯à¥¤¯®«®¦¥­¨¨ ­¥¯à¥àë¢­®áâ¨ ¥¥ à¥è¥­¨©).

�¢¥¤¥¬ ª®­¥ç­®¬¥à­®¥ «¨­¥©­®¥ ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢® Gk = G1 � G2 � � � � �Gk ¢¥ª-
â®à®¢ q = (Q1; : : : ; Qk)T , ª®¬¯®­¥­â ¬¨ ª®â®àëå ï¢«ïîâáï á¨¬¬¥âà¨ç¥áª¨¥ (ni � ni)-¬ âà¨æë
[2]. � ¯à®áâà ­áâ¢¥ Gk ¢¢¥¤¥¬ ®â­®è¥­¨¥ ç áâ¨ç­®£® ¯®àï¤ª  á ¯®¬®éìî ª®­ãá  Gk

+ ¢¥ªâ®à®¢
K = (K1; : : : ;Kk)T 2 Gk

+ = G1+ � � � � � Gk+ , ª®¬¯®­¥­â ¬¨ ª®â®àëå ï¢«ïîâáï ­¥®âà¨æ â¥«ì-
­® ®¯à¥¤¥«¥­­ë¥ á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨æë Ki 2 Gi+ , á«¥¤ãîé¨¬ ®¡à §®¬: ¡ã¤¥¬ £®¢®à¨âì, çâ®
q1 � q2, q1; q2 2 Gk

+, ¥á«¨ q2�q1 2 G
k
+;  ­ «®£¨ç­® q1 < q2, ¥á«¨ q2�q1 2 Gk+ , £¤¥ Gk+ |¬­®¦¥áâ¢®

¢¥ªâ®à®¢ ¨§ Gk, ª®¬¯®­¥­â ¬¨ ª®â®àëå ï¢«ïîâáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥ á¨¬¬¥âà¨ç¥áª¨¥
¬ âà¨æë Ki.

�¡®§­ ç¨¬ ç¥à¥§ G�
i = f 2 Rni : 8Ki 2 Gi+ ;  

TKi � 0g ª®­ãá, á®¯àï¦¥­­ë© ª®­ãáã Gi+ ,  
ç¥à¥§ Gk

�

= G�
1 � � � � �G�

k | ª®­ãá, á®¯àï¦¥­­ë© ª®­ãáã Gk
+. �â¬¥â¨¬, çâ® ª®­ãá G

k
+ ï¢«ï¥âáï

¢®á¯à®¨§¢®¤ïé¨¬ ¨ â¥«¥á­ë¬ [2].

�¯à¥¤¥«¥­¨¥. � §®¢¥¬ ­¥¯à¥àë¢­ãî ¢¥ªâ®à­®-¬ âà¨ç­ãî äã­ªæ¨î F (t; q) =
col

s=1;k
(Fs(t;Q1; : : : ; Qk)), q 2 Gk, ª¢ §¨¬®­®â®­­®© ®â­®á¨â¥«ì­® ª®­ãá  Gk

+, ¥á«¨ ¤«ï «î¡ëå

q1; q2 2 Gk â ª¨å, çâ® q2 � q1 2 Gk
+, ¨ ¤«ï ª ¦¤®© ¥¥ s-© ª®¬¯®­¥­âë (s = 1; k) ¢ë¯®«­ïîâ-

áï ãá«®¢¨ï

1) ¤«ï Q0
� = Q00

� (� 6= s, � = 1; k), Q00
s � Q0

s ¨ ­¥ª®â®à®£®  2 G
�
s ¨§ ãá«®¢¨ï  

T (Q00
s �Q

0
s) = 0

á«¥¤ã¥â
 T [Fs(t;Q00

1 ; : : : ; Q
00
s ; : : : ; Q

00
k)� Fs(t;Q0

1; : : : ; Q
0
s; : : : ; Q

0
k)] � 0;

2) ¤«ï Q00
� � Q0

� (� 6= s, � = 1; k), Q0
s = Q00

s ¨¬¥¥â ¬¥áâ®

Fs(t;Q00
1 ; : : : ; Q

00
s ; : : : ; Q

00
k)� Fs(t;Q0

1; : : : ; Q
0
s; : : : ; Q

0
k) � 0
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(­¥à ¢¥­áâ¢® ®â­®á¨â¥«ì­® ª®­ãá  Gs+).

�¡®§­ ç¨¬ ª« áá äã­ªæ¨© F , ª¢ §¨¬®­®â®­­ëå ®â­®á¨â¥«ì­® ª®­ãá  Gk
+, ç¥à¥§W (Gk). �¢¥-

¤¥¬ ¢¥ªâ®à-äã­ªæ¨î V = (v1; : : : ; vk)T , ª®¬¯®­¥­âë vi(x) ª®â®à®© ï¢«ïîâáï (ni�ni)-¬ âà¨ç­ë¥
äã­ªæ¨¨ ¢¥ªâ®à  x ¢¨¤ 

vi(x) =M [x(t)xT (t)�i(l(t)) j x0; l(t0)]; (5)

£¤¥ �i(l(t) = j) = �ij (�ij | á¨¬¢®« �à®­¥ª¥à ). �¡®§­ ç¨¬

Mi(l(t))
def= M [x(t+�t)xT (t+�t)�i(l(t+�t)) j x(t); l(t)]:

� ãç¥â®¬ (1), (3), (4) á â®ç­®áâìî ¤® O(t) ¨¬¥¥¬

Mi(i) = [x(t) +�tf(t; x; i)][x(t) + �tf(t; x; i)]T
�
1��t

kX
j 6=i

�ji

�
=

= x(t)xT (t)
�
1��t

kX
j 6=i

�ji

�
+ (f(t; x; i)xT (t) + x(t)fT (t; x; i))�t;

Mi(j) = 'ij(t; x(t))'
T
ij(t; x(t))�ij�t:

�®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¬®¦­® § ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

Mi(l(t)) = x(t)xT (t)�i(l(t))(1 � �i�t) + (f(t; x; i)xT (t) + x(t)fT (t; x; i))�i(l(t))�t+

+
kX

j 6=i

�ij'ij(t; x(t))'T
ij (t; x(t))�i(l(t))�t:

�à¥¤¯®«®¦¨¬, çâ® ¢ ®¡« áâ¨ 
 = 
1 � � � � � 
k ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

8i 2 J; x 2 
i � Rni (f(t; x; i)xT + xfT (t; x; i)) � Pi(t; xxT );

8i; j 2 J; x 2 
j � Rnj 'ij(t; x)'T
ij(t; x) � Pij(t; xxT );

(6)

£¤¥ Pi : I � Gi ! Gi, Pij : I � Gj ! Gi | ­¥¯à¥àë¢­ë¥, á¨¬¬¥âà¨ç¥áª¨¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨,
Pi(t; 0) = 0, Pij(t; 0) = 0, Pi ª¢ §¨¬®­®â®­­ë¥,   Pij ­¥ã¡ë¢ îé¨¥ ¢ á¬ëá«¥ ã¯®àï¤®ç¥­­®áâ¨,
®¯à¥¤¥«¥­­®© á ¯®¬®éìî ª®­ãá  ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ëå ¬ âà¨æ Ki. � ãç¥â®¬ á®®â­®-
è¥­¨© (6), ¯à¨¬¥­ïï ä®à¬ã«ã ¯®¢â®à­ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨© ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨
�t! 0 ¢ ¢ëà ¦¥­¨¨ ¤«ï [vi(x(t+�t))� vi(x(t))]=�t, ¯®«ãç ¥¬ á¨áâ¥¬ã ­¥«¨­¥©­ëå ¬ âà¨ç­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ­¥à ¢¥­áâ¢ ¤«ï ãª § ­­®© ¢¥ªâ®à-äã­ªæ¨¨

_vi � Pi(t; vi)� �ivi +
kX

j 6=i

�ijPij(t; vj); vi(t0) = x0x
T
0 �ij ; l(t0) = j: (7)

� àï¤ã á ­¥à ¢¥­áâ¢ ¬¨ (7) à áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî ¨¬ á¨áâ¥¬ã ¬ âà¨ç­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©

_Qi = Pi(t;Qi)� �iQi +
kX

j 6=i

�ijPij(t;Qj): (8)

�¥¬¬  1. �¥ªâ®à­®-¬ âà¨ç­ ï äã­ªæ¨ï F (t; q) ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë ¬ âà¨ç­ëå ¤¨ä-
ä¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8) ª¢ §¨¬®­®â®­­  ¯® ª®­ãáã Gk

+ ¢ Gk.

�®ª § â¥«ìáâ¢®. �á«®¢¨¥ 1) ®¯à¥¤¥«¥­¨ï ª¢ §¨¬®­®â®­­®áâ¨ äã­ªæ¨¨ F (t; q) ¢ë¯®«­¥­®
¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï ® ª¢ §¨¬®­®â®­­®áâ¨ äã­ªæ¨¨ Pi. �«ï ¤®ª § â¥«ìáâ¢  á¯à ¢¥¤«¨¢®áâ¨
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ãá«®¢¨ï 2) ¢®§ì¬¥¬ «î¡ë¥ q0; q00 2 Gk â ª¨¥, çâ® ¤«ï ­¥ª®â®à®£® s 2 f1; : : : ; kg Q0
s = Q00

s ,  
Q0

� � Q00
� , � 6= s, � = 1; k. �®£¤ 

Fs(t; q00)� Fs(t; q0) = fPs(t;Q00
s )� �sQ

00
s � Ps(t;Q0

s) + �sQ
0
sg+

kX
j 6=s

�sjfPsj(t;Q00
j )� Psj(t;Q0

j)g:

� ª ª ª ¯® ãá«®¢¨î Q0
s = Q00

s , Q
0
� � Q00

� ,   äã­ªæ¨¨ Psj ­¥ã¡ë¢ îé¨¥, â® Psj(t;Q00
j )�Psj(t;Q0

j) � 0
¨, á«¥¤®¢ â¥«ì­®,

Fs(t; q
00)� Fs(t; q

0) =
kX

j 6=s

�sjfPsj(t;Q
00
j )� Psj(t;Q

0
j)g � 0;

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�§¢¥áâ­® ([13], á. 29; [14]), çâ® ¤«ï ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ª¢ §¨¬®­®â®­­®áâ¨ á¨áâ¥¬ ¢ ª®-
­¥ç­®¬¥à­®¬ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ á¯à ¢¥¤«¨¢  â¥®à¥¬  ® ¤¨ää¥à¥­æ¨ «ì­ëå ­¥à ¢¥­áâ¢ å
â¨¯  � ¯«ë£¨­ . �®çâ¨ ¤®á«®¢­® ¯®¢â®àïï ¥¥ ¤®ª § â¥«ìáâ¢®, ¯®«ãç¨¬ â¥®à¥¬ã ® ¤¨ää¥à¥­-
æ¨ «ì­ëå ­¥à ¢¥­áâ¢ å ¤«ï á¨áâ¥¬ë (8) ¢ ¯à®áâà ­áâ¢¥ Gk.

�¥®à¥¬  1. �ãáâì _q = F (t; q), F 2 W (Gk). �®£¤  ç¥à¥§ ª ¦¤ãî â®çªã (t0; q0) ¯à®å®¤¨â
¢¥àå­¥¥ à¥è¥­¨¥ q(t; t0; q0), ®¯à¥¤¥«¥­­®¥ ­  ¯à®¬¥¦ãâª¥ [t0; �). �á«¨ â ª¦¥ ¤ ­  äã­ªæ¨ï u(t)-
­¥¯à¥àë¢­®-¤¨ää¥à¥­æ¨àã¥¬ ï ¢ ¯à®¬¥¦ãâª¥ [t0; �), � � 1, â ª ï, çâ® u(t0) � q(t0) ¨ ¢ë¯®«-

­ï¥âáï ¤¨ää¥à¥­æ¨ «ì­®¥ ­¥à ¢¥­áâ¢® du=dt � F (t; u(t)) ¯à¨ t 2 [t0; �), â® u(t) � q(t; t0; q0) ¯à¨
t 2 [t0; �).

� ª á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 1 ® ¤¨ää¥à¥­æ¨ «ì­ëå ­¥à ¢¥­áâ¢ å,   â ª¦¥ ¬®­®â®­­®áâ¨ ®¯¥-
à â®à  ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (8) ¢ëâ¥ª ¥â (¢ á«ãç ¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© á¨áâ¥¬ë
(8))

�¥¬¬  2. �¥è¥­¨ï á¨áâ¥¬ë ¬ âà¨ç­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8) á ¯à ¢ë¬¨ ç -
áâï¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î ª¢ §¨¬®­®â®­­®áâ¨ ¯® ª®­ãáã Gk

+ ¢ Gk, ¡ã¤ãâ ¬®­®â®­-

­ë¬¨ ¯® ª®­ãáã Gk
+ ¢ Gk, â. ¥. ¯à¨ q00; q

00
0 2 Gk â ª¨å, çâ® q00 � q000 , ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

q(t; t0; q00) � q(t; t0; q000 ) ¤«ï ¢á¥å t > t0, £¤¥ q(t; t0; q00), q(t; t0; q
00
0 ) | ç áâ­ë¥ à¥è¥­¨ï á¨áâ¥¬ë (8)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ q00, q
00
0 á®®â¢¥âáâ¢¥­­®.

�à¨¬¥­ïï â¥®à¥¬ã ® ¤¨ää¥à¥­æ¨ «ì­ëå ­¥à ¢¥­áâ¢ å ¨ ãç¨âë¢ ï ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ ®æ¥­-
ª¨ (7) ¤«ï ¯à®¨§¢®¤­®© ¢¥ªâ®à-äã­ªæ¨¨ (5), ¯®«ãç ¥¬ â¥®à¥¬ã ®¡ ®æ¥­ª¥ á¢¥àåã ¯®¢¥¤¥­¨ï ¥¥
­  à¥è¥­¨ïå á¨áâ¥¬ë (1).

�¥®à¥¬  2. �á«¨ x(t) 2 Rnl(t) | à¥è¥­¨¥ á¨áâ¥¬ë (1) á ¬ àª®¢áª¨¬¨ áâàãªâãà­ë¬¨ ¨§¬¥-
­¥­¨ï¬¨ l(t) (3) ¨ á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ x(t0) = x0, l(t0) = j 2 L, â® ¤«ï ¢¥ªâ®à-äã­ªæ¨¨ á

ª®¬¯®­¥­â ¬¨ vi(x(t)) ¢¨¤  (5), ®¯à¥¤¥«¥­­ë¬¨ ­  íâ®¬ à¥è¥­¨¨, ¡ã¤¥â ¢ë¯®«­ïâìáï ¯à¨ ¢á¥å

t > t0 vi(x(t)) � Qi(t), £¤¥ Qi(t) | à¥è¥­¨¥ á¨áâ¥¬ë ¬ âà¨ç­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
(8) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ Qi(t0) = vi(x0) = x0x

T
0 �ij , i = 1; k.

� à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© â¥®à¥¬¥ áà ¢­¥­¨ï á¢®©áâ¢ â¨¯  ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë
(1) á® á«ãç ©­ë¬¨ áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨ ¨ á¢®©áâ¢ ¤¥â¥à¬¨­¨à®¢ ­­®© á¨áâ¥¬ë (8).

�¥®à¥¬  3. �ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) á ¬ àª®¢áª¨¬¨ áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨ (3)
ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ ( á¨¬¯â®â¨ç¥áª¨, íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ë¬) ¢ áà¥¤­¥ª¢ ¤à â¨ç-
­®¬, ¥á«¨ à¥è¥­¨¥ q = 0 ¤¥â¥à¬¨­¨à®¢ ­­®© ¬ âà¨ç­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-

­¨© (8) ï¢«ï¥âáï á®®â¢¥âáâ¢¥­­® ãáâ®©ç¨¢ë¬ ( á¨¬¯â®â¨ç¥áª¨, íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ë¬).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ¯à¨¬¥­¥­¨¥¬ «¥¬¬ 1, 2 ¨ â¥®à¥¬ë 2. �à¨
íâ®¬ ¤«ï à¥è¥­¨© á¨áâ¥¬ë (1) á® á«ãç ©­ë¬¨ áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨ ¨¬¥¥â ¬¥áâ® ®æ¥­ª ,
¢ëâ¥ª îé ï ¨§ ®æ¥­ª¨ ­  ¢¥ªâ®à-äã­ªæ¨î (5)

M [kx(t)k2l(t) j x0; l(t0)] �
kX

j=1

trQi(t);
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£¤¥ trQ | á«¥¤ ¬ âà¨æë Q.
�«ï â®£® çâ®¡ë ¯®«ãç¨âì â¥®à¥¬ã ® ¤¨­ ¬¨ç¥áª®¬ á¢®©áâ¢¥ â¨¯  ãáâ®©ç¨¢®áâ¨ ¢ áà¥¤­¥-

ª¢ ¤à â¨ç­®¬ á®£« á­® â¥å­®«®£¨¨ ¬¥â®¤  ��� [13], ­¥®¡å®¤¨¬® ¨¬¥âì ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨
¤¥â¥à¬¨­¨à®¢ ­­®© á¨áâ¥¬ë áà ¢­¥­¨ï (8) ¢ â¥à¬¨­ å ¥¥ ¯à ¢ëå ç áâ¥©. �â¬¥â¨¬, çâ® á¨áâ¥¬ë
áà ¢­¥­¨ï á ãá«®¢¨¥¬ ª¢ §¨¬®­®â®­­®áâ¨ ¯® ¯à®¨§¢®«ì­®¬ã ª®­ãáã ¨§ãç «¨áì ¢ [15], £¤¥ ¯®«ãç¥-
­ë ªà¨â¥à¨¨  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¨ ®æ¥­ª¨ à¥è¥­¨© á¨áâ¥¬ë áà ¢­¥­¨ï. �á­®¢ë¢ ïáì
­  à¥§ã«ìâ â å ¨§ [15], ¯®«ãç ¥¬ á«¥¤ãîéãî â¥®à¥¬ã ® á¢®©áâ¢¥ ãáâ®©ç¨¢®áâ¨ ¢ áà¥¤­¥ª¢ ¤à -
â¨ç­®¬ á¨áâ¥¬ë á® á«ãç ©­ë¬¨ áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨.

�¥®à¥¬  4. �«ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¢ áà¥¤­¥ª¢ ¤à â¨ç­®¬ á¨áâ¥¬ë (1) ¤®-
áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «  ¢¥ªâ®à-äã­ªæ¨ï á ª®¬¯®­¥­â ¬¨ (5), á¨áâ¥¬  áà ¢­¥­¨ï (8)
¨ ¢¥ªâ®à q = (Q1; : : : ; Qk) á ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨ ª®¬¯®­¥­â ¬¨, ã¤®¢«¥â¢®àïîé¨©

¢§ ¨¬®á¢ï§ ­­®© á¨áâ¥¬¥ ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ¬ âà¨ç­ëå ­¥à ¢¥­áâ¢

Pi(t;Qi)� �iQi +
kX

j 6=i

�ijPij(t;Qj) < 0;

ª®â®àë¥ ¯®­¨¬ îâáï ¢ á¬ëá«¥ ã¯®àï¤®ç¥­­®áâ¨ ¯® ª®­ãáã Gi+.

� áá¬®âà¨¬ â¥¯¥àì, ¯à¨ ª ª¨å ãá«®¢¨ïå «¨­¥©­ ï á¨áâ¥¬  á ¬ àª®¢áª¨¬¨ áâàãªâãà­ë¬¨
¨§¬¥­¥­¨ï¬¨

_x = A(l(t))x; x 2 Rnl(t) ; x(� + 0) = Aijx(� � 0); (9)

£¤¥ A(l(t)) | (nl(t) � nl(t))-¯®áâ®ï­­ ï ¬ âà¨æ  ¯à¨ ª ¦¤®¬ l(t), l(t) 2 J , Aij | (ni � nj)-
¯®áâ®ï­­ ï ¬ âà¨æ , ãáâ ­ ¢«¨¢ îé ï á¢ï§ì ª®®à¤¨­ â á¨áâ¥¬ë ¯à¨ ¯¥à¥å®¤¥ ¥¥ ¨§ á®áâ®ï­¨ï
l(t�0) = j ¢ á®áâ®ï­¨¥ l(t+0) = i, ¯à¨ç¥¬ Aii | (ni�ni)-¥¤¨­¨ç­ ï ¬ âà¨æ , ®¡« ¤ ¥â íªá¯®­¥­-
æ¨ «ì­®© ãáâ®©ç¨¢®áâìî ¢ áà¥¤­¥ª¢ ¤à â¨ç­®¬. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® l(t) ®¯¨áë¢ ¥â
®¤­®à®¤­ãî ¬ àª®¢áªãî æ¥¯ì á ª®­¥ç­ë¬ ç¨á«®¬ á®áâ®ï­¨©, ¤«ï ª®â®à®© § ¤ ­ë à §«®¦¥­¨ï
¯¥à¥å®¤­ëå ¢¥à®ïâ­®áâ¥© (3).

�â¬¥â¨¬, çâ® ¤«ï á¨áâ¥¬ë ¢¨¤  (9), ­® ¯à¨ ­¥¨§¬¥­­®© à §¬¥à­®áâ¨ n ¢¥ªâ®à  á®áâ®ï­¨ï ¢ [6]
¯®«ãç¥­ë ¤¥â¥à¬¨­¨à®¢ ­­ë¥ ãà ¢­¥­¨ï ¤«ï ¯¥à¢ëå ¨ ¢â®àëå ¬®¬¥­â®¢ ¥¥ à¥è¥­¨©. �­ «®£¨ç-
­ë¥ ãà ¢­¥­¨ï ¬®¦­® ¯®«ãç¨âì ¨ ¤«ï á«ãç ï, ª®£¤  à §¬¥à­®áâì ¢¥ªâ®à  á®áâ®ï­¨ï ¨§¬¥­ï¥âáï
á ni ­  nj ¯à¨ ¯¥à¥å®¤¥ ¬ àª®¢áª®© æ¥¯¨ ¨§ á®áâ®ï­¨ï l(t� 0) = j ¢ á®áâ®ï­¨¥ l(t+ 0) = i.

�à¨¬¥­ïï, ª ª ¨ ¢ [2], [6], ä®à¬ã«ã ¯®¢â®à­ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨© ¨ ¯¥à¥å®¤ï ª ¯à¥-
¤¥«ã ¯à¨ �t ! 0 ¢ ¢ëà ¦¥­¨¨ ¤«ï [vi(x(t + �t)) � vi(x(t))]=�t, ¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå
¬ âà¨ç­ëå ãà ¢­¥­¨© áà ¢­¥­¨ï ¤«ï ãª § ­­®© ¢¥ªâ®à-äã­ªæ¨¨

_Qi = AiQi +QiA
T
i � �iQi +

kX
j 6=i

�ijAijQjA
T
ij ; Qi(t0) = x0x

T
0 �ij : (10)

�¥£ª® ¯®ª § âì, çâ® ¤«ï «¨­¥©­®© ¬ âà¨ç­®© äã­ªæ¨¨ Pi(Qi) � �iQi = AiQi + QiA
T
i � �iQi

¢ë¯®«­ïîâáï ãá«®¢¨ï ª¢ §¨¬®­®â®­­®áâ¨ ®â­®á¨â¥«ì­® ª®­ãá  ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ëå
¬ âà¨æ. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¤«ï Q0

i; Q
00
i : Q

0
i � Q00

i ¨ ­¥ª®â®à®£®  2 G�
i ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

 T (Q00
i �Q

0
i) = 0. �®£¤   T (Pi(Q00

i )��iQ
00
i �Pi(Q0

i)+�iQ
0
i) =  TAi(Q00

i �Q
0
i) + 

T (Q00
i �Q

0
i)A

T
i  �

�i 
T (Q00

i � Q0
i) =  TAi(Q00

i � Q0
i) +  T (Q00

i � Q0
i)A

T
i  . � ª ¨§¢¥áâ­®, «î¡ãî ­¥®âà¨æ â¥«ì­®

®¯à¥¤¥«¥­­ãî á¨¬¬¥âà¨ç¥áªãî ¬ âà¨æã Ki = Q00
i �Q

0
i ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ Ki = ST

i Si, £¤¥
Si | ­¥ª®â®à ï ¬ âà¨æ . � ãç¥â®¬ ¤ ­­®£® ¯à¥¤áâ ¢«¥­¨ï ¯®«ãç ¥¬  T (Q00

i �Q
0
i) =  TST

i Si =
kSi k

2 = 0. �âªã¤  ( TST
i )

T = Si = 0 ¨, á«¥¤®¢ â¥«ì­®,  TAi(Q00
i �Q0

i) +  T (Q00
i �Q0

i)A
T
i  =

 TAiS
T
i Si +  TST

i SiA
T
i  = 0.

� ª¨¬ ®¡à §®¬, ¢ á¨«ã ª¢ §¨¬®­®â®­­®áâ¨ ¢¥ªâ®à­®-¬ âà¨ç­®© äã­ªæ¨¨ ¯à ¢®© ç áâ¨ á¨-
áâ¥¬ë áà ¢­¥­¨ï (10) ¨§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â ( ­ «®£¨ç­®¥ [6])

�«¥¤áâ¢¨¥. �á«¨ x(t) 2 Rnl(t) | à¥è¥­¨¥ «¨­¥©­®© á¨áâ¥¬ë (9) á ¬ àª®¢áª¨¬¨ áâàãª-
âãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨ l(t) (3) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ x(t0) = x0, l(t0) = j 2 J , â® ¤«ï
¢¥ªâ®à-äã­ªæ¨¨ (5), ®¯à¥¤¥«¥­­®© ­  íâ®¬ à¥è¥­¨¨ vi(x(t)) ¡ã¤¥â ¢ë¯®«­ïâìáï ¯à¨ ¢á¥å t > t0
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vi(x(t)) = Qi(t), £¤¥ Qi(t) | à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ¬ âà¨ç­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© (10) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ Qi(t0) = vi(x0) = x0x

T
0 �ij , i = 1; k. �à¨ íâ®¬ á¯à ¢¥¤«¨¢®

à ¢¥­áâ¢® M [kx(t)k2l(t) j x0; l(t0)] =
kP

i=1
trQi(t), £¤¥ trQ | á«¥¤ ¬ âà¨æë Q.

�­ «®£®¬ á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë ®¡ íª¢¨¢ «¥­â­®áâ¨ áà¥¤­¥ª¢ ¤à â¨ç¥áª®© ãáâ®©ç¨¢®-
áâ¨ «¨­¥©­®© áâ®å áâ¨ç¥áª®© á¨áâ¥¬ë ¨ ¤¥â¥à¬¨­¨à®¢ ­­®© ¬ âà¨ç­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© [2], [6] ï¢«ï¥âáï

�¥®à¥¬  5. �ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (10) á ¬ àª®¢áª¨¬¨ áâàãªâãà­ë¬¨ ¨§¬¥­¥­¨ï¬¨

ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ (íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ë¬, ­¥ãáâ®©ç¨¢ë¬) ¢ áà¥¤­¥ª¢ ¤à â¨ç­®¬

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à¥è¥­¨¥ q = 0 ¤¥â¥à¬¨­¨à®¢ ­­®© ¬ âà¨ç­®© á¨áâ¥¬ë ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (11) ï¢«ï¥âáï á®®â¢¥âáâ¢¥­­® ãáâ®©ç¨¢ë¬ (íªá¯®­¥­æ¨ «ì­® ãáâ®©-
ç¨¢ë¬, ­¥ãáâ®©ç¨¢ë¬).

�ç¥¢¨¤­®, ¤«ï «¨­¥©­®© ¬ âà¨ç­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (11) á ¯à ¢®© ç -
áâìî, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î ª¢ §¨¬®­®â®­­®áâ¨ ¯® ª®­ãáã Gk

+, ¨¬¥îâ ¬¥áâ®  ­ «®£¨ç­ë¥,
ª ª ¨ ¤«ï «¨­¥©­ëå á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®áâ®ï­­®© ¯®§¨â¨¢­®© ¬ âà¨æ¥©,
ãâ¢¥à¦¤¥­¨ï ®¡ ãáâ®©ç¨¢®áâ¨ [13], [15]. � ç áâ­®áâ¨, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. �¨áâ¥¬  (11)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­ ©-

¤¥âáï â ª®© ¯®«®¦¨â¥«ì­ë© ¢¥ªâ®à q 2 Gk+, çâ® G(q) < 0 (­¥à ¢¥­áâ¢® ¯® ª®­ãáã Gk
+).

�­ ç¨â, ¤«ï áà¥¤­¥ª¢ ¤à â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë (9) ­¥®¡å®¤¨¬®, çâ®¡ë ¤«ï «î¡®£®
­ ¡®à  (ni � ni)-¬ âà¨æ Ci > 0 (i = 1; k),   ¤®áâ â®ç­®, çâ®¡ë ¤«ï ­¥ª®â®à®£® ­ ¡®à  â ª¨å
¬ âà¨æ ¢§ ¨¬®á¢ï§ ­­ ï á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ¬ âà¨ç­ëå ãà ¢­¥­¨© �ï¯ã­®¢ 

AiQi +QiA
T
i � �iQi +

kX
j 6=i

�ijAijQjA
T
ij = �Ci (i = 1; k) (11)

¨¬¥«  ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ (Qi > 0, i = 1; k).

4. �à¨¬¥à

� áá¬ âà¨¢ ¥âáï «¨­¥©­ ï á¨áâ¥¬  ¢¨¤  (9) á ¤¢ã¬ï áâàãªâãà­ë¬¨ á®áâ®ï­¨ï¬¨ (k = 2). �
áâàãªâãà­®¬ á®áâ®ï­¨¨ (l(t) = 1), á®®â¢¥âáâ¢ãîé¥¬ ­®à¬ «ì­®¬ã à¥¦¨¬ã äã­ªæ¨®­¨à®¢ ­¨ï,
á¨áâ¥¬  å à ªâ¥à¨§ã¥âáï ¢¥ªâ®à®¬ x 2 R2 à §¬¥à­®áâ¨ 2 A(l(t) = 1) = ( 0 1

�1 �2 ). �à¨ l(t) = 2 ¢
á®®â¢¥âáâ¢ãîé¥¬  ¢ à¨©­®¬ã à¥¦¨¬ã áâàãªâãà­®¬ á®áâ®ï­¨¨ x 2 R1 A(l(t) = 2) = 0:15. �ãáâì
¨§¢¥áâ­ë á®®â­®è¥­¨ï, á¢ï§ë¢ îé¨¥ ä §®¢ë¥ ª®®à¤¨­ âë ¯à¨ ¯¥à¥å®¤ å ¨§ ®¤­®£® áâàãªâãà-
­®£® á®áâ®ï­¨ï ¢ ¤àã£®¥: x(t + 0) =

� 1
�1

�
x(t � 0) ¯à¨ ¯¥à¥å®¤¥ ¨§ á®áâ®ï­¨ï 1 ¢ á®áâ®ï­¨¥ 2

(¯à¨ ¢®§­¨ª­®¢¥­¨¨ ­ àãè¥­¨© ¢ á¨áâ¥¬¥); x(t + 0) = (2;�1)x(t � 0) ¯à¨ ®¡à â­®¬ ¯¥à¥å®¤¥ ¨
¢®ááâ ­®¢«¥­¨¨ ­®à¬ «ì­®£® à¥¦¨¬ .

�à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¯¥à¥å®¤ë ®¯¨áë¢ îâáï ®¤­®à®¤­ë¬ ¯à®æ¥áá®¬ � àª®¢  á ¤¢ã¬ï
á®áâ®ï­¨ï¬¨, á®®â¢¥âáâ¢ãîé¨¬¨ áâàãªâãà­ë¬ á®áâ®ï­¨ï¬ 1 ¨ 2. �ãáâì â ª¦¥ § ¤ ­ë ¢¥à®ïâ-
­®áâ¨ ¯¥à¥å®¤®¢ ¢ ¢¨¤¥ (3) á ¨­â¥­á¨¢­®áâìî ¢®§­¨ª­®¢¥­¨ï ­ àãè¥­¨© ¢ á¨áâ¥¬¥ �21 = 0:2, ¨
¨­â¥­á¨¢­®áâìî ¢®ááâ ­®¢«¥­¨ï ­®à¬ «ì­®£® à¥¦¨¬  �12 = 0:6.

�áâ®©ç¨¢®áâì ¢ áà¥¤­¥ª¢ ¤à â¨ç­®¬ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ãáâ ­ ¢«¨¢ ¥âáï ­  ®á­®¢¥
â¥®à¥¬ë 6. �«ï íâ®£® ¡ã¤¥¬ à¥è âì  «£¥¡à ¨ç¥áª¨¥ ¬ âà¨ç­ë¥ ãà ¢­¥­¨ï �ï¯ã­®¢  (11), ª®â®-
àë¥ ¢ ¤ ­­®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤�
0 1
�1 �2

��
q11 q12
q12 q22

�
+
�
q11 q12
q12 q22

��
0 �1
1 �2

�
� �21

�
q11 q12
q12 q22

�
+ �12

�
1
�1

�
q(1 � 1) = �

�
c11 c12
c12 c22

�
;

0:15q + 0:15q � �12q + �21(1 1)
�
q11 q12
q12 q22

��
1
1

�
= �c:

�®« £ ï C1 =
�

1:8 �0:6
�0:6 1:6

�
, C2 = c = 0:1, ­ å®¤¨¬ Q1 =

�
2 �1
�1 1

�
, Q2 = q = 1. � ª¨¬ ®¡à §®¬, ­ ©¤¥­

¢¥ªâ®à q = (Q1; Q2) á ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨ ª®¬¯®­¥­â ¬¨, ª®â®àë© ï¢«ï¥âáï à¥è¥­¨¥¬
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