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1. �¢¥¤¥¨¥

�  ï à ¡®â  ¯®á¢ïé¥  ª¢ ¤à âãàë¬ ¬¥â®¤ ¬ à¥è¥¨ï ¥«¨¥©ëå á¨£ã«ïàëå ¨â¥-
£à «ìëå ãà ¢¥¨© (����) ¢¨¤ 

Kx � 1
�

Z 1

�1

x (�)

(� � t)
p
1� � 2

d� +
�

�

Z 1

�1

h (t; �; x (�))p
1� � 2

d� = y (t) ; �1 < t < 1; (1)

¯à¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨ Z 1

�1

x (t)p
1� t2

dt = 0; (2)

§¤¥áì y(t) ¨ h(t; �; u) | ¨§¢¥áâë¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥ ¯à¨ �1 � t; � � 1, �1 < u <1, � |
ç¨á«®¢®© ¯ à ¬¥âà, x(t) | ¨áª®¬ ï äãªæ¨ï,   á¨£ã«ïàë© ¨â¥£à « ¯®¨¬ ¥âáï ¢ á¬ëá«¥
£« ¢®£® § ç¥¨ï ¯® �®è¨ ([1], £«. 2, x 1). � â ª¨¬ ����   à §®¬ªãâ®¬ ª®âãà¥ á¢®¤ïâáï
¬®£¨¥ ¢ ¦ë¥ ¢ ¯à¨ª« ¤®¬ ®â®è¥¨¨ § ¤ ç¨ (á¬.,  ¯à., [1]{[3] ¨ ¡¨¡«¨®£à ä¨î ¢ ¨å). �¨¦¥
à áá¬ âà¨¢ îâáï ¥ª®â®àë¥ ¢ëç¨á«¨â¥«ìë¥ áå¥¬ë ¬¥â®¤  ¬¥å ¨ç¥áª¨å ª¢ ¤à âãà, ®á®¢ -
ë¥    ¯¯à®ªá¨¬ æ¨¨ á¨£ã«ïàëå ®¯¥à â®à®¢ ª®¥ç®¬¥àë¬¨ ®¯¥à â®à ¬¨, ¯®à®¦¤ ¥¬ë¬¨
ª¢ ¤à âãàë¬¨ ä®à¬ã« ¬¨. �¢ ¤à âãàë¥ ¬¥â®¤ë ï¢«ïîâáï  ¨¡®«¥¥ ¯à®áâë¬¨ ¯à¨ ç¨á«¥-
®© à¥ «¨§ æ¨¨, ® ¯à¥¤áâ ¢«ïîâ § ç¨â¥«ìë¥ âàã¤®áâ¨ ¯à¨ â¥®à¥â¨ç¥áª®¬ ®¡®á®¢ ¨¨, ª®-
â®à®¥ ¢¥¤¥âáï   ®á®¢¥ à¥§ã«ìâ â®¢ ¨§ ¥«¨¥©®£® äãªæ¨® «ì®£®   «¨§  ( ¯à., [4]) ¨
â¥®à¨¨ á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨© [5], [6], [2].

2. �ëç¨á«¨â¥«ìë¥ áå¥¬ë ¬¥â®¤  ¬¥å ¨ç¥áª¨å ª¢ ¤à âãà (¬.¬. ª.)

�ãáâì y(t) ¨ h(t; �; u) | ¥¯à¥àë¢ë¥ äãªæ¨¨ ¢ á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥¨ï. �á¯®«ì§ãï
à¥§ã«ìâ âë ([2], á. 113), á ç «  ¯à¨¢¥¤¥¬ ¢ëç¨á«¨â¥«ìë¥ áå¥¬ë ¬.¬. ª.

�å¥¬  A. �à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (1){(2) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

xn (t) =
nX
k=1

�kTk (t); �1 < t < 1; n 2 N;

£¤¥ Tk (t) = cos k arccos t | ¯®«¨®¬ �¥¡ëè¥¢  ¯¥à¢®£® à®¤ , â ª çâ® ãá«®¢¨¥ (2) ¤«ï xn (t)
¢ë¯®«¥®. �¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �k, k = 1; n, ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ á¨áâ¥¬ë ¥«¨¥©ëå
 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

nX
k=1

�kUk�1(tj) +
�

n+ 1

nX
r=0

h

�
tj ; �r;

nX
k=1

�kTk (�r)
�
= y(tj); j = 1; n;
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£¤¥ Un (t) =
sin(n+1) arccos tp

1�t2 | ¯®«¨®¬ �¥¡ëè¥¢  ¢â®à®£® à®¤ , ã§«ë § ¤ ë ¢ ¢¨¤¥

�r = cos
2r + 1
2n+ 2

�; r = 0; n; tj = cos
j�

n+ 1
; j = 1; n; n 2 N: (3)

�å¥¬  �. �à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (1){(2) ¨é¥âáï ¢ ¢¨¤¥

xn (t) =
nX

k=0

�klk (t); lk (t) =
Tn+1 (t)

(t� �k) T 0n+1 (�k)
;

£¤¥ lk (t) | äã¤ ¬¥â «ìë¥ ¬®£®ç«¥ë � £à ¦  ¯® á¨áâ¥¬¥ ã§«®¢ �0; �1; : : : ; �n ¨§ (3). �á-
¯®«ì§ãï ä®à¬ã«ã � ãáá {�¥¡ëè¥¢  ( ¯à., [7], ç áâì III, £«. V, x 4)Z 1

�1

f (t)p
1� t2

dt � �

n+ 1

nX
k=0

f

�
cos

2k + 1
2n+ 2

�

�
; n 2 N; f 2 C [�1; 1] ;

¯®«ãç¨¬ ���� ¤«ï ®¯à¥¤¥«¥¨ï ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ �0; �1; : : : ; �n

1
n+ 1

nX
k=0

�k

�k � tj
+

�

n+ 1

nX
k=0

h (tj ; �k; �k) = y (tj) ; j = 1; n;

nX
k=0

�k = 0; n 2 N;

(4)

£¤¥ ã§«ë tj ¨ �k ®¯à¥¤¥«¥ë ¢ (3).
�ëç¨á«¨â¥«ìë¥ áå¥¬ë � ¨ � íª¢¨¢ «¥âë. �®íâ®¬ã ¤®áâ â®ç® ®¡®á®¢ âì ®¤ã ¨§ áå¥¬,

 ¯à¨¬¥à, áå¥¬ã �.

3. �á®¢ë¥ à¥§ã«ìâ âë

�¢¥¤¥¬ ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¥ ¯® �¥¡¥£ã ¢¥á®¢ë¥ ¯à®áâà áâ¢  á á®®â¢¥âáâ¢ãîé¨¬¨ ®à-
¬ ¬¨

X =
0

L2 (p) =
�
x 2 L2 :

Z 1

�1
p (t)x (t) dt = 0

�
; kxkX =

�Z 1

�1
p (t) jx (t)j2 dt

� 1

2

; p (t) =
1p
1� t2

;

Y = L2 (q) ; kyk
Y
=
�Z 1

�1
q (t) jy (t)j2 dt

� 1

2

; q (t) =
p
1� t2:

� ª®© ¢ë¡®à ®á®¢ëå ¯à®áâà áâ¢ ¯®§¢®«ï¥â à¥è¥¨¥ ¥ª®àà¥ªâ®© § ¤ ç¨ (1){(2) áç¨â âì
ª®àà¥ªâ® ¯®áâ ¢«¥®©. �®£¤  § ¤ çã (1){(2) ¬®¦® ¯à¥¤áâ ¢¨âì ª ª ®¯¥à â®à®¥ ãà ¢¥¨¥
¢¨¤ 

K (x) � Sx+ �Th (x) = y (x 2 X; y 2 Y ) ; (5)

£¤¥ «¨¥©ë© ®¯¥à â®à S : �! Y ¨ ¥«¨¥©ë© ®¯¥à â®à T : X ! Y § ¤ îâáï á®®â®è¥¨ï¬¨

Sx =
1
�

Z 1

�1

x (�)

(� � t)
p
1� � 2

d�; Th (x) =
1
�

Z 1

�1

h (t; �; x (�))p
1� � 2

d� :

�¡®á®¢ ¨¥ ª®àà¥ªâ®áâ¨ à¥è¥¨ï ¯®áâ ¢«¥®© § ¤ ç¨ ¢ ®¯à¥¤¥«¥ëå â ª¨¬ ®¡à §®¬
¯à®áâà áâ¢ å ®¯¨à ¥âáï  

�â¢¥à¦¤¥¨¥ ([2], á. 97). �¯¥à â®à S : X ! Y ¥¯à¥àë¢® ®¡à â¨¬ ¨ ¯à¨ íâ®¬

kSk
X!Y

=
S�1

Y!X
= 1:

�âáî¤  ¢ á¨«ã ¨§¢¥áâëå à¥§ã«ìâ â®¢ ( ¯à., [4], [6], [8]) ¤«ï ®¯¥à â®àëå ãà ¢¥¨©, ¯à¨-
¢®¤ïé¨åáï ª ãà ¢¥¨ï¬ ¢â®à®£® à®¤  ¢ ¡  å®¢ëå ¯à®áâà áâ¢ å, ¨ ¯à¨æ¨¯  á¦¨¬ îé¨å
®â®¡à ¦¥¨© ¤®ª §ë¢ ¥âáï
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�¥®à¥¬  1. �ãáâì äãªæ¨ï h (t; �; u) ¯à¨ «î¡ëå (t; �) 2 [�1; 1]2 ¨ u1; u2 2 R ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬

jh (t; �; u1)� h (t; �; u2)j �M ju1 � u2j ; M = const > 0; h (t; �; 0) = 0:

�®£¤  ¯à¨ � â ª¨å, çâ® j�j <
p
2

M
, ãà ¢¥¨¥ (5) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 X ¯à¨ «î¡®©

¯à ¢®© ç áâ¨ y 2 Y ¨

kx�k
X
� (1� q)�1 kyk

Y
; q = j�j Mp

2
:

� ¯¨è¥¬ â¥¯¥àì á¨áâ¥¬ã (4) ¢ ®¯¥à â®à®© ä®à¬¥. �«ï íâ®£® ¢ ¯à®áâà áâ¢ å X ¨ Y ¢¢¥¤¥¬
ª®¥ç®¬¥àë¥ ¯®¤¯à®áâà áâ¢ Xn = Hn\X, Yn = Hn�1\Y , £¤¥ ç¥à¥§Hn ®¡®§ ç¥® ¬®¦¥áâ¢®
¢á¥å  «£¥¡à ¨ç¥áª¨å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n 2 N . �¢¥¤¥¬ ®¯¥à â®àë ¯à®¥ªâ¨à®¢ ¨ï
¯à®áâà áâ¢  ¢á¥å ¥¯à¥àë¢ëå   [�1; 1] äãªæ¨© C � C [�1; 1]   ¯®¤¯à®áâà áâ¢  Xn, Yn,
â. ¥. P �

n+1 : C ! X ¨ Qt
n : C ! Y , ®¯à¥¤¥«ï¥¬ë¥ ¯® ä®à¬ã« ¬ á®®â¢¥âáâ¢¥®

P �
n+1 ('; � ) =

nX
k=0

' (�k)
Tn+1 (�)

(� � �k) T 0n+1 (�k)
; ' 2 C [�1; 1] ;

Qt
n (f ; t) =

nX
j=1

f (tj)
Un (t)

(t� tj)U 0
n (tj)

; f 2 C [�1; 1] ;

£¤¥ ã§«ë �k ¨ tj ¤ ë ¢ (3).
�®£¤  ¢ á¨«ã à¥§ã«ìâ â®¢ ([2], á. 117) ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (1){(2) ®¯à¥¤¥«¨¬ ª ª

â®ç®¥ à¥è¥¨¥ ®¯¥à â®à®£® ãà ¢¥¨ï

Kn (xn) � Sxn +Qt
nTP

�
n+1h (xn) = Qt

ny
�
xn 2 Xn; Qt

ny 2 Yn
�
:

�à¨¢¥¤¥¬ ¨§¢¥áâë¥ áâàãªâãàë¥ ¨  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  ¢¢¥¤¥ëå ¢ëè¥ ®¯¥à â®à®¢
� £à ¦  ( ¯à., [7], [9])

P �
n+1 =

�
P �
n+1

�2
;
P �

n+1


C!X

�
sZ 1

�1
p (t) dt =

p
� ; Qt

n =
�
Qt
n

�2
;
Qt

n


C!Y

�
sZ 1

�1
q (t) dt =

r
�

2
;

y (t)�Qt
n (y; t)


Y
� 2

�Z 1

�1

p
1� t2dt

� 1

2

En�1 (y)C =
p
2� En�1 (y)C ; y 2 C [�1; 1] ; n 2 N ;

f (t)� P �
n+1 (f ; t)


X
� 2

�Z 1

�1

dtp
1� t2

� 1

2

En (f)C = 2
p
� En (f)C ; f 2 C [�1; 1] ; n 2 N;

£¤¥ En (�)C |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ � 2 C [�1; 1]  «£¥¡à ¨ç¥áª¨¬¨
¬®£®ç«¥ ¬¨ ¨§ Hn.

� ãç¥â®¬ á¢®©áâ¢ ®¯¥à â®à®¢ ¯à®¥ªâ¨à®¢ ¨ï, ¯®   «®£¨¨ á â¥®à¥¬®© 1, ¤«ï ¢ëç¨á«¨â¥«ì®©
áå¥¬ë ¬.¬. ª. ¤®ª §ë¢ ¥âáï

�¥®à¥¬  2. �á«¨ y 2 � [�1; 1], â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 á¨áâ¥¬  ãà ¢¥¨© (5) ¨¬¥¥â

¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��0 ; �
�
1 ; : : : ; �

�
n 2 R ¯à¨ «î¡ëå n 2 N ,   ¯à¨¡«¨¦¥®¥ à¥è¥¨¥

x�n (t) =
nX

k=0

��klk (t)

ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

kx�nkX �
r
�

2
(1� q)�1 kyk

C
:

�ª®à®áâì áå®¤¨¬®áâ¨ ¬.¬. ª. ãáâ  ¢«¨¢ ¥â
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�¥®à¥¬  3. �ãáâì ¥¯à¥àë¢ë¥ äãªæ¨¨ y (t) ¨ h (t; �; u) â ª®¢ë, çâ® ¢ ãá«®¢¨ïå â¥®à¥-

¬ë 1 à¥è¥¨¥ x� (t) 2 C [�1; 1] ¨ äãªæ¨ï S (x�; t) 2 C [�1; 1]. �®£¤  ¬.¬. ª., ¨§«®¦¥ë© ¢ëè¥,

áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ � á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ¥à ¢¥áâ¢®¬

kx� � x�nk �
p
2�

1� q

�
En�1 (Sx�)C + j�jE�

2n+1 (h (x
�))

C
+ j�jMEn (x�)C

	
; n 2 N;

£¤¥ E�
n (h)C | ç áâ®¥  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ g (t; �) = h (t; �; x� (�)) ¯®

¯¥à¥¬¥®© � ,   ¯®áâ®ïë¥ q ¨ M ®¯à¥¤¥«¥ë ¢ëè¥.

�à¨¢¥¤¥¬ áå¥¬ã ¤®ª § â¥«ìáâ¢ . �«ï â®ç®£® ¨ ¯à¨¡«¨¦¥®£® à¥è¥¨© x� (t) ¨ x�n (t) á¯à -
¢¥¤«¨¢ë â®¦¤¥áâ¢ 

Sx� � y � �Th (x�) ; Sx�n � Qt
ny � �Qt

nTP
�
n+1h (x

�
n) :

� ª ª ª ¯® ãá«®¢¨î â¥®à¥¬ë Sx� 2 C [�1; 1], â®  å®¤¨¬

S (x� � x�n) =
�
Sx� �Qt

nSx
��+Qt

nS (x
� � x�n) ;

Qt
nSx

� �Qt
nSx

�
n = ��Qt

nT
�
h (x�)� P �

n+1h (x
�)
�� �Qt

nTP
�
n+1 [h (x

�)� h (x�n)] :

�âáî¤ , ¯à¨¬¥ïï ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª  ¤«ï ®à¬ë, ¨¬¥¥¬

kx� � x�nkX =
S�1

Y!X
kSx� � Sx�nkY �

Sx� �Qt
nSx

�
Y
+

+ j�j Qt
n


C!Y

T �h (x�)� P �
n+1h (x

�)
�

C
+ j�j Qt

n


C!Y

TP �
n+1 [h (x

�)� h (x�n)]

C
: (6)

� ¯®¬®éìî á¢®©áâ¢ ®¯¥à â®à  Qt
n ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (6) ®æ¥¨¢ ¥âáï ¯à®áâ®Sx� �Qt

nSx
�

Y
�
p
2�En�1 (Sx�)C : (7)

� «¥¥, ãç¨âë¢ ï ¨§¢¥áâ®¥ ¥à ¢¥áâ¢® ( ¯à., [9], á. 9)

����
Z 1

�1

f (t)� Pn (f ; t)p
1� t2

dt

���� � 2E2n�1(f)C

Z 1

�1

dtp
1� t2

= 2�E2n�1 (f)C ; f 2 C [�1; 1] ;

£¤¥ Pn (f ; t) | ®¯à¥¤¥«¥ë© ¢ëè¥ ¨â¥à¯®«ïæ¨®ë© ¬®£®ç«¥ ¯® ã§« ¬ �¥¡ëè¥¢  ¯¥à¢®£®
à®¤ , ¤«ï ¢â®à®£® á« £ ¥¬®£® ¨§ ¯à ¢®© ç áâ¨ (6) ¨¬¥¥¬

j�j Qt
n


C!Y

T �h (x�)� P �
n+1h (x

�)
�

C
� j�j

p
2� E�

2n+1 (h (x
�))C : (8)

�«ï ®æ¥ª¨ âà¥âì¥£® á« £ ¥¬®£® ¨§ (6) ¢®á¯®«ì§ã¥¬áï â¥¬ ä ªâ®¬, çâ® ª¢ ¤à âãà ï ä®à¬ã-
«  (4) ï¢«ï¥âáï ä®à¬ã«®©  ¨¢ëáè¥© áâ¥¯¥¨ â®ç®áâ¨. �«¥¤®¢ â¥«ì®, ®  â®ç  ¤«ï «î¡®£®
 «£¥¡à ¨ç¥áª®£® ¬®£®ç«¥  áâ¥¯¥¨ ¥ ¢ëè¥ 2n+ 1. �âáî¤   å®¤¨¬

j�j Qt
n


C!Y

TP �
n+1 [h (x

�)� h (x�n)]

C
� j�j

r
�

2

 1
n+ 1

nX
k=0

[h (t; �k; x� (�k))� h (t; �k; x�n (�k))]

C

�

� j�j
r
�

2
M

n+ 1

nX
k=0

jx� (�k)� x�n (�k)j �
j�jMp

2

�
�

n+ 1

nX
k=0

�����P �
n+1

�
x�; �k

�
� x�n (�k)

����
2
! 1

2

�

� j�jMp
2

�x� � P �
n+1x

�
X
+ kx� � x�nkX

�
: (9)

�§ ¥à ¢¥áâ¢ (7){(9) á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 3.
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