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�®£¨¬ ¬ â¥¬ â¨ç¥áª¨¬ § ¤ ç ¬ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¬®¦® á®¯®áâ ¢¨âì á¥¬¥©áâ¢® â ª
 §ë¢ ¥¬ëå ®¡à âëå § ¤ ç. �¡ëç® ¯ àã § ¤ ç  §ë¢ îâ ¢§ ¨¬® ®¡à âë¬¨ ¤àã£ ¤àã£ã, ¥á«¨
¢ ¯®áâ ®¢ªã ®¤®© ¨§ ¨å ¢å®¤¨â à¥è¥¨¥ ¨«¨ ç áâì à¥è¥¨ï ¤àã£®©. � ¤ ®¬ ®¯à¥¤¥«¥¨¨
ªà®¥âáï ¥ª®â®àë© ¯à®¨§¢®« ¢ â®¬, ª ªãî ¨§ § ¤ ç  §ë¢ âì ¯àï¬®©,   ª ªãî | ®¡à â®©.
� é¥ ¯àï¬®© § ¤ ç¥©  §ë¢ îâ  ¨¡®«¥¥ ¨§ãç¥ãî.

�à¨¢¥¤¥¬ ¯à¨¬¥à. �ãáâì ¤   ¬ âà¨æ  A à §¬¥à®¢m�n ¨ ¢¥ªâ®àë c 2 En, b 2 Em, âà¥¡ã¥âáï
 ©â¨ ¢¥ªâ®à

x� 2 ArgminfcTx : x 2 Rg; (1)

R = fx : Ax � b; x � 0g; (2)

£¤¥ R | ª®¬¯ ªâ.
�¡à â®: § ¤  ¢¥ªâ®à x�, ¬ âà¨æ  A à §¬¥à®¢ m � n, âà¥¡ã¥âáï  ©â¨ ¢¥ªâ®àë c� 2 Rc,

b� 2 Rb â ª¨¥, çâ®

x� = argmin
x

fc�
T

x : Ax � b�; x � 0g; (3)

£¤¥ Rc, Rb | ¢ë¯ãª«ë¥ ª®¬¯ ªâë.
�áâ¥áâ¢¥® § ¤ çã (1), (2)  §¢ âì ¯àï¬®©,   § ¤ çã (3) | ®¡à â®© § ¤ ç¥© «¨¥©®£®

¯à®£à ¬¬¨à®¢ ¨ï. �ç¥¢¨¤®, § ¤ ç¥ (1), (2) ¬®¦® á®¯®áâ ¢¨âì æ¥«®¥ á¥¬¥©áâ¢® ®¡à âëå § -
¤ ç ¢¨¤  (3) ¢ § ¢¨á¨¬®áâ¨ ®â ¢ë¡®à  ¢ àì¨àã¥¬ëå ¯ à ¬¥âà®¢ â¥å®«®£¨ç¥áª®© ¬ âà¨æë A,
¢¥ªâ®à  æ¥ c ¨«¨ ¢¥ªâ®à  à¥áãàá®¢ b.

1. �¡à âë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï

� [1] ¢¢¥¤¥® ¡®«¥¥ ®¡é¥¥ ®¯à¥¤¥«¥¨¥ ®¡à â®© § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï,
ª®â®à®¥ ¨¦¥ ¡ã¤¥â ¨á¯®«ì§®¢ ®.

�ãáâì § ¤ ® ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® § ¤ ç ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï

min
x
f'(x; u) : g(x; u) � 0; x 2 Rxg; (4)

£¤¥ Rx � En | ª®¬¯ ªâ, u 2 Em | ¢¥ªâ®àë© ¯ à ¬¥âà, '(x; u) | ¥¯à¥àë¢ ï áª «ïà ï
äãªæ¨ï á¢®¨å  à£ã¬¥â®¢, g(x; u) | ¥¯à¥àë¢ ï ¢¥ªâ®à ï äãªæ¨ï (g 2 Em1).

�§ á¥¬¥©áâ¢  (4) âà¥¡ã¥âáï ®¯à¥¤¥«¨âì ¯ àã ¢¥ªâ®à®¢ x�, u�, ®¡« ¤ îéãî § ¤ ë¬¨ á¢®©-
áâ¢ ¬¨

x�; u� 2 Rx;u = fx; u : f(x; u) � 0; w(x; u) = 0; u 2 Rug; (40)

£¤¥ f 2 Em2 , w 2 Em3 | ¥¯à¥àë¢ë¥ ¢¥ªâ®à-äãªæ¨¨, Ru � Em | ª®¬¯ ªâ.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 06-01-00465-a.
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� ç¥, âà¥¡ã¥âáï  ©â¨ ¯ àã x�, u� â ªãî, çâ®

x� 2 Argminf'(x; u�); g(x; u�) � 0; x 2 Rxg; (5)

f(x�; u�) � 0; w(x�; u�) = 0; u� 2 Ru: (6)

�¡à â®© § ¤ ç¥ (5), (6) ¬®¦® á®¯®áâ ¢¨âì ¯àï¬ãî § ¤ çã ¢¨¤ :  ©â¨

x; u 2 Argminf'(x; u); g(x; u) � 0; x 2 Rx; x; u 2 Rx;ug: (7)

�¥âàã¤® ¢¨¤¥âì, çâ® ¯ à  x�, u� ï¢«ï¥âáï ¤®¯ãáâ¨¬®© ¢ § ¤ ç¥ (7), á«¥¤®¢ â¥«ì®,

'(x; u) � '(x�; u�):

�á«¨ ¢ (5) Rx á®áâ®¨â ¨§ ®¤®© â®çª¨, â. ¥. ¢ § ¤ ç¥ (5), (6) ¥¨§¢¥áâë¬ ¢¥ªâ®à®¬ ï¢«ï¥âáï
¢¥ªâ®àë© ¯ à ¬¥âà u, â® ¯®«ãç ¥¬ § ¤ çã â¨¯  (3), ª®â®à ï ¨««îáâà¨àã¥âáï ¯à¨¬¥à ¬¨ ¢
ª®æ¥ áâ âì¨.

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ®¯à¥¤¥«ï¥â á¢ï§ì à¥è¥¨© ¯àï¬®© ¨ ®¡à â®© § ¤ ç.
�á«¨ ¢ (6) ¯®«®¦¨âì f(x; u) � 0, w(x; u) = x� x� = 0 (m3 = n), Ru � Em, â® x = x� ¨ ¨§ (5),

(6) ¯®«ãç¨¬ áâ ¤ àâãî ä®à¬ã«¨à®¢ªã ®¡à â®© § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï:
 ©â¨ ¢¥ªâ®à u� â ª®©, çâ®

x� 2 Argminf'(x; u�) : g(x; u�) � 0; x 2 Rxg:

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® æ¥«¥¢ ï äãªæ¨ï '(x; u),   â ª¦¥ ¢¥ªâ®à-äãªæ¨ï
®£à ¨ç¥¨© g(x; u) ¢ë¯ãª«ë ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå x, u, Rx ¨ Ru | ¢ë¯ãª«ë¥ § ¬ªãâë¥
®£à ¨ç¥ë¥ ¬®¦¥áâ¢ , f(x; u) | ¢ë¯ãª« ï ¢¥ªâ®à-äãªæ¨ï ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå x,
u, w(x; u) |  ää¨ ï ¢¥ªâ®à-äãªæ¨ï. �à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ¯àï¬ ï § ¤ ç  (7)
ï¢«ï¥âáï § ¤ ç¥© ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï.

�áá«¥¤ã¥¬ á«®¦®áâì ®¡à â®© § ¤ ç¨ (5), (6) á ¤àã£®© ä®à¬®© ¯®áâ ®¢ª¨ íâ®© § ¤ ç¨. �«ï
ã¤®¡áâ¢  ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

R(u) = fx : g(x; u) � 0; x 2 Rxg;

'0(u) = min
x
f'(x; u) : x 2 R(u)g; (8)

M(u) = Argminf'(x; u) : x 2 R(u)g:

�®¯ãáâ¨¬, çâ® R(u) 6= ;. � á¨«ã  è¨å ¯à¥¤¯®«®¦¥¨© '0(u) | ¢ë¯ãª« ï äãªæ¨ï [2].
�áå®¤ãî ®¡à âãî § ¤ çã ¬®¦® âà ªâ®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:  ©â¨ ¢¥ªâ®à u� 2 Ru

â ª®©, çâ® ¢ ¬®¦¥áâ¢¥ M(u�) à¥è¥¨© § ¤ ç¨ (8)  ©¤¥âáï ¢¥ªâ®à

x� 2 Rx;u� = fx : f(x; u�) � 0; w(x; u�) = 0g:

�£à ¨ç¥¨ï x 2 M(u) ¢ [2]  §¢ ë ®£à ¨ç¥¨ï¬¨ íªáâà¥¬ «ì®£® â¨¯ . �¥ª®â®àë¥ ¯à®-
áâë¥ § ¤ ç¨ á ®£à ¨ç¥¨ï¬¨ íªáâà¥¬ «ì®£® â¨¯  ¨§ãç «¨áì ¢ [3]. �â¨ ®£à ¨ç¥¨ï ¬®¦®
§ ¤ âì ¢ áâ ¤ àâ®© ä®à¬¥ ¢ ¢¨¤¥ à ¢¥áâ¢ ¨ ¥à ¢¥áâ¢

'(x; u) � '0(u); g(x; u) � 0; x 2 Rx:

�®£¤  ®¡à âãî § ¤ çã (5), (6) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ [2]. �¯à¥¤¥«¨âì ¯ àã x�, u�, ã¤®¢«¥â¢®-
àïîéãî á«¥¤ãîé¥© á¨áâ¥¬¥ ãá«®¢¨©:

 (x; u) = '(x; u) � '0(u) � 0; (9)

g(x; u) � 0; f(x; u) � 0; w(x; u) = 0; x 2 Rx; u 2 Ru: (10)

� á¨«ã ¢ë¯ãª«®áâ¨ ¬®¦¥áâ¢ Rx, Ru, ¢¥ªâ®à-äãªæ¨© g(x; u), f(x; u) ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥-
ëå x, u ¨ «¨¥©®áâ¨ ¢¥ªâ®à-äãªæ¨¨ w(x; u) ®£à ¨ç¥¨ï (10) § ¤ îâ ¢ë¯ãª«®¥ ¬®¦¥áâ¢®
En+m. �¤ ª® ¢ «¥¢®© ç áâ¨ ¥à ¢¥áâ¢ (9) ¯à¨áãâáâ¢ã¥â à §®áâì ¤¢ãå ¢ë¯ãª«ëå äãªæ¨©,
çâ® áãé¥áâ¢¥® ãá«®¦ï¥â à¥è¥¨¥ ®¡à â®© § ¤ ç¨.
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�à®¬¥ â®£®, äãªæ¨ï '0(u) § ¤   ¥ï¢® ¨ ¬®¦¥áâ¢®, ®¯à¥¤¥«ï¥¬®¥ ¥à ¢¥áâ¢®¬ (9), ¥
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ à¥£ã«ïà®áâ¨, â. ª. ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ ¢¥ªâ®à¥ u 2 Ru ¬®¦¥-
áâ¢® f'(x; u) � '0(u) < 0, x 2 R(u)g ¯ãáâ®. �â¨ ä ªâë ¥é¥ ¡®«¥¥ ãá«®¦ïîâ à¥è¥¨¥ ®¡à âëå
§ ¤ ç ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï.

�¬¥áâ¥ á â¥¬ ¯àï¬ ï § ¤ ç  (7) ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ï¢«ï¥âáï § ¤ ç¥© ¢ë¯ãª«®£®
¯à®£à ¬¬¨à®¢ ¨ï, çâ® ¯®¤â¢¥à¦¤ ¥â ¨§¢¥áâë© â¥§¨á ® â®¬, çâ® ¥á«¨ ¤ ¦¥ ¯àï¬ ï § ¤ ç 
\å®à®è ", ®¡à â ï ¯®çâ¨ ¢á¥£¤  \¯«®å ".

� áá¬®âà¨¬ â¥¯¥àì ç áâë© á«ãç © § ¤ ç¨ (9), (10). �®¯ãáâ¨¬, çâ® ¢¥ªâ®à-äãªæ¨¨ g(x; u),
f(x; u) «¨¥©ë, w(x; u) � 0,   ¬®¦¥áâ¢  Rx ¨ Ru | ¢ë¯ãª«ë¥ ¬®£®£à ¨ª¨, § ¤ ë¥
á¨áâ¥¬®© «¨¥©ëå ¥à ¢¥áâ¢, â. ¥. ãá«®¢¨ï (10) ®¯à¥¤¥«¥ë ¢ ¢¨¤¥ Ax+Bu � b, £¤¥ A ¨ B |
¬ âà¨æë á®®â¢¥âáâ¢ãîé¨å à §¬¥à®áâ¥©, b | § ¤ ë© ¢¥ªâ®à.

�®£¤  § ¤ ç¥ (9), (10) á®¯®áâ ¢¨¬ á«¥¤ãîéãî, ¥ï¢® § ¤ ãî, § ¤ çã

minf (x; u) = '(x; u) � '0(u) : x; u 2 Rg; (11)

£¤¥ R = fx; u : Ax+Bu � bg, '(x; u) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¯® x ¨ u.
�«ï à¥è¥¨ï § ¤ ç¨ (11) ¯à¥¤« £ îâáï ¨â¥à æ¨®ë¥ ¯à®æ¥ááë,   «®£¨çë¥ [4].
�®¯ãáâ¨¬, çâ®  ¤£à ä¨ª äãªæ¨¨  (x; u)   ¤®¯ãáâ¨¬®¬ ¬®¦¥áâ¢¥ R ¯®£àã¦¥ ¢ ¥ª®â®-

àë© ®£à ¨ç¥ë© á¨§ã ¬®£®£à ¨ª

Rk = fx; u; � : � 2 E1; Dky � dk; Ax+Bu � bg; y = fx; u;� 2 E1g:

�ãáâì fxk; uk; �kg = yk 2 Em+n+1 (¥¢ëà®¦¤¥ ï ªà ©ïï â®çª  Rk) à §à¥è ¥â § ¤ çã
«¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï

minf� : x; u; � 2 Rkg;

Ak | (m+n+1)� (m+n+1)-¬ âà¨æ   ªâ¨¢ëå ¢ â®çª¥ xk, uk, �k ®£à ¨ç¥¨©, â. ¥. Akyk = bk,
skj | áâ®«¡æë ¬ âà¨æë, ®¡à â®© ª Ak.

� ¯¨è¥¬ ãà ¢¥¨ï «ãç¥©, ¨áå®¤ïé¨å ¨§ â®çª¨ yk ¢ á®á¥¤¨¥ ¢¥àè¨ë ¬®£®£à ¨ª  Rk

y = yk � �jskj ; j = 1; n+m+ 1; �j > 0: (12)

�¥è¨¬ á«¥¤ãîéãî § ¤ çã ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ¨ï:

min
x
f'(x; uk) : x 2 R(uk)g = '(exk; uk) = '0(uk):

� â¥¬  ©¤¥¬ â®çª¨ fyk;1; : : : ; yk;n+m+1g ¯¥à¥á¥ç¥¨ï «ãç¥© (12) á £à ä¨ª®¬ äãªæ¨¨

 k(x; u) = '(xk; uk) +r'x(xk; uk)T (x� xk) +r'u(xk; uk)T (u� uk)� '(exk; u);

â. ¥. á ¯®¢¥àå®áâìî  k(x; u) = �. �¥à¥§ íâ¨ â®çª¨ ¯à®¢¥¤¥¬ á¥ªãéãî ¯«®áª®áâì e�kT y = �k ¨
®¯à¥¤¥«¨¬ ¬®£®£à ¨ª

Rk+1 = fx; u; � : x; u; � 2 Rk; e�kT y � �kg;

¥ á®¤¥à¦ é¨© ¯à¥¤ë¤ãé¥£® à¥è¥¨ï fxk; uk; �kg. �® ¯®áâà®¥¨î Rk+1 � Rk. �«¥¤ãîé¥¥ ¯à¨-
¡«¨¦¥¨¥ xk+1, uk+1, �k+1  ©¤¥¬ ¨§ à¥è¥¨ï § ¤ ç¨ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï

minf� : x; u; � 2 Rk+1g:

�«ï (4), (40) ¢ á«ãç ¥, ¥á«¨ kxkk � c <1, ¤®ª §   áå®¤¨¬®áâì ¯®¤®¡ëå ¨â¥à æ¨®ëå ¯à®-
æ¥áá®¢ ¢ § ¤ ç å ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï ¯à¨ ¯®¨áª¥ £«®¡ «ì®£® ¬¨¨¬ã¬  äãª-
æ¨©   ¢ë¯ãª«®¬ ¬®£®£à ¨ª¥, ª®â®àë¥ ¢ ª ¦¤®© â®çª¥ ¨¬¥îâ ¢®£ãâãî äãªæ¨î ¬¨®à âã.
�à¨ ¤«¥¦®áâì ª íâ®¬ã ª« ááã § ¤ ç¨ (11) ¤®ª §ë¢ ¥â

�¥¬¬ . �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:
1)  k(x; u) | ¢®£ãâ ï äãªæ¨ï,
2)  k(xk; uk) = '(xk; uk)� '0(uk),
3)  k(x; u) � '(x; u) � '0(u).
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�â¢¥à¦¤¥¨ï ¯¯. 1), 2) ®ç¥¢¨¤ë.
�®ª ¦¥¬ ¯. 3). �«ï «î¡®£® ä¨ªá¨à®¢ ®£® x ¯® ®¯à¥¤¥«¥¨î '0(u) � '(x; u) ¨«¨ '0(u) �

'(exk; u), â. ¥. '(x; u) � '0(u) � '(x; u) � '(exk; u). �®£¤  ¢ á¨«ã ¢ë¯ãª«®áâ¨ '(x; u) ¡ã¤¥¬ ¨¬¥âì

'(x; u) � '0(u) � '(x; u) � '(exk; u) � '(xk; uk) +r'x(x
k; uk)T (x� xk) +

+r'u(x
k; uk)T (u� uk)� '(exk; u) =  k(x; u);

â. ¥.  k(x; u) ï¢«ï¥âáï ¢®£ãâ®© ¬¨®à â®© ¬¨¨¬¨§¨àã¥¬®© äãªæ¨¨ ¨, á«¥¤®¢ â¥«ì®,  k(x; u)
¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¤«ï ¯®áâà®¥¨ï ¯à ¢¨«ì®£® ®âá¥ç¥¨ï ¢ Em+n+1 [3], â. ¥. â ª®£® ®âá¥-
ç¥¨ï e�ky � �k, çâ® ¬®¦¥áâ¢® Rk+1 á®¤¥à¦¨â  ¤£à ä¨ª äãªæ¨¨  (x; u). � ª ã¦¥ ®â¬¥ç¥®,
áå®¤¨¬®áâì ¨â¥à æ¨®®£® ¯à®æ¥áá  ¤®ª §   à ¥¥ ¢ [4], [5].

2. �¥â®¤ æ¥âà®¢ �ìî à¤ 

¢ ®¡à âëå § ¤ ç å ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï

�¥â®¤ ¤®¯ãáª ¥â ¥¯®áà¥¤áâ¢¥®¥ ®¡®¡é¥¨¥   á«ãç © ¥«¨¥©ëå ®£à ¨ç¥¨© (10). � á-
á¬®âà¨¬ à¥è¥¨¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï ¢¨¤ 

minf'0(z) : 'i(z) � 0; i = 1;m; z 2 Rg; (13)

£¤¥ R 2 En | ¢ë¯ãª«ë© ¬®£®£à ¨ª, '0(z), 'i(z) | ¢ë¯ãª«ë¥ äãªæ¨¨. �¥«¨¥©ë¥ ®£à -
¨ç¥¨ï 'i(z) � 0 ¬¥â®¤®¬ �ìî à¤  [4] ¤«ï § ¤ ç¨ (13) ¢®áïâáï ¢® ¢á¯®¬®£ â¥«ìë© ¬¨¨¬¨-
§¨àã¥¬ë© äãªæ¨® «

 k(z) = maxf'0(z)� '0(z
k); '1(z); : : : ; 'm(z)g: (14)

�®£¤  ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì á«¥¤ãîé¨© ¨â¥à æ¨®ë© ¯à®æ¥áá [4]:

zk+1 = argminf k(z) : z 2 Rg: (15)

�áâ ®¢¨¬ á¢ï§ì ¬¥â®¤  �ìî à¤  [4] á ¬¥â®¤ ¬¨ ¯®£àã¦¥¨ï, ¨§ãç¥ë¬¨ ¢ [3].
�ãáâì '�

0
= minf'0(z) : z 2 R0g, £¤¥ R0 = fz : z 2 R, 'i(z) � 0, i = 1;mg. �®£¤  à¥è¥¨¥

§ ¤ ç¨ (14) íª¢¨¢ «¥â® à¥è¥¨î § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï

minf (z) : z 2 Rg; (16)

£¤¥

 (z) = maxf'0(z)� '�0; '1(z); : : : ; 'm(z)g: (17)

�¯à¥¤¥«¨¬  ¤£à ä¨ª äãªæ¨¨  (z) ª ª ¬®¦¥áâ¢®

Rn+1 = fz; zn+1 : z 2 R; zn+1 2 E
1;  (z) � zn+1g:

�®£¤  (16), (17) íª¢¨¢ «¥â  § ¤ ç¥

minfzn+1 : z; zn+1 2 Rn+1g: (18)

� [3] ¤ ® á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥ ¬¥â®¤®¢ ¯®£àã¦¥¨ï ¤«ï à¥è¥¨ï § ¤ ç¨ (18).
�ãáâì ¯®áâà®¥® ¬®¦¥áâ¢® Rk

n+1 � Rn+1 ¨ â®çª  fzk; zkn+1g à §à¥è ¥â § ¤ çã

minfzn+1 : z; zn+1 2 Rn+1g: (19)

�ª®áâàã¨àã¥¬ ¬®¦¥áâ¢® Rk
n+1 � Rn+1 â ª®¥, çâ® zk; zkn+1 =2 Rk+1

n+1. � â¥¬  ©¤¥¬ á«¥¤ãîé¥¥
¯à¨¡«¨¦¥¨¥ zk+1, zk+1n+1 ¨§ à¥è¥¨ï § ¤ ç¨

minfzn+1 : z; zn+1 2 R
k+1
n+1g: (20)

�á«¨ áãé¥áâ¢ã¥â K1 � K = f1; 2; : : : g á® á¢®©áâ¢®¬

lim
k!1

zkn+1 = '�0; k 2 K1; (21)
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â® ®¯¨á ë© ¢ëè¥ ¬¥â®¤ (19){(21)  §®¢¥¬ ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì®£® ¯®£àã¦¥¨ï  ¤£à -
ä¨ª  æ¥«¥¢®© äãªæ¨¨ ¨«¨ ¯à®áâ® ¬¥â®¤®¬ ¯®£àã¦¥¨ï. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤®áâ â®çë¥
ãá«®¢¨ï áå®¤¨¬®áâ¨ ¬¥â®¤®¢ ¯®£àã¦¥¨ï.

�¥®à¥¬  1. �ãáâì § ¤ ë ¬®¦¥áâ¢ 

Rk
n+1 = fz; zn+1 : z 2 R; �k(z) � zn+1g 8k 2 K;

£¤¥ f�k(z)g | â ª®¥ á¥¬¥©áâ¢® à ¢®áâ¥¯¥® ¥¯à¥àë¢ëå äãªæ¨© ¢¥ªâ®à  z 2 En, çâ®

�i(zi) � �k(zk) 8k; i 2 K (k > i); (22)

�k(zi) � '�
0

8k; i 2 K (k > i); (23)

£¤¥ zi = argminfzn+1 : z; zn+1 2 Ri
n+1g, i 2 K. �®£¤  áãé¥áâ¢ã¥â K1 � K â ª®¥, çâ®

lim
k!1

zkn+1 = '�; k 2 K1:

�®ª § â¥«ìáâ¢®. �ë¤¥«¨¬ ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ fzkg áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì
á ®¬¥à ¬¨ k 2 K1 � K.

� á¨«ã ãá«®¢¨ï (22) '�
0
� �k(zk) � �i(zi) 8k; i 2 K1 (k > i). �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â

lim
k!1

�k(z
k) = lim

k!1
zkn+1 = '1 � '�0; k 2 K1;

¨«¨

�k(zk) � '1 � '�
0

8k 2 K1: (24)

�®¯ãáâ¨¬

'1 < '�
0
; â. ¥. '�

0
� '1 � " > 0: (25)

�®¤áâ ¢«ïï «¥¢ãî ç áâì (23) ¨ (24) ¢ (25), â®«ìª® ãá¨«¨¬ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢®

�k(z
i)� �k(z

k) � " 8 k > i; k; i 2 K1 � K:

� á¨«ã à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨ f�k(z)g áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ®

kzi � zkk > � 8k > i:

�®á«¥¤¥¥ ¯à®â¨¢®à¥ç¨â áå®¤¨¬®áâ¨ zk ¨, á«¥¤®¢ â¥«ì®,

lim
k!1

zkn+1 = '�0; k 2 K1: �

�®£¨¥ ¨â¥à æ¨®ë¥ ¯à®æ¥ááë ãª« ¤ë¢ îâáï ¢ áå¥¬ã ¬¥â®¤®¢ ¯®£àã¦¥¨ï ¨ ã¤®¢«¥â¢®-
àïîâ ¤®áâ â®çë¬ ãá«®¢¨ï¬ áå®¤¨¬®áâ¨, áä®à¬ã«¨à®¢ ë¬ ¢ â¥®à¥¬¥ 1. � ¯à¨¬¥à, ¬¥â®¤ë
â¨¯  �¨ï¢áª®£® ¨ �ã¡¥àâ , ¬¥â®¤ë ®âá¥ª îé¨å ¯«®áª®áâ¥© ¢ ¢ë¯ãª«®¬ ¯à®£à ¬¬¨à®¢ ¨¨ ¨
¬®£¨¥ ¤àã£¨¥. �¤¥áì ¯®ª ¦¥¬, çâ® ¬¥â®¤ æ¥âà®¢ �ìî à¤  ãª« ¤ë¢ ¥âáï ¢ ãª § ãî áå¥¬ã.

�¥®à¥¬  2. �â¥à æ¨®ë© ¯à®æ¥áá (13), (15) ¤«ï à¥è¥¨ï § ¤ ç¨ (14) ¥áâì ¬¥â®¤ ¯®£àã-

¦¥¨ï ¤«ï à¥è¥¨ï íª¢¨¢ «¥â®© § ¤ ç¨ (16), (17).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ § ¤ çã (16), (17) ¢ ¢¨¤¥ (18). �¯à¥¤¥«¨¬ ¬®¦¥áâ¢®

Rk
n+1 = fz; zn+1 : z 2 R;  k(z) � xn+1g:

�®£¤  ¨â¥à æ¨®ë© ¯à®æ¥áá (13), (15) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

xk+1 = argminfzn+1 : z; zn+1 2 Rk
n+1g:

�ç¥¢¨¤®, Rk
n+1 � Rn+1, ¯à¨ç¥¬ ¢ á¨«ã ¯®áâà®¥¨ï zk; zkn+1 =2 R

k+1
n+1.

�áâ ¥âáï ¤®ª § âì, çâ® áãé¥áâ¢ã¥â ¬®¦¥áâ¢® ¨¤¥ªá®¢ K1 � K â ª®¥, çâ®

lim
k!1

 k(z
k) = lim

k!1
zkn+1 = 0; k 2 K1:
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�®á«¥¤®¢ â¥«ì®áâì f i(zi)g ¯® ¯®áâà®¥¨î ¬®®â®® ¥ã¡ë¢ îé ï ¨ ¥¯®«®¦¨â¥«ì ï, â. ¥.

 i(z
i) <  k(z

k) � 0 8k 2 K; i < k:

� á¨«ã (15)

 k(zi) � 0 8i; k 2 K; i < k: (26)

�«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â
lim
k!1

 k(zk) = lim
k!1

zkn+1 = P � 0;

â. ¥.  k(zk) � P � 0.
�®¯ãáâ¨¬, çâ®

�P � " > 0: (27)

�ª« ¤ë¢ ï (26) ¨ (27), ¯®«ãç¨¬

 k(z
i)�  k(z

k) > "; k > i; (28)

  â. ª.
 k(z

i) = '0(z
i)� '0(z

k);  k(z
k) = '0(z

k)� '0(z
k);

â® ¨§ (28) ¡ã¤¥¬ ¨¬¥âì j'0(zi)� '0(zk)j > ".
�®£¤  ¢ á¨«ã ¥¯à¥àë¢®áâ¨ '0(z) áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® kzi � zkk > �, i > k, i; k 2 K.

�®á«¥¤¥¥ ¯à®â¨¢®à¥ç¨â ®£à ¨ç¥®áâ¨ R.

�® áãé¥áâ¢ã, ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 ¯à®¢¥àï«®áì ¢ë¯®«¥¨¥ ãá«®¢¨© (22) ¨ (23)
â¥®à¥¬ë 1.

�¥à¥¬áï â¥¯¥àì ª ¯à¨¬¥¥¨î ¬¥â®¤  æ¥âà®¢ (13), (15) ª à¥è¥¨î ®¡à âëå § ¤ ç ¢¨¤ 
(9), (10). �á«¨ '0(z) | à §®áâì ¤¢ãå ¢ë¯ãª«ëå äãªæ¨©,   'i(z) | ¢ë¯ãª«ë¥ äãªæ¨¨, â®
¢®£ãâãî ¬¨®à âã, ¥®¡å®¤¨¬ãî ¤«ï ¯®áâà®¥¨ï ¯à ¢¨«ì®£® ®âá¥ç¥¨ï ¢ ¬¥â®¤¥ �ìî à¤ ,  
ª ¦¤®¬ è £¥ ¯à®æ¥áá  ®¯à¥¤¥«ï¥¬ ¨«¨ «¥¬¬®©, ¨«¨ à §«®¦¥¨¥¬ ¢ àï¤ �¥©«®à , ®£à ¨ç¨¢ ïáì
«¨¥©ë¬¨ ç«¥ ¬¨ äãªæ¨¨ 'i(z), i = 1;m, ¢ ®ªà¥áâ®áâ¨ â¥ªãé¥© â®çª¨ fzk; ukg.

�à¨¬¥à 1. �ãáâì ¢ § ¤ ç¥ (9) n = 2, m1 = 2, m = 1, x� = (1; 1),

'(x; u) = x21 + 2x22 � ux1 � 2ux2;

g1(x; u) = x1 + ux2 � 8;

g2(x; u) = u1 � x2 � 12;

Rx = E2

+ = fx : x1 � 0; x2 � 0g;

Ru = E1

+:

�®£¤  § ¤ ç  (15) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á   ¢ á«¥¤ãîé¥© ä®à¬¥:

minf (x�; u) = '(x�; u)� '0(u)g;

0 � u � 7;

£¤¥ '(x�; u) = 3� 3u. � ¤ ¢ ï â®ç®áâì " = 10�3 ¨  ç «ì®¥ § ç¥¨¥ u0 = 0, ¯®«ãç¨¬ à¥è¥¨¥
u� = 2 §  ¢®á¥¬ì ¨â¥à æ¨© ¬¥â®¤  ®âá¥ç¥¨©.

�à¨¬¥à 2. �ãáâì ¢ § ¤ ç¥ (9) n = 2, m1 = 2, m = 2, x� = (1; 1),

'(x; u) = u2x
2

1
+ u1x

2

2
� u1x1 � 2u2x2;

g1(x; u) = u2x1 + u1x2 � 8;

g2(x; u) = u1x1 � u2x2 � 12;

Rx = Ru = E2

+:
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�à¨ áâ àâ¥ á à §«¨çëå  ç «ìëå â®ç¥ª u0 ¡ë«® ¯®«ãç¥® (¢ áà¥¤¥¬ §  ¤¥áïâì ¨â¥à æ¨©)
ç¥âëà¥ à §«¨çëå à¥è¥¨ï: (5.35,2.65), (3,5.15), (2.69,1.38), (2,1).
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