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�à¨ à¥è¥­¨¨ ­¥áâ æ¨®­ à­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ è¨à®ª® ¨á¯®«ì§ãîâáï ¤¢ãå-
á«®©­ë¥ à §­®áâ­ë¥ áå¥¬ë (��). �§ãç¥­¨î à §«¨ç­ëå  á¯¥ªâ®¢ â¥®à¨¨ â ª¨å áå¥¬ ¯®á¢ïé¥­®
¬­®¦¥áâ¢® à ¡®â. � ¨¡®«¥¥ ¯®«­® ¨§ãç¥­ë �� ¤«ï «¨­¥©­ëå § ¤ ç. � à ¡®â å [1]{[4] ¯®áâà®-
¥­  ®¡é ï â¥®à¨ï ª®àà¥ªâ­®áâ¨ «¨­¥©­ëå ¤¢ãåá«®©­ëå ®¯¥à â®à­®-à §­®áâ­ëå áå¥¬ (���),
¯®§¢®«ïîé ï á ¥¤¨­ëå ¯®§¨æ¨© ¨áá«¥¤®¢ âì à §à¥è¨¬®áâì, ãáâ®©ç¨¢®áâì ¨ áå®¤¨¬®áâì �� ¤«ï
í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¨ á¨áâ¥¬.

� â® ¦¥ ¢à¥¬ï â¥®à¨ï ª®àà¥ªâ­®áâ¨ ­¥«¨­¥©­ëå �� à §¢¨â  áãé¥áâ¢¥­­® á« ¡¥¥. �â¬¥â¨¬
à ¡®âë [5]{[14], £¤¥ ¤®ª § ­ë â¥®à¥¬ë ® ª®àà¥ªâ­®áâ¨ ­¥ª®â®àëå ¢¨¤®¢ ­¥«¨­¥©­ëå ¤¢ãåá«®©-
­ëå �� ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©. � [15]{[16] ¨áá«¥¤®¢ ­  ª®àà¥ªâ­®áâì ¤¢ãåá«®©­ëå ­¥-
«¨­¥©­ëå ���, ¢ ª®â®àëå \¯à®áâà ­áâ¢¥­­ë©" ®¯¥à â®à ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ ¯ àë
®¯¥à â®à®¢ á à §«¨ç­ë¬¨ á¢®©áâ¢ ¬¨. � ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¯®§¢®«¨«® áä®à¬ã«¨à®¢ âì ãá«®-
¢¨ï ª®àà¥ªâ­®áâ¨ ¤®áâ â®ç­® è¨à®ª®£® ª« áá  �� ª ª ¤«ï ãà ¢­¥­¨© ¯ à ¡®«¨ç¥áª®£®, â ª ¨
£¨¯¥à¡®«¨ç¥áª®£® â¨¯®¢. � ­ áâ®ïé¥© à ¡®â¥ ¯à®¢®¤¨âáï ¨áá«¥¤®¢ ­¨¥ ª®àà¥ªâ­®áâ¨ á¨áâ¥¬ë
®¯¥à â®à­ëå ãà ¢­¥­¨©, ç áâ­ë¬ á«ãç ¥¬ ª®â®à®© ï¢«ï¥âáï ���, ¨§ãç¥­­ ï ¢ [15]. �� â ª®£®
¢¨¤  ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¯à¨ à¥è¥­¨¨ è¨à®ª®£® ª« áá  § ¤ ç á \¯ ¬ïâìî".

�®ª § ­­ ï ¢ à ¡®â¥ â¥®à¥¬  ® ª®àà¥ªâ­®áâ¨ á¨áâ¥¬ë ®¯¥à â®à­ëå ãà ¢­¥­¨© ¯à¨¬¥­ï¥âáï
¤«ï ¨áá«¥¤®¢ ­¨ï à §à¥è¨¬®áâ¨ ¨ áå®¤¨¬®áâ¨ �� ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© ¤¢ã¬¥à­®© £¨¤à®¤¨-
­ ¬¨ª¨ ¢ « £à ­¦¥¢®© á¨áâ¥¬¥ ª®®à¤¨­ â.

1. �®àà¥ªâ­®áâì ¤¢ãåá«®©­ëå ���

�ãáâì H = Hh = H1;h 
 H2;h | á¥¬¥©áâ¢® ª®­¥ç­®¬¥à­ëå ¥¢ª«¨¤®¢ëå ¯à®áâà ­áâ¢, § -
¢¨áïé¨å ®â ¯ à ¬¥âà  h; í«¥¬¥­â  ª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢  á ­®à¬®© jhj > 0; !� =
f0; �; 2�; : : : ; Tg | á¥âª  ­  ®âà¥§ª¥ [0; T ]; X = X�h = f(v(t); �(t)) 2 H; t 2 !�g | ¯à®áâà ­-
áâ¢® ¢¥ªâ®à-äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  ®âà¥§ª¥ !� ; á® §­ ç¥­¨ï¬¨ ¢ ¯à®áâà ­áâ¢¥ H:

� áá¬®âà¨¬ ��� ¢¨¤ (
yt +A(�(�); ~D(y; ŷ)) = '(t);

�t = P (�(�); ~D(y; ŷ));
t 2 !� = !�nfTg; y(0) = y0; �(0) = x0; (1)

£¤¥ � 2 [0; 1] | ç¨á«®¢®© ¯ à ¬¥âà, ¢¥á á«®ï, v(�) = �v̂ + (1 � �)v, v̂(t) = v(t + �); ~D(y; v) =R 1
0 D(�v̂ + (1 � �)y)d�; (y; �) 2 X; (y0; x0) 2 H; D | ­¥«¨­¥©­ë© ®¯¥à â®à ¨§ H1 ¢ H1; A ¨ P |
­¥«¨­¥©­ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ¯à®áâà ­áâ¢¥H; á® §­ ç¥­¨ï¬¨ ¢H1 ¨H2 á®®â¢¥âáâ¢¥­­®.

� áâ­ë¬ á«ãç ¥¬ ��� (1) ï¢«ïîâáï ���, ¨§ãç¥­­ë¥ ¢ [12], [15], [16].
�áá«¥¤ã¥¬ ª®àà¥ªâ­®áâì ��� (1).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(¯à®¥ªâ 95-01-00400).
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�¡®§­ ç¨¬ ç¥à¥§ u ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â ¨§ X1; X� = fv(t) 2 H�; t 2 !�g ¨ ®¯à¥¤¥«¨¬
í«¥¬¥­â ux 2 X2 ª ª à¥è¥­¨¥ § ¤ ç¨

ux;t = P (u(�)x ; ~D(u; û)); t 2 !� ; ux(0) = x0: (2)

�ãáâì � = �(�; h) > 0; j � j; k � k1; k � k(+) | ­¥ª®â®àë¥ ­®à¬ë ¨ ( ; )1 | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢
H1;   k � k2 | ­®à¬  ¨ ( ; )2 | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ H2. �¢¥¤¥¬ ¢ H ®ªà¥áâ­®áâì O�(v; �) =
O1;�(v)
O2;�(�); O�;�(v) = fz 2 H� : kz�vk� < �g;   ¢X | ®ªà¥áâ­®áâì U�(v; �) = U1;�(v)
U2;�(�);
U�;�(v) = fz(t) 2 O�;�(v(t)); t 2 !�g: �áî¤ã ç¥à¥§ c; d ¢®§¬®¦­® á ¨­¤¥ªá ¬¨, ¡ã¤¥¬ ®¡®§­ ç âì
à §«¨ç­ë¥ ¯®áâ®ï­­ë¥. � ¢¨á¨¬®áâì â¥å ¨«¨ ¨­ëå ¢¥«¨ç¨­ ®â ¯ à ¬¥âà®¢ � ¨ h; ¥á«¨ â ª®¢ ï
¨¬¥¥âáï, ¡ã¤¥¬ ãª §ë¢ âì ï¢­®. �«ï à §­®áâ­ëå ®â­®è¥­¨©, áª «ïà­ëå ¯à®¨§¢¥¤¥­¨© ¨ ­®à¬
¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï, ¯à¨­ïâë¥ ¢ [1], [17].

�à¨ ¨áá«¥¤®¢ ­¨¨ ��� (1) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­®áâ¨,  ­ «®£¨ç­®¥ [6].

�¯à¥¤¥«¥­¨¥ 1. ��� (1) ­ §®¢¥¬ (u; �)-ª®àà¥ªâ­®©, ¥á«¨ áãé¥áâ¢ãîâ �i = �i(�; h) > 0; i =
1; 2; ¨ ­®à¬ë k�k(j); j = 1; 2, â ª¨¥, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢ ky0�u(0)k(1) � �1; k	k(2) � �2
��� (1) ¨¬¥¥â à¥è¥­¨¥ y : ky(t)�u(t)k(1) � �, ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª  (­¥à ¢¥­áâ¢® ª®àà¥ªâ­®áâ¨)

ky(t)� u(t)k(1) � J(	(u)) �M1ky(0) � u(0)k(1) +M2k	k(2)

á ¯®áâ®ï­­ë¬¨ M1; M2; ­¥ § ¢¨áïé¨¬¨ ®â �; h; 	(u)(t̂) = '(t̂) � A(u(�)x ; ~D(u; û)) � ut; t 2 !� ;
	(u)(0) = 0:

�â­®á¨â¥«ì­® ®¯¥à â®à®¢ D; A ¨ P ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­­ë¬¨ ãá«®¢¨ï:

 ) ®¯¥à â®à D ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ¯® �à¥è¥ ¢ O1;�(u(�)(t)) 8� 2 [0; 1];
¯®â¥­æ¨ «¥­ ([18], á.65) ¨ ¯à¨ «î¡ëå v; vi 2 O1;�(u(�)(t)); i = 1; 2; vj 2 H1; j = 3; 4;
¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

(Dv1 �Dv2; v1 � v2)1 � d1kv1 � v2k
2
1; (3)

j(D(1)(v); v3; v4)1j � d2kv3k1kv4k1; (4)

jDv1 �Dv2j
2 � d3kv1 � v2k

2
1; (5)

j(D(2)(v)utv3; v4)1j � d4kv3k1kv4k1

á ¯®áâ®ï­­ë¬¨ dk > 0; k = 1; 4;
b) ®¯¥à â®à A ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ ¢ [�2[0;1]DO1;�(u(�)) 
 O2;�(u(�)x ), ¨ ¯à¨ Û = ~D(u; û);

t 2 !� ; U(0) = ~D(u(0); u(0)) ¨ «î¡ëå v; v2 2 O2;�(u(�)x ), v1 2 DO1;�(u(�)); � 2 [0; 1]; v 2 H2

¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

d6(A(v; v1)�A(v; U); v1 � U)1 + d5jv1 � U j2 � kv1 � Uk2(+); d5 � 0; d6 > 0; (6)

j(A(v; U) �A(v2; U); v3)1j � d7kv3k(+)kv � v2k2; d7 � 0; (7)

c) ®¯¥à â®à P ¯à¨ v; v1 2 O2;�(u(�)x ); v2; v3 2 DO1;�(u(�)) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬

kP (v1; v2)� P (v; v2)k2 � d8kv1 � vk2;

kP (v1; v2)� P (v1; v3)k2 � d8kv2 � v3k(+); d8 � 0: (8)

�¥®à¥¬ . �ãáâì ¯à¨ � � �0; h � h0 ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢  (3){(8), â®£¤  ��� (1) (u; �)-
ª®àà¥ªâ­ , ¯à¨ç¥¬ ­¥à ¢¥­áâ¢® ª®àà¥ªâ­®áâ¨ ¨¬¥¥â ¢¨¤

max
t2!�

ky(t)� u(t)k1 +max
t2!�

k�(t)� ux(t)k(+) � J(	(u));

J(	(u)) �

(
M

"X
t2!�

�k	(u)(t̂)k2(�) + ky(0) � u(0)k21

#)1=2

;
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M = d�1
1 d6G(T )G1(T ); G1(t) = exp(c1=(1� c1�0)t)=(1� c1�0); G(t) = c2 exp(c2t); c1 = maxfd�1

1 (d4 +
d3d5d

�1
6 ); 4G2(T )Td26d

2
7g; c2 = d8=(1 � d8��0); k k(�) = supz 6=0 j(z;  )j=kzk(+) :

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¯®âà¥¡ãîâáï á«¥¤ãîé¨¥ «¥¬¬ë.

�¥¬¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë ¨ ��� (1) ¨¬¥¥â à¥è¥­¨¥ (y; �) 2 U�(u; ux):
�®£¤  ¯à¨ ¢á¥å t 2 !� ¢¥à­ë ­¥à ¢¥­áâ¢ 

d1kz(t)k21 � 2F (z)(t) � r(t� �); d�1
6

tX
t0=0

�k ~D(y; ~y)� ~D(u; ~u)k2(+) � r(t); (9)

r(t) = G1(t)

"
tX

t0=0

d6�k (t0)k2(�) + 2F (z)(0)

#
; F (z) =

Z 1

0

Z 1

0

(D(1)(u+ ��z)�z; z)1d� d�;

z = y � u:

�¥¬¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 1; â®£¤  ¯à¨ ¢á¥å t 2 !� ¢¥à­® ­¥à ¢¥­áâ¢®

k�(t)� x(t)k2 � G(t� �)
t��X
t0=0

�k ~D(y; ŷ)� ~D(u; û)k(+)(t0): (10)

�¥¬¬  3. �ãáâì H | ª®­¥ç­®¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®, k � k | ­¥ª®â®à ï ­®à¬  ¢

­¥¬, P | ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ H ¢ á¥¡ï ¨ D | ¤¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à ¦¥­¨¥, ã¤®¢«¥-

â¢®àïîé¥¥ ¯à¨ ­¥ª®â®àëå u; û 2 H; � > 0 ¨ «î¡ëå v; v1; v2 2 O�(u(�)), � 2 [0; 1], ­¥à ¢¥­áâ¢ ¬

(Dv1 �Dv2; v1 � v2) � �kv1 � v2k
2; j(D(1)(v)v1; v2)j � �kv1kkv2k; � � � > 0:

�ãáâì ¤ «¥¥ ¯à¨ ­¥ª®â®à®¬ � 2 (0; �) ¨ «î¡ëå �; � : k�k = �; k�k < ����1 ¨¬¥¥â ¬¥áâ®

­¥à ¢¥­áâ¢®

(P (�); ~D(�; �)� ~D(u; û)) � 0;

£¤¥ � = û+�; � = u+�; ~D(v; w) =
R 1
0 D(v+�(v�w))d�: �®£¤  ­ ©¤¥âáï â ª®© í«¥¬¥­â � 2 O2;�(u);

çâ® P (�) = 0:

�¥¬¬  3 ¨§¢¥áâ­  [15].
�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �â¬¥â¨¬, çâ® ¯¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (8) ®¡¥á¯¥ç¨¢ ¥â á¦¨¬ ¥-

¬®áâì ¢ O2;�(ux) ®¯¥à â®à  S(�̂) = �P (��̂ + (1 � �)�; v) ¯à¨ «î¡®¬ v 2 DO1;�(u(�)); � 2 [0; 1], ¨
â¥¬ á ¬ë¬ ®¡¥á¯¥ç¨¢ ¥â à §à¥è¨¬®áâì ãà ¢­¥­¨ï

�̂ = �+ �P (�(�); ~D(y; ŷ)) (11)

¯à¨ «î¡ëå y 2 O1;�(u(t)); ŷ 2 O1;�(û(t)); � 2 O2;�(ux(t)):
�ëçâ¥¬ (2) ¨§ (11). �¡®§­ ç¨¢ ç¥à¥§ � à §­®áâì � ¨ ux ¨ ¢§ï¢ ®â ®¡¥¨å ç áâ¥© ¯®«ãç¥­­®£®

à ¢¥­áâ¢  ­®à¬ã k � k2; ¡ã¤¥¬ ¨¬¥âì

k�̂k2 � k� + �P (�(�); ~D(y; ŷ))� �P (u(�)x ; ~D(u; û))k2:

�®«ì§ãïáì ­¥à ¢¥­áâ¢®¬ âà¥ã£®«ì­¨ª  ¤«ï ®æ¥­ª¨ ¯à ¢®© ç áâ¨ ¢ íâ®¬ ­¥à ¢¥­áâ¢¥,   § â¥¬ (8),
¯®«ãç¨¬

k�̂k2 � k�k2 + �d8(k�
(�)k2 + k ~D(y; ŷ)� ~D(u; û)k(+));

®âªã¤  ¯à¨ � < �0; 1� �0d8 > 0 á«¥¤ã¥â

k�̂k2 �
1 + �d8(1 � �)

1� �d8�
k�k2 +

�d8
1� �d8�

k ~D(y; ŷ)� ~D(u; û)k(+); t 2 !� :

� §à¥è ï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ®â­®á¨â¥«ì­® k�k2; ãç¨âë¢ ï ¯à¨ íâ®¬, çâ® �(0) = ux(0) = x0,
¡ã¤¥¬ ¨¬¥âì (10). �¥¬¬  2 ¤®ª § ­ .
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�®ª § â¥«ìáâ¢® «¥¬¬ë 1. �«ï z = y � u ¨¬¥¥¬

zt +A(�(�); ~D(y; ŷ))�A(u(�)x ; ~D(u; û)) =  ̂(t); t 2 !� ; (12)

z(0) = y0 � u(0);  (t) = 	(u)(t):

�¬­®¦¨¬ (12) áª «ïà­® ¢ H1 ­  2�( ~D(y; ŷ)� ~D(u; û)); ¯®«ãç¨¬

2�( ~D(y; ŷ)� ~D(u; û); zt)1 + 2�(A(�(�); ~D(y; ŷ))�

�A(u(�)x ; ~D(u; û)); ~D(y; ŷ)� ~D(u; û))1 = 2�( ̂(t); ~D(y; ŷ)� ~D(u; û))1: (13)

�à¥®¡à §ã¥¬ ¨ ®æ¥­¨¬ á« £ ¥¬ë¥ ¢ (13). �â®à®¥ á« £ ¥¬®¥ ¯à¥®¡à §ã¥¬ ª ¢¨¤ã

II = 2�(A(�(�); ~D(y; ŷ))�A(�(�); ~D(u; û)); ~D(y; ŷ)� ~D(u; û))1 +

+ 2�(A(�(�); ~D(u; û))�A(u(�)x ; ~D(u; û)); ~D(y; ŷ)� ~D(u; û))1;

  § â¥¬ ®æ¥­¨¬, ¯®«ì§ãïáì (6) ¨ (7),

II � 2�d�1
6 k ~D(y; ŷ)� ~D(u; û)k2(+) � 2�d5d

�1
6 j ~D(y; ŷ)� ~D(u; û)j2 �

� 2�d7k ~D(y; ŷ)� ~D(u; û)k(+)k�
(�) � u(�)x k2;

®âªã¤  ¯®á«¥ ¯à¨¬¥­¥­¨ï "-­¥à ¢¥­áâ¢  ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

II � 2�d�1
6 (1� ")k ~D(y; ŷ)� ~D(u; û)k2(+) � 2�d5d

�1
6 j ~D(y; ŷ)� ~D(u; û)j2 �

� �(2")�1d27d6k�
(�) � u(�)x k22; " > 0: (14)

� á¨«ã «¥¬¬ë 2 ¯à¨ ®æ¥­ª¥ ­®à¬ë �(�) � u(�)x ¨ (5) ¯à¨ ®æ¥­ª¥ ¢â®à®£® á« £ ¥¬®£® ¢ (14) ¡ã¤¥¬
¨¬¥âì

II � 2�d�1
6 (1� "� (2")�1�d26d

2
7G

2(t)t)k ~D(y; ŷ)� ~D(u; û)k2(+) �

�"�1�d6d
2
7G

2(t)t
t��X
t0=0

�k ~D(y; ŷ)� ~D(u; û)k2(+) � 2�d5d�1
6 j ~D(y; ŷ)� ~D(u; û)j2 �

� 2�d�1
6 (1� (2")�1�d26d

2
7�0G

2(T )T )k ~D(y; ŷ)� ~D(u; û)k2(+) �

�"�1�d6d
2
7G

2(T )T
t��X
t0=0

�k ~D(y; ŷ)� ~D(u; û)k2(+) � �d5d
�1
6 d3[kẑk

2
1 + kzk21]: (15)

�« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (13) ®æ¥­¨¬ á ¯®¬®éìî ­¥à ¢¥­áâ¢  �®è¨-�ã­ïª®¢áª®£®

2� j( ̂; ~D(y; ŷ)� ~D(u; û))1j � 2�k ̂k(�)k ~D(y; ŷ)� ~D(u; û)k(+) �

� 2�"1d�1
6 k ~D(y; ŷ)� ~D(u; û)k2(+) + �d6=2"1k ̂k2(�): (16)

�á¯®«ì§ãï ¯®«ãç¥­­ãî ¢ [15] ®æ¥­ªã

2�( ~D(y; ŷ)� ~D(u; û); zt)1 � 2�(F (z))t � 2�d4[kẑk
2
1 + kzk21]

¤«ï ¯¥à¢®£® á« £ ¥¬®£® ¢ (13),   â ª¦¥ (15) ¨ (16), ¡ã¤¥¬ ¨¬¥âì

2�(F (z)(t�))t � �(d4 + d3d5d
�1
6 [kẑk21 + kzk21] +

+2�d�1
6 (1� "� (2")�1d26d

2
7�0G

2(T )T � "1)k ~D(y; ŷ)� ~D(u; û)k2(+) �

�"�1d27d6G
2(T )T�

t��X
t0=0

�k ~D(y; ŷ)� ~D(u; û)k2(+) � d6�=2"1k ̂k
2
(�): (17)
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�à®áã¬¬¨àã¥¬ (17) ¯® t ®â 0 ¤® t� � �; ¯à¨¤¥¬ ª ­¥à ¢¥­áâ¢ã

2F (z)(t�) + 2d�1
6 (1� "� (2")�1d26d

2
7�0G

2(T )T � "1)
t���X
t=0

�k ~D(y; ŷ)� ~D(u; û)k2(+) �

� "d�1
7 d6G

2(T )T
t���X
t=0

�
t��X
t0=0

�k ~D(y; ŷ)� ~D(u; û)k2(+) +

+(d4 + d3d5d
�1
6 )

t���X
t=0

� [kẑk21 + kzk21] +
t���X
t=0

d6�=2"1k k2(�) + 2F (z)(0): (18)

�ë¡à ¢ ¢ (17) " = "1 = 1=4; ¢®á¯®«ì§®¢ ¢è¨áì (3) ¤«ï ®æ¥­ª¨ á« £ ¥¬ëå, á®¤¥à¦ é¨å kzk1,
­¥à ¢¥­áâ¢®¬

kzk21 � 2d�1
1 F (z);

¢¢®¤ï ¯à¨ íâ®¬ ®¡®§­ ç¥­¨¥

Q(t) = 2F (z) + d�1
6

t���X
t0=0

�k ~D(y; ŷ)� ~D(u; û)k2(+);

¡ã¤¥¬ ¨¬¥âì

Q(t�) � c1

t���X
t=0

�Q(t) +

"
t���X
t=0

�d6k ̂k
2
(�) + 2F (z)(0)

#
=(1 � c1�0):

� §à¥è ï íâ® ­¥à ¢¥­áâ¢®, ¯à¨å®¤¨¬ ª (9). �¥¬¬  ¤®ª § ­ .
�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢¥¤¥¬ ¨­¤ãªæ¨¥© ¯® t 2 !� : �ãáâì J(	(u)) � �: �á­®, çâ® ¢

íâ®¬ á«ãç ¥ (y(0); �(0)) 2 O�(u(0); ux(0)):
�à¥¤¯®«®¦¨¬, çâ® ¤«ï ¢á¥å t � t� ã¦¥ ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï (y(t); �(t)) 2

O�(u(t); ux(t)) ��� (1). �®ª ¦¥¬, çâ® ¨ ¯à¨ t = t� ¢ O�(û(t); ûx(t)) â ª¦¥ áãé¥áâ¢ã¥â à¥è¥­¨¥
(ŷ(t); �̂(t)):

�¡®§­ ç¨¬ z(t) = y(t)� u(t); t � t�, ẑ(t) = v � û(t); t = t�; v 2 O1;�(û(t)):
�â¬¥â¨¬ ¯à¥¦¤¥, çâ® ¢ á¨«ã «¥¬¬ë 2 ¯à¨ t < t� ¢¥à­ë ­¥à ¢¥­áâ¢  (9) ¨ (10).
� áá¬®âà¨¬ ¢ëà ¦¥­¨¥

I = (Z(ẑ); ~D(y; v) � ~D(u; û))1;

£¤¥ Z(ẑ) = 2(v � y) + 2�A(��̂ + (1 � �)�; ~D(y; v)) � '(t);   �̂ = �̂(v) 2 O�(ûx(t)) | à¥è¥­¨¥
ãà ¢­¥­¨ï

�̂ = �+ �P (��̂+ (1� �)�; ~D(y; v)); t = t�:

�®« £ ï Dy = ~D(y; v); Du = ~D(u; û); ¨¬¥¥¬

I = 2�(zt;Dy �Du)1 + 2�(A(�(�);Dy)�A(u(�)x ;Du);Dy �Du)1 � 2�( ̂;Dy �Du)1:

�à®¢®¤ï â¥ ¦¥ à ááã¦¤¥­¨ï, çâ® ¨ ¢ «¥¬¬¥ 1 ¯à¨ ¯®«ãç¥­¨¨ ®æ¥­ª¨ (9), «¥£ª® ¢ë¢¥áâ¨ ­¥à -
¢¥­áâ¢®

I � (1� c1�)
�
2F (z)(t̂)� d�1

6 �
t��X
t0=0

�kDy �Duk
2
(+)

�
� d6�k ̂k

2
(�) � 2F (z)(0) �

� d1(1� c1�)[kẑk21 � r(t)=d1(1� c1�)]:

�â®à®¥ á« £ ¥¬®¥ ¢ ª¢ ¤à â­ëå áª®¡ª å ¬¥­ìè¥ J(	(u)) � �;   á«¥¤®¢ â¥«ì­®, ­  £à ­¨æ¥
è à  à ¤¨ãá  � ¨¬¥¥¬ I � 0: � á¨«ã «¥¬¬ë 3 áãé¥áâ¢ã¥â í«¥¬¥­â v = ŷ : kŷ � ûk1 � �;   ¢ á¨«ã
«¥¬¬ë 2 ¨ í«¥¬¥­â �̂(t) 2 O2;�(ûx(t)); ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨ï¬ (1). �¥®à¥¬  ¤®ª § ­ .
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�®á¯®«ì§ã¥¬áï à¥§ã«ìâ â ¬¨ íâ®£® à §¤¥«  ¤«ï ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ à §­®áâ­®© áå¥¬ë
¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© � ¢ì¥-�â®ªá , ®¯¨áë¢ îé¨å â¥ç¥­¨¥ ¢ï§ª®© á¦¨¬ ¥¬®© â¥¯«®¯à®¢®¤-
­®© ¦¨¤ª®áâ¨.

2. � §­®áâ­ ï áå¥¬  ¤«ï ãà ¢­¥­¨© £¨¤à®¤¨­ ¬¨ª¨

� áá¬®âà¨¬ § ¤ çã ® â¥ç¥­¨¨ ¢ï§ª®© ¦¨¤ª®áâ¨, § ­¨¬ îé¥© ­ ç «ì­ë© ®¡ê¥¬ 
 = f0 <
xi < 1; i = 1; 2g á £à ­¨æ¥© �: �à ¢­¥­¨ï â¥ç¥­¨ï ¦¨¤ª®áâ¨ ®¯¨áë¢ îâáï á¨áâ¥¬®© ãà ¢­¥­¨©
[20]

�0
d�

dt
� jJ jr~v = 0; (19)

�0
d~v

dt
� jJ jr~p = �0 ~f; (20)

�0T
ds

dt
= jJ j(� i;jei;j +r({rT )); (21)

d~x

dt
= ~v; x 2 
; t 2 (0; t0); (22)

£¤¥ (�;~v; s) | â¥à¬®¤¨­ ¬¨ç¥áª¨¥ ª®®à¤¨­ âë (ã¤¥«ì­ë© ®¡ê¥¬, áª®à®áâì, ã¤¥«ì­ ï í­âà®¯¨ï)
â®ç¥ª áà¥¤ë, ~p = �p�i;j + � i;j ; � i;j | ª®¬¯®­¥­âë â¥­§®à  ¢ï§ª¨å ­ ¯àï¦¥­¨©, � i;j = Ai;j

�;�;

e�;� =
1
2

�
@v�
@x�

+
@v�
@x�

�
| ª®¬¯®­¥­âë â¥­§®à  áª®à®áâ¥© ¤¥ä®à¬ æ¨¨, jJ j = det(J); J � J(x) =

(@xi=@xj)2i;j=1 | ¬ âà¨æ  �ª®¡¨ ¯¥à¥å®¤  ®â ®âáç¥â­®© ¤¥ª àâ®¢®© (« £à ­¦¥¢®©) á¨áâ¥¬ë ª®-
®à¤¨­ â x ª í©«¥à®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â, p = �@"=@� | ¤ ¢«¥­¨¥, T = @"=@s | â¥¬¯¥à âãà ,
" = "(�; s) | â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ «.

�à ­¨ç­ë¥ ¨ ­ ç «ì­ë¥ ãá«®¢¨ï ¤«ï ãà ¢­¥­¨© (19){(22) § ¯¨è¥¬ ¢ ¢¨¤¥

~v = 0; T = T�; x 2 �; (�;~v; s) = (�0; ~v0; s0); x = x0 � x; t = 0; x 2 
; (23)

£¤¥ ~n | ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª â®çª ¬ £à ­¨æë �:
�ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï ­  ¨áå®¤­ë¥ ¤ ­­ë¥ § ¤ ç¨:
1) ¬ âà¨æ  ª®íää¨æ¨¥­â®¢ Ai;j

�;� á¨¬¬¥âà¨ç­  (A
i;j
�;� = Aj;i

�;�) ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ :

c1
X
�;�

�2�;� � Ai;j
�;���;��i;j � c0

X
�;�

�2�;�; c1 � c0 > 0; (24)

2) â¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « "(y; z) ï¢«ï¥âáï ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®©
äã­ªæ¨¥© ¨ ¯à¨ 1=�0 � y � �0 > 0; 1=�0 � z � �0 > 0 ¢ë¯®«­¥­ë ãá«®¢¨ï �¥â¥-�¥©«ï [21]

p0�(y; z) < c0 < 0; T 0
�(y; z) > c0 > 0; ("00��"

00
ss � 2("00s�)

2)(y; z) > c0 > 0: (25)

�ã¤¥¬ â ª¦¥ ¯à¥¤¯®« £ âì, çâ® £« ¤ª®áâì ¨áå®¤­ëå ¤ ­­ëå § ¤ ç¨ ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®-
¢ ­¨¥ ¤®áâ â®ç­® £« ¤ª®£® à¥è¥­¨ï ¯à¨ t 2 [0; t0] § ¤ ç¨ (19){(23), ¯à¨ íâ®¬

1=�0 > �; s > �0 > 0 ¨ jJ(x)j > c0 > 0: (26)
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�à¨  ¯¯à®ªá¨¬ æ¨¨ ãà ¢­¥­¨© (19){(22) ¡ã¤¥¬ ¨áå®¤¨âì ¨§ ¨­â¥£à «ì­ëå â®¦¤¥áâ¢, á®®â-
¢¥âáâ¢ãîé¨å ¨áå®¤­ë¬ ãà ¢­¥­¨ï¬Z



�0
d�

dt
wpdx�

Z


Mi;j

@vi
@xj

wpdx = 0;

Z


�0
dvi
dt
widx�

Z


Mi;j

@wi

@xj
pdx+

Z



Ai;j
�;�

jJ j
e0�;�(~x;~v)e

0
i;j(~x; ~w)dx =

Z


�0fiwidx; (27)

Z


�0
ds

dt
wTdx =

Z



{

jJ j
Mi;kMi;l

@T

@xk

@(wT =T )
@xl

dx+
Z



wTA
i;j
�;�

jJ jT
e0�;�(~x;~v)e

0
i;j(~x;~v)dx;

£¤¥ wp; ~w; wT | ¯à®¨§¢®«ì­ë¥ ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨ « £à ­¦¥¢®© ¯¥à¥¬¥­­®© x 2 
;
~w;wT j� = 0: �¤¥áì ¨ ¤ «¥¥, £¤¥ íâ® ­¥ ¢ë§ë¢ ¥â ­¥¤®à §ã¬¥­¨©, áâà¥«®ª ­ ¤ ¢¥ªâ®à ¬¨ ¯¨á âì
­¥ ¡ã¤¥¬. �áî¤ã, £¤¥ ¢áâà¥ç îâáï ¯®¢â®àïîé¨¥áï ¨­¤¥ªáë, ¡ã¤¥¬ ¯à¥¤¯®« £ âì áã¬¬¨à®¢ ­¨¥
®â 1 ¤® 2, á¨¬¢®« ¬¨ Mi;j ; e

0
�;� ®¡®§­ ç¥­ë á«¥¤ãîé¨¥ ¢¥«¨ç¨­ë:

Mi;j(x) = jJ(x)j
@xj
@xi

; e0�;�(x; v) = jJ(x)je�;�(v) =
1
2

�
M�;k

@v�
@xk

+M�;k

@v�
@xk

�
: (28)

�®ªà®¥¬ ®¡« áâì 
 à ¢­®¬¥à­®© á è £®¬ h á¥âª®© !h = f(ih; jh); i; j = 0; ng; ç¥à¥§ �h

®¡®§­ ç¨¬ ¬­®¦¥áâ¢® £à ­¨ç­ëå â®ç¥ª á¥âª¨. �à®áâà ­áâ¢® á¥â®ç­ëå äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå

­  !h; ®¡®§­ ç¨¬ ç¥à¥§ V;
0

V | ¯®¤¯à®áâà ­áâ¢® á¥â®ç­ëå äã­ªæ¨©, à ¢­ëå ­ã«î ­  �h, ¨

H1 = V 

0

V 2 
 V;
0

H1 = V 

0

V 2 

0

V ; H2 = V 2;
0

H2
2 =

0

V 2:

�áî¤ã ¤ «¥¥ ¤«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª ¯®«®¦¨¬ �0 = 1: �«ï ®¡®§­ ç¥­¨ï ª¢ ¤à âãà­ëå
áã¬¬, à §­®áâ­ëå ®â­®è¥­¨© ¨ ¤à. ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï ¨§ [17]. �à¨  ¯¯à®ªá¨¬ æ¨¨
â®¦¤¥áâ¢  (27) á (28) ¢®á¯®«ì§ã¥¬áï ¨¤¥ï¬¨ ¬¥â®¤  áã¬¬ â®à­ëå â®¦¤¥áâ¢.

�¡®§­ ç¨¬ ç¥à¥§ 
 ¬ã«ìâ¨¨­¤¥ªá (
1; 
2) á® §­ ç¥­¨ï¬¨ 
� = �1: � «ë¬¨ ¡ãª¢ ¬¨ yp; yT ;

~yv; ~yx ¡ã¤¥¬ ®¡®§­ ç âì í«¥¬¥­âë á«¥¤ãîé¨å ¯à®áâà ­áâ¢: yp 2 V; yT 2 V; ~yv = (yv;1; yv;2) 2
0

V 2;
~yx = (yx;1; yx;2) 2 H2; ¡®«ìè¨¥ ¡ãª¢ë ¯à¨ ®¯à¥¤¥«¥­¨¨ á¥â®ç­ëå ®¯¥à â®à®¢ ¨ ¨å á¢®©áâ¢ ¡ã¤ãâ
®§­ ç âì í«¥¬¥­âë ¯à®áâà ­áâ¢  H1 : Y = (yp; ~yv; yT ):

�¯à¥¤¥«¨¬ ®¯¥à â®à A à ¢¥­áâ¢®¬

(A(yx; Y );W )1 =
1
4

X



�
�(M


i;j(yx)@
;jyv;i; wp)
 + (M

i;j(yx)@
;jwv;i; yp)
 +

+(jJ
(yx)j
�1Ai;j

�;�e


�;�(yx; yv); e



i;j(yx; wv))
 �

�((yT jJ

(yx)j)

�1Ai;j
�;�e



�;�(yx; yv)e



i;j(yx; yv); wT )
 +

+(jJ
(yx)j�1
{M


i;k(yx)M


i;l(yx)@
;kyT ; @
;l(wT =yT ))


�
; W 2

0

H1: (29)

�¤¥áì J
(yx) = (@
;jyx;i)2i;j=1; jJ

(yx)j = det J
(yx); M



�;k(yx) = jJ
(yx)jj



�;k(yx); j



�;k(yx) | ª®¬¯®-

­¥­âë ¬ âà¨æë, ®¡à â­®© ª J
(yx); e


�;�(yx; yv) = 1=2(M


�;k(yx)@
;kyv;� +M

�;k(yx)@
;kyv;�) .

�¯¥à â®àë P ¨ D ®¯à¥¤¥«¨¬ ¢ëà ¦¥­¨ï¬¨ P (yx; Y ) = yv ¨

DY = (�p(yp; yT ); yv; T (yp; yT )); Y 2 H1: (30)

�  ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ (�h; ~vh; sh); ~xh § ¤ ç¨ (19){(23) ¯à¨¬¥¬ à¥è¥­¨¥ à §­®áâ­®© áå¥-
¬ë ¢¨¤  (1) á � 2 [0; 1] ¨ ®¯¥à â®à ¬¨ D; A; P; ®¯à¥¤¥«¥­­ë¬¨ ¢ëè¥. �à¨ íâ®¬ ¯®« £ ¥¬
y0 = (�0; v0; s0) ¨ x0 = x(0) = x:

�áá«¥¤ã¥¬ à §à¥è¨¬®áâì ¨ áå®¤¨¬®áâì à §­®áâ­®© áå¥¬ë. �«ï íâ®£® ¯à®¢¥à¨¬ ãá«®¢¨ï â¥-
®à¥¬ë. �®«®¦¨¬ ¢ ª ç¥áâ¢¥ í«¥¬¥­â  u 2 H1 á¥â®ç­ãî äã­ªæ¨î, ¯®«ãç¥­­ãî á­®á®¬ à¥è¥­¨ï
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(�;~v; s) ¨áå®¤­®© § ¤ ç¨ ¢ â®çª¨ á¥âª¨ !h�!� ; ¨ ®¯à¥¤¥«¨¬ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï V; H1; H2

à ¢¥­áâ¢ ¬¨

(y; v) =
1
4

X



(y;w)
 ;

(y; v)1 =
1
4

X



"
(yp; wp)
 +

2X
i=1

(yv;i; wv;i)
 + (yT ; wT )


#
;

(y; v)2 =
1
4

X



3X
i=1

(yx;i; wx;i)
 ;

kyk = (y; y)1=2; kY k1 = (Y; Y )1=21 ; kyxk2 =
X
j

"
(yx;j; yx;j)2 +

1
4

X



X
i

(@
;iyx;j; @
;iyx;j)


#
:

�ãáâì � = �h#=4; # > 1: �á­®, çâ® ¨§ ¢ª«îç¥­¨ï (Y; yx) 2 O�(u(t); ux(t)) á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ¯à¨
¢á¥å x 2 !h ­¥à ¢¥­áâ¢ 

maxfjyp � �j; jyv;i � vij; jyT � sjg � �h#�1 (31)

¨ ¯à¨ x 2 !h ­¥à ¢¥­áâ¢

jyx;i � ux;ij � �h# ln1=2 h�1; j@
;jyx;i � @
;jux;ij � �h#�1: (32)

�«¥¬¥­â ux; ®¯à¥¤¥«ï¥¬ë© á®®â­®è¥­¨¥¬ (2), ¢ ¤ ­­®¬ á«ãç ¥, ®ç¥¢¨¤­®, à ¢¥­

ux(t) = x(0) +
t��X
t0=0

�v(�) = x(t) +O(��); � =

(
2; � = 1=2;

1; � 6= 1=2:

�âáî¤  ¨ ¨§ (31) á«¥¤ã¥â, çâ® ­ ©¤¥âáï â ª®¥ ¤®áâ â®ç­® ¬ «®¥ ç¨á«® h0; çâ® ¯à¨ «î¡ëå h � h0;
� � ch#=� ¤«ï (Y; yx) 2 O�(u(t); x(t)) á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (á«¥¤áâ¢¨¥ ¨§ (25), (26))

p0�(yp; yT ) � c0 < 0; T 0
�(yp; yT ) � c0 > 0; ("00��"

00
ss � 2("00s�)

2)(yp; yT ) � c0 > 0; (33)

  â ª¦¥ ¢¥à­  ®æ¥­ª  (E | ¥¤¨­¨ç­ ï ¬ âà¨æ )

jJ
(yx)j � c0 > 0; �0E � (J
(yx))TJ
(yx) � �1E: (34)

�§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  D (30), £« ¤ª®áâ¨ äã­ªæ¨¨ " ¨ (33) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­-
áâ¢  (3) á ¯®áâ®ï­­®© d0 = c0=2 ¨ ­¥à ¢¥­áâ¢ (4), (5) á ¯®áâ®ï­­ë¬¨ d2; d3; d4; § ¢¨áïé¨¬¨ «¨èì
®â �0; ¯à®¨§¢®¤­ëå ®â ¯®â¥­æ¨ «  " ¨ ¬ ªá¨¬ã¬  ¯à®¨§¢®¤­ëå @�=@t; @s=@t: �à¨ íâ®¬ ­®à¬ã
j � j ¯®« £ ¥¬ à ¢­®© k � k1:

�à®¢¥à¨¬ ­¥à ¢¥­áâ¢  (6) ¨ (7). �®«®¦¨¬ U = ~D(u; û); Z = Y �U; Y 2 DO1;�(u) ¨ à áá¬®âà¨¬
¢ëà ¦¥­¨¥

(A(yx; Y )�A(yx; U); Y � U)1 =
1
4

X



��
� (M


�;�(yx)@
;�zv;�; zp)
 +

+(M

�;�(yx)@
;�zv;�; zp)


�
+

 
Ai;j
�;�

jJ
(yx)j
e
�;�(yx; zv); e



i;j(yx; zv)

!



+

+

 
Ai;j
�;�

jJ
(yx)jyT
e
�;�(yx; yv)e



i;j(yx; yv)�

Ai;j
�;�

jJ
(yx)juT
e
�;�(yx; uv)e



i;j(yx; uv); zT

!



+

+
�

{

jJ
(yx)j
(M


i;k(yx)M


i;l(yx)@
;kyT@
;l(zT =yT )� @
;kuT@
;l(zT =uT ))

�



�
: (35)
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� ¬¥â¨¬, çâ® ¢ (35) áã¬¬  á« £ ¥¬ëå ¢ ª¢ ¤à â­ëå áª®¡ª å ¥áâì ­®«ì. �æ¥­¨¬ ®áâ ¢è¨¥áï
á« £ ¥¬ë¥, ª®â®àë¥ ®¡®§­ ç¨¬ I35 � III35:

� á¨«ã (24) ¤«ï ¯¥à¢®£® ¨§ ­¨å ¨¬¥¥¬

I35 � c0
1
4

X



�
1

jJ
(yx)j
e
�;�(yx; zv); e



�;�(yx; zv)

�



� c0a(yx; zv):

�« £ ¥¬®¥ II35 § ¯¨è¥¬ ¢ ¢¨¤¥

II35 =
1
4

X



�
Ai;j
�;�

jJ
(yx)j

�
1
yT
e
�;�(yx; yv)e



i;j(yx; zv) +

+
1
yT
e
i;j(yx; uv)e



�;�(yx; zv) +

zT
uTyT

e
�;�(yx; uv)e


i;j(yx; uv)

�
; zT

�



:

�®«ì§ãïáì ­¥à ¢¥­áâ¢®¬ �®è¨-�ã­ïª®¢áª®£® ¨ (24), ®æ¥­¨¬

II35 � 2c1max

����� e


�;�(yx; yv)

yT jJ
(yx)j1=2

����� a(yx; zv)1=2
 
1
4

X



(zT ; zT )


!1=2

+

+ c1max

�����(e


�;�(yx; uv))

2

yTuT jJ
(yx)j

����� 14
X



(zT ; zT )
 :

�®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬ Y = U+Z ¨ ¯®«®¦¨â¥«ì­®áâìî yT ; uT ¨ jJ
(yx)j;   â ª¦¥ £« ¤ª®áâìî
à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨ ¯à¨ ®æ¥­ª¥ á®¬­®¦¨â¥«¥© ¢ á« £ ¥¬ëå

max

����� e


�;�(yx; yv)

yT jJ
(yx)j1=2

����� � max

����� e


�;�(yx; uv)

c0jJ
(yx)j1=2

�����+ 1
4hc0

a(yx; zv)
1=2;

®£à ­¨ç¥­­®áâìî (á¬.(31), (32), (34)) ¢¥«¨ç¨­ max je
�;�(yx; uv)j � K(u; �) ¨ h�1kzT k;   § â¥¬
­¥à ¢¥­áâ¢®¬ �­£ . �®«ãç¨¬

II35 � "1a(yx; zv) + c1("
�1
1 )kzT k

2:

�®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ (35) ¯à¥®¡à §ã¥¬ ª ¢¨¤ã

III35 =
1
4

X



��
{

jJ
(yx)j
M


i;k(yx)M


i;l(yx)@
;kzT ; @
;l

zT
yT

�



�

�

�
{

jJ
(yx)j
M


i;k(yx)M


i;l(yx)@
;kuT ; @
;l

z2T
uTyT

�



�

¨ ®æ¥­¨¬  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã á« £ ¥¬®¬ã, ¯®«ì§ãïáì ¯à¨ íâ®¬ «¥£ª® ¯à®¢¥àï¥¬ë¬¨ à -
¢¥­áâ¢ ¬¨

@
;l(zT =yT ) = (uT@
;lzT � zT@
;luT )=(yT y

l
T );

@
;l(z
2
T =(yTuT )) = ((z2Tu


l
T � yTuT (z


l
T + zT ))@
;lzT + (zT@
;luT + @
;lu

2
T )z

2
T )=(yTuT y


l
T u


l
T );

y
lT = yT (x+ 
lel; t):

�ã¤¥¬ ¨¬¥âì
III35 � �c2kzT k

2 + c3b(yx; zT );

b(yx; zT ) =
1
4

X



�
1

jJ
(yx)j
M


i;k(yx)M


i;l(yx)@
;kzT ; @
;lzT

�



:

�®¤áâ ¢«ïï ®æ¥­ª¨ ¤«ï á« £ ¥¬ëå ¢ (35) ¨ ¢ë¡¨à ï "1 = c0=2; ¯®«ãç¨¬

(A(yx; Y )�A(yx; U); Y � U)1 � c4(a(yx; zv) + b(yx; zT ) + kZk21)� c3kZk
2
1

(§¤¥áì ¤«ï ã¤®¡áâ¢  ¨­â¥à¯à¥â æ¨¨ ®æ¥­ª¨ ¤®¡ ¢«¥­ë ­®à¬ë ®â ª®¬¯®­¥­â ¢¥ªâ®à  Z).
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�æ¥­¨¬ â¥¯¥àì ä®à¬ã

a(yx; zv) =
1
4

X
�;�

X



�
1

jJ
(yx)j
e
�;�(yx; zv); e

g
�;�(yx; zv)

�



:

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï Djzv =M


;k(yx)@
;kzv ¨ à áá¬®âà¨¬ ¢ëà ¦¥­¨¥

X
�;�

(e
�;�(yz; zv))
2 =

1
4

X
�;�

((D�zv;�)2 + (D�zv;�)2 + 2(D�zv;�)(D�zv;�)) =

=
1
2

X
�;�

(D�zv;�)2 +
1
2

�X
�

(D�zv;�)2 +
X
�6=�

(D�zv;�)(D�zv;�)
�
: (36)

�¢®¤ï ®¡®§­ ç¥­¨¥ ¤«ï á¥â®ç­®£® £à ¤¨¥­â  r
 � = (@
;1�; @
;2�); § ¯¨è¥¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢
(36) ¢ ¢¨¤¥

1
2

X
�;�

(D�zv;�)
2 =

1
2
jJ
(yx)j

2
X
�

((J
(yx)
T )�1(J
(yx))

�1r
zv;�;r

zv;�)R2 :

�á¯®«ì§ãï ­¥à ¢¥­áâ¢® (34) ¤«ï ®æ¥­ª¨ ¥£® á­¨§ã, ¯®«ãç¨¬

1
2

X
�;�

(D�zv;�)
2 �

1
2�1

jJ
(yx)j
2
X
�

(r
zv;�;r

zv;�)R2 :

�à¥®¡à §ã¥¬ ¤ «¥¥ ¢â®à®¥ á« £ ¥¬®¥ ¢ (36) (¢áî¤ã  à£ã¬¥­â yx ®¯ãé¥­)X
i6=j

Dizv;jDjzv;i =
X
i6=j

X
k;l

M

i;k@
;kzv;jM



j;l@
;lzv;i =

=
X
i6=j

X
k;l

M

i;l@
;lzv;iM



j;k@
;kzv;j +

X
i6=j

X
k 6=l

(M

i;kM



j;l �M


i;lM


j;k)@
;kzv;j@
;lzv;i =

=
X
i6=j

[Dizv;iDjzv;j + 2jJ
 j(@
;izv;j@
;jzv;i � @
;izv;i@
;jzv;j)]:

� ¬¥ç ï, çâ® X



[(@
;izv;j@
;jzv;i)
 � (@
;izv;i@
;jzv;j)
 ] = 0;

¯®¤áâ ¢¨¬ ®æ¥­ª¨ á« £ ¥¬ëå ¢ (36). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

a(yx; zv) �
1
8�1

X
�

X



(jJ
(yx)j; (r
zv;�;r

zv;�)R2)
 :

�­ «®£¨ç­®¥ ­¥à ¢¥­áâ¢® ¢¥à­® ¨ ¤«ï ä®à¬ë

b(yx; zv) �
1
8�1

X



(jJ
(yx)j; (r

zT ;r


zT )R2)
 :

�®«®¦¨¬ â¥¯¥àì

kZk2(+) =
1
4

X



2
4X
�;�

(@
;�zv;�; @
;�zv;�)
 +
X
�

(@
;�zT ; @
;�zT )


3
5+ kZk21

¨ ¯®¤áâ ¢¨¬ ®æ¥­ª¨ ¤«ï ä®à¬ ¢ (35). �ã¤¥¬ ¨¬¥âì (áà.á (6))

(A(yx; Y )�A(yx; U); Y � U)1 � c4kZk
2
(+) � c3kzk

2; c4 > 0:
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�«ï ¯à®¢¥àª¨ ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢  (7) á«¥¤ã¥â ®æ¥­¨âì á¢¥àåã ¢ëà ¦¥­¨¥

j(A(yx; U)�A(wx; U);�)1j =
1
4

X



�
�
�
((M


i;j(yx)�M

i;j(wx))@
;juv;i; 'P )
 �
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i;j(yx)�M
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;j'v;i; uP )
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+
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jJ
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jJ
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�;�(wx; uv); e



i;j(wx; 'v)
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#
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+
��
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jJ
(yx)j
M


i;k(yx)M


i;l(yx)�

{

jJ
(wx)j
M


i;k(wx)M


i;l(wx)

�
@
;kuT ; @
;l

'T

uT

�



�

�

�
Ai;j
�;�

uT jJ
(yx)j
e
�;�(yx; uv)e



i;j(yx; uv)�

Ai;j
�;�

uT jJ
(wx)j
e
�;�(wx; uv)e



i;j(wx; uv); 'T

�



�
:

�æ¥­ªã ¥£® ­¥âàã¤­® ¯à®¢¥áâ¨ ¯®  ­ «®£¨¨ á ¯à¥¤ë¤ãé¨¬ á«ãç ¥¬, ¨á¯®«ì§ãï ®£à ­¨ç¥­­®áâì
u ¨ ¥¥ à §­®áâ­ëå ®â­®è¥­¨©,   â ª¦¥ ­¥à ¢¥­áâ¢  (31), (32) ¨ (34). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

j(A(yx; U)�A(wx; U);�)1j � c5kyx � wxk2k�k(+):

�â® ª á ¥âáï ­¥à ¢¥­áâ¢ (8), â® ¢ á¨«ã ­¥§ ¢¨á¨¬®áâ¨ ®¯¥à â®à  P ®â ¯¥à¢®£®  à£ã¬¥­â , ¯¥à¢®¥
¨§ ­¨å ¢ë¯®«­¥­® ¯à¨ «î¡®¬ §­ ç¥­¨¨ ¯®áâ®ï­­®© d8: �â®à®¥ ­¥à ¢¥­áâ¢®, ®ç¥¢¨¤­®, ¢ë¯®«­ï-
¥âáï á d8 = 1

� ª¨¬ ®¡à §®¬, ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«­¥­ë ¨, á«¥¤®¢ â¥«ì­®, à §­®áâ­ ï áå¥¬  (u; �)-
ª®àà¥ªâ­ .

� ª ¢¨¤­® ¨§  ­ «¨§  ¯®£à¥è­®áâ¨  ¯¯à®ªá¨¬ æ¨¨ à §­®áâ­®© áå¥¬ë, ¢¥«¨ç¨­  J(	(u))
¨¬¥¥â ¯®àï¤®ª ¬ «®áâ¨ O(�� + h3=2), � = f1; � 6= 1=2; 2; � = 1=2g: �âáî¤  á«¥¤ã¥â, çâ® ¯à¨
¤®áâ â®ç­® ¬ «®¬ h0; h � h0 ¨ � � ch#; # > 1=� ¢¥«¨ç¨­  J(	(u)) ­¥ ¯à¥¢®áå®¤¨â �;   §­ ç¨â,
à §­®áâ­ ï áå¥¬  ¡ã¤¥â ¨¬¥âì à¥è¥­¨¥ (y; �) = ((�h; ~vh; sh); xh) ¨ ¤«ï ­¥£® ¢¥à­  ®æ¥­ª 

k�h � �k + k~vh � ~vk+ ksh � sk+ kxh � xk2 = O(�� + h2):
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