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� à ¡®â¥ ¨§ãç ¥âáï ¯à®¡«¥¬  áãé¥áâ¢®¢ ¨ï ¥ã«¥¢®£® ¯¥à¨®¤¨ç¥áª®£® à¥è¥¨ï äãªæ¨®-
 «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢¨¤ 

_x(t) = A(�)x(t) + (F�x)(t)x(t); (1)

£¤¥ x(t) | n-¬¥àë© ¢¥ªâ®à, A(�), (F�x)(t), | n � n-¬ âà¨æë, � 2 Em, � | ¯ à ¬¥âà, Es |
s-¬¥à®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®.

�®¤ à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¡ã¤¥¬ ¯®¨¬ âì ¤¢ãáâ®à®¥¥ à¥è¥¨¥, â.¥.  ¡á®«îâ® ¥¯à¥-
àë¢ãî   «î¡®¬ á¥£¬¥â¥, ¯à¨ ¤«¥¦ é¥¬ ¨â¥à¢ «ã I =]�1;1[, ¢¥ªâ®à-äãªæ¨î x, ¯®çâ¨
¢áî¤ã   íâ®¬ á¥£¬¥â¥ ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (1).

�ãáâì j�j = max
i
j�ij, �(�) = f� : � 2 Em; j� � �0j � �g, k k = j (0)j +

!R
0

j _ (t)jdt, ! > 0, � > 0

| ¥ª®â®àë¥ ç¨á« , �0 2 Em,  |  ¡á®«îâ® ¥¯à¥àë¢ ï   á¥£¬¥â¥ [0; !] ¢¥ªâ®à-äãªæ¨ï,
jBj = max

jvj�1
jBvj, B | ¬ âà¨æ .

�¨¬¢®«®¬ D(!;R) ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å !-¯¥à¨®¤¨ç¥áª¨å  ¡á®«îâ® ¥¯à¥àë¢ëå  
á¥£¬¥â¥ [0; !] ¢¥ªâ®à-äãªæ¨© ' â ª¨å, çâ® k'k � R ¨ ¯à¨ «î¡®¬ t 2 [0; !], «î¡®¬ � 2 �(�)
¬ âà¨æ  (F�')(t) ®¯à¥¤¥«¥ , R > 0 | ¥ª®â®à®¥ ç¨á«®.

�ç¥¢¨¤®, çâ® x � 0 ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1) ¯à¨ «î¡®¬ �.

�¯à¥¤¥«¥¨¥. �«¥¤ãï ([1], á. 172), ¢¥ªâ®à �0 2 Em  §®¢¥¬ ¡¨äãàª æ¨®ë¬ § ç¥¨¥¬
¯ à ¬¥âà  � ãà ¢¥¨ï (1), ¥á«¨ ¤«ï «î¡®£® ç¨á«  " > 0 áãé¥áâ¢ã¥â ¢¥ªâ®à � 2 f� : � 2
Em; j� � �0j < "g, ¯à¨ ª®â®à®¬ ãà ¢¥¨¥ (1) ¨¬¥¥â ¥ã«¥¢®¥ ¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥ x, ã¤®-
¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ã kxk < ".

�ãáâì R0 > 0, �0 > 0 | ¥ª®â®àë¥ ç¨á« . � «¥¥ ¢áî¤ã ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï «î¡®©
¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R0) ¨ «î¡®£® ¢¥ªâ®à  � 2 �(�0) ¬ âà¨æ  (F�')(t) áã¬¬¨àã¥¬   
á¥£¬¥â¥ [0; !] ¨ ¯à¨ «î¡®¬ t 2 [0; !] ¢ë¯®«¥® à ¢¥áâ¢® (F�')(t) = (F�')(t+ !).

�¤®¢à¥¬¥® á ãà ¢¥¨¥¬ (1) à áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨© ¢¨¤ 

_y = [A(�) + (F�')(t)]y; (2)

¢ ª®â®à®© ' 2 D(!;R0), y 2 En.
�®¤ à¥è¥¨¥¬ á¨áâ¥¬ë (2) ¡ã¤¥¬ ¯®¨¬ âì  ¡á®«îâ® ¥¯à¥àë¢ãî   á¥£¬¥â¥ [0; !] ¢¥ªâ®à-

äãªæ¨î, ¯®çâ¨ ¢áî¤ã   íâ®¬ á¥£¬¥â¥ ã¤®¢«¥â¢®àïîéãî á¨áâ¥¬¥ (2).
�ãáâì (Y�')(t) | äã¤ ¬¥â «ì ï ¬ âà¨æ  à¥è¥¨© á¨áâ¥¬ë (2), (Y�')(0) = E, E | ¥¤¨-

¨ç ï ¬ âà¨æ . �®£¤  à¥è¥¨¥ á¨áâ¥¬ë (2) ®¯à¥¤¥«¨âáï à ¢¥áâ¢®¬

(y�')(t) = (Y�')(t)�'; (3)

�' | ¥ª®â®àë© ¢¥ªâ®à.
� ¢¥áâ¢® (3) ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ � 2 �(�0)   ¬®¦¥áâ¢¥ D(!;R0) ®¯à¥¤¥«ï¥â ®¯¥à -

â®à �� : '! y�', ª®â®àë© «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R0) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥  ¡á®«îâ®
¥¯à¥àë¢ãî ¢¥ªâ®à-äãªæ¨î.
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�¥®à¥¬  1. �¥¯®¤¢¨¦ë¥ â®çª¨ ®¯¥à â®à  �� ï¢«ïîâáï !-¯¥à¨®¤¨ç¥áª¨¬¨ à¥è¥¨ï¬¨

ãà ¢¥¨ï (1), ¯à¨ ¤«¥¦ é¨¬¨ ¬®¦¥áâ¢ã D(!;R0).

�®ª § â¥«ìáâ¢®. �ãáâì ¯à¨ ¥ª®â®à®¬ � 2 �(�0) ¢¥ªâ®à-äãªæ¨ï x 2 D(!;R0) | ¥¯®-
¤¢¨¦ ï â®çª  ®¯¥à â®à  ��. �â® § ç¨â, çâ® ¯à¨ «î¡®¬ t 2 [0; !] x(t) = (Y�x)(t)�x, â.¥. ¯à¨
' = x ¢¥ªâ®à-äãªæ¨ï x ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (2),  , á«¥¤®¢ â¥«ì®, à¥è¥¨¥¬ ãà ¢¥¨ï
(1).

� ®á®¢¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ® áãé¥áâ¢®¢ ¨¨ ¡¨äãàª æ¨®®£® § ç¥¨ï ¯ à ¬¥âà  �
ãà ¢¥¨ï (1) «¥¦¨â

�¥®à¥¬  2. �ãáâì 1) K ¨ � | ¥¯ãáâë¥ § ¬ªãâë¥ ª®¬¯ ªâë¥ ¬®¦¥áâ¢  ¥ª®â®àëå

«¨¥©ëå ®à¬¨à®¢ ëå ¯à®áâà áâ¢, K | ¢ë¯ãª«®¥ ¬®¦¥áâ¢®; 2)   ¯®¤¬®¦¥áâ¢¥ ¬®-

¦¥áâ¢  K�� ®¯à¥¤¥«¥ ®¯¥à â®à R� â ª®©, çâ® ¤«ï «î¡®£® ' 2 K áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥

� 2 �, ã¤®¢«¥â¢®àïîé¥¥ ¢ª«îç¥¨î R�' 2 K; 3) ¨§ â®£®, çâ® 'n ! '0, �n ! �0,  n = R�n'n,

 n !  0, á«¥¤ã¥â  0 = R�0'0. �®£¤  áãé¥áâ¢ãîâ '� 2 K, �� 2 � â ª¨¥, çâ® '� = R��'
�.

�®ª § â¥«ìáâ¢®. �ãáâì "(k) | ¯à®¨§¢®«ì®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. � ª ª ª ¬®¦¥áâ¢® K
ª®¬¯ ªâ®¥, â® áãé¥áâ¢ã¥â ª®¥ç ï "(k)-á¥âì x(k)1 ; x

(k)
2 ; : : : ; x(k)nk

¤«ï íâ®£® ¬®¦¥áâ¢ , x(k)i 2 K,
i = 1; 2; : : : ; nk.

� áá¬®âà¨¬ äãªæ¨¨ '(k)
i , w(k)

i , ®¯à¥¤¥«¥ë¥   ¬®¦¥áâ¢¥ K à ¢¥áâ¢ ¬¨

'
(k)
i (x) = maxf"(k) � kx� x

(k)
i k; 0g; w

(k)
i (x) = '

(k)
i (x)

. nkX
j=1

'
(k)
j (x):

�ãªæ¨¨ '(k)
i ¥¯à¥àë¢ë ¨ ¥®âà¨æ â¥«ìë   ¬®¦¥áâ¢¥ K, ¯à¨ç¥¬ ¤«ï «î¡®£® x 2 K

 ©¤¥âáï å®âï ¡ë ®¤® j â ª®¥, çâ® '(k)
j (x) > 0. �®íâ®¬ã ¨ äãªæ¨¨ w(k)

i ¥¯à¥àë¢ë   ¬®-

¦¥áâ¢¥ K. � ª ª ª x(k)i 2 K, â® á®£« á® ãá«®¢¨î 2) â¥®à¥¬ë áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ �(k)i 2 �
â ª®¥, çâ® R(k)

�i
x
(k)
i 2 K. �ãáâì y(k)i = R

(k)
�i
x
(k)
i . �¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ �k : K ! K ®¯à¥¤¥«¨¬

à ¢¥áâ¢®¬

�kx =
nkX
i=1

w(k)
i (x)y(k)i :

� ª ª ª y
(k)
i 2 K, w(k)

i (x) � 0,
nkP
i=1

w
(k)
i (x) = 1, â® ¨§ ¢ë¯ãª«®áâ¨ ¬®¦¥áâ¢  K á«¥¤ã¥â, çâ®

�kx 2 K. �«¥¤®¢ â¥«ì®, ¯à¨ «î¡®¬ k ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ �k ¯à¥®¡à §ã¥â ¬®¦¥áâ¢®
K ¢ á¥¡ï ¨ ¯®íâ®¬ã ¯® â¥®à¥¬¥ � ã¤¥à  o ¥¯®¤¢¨¦®© â®çª¥ áãé¥áâ¢ã¥â xk 2 K â ª®¥, çâ®
�kxk = xk.

�§ ãá«®¢¨ï 2) â¥®à¥¬ë á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® xk 2 K áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ �k 2 �, ¤«ï
ª®â®à®£® yk = R�kxk 2 K. �§ ª®¬¯ ªâ®áâ¨ K, � á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¥©
("(k)), (xk), (�k) â ª¨å, çâ® lim

k!1
"(k) = 0, lim

k!1
xk = x�, lim

k!1
�k = ��. � á¨«ã § ¬ªãâ®áâ¨ ¬®¦¥áâ¢

K, � ¢ë¯®«ïîâáï ¢ª«îç¥¨ï x�2K, ��2� ¨ ¯®íâ®¬ã (á¬. ãá«®¢¨¥ 3) â¥®à¥¬ë) y� = R��x
�2K.

�ãáâì " > 0 | ¯à®¨§¢®«ì®¥ ç¨á«®. �®£¤  áãé¥áâ¢ã¥â â ª®© ®¬¥à N , çâ® ¯à¨ «î¡®¬ k > N
¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

"(k) < "=2; kxk � x�k < "=2; k�k � ��k < ":

� áá¬®âà¨¬ â¥ § ç¥¨ï i, ¯à¨ ª®â®àëå w(k)
i (xk) > 0. �ç¥¢¨¤®, kx(k)i � x�k � kx

(k)
i � xkk +

kxk � x�k < "(k) + "=2 < " ¯à¨ k � N .
�§ ãá«®¢¨ï 3) â¥®à¥¬ë á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ç¨á«  � > 0 áãé¥áâ¢ã¥â ç¨á«® � > 0 â ª®¥,

çâ®, ª ª â®«ìª® kx� x�k < �, k�� ��k < �, ¢ë¯®«¥® ¥à ¢¥áâ¢® kR�x� y�k < �.
�ãáâì 0 < " � �. �ë¡¥à¥¬ ®¬¥à N1 â ª¨¬ ®¡à §®¬, çâ®¡ë ¯à¨ ¢á¥å k � N1 ¨ ¯à¨ «î¡®¬ i,

¯à¨ ª®â®à®¬ w
(k)
i (xk) > 0, ¢ë¯®«ï«®áì ¥à ¢¥áâ¢® kx(k)i � x�k < " ¨ ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨ ��

| ¥à ¢¥áâ¢® k�(k)i � ��k < ", ® â®£¤  | ¨ ¥à ¢¥áâ¢® ky(k) � y�k < �.
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�§ à ¢¥áâ¢  xk =
nkP
i=1

w(k)
i (xk)y

(k)
i á«¥¤ã¥â, çâ® xk ¥áâì ¢ë¯ãª« ï ª®¬¡¨ æ¨ï â¥å y(k)i , ¤«ï

ª®â®àëå ky(k)i � y�k < �. �®íâ®¬ã kxk � y�k < �. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ k ! 1 ¨ ãç¨âë¢ ï
¯à®¨§¢®«ì®áâì �, ¯®«ãç¨¬, çâ® x� = R��x

�.

� ¬¥â¨¬, çâ® á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (Y�')(t) = X(t; �) + (��')(t), ¢ ª®â®à®¬ X(t; �) |
äã¤ ¬¥â «ì ï ¬ âà¨æ  à¥è¥¨© á¨áâ¥¬ë _x = A(�)x, X(0; �) = E, ¬ âà¨æ  (��')(t) ï¢«ï¥âáï
à¥è¥¨¥¬ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤ 

( _��')(t) = [A(�) + (F�')(t)](��')(t) + (F�')(t)X(t; �) (4)

á ãá«®¢¨¥¬ (��')(0) = 0 ¯à¨ «î¡®¬ � 2 �(�0), ¨ lim
k'k!0

j(��')(t)j = 0 à ¢®¬¥à® ®â®á¨â¥«ì®

t 2 [0; !] ¨ � 2 �(�0) ¯à¨ âà¥¡®¢ ¨¨ lim
k'k!0

j(F�')(t)j = 0 à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [0; !] ¨

� 2 �(�0).
�ãáâì áãé¥áâ¢ã¥â ç¨á«® � 2]0; �0[ â ª®¥, çâ® ¯à¨ «î¡®¬ � 2 �(�) ¬ âà¨æ  A(�) ¨¬¥¥â k

¤¥©áâ¢¨â¥«ìëå á®¡áâ¢¥ëå § ç¥¨© �l(�), l 2 f1; 2; : : : ; kg, ¨ p ¯ à ª®¬¯«¥ªá®-á®¯àï¦¥ëå
á®¡áâ¢¥ëå § ç¥¨© �j(�)� i�j(�), j 2 f1; 2; : : : ; pg, ¨ ¥®á®¡¥ë¬ «¨¥©ë¬ ¯à¥®¡à §®¢ ¨¥¬
á¢®¤¨âáï ª ¬ âà¨æ¥ ¢¨¤ 

A(�) = diagfL(�); A1(�); : : : ; Ap(�); �1(�); : : : ; �k(�)g;

£¤¥

Aj(�) =
�
�j(�) �j(�)
��j(�) �j(�)

�
; j 2 f1; 2; : : : ; pg:

�ã¤¥¬ ¯®« £ âì, çâ® ãª § ®¥ ¯à¥®¡à §®¢ ¨¥ ¢ë¯®«¥®.
� ¬¥â¨¬, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R0) à¥è¥¨¥ y�' á¨áâ¥¬ë (2) ï¢«ï¥âáï

!-¯¥à¨®¤¨ç¥áª¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  [(Y�')(!)�E]�' = 0.
�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  � 2]0; �0] ¨ R 2]0; R0], çâ® ¯à¨ «î¡ëå � 2 �(�) ¨

' 2 D(!;R) ¬ âà¨æã (Y�')(!)�E ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (Y�')(!)�E = [B'
ij(!; �)]

2
1, ¢ ª®â®à®¬

B'
11(!; �) | [n�(2p+k)]�[n�(2p+k)]-¬ âà¨æ , detB'

11(!; �) 6= 0. �â® ¯à¥¤¯®«®¦¥¨¥, ¢ ç áâ®áâ¨,
¢ë¯®«¥®, ¥á«¨ !-¯¥à¨®¤¨ç¥áª¨¬ à¥è¥¨¥¬ á¨áâ¥¬ë _z = L(�0)z ï¢«ï¥âáï â®«ìª® âà¨¢¨ «ì®¥
à¥è¥¨¥ ¨ j(F�')(t)j ! 0 ¯à¨ k'k ! 0 à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [0; !] ¨ � 2 �(�). �®£¤ 
áãé¥áâ¢ã¥â â ª ï ¬ âà¨æ  (S�')(!) á ®â«¨çë¬ ®â ã«ï, ¥ § ¢¨áïé¨¬ ®â !, ' ¨ � ®¯à¥¤¥«¨â¥«¥¬
([2], á. 135), çâ® n-© áâ®«¡¥æ ¬ âà¨æë [(Y�')(!) �E](S�')(!) ¨¬¥¥â ¢¨¤

colon(0; : : : ; 0; exp[�1(�)!] cos �j(�)! � 1 + f�1 (!;'; �); exp[�1(�)!] sin �j(�)! + f��1 (!;'; �); : : : ;

exp[�p(�)!] cos �p(�)! � 1 + f�p (!;'; �); exp[�p(�)!] sin �p(�)! + f��p (!;'; �);

exp[�1(�)!]� 1 + f1(!;'; �); : : : ; exp[�k(�)!]� 1 + fk(!; '; �)): (5)

�«ï ¯à®áâ®âë § ¯¨á¥© ¡ã¤¥¬ ¯®« £ âì �0 = 0.
�¨¬¢®«®¬ D�(!;R) ®¡®§ ç¨¬ ¥¯ãáâ®¥, § ¬ªãâ®¥, ¢ë¯ãª«®¥, ª®¬¯ ªâ®¥ ¬®¦¥áâ¢®, ã¤®-

¢«¥â¢®àïîé¥¥ ¢ª«îç¥¨î D�(!;R) � D(!;R).

�¥®à¥¬  3. �ãáâì 1) áãé¥áâ¢ãîâ â ª¨¥ 2p+k ª®®à¤¨ âë �qs (s = 1; 2; : : : ; 2p+k) ¢¥ªâ®à 
� 2 Em (m � 2p+ k), çâ®

�j(�) =
2p+kX
s=1

�js�
ps
qs
+ ��j (�) + ���j (�);

�j(�) =
2p+kX
s=1

� js�
ps
qs
+ �j(0) + ��j (�) + ���j (�);

�l(�) =
2p+kX
s=1

�ls�
ps
qs
+ ��l (�) + ���l (�);

(6)
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cos �j(0)! = 1; ¯à¨ �� = 0, � = 1; 2; : : : ;m, � 6= qs, s = 1; 2; : : : ; 2p + k, ¨ «î¡ëå j 2 f1; 2; : : : ; pg,
l 2 f1; 2; : : : ; kg ¢ë¯®«¥ë à ¢¥áâ¢  ���j (�) = ���j (�) = ���l (�) = 0; ¯à¨ «î¡ëå j 2 f1; 2; : : : ; pg,
l 2 f1; 2; : : : ; kg ¨ «î¡®¬ � 2]0; �0]   ¬®¦¥áâ¢¥ �(�) äãªæ¨¨ ��j (�), �

�
j (�), �

�
l (�) ã¤®¢«¥â¢®-

àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® ¯¥à¥¬¥®© � = (�q1 ; �q2 ; : : : ; �q2p+k), �qs = �psqs , á ¯®áâ®ï®© q ¨

â ª®©, çâ® q ! 0 ¯à¨ � ! 0, ��j (0) = ��j (0) = ��l (0) = 0; ¬ âà¨æ  �, áâ®«¡æ®¬ ª®â®à®© ¯à¨ «î-

¡®¬ s 2 f1; 2; : : : ; 2p+ kg ï¢«ï¥âáï colon(�1s ; �
1
s ; : : : ; �

p
s ; �

p
s ; �

1
s; : : : ; �

k
sg, ¥®á®¡¥ ï; 2) ¯à¨ «î¡®¬

s 2 f1; 2; : : : ; 2p+kg ç¨á«® ps > 0 ¨ ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã (�)ps = �ps ,  > 0 | ¥ª®â®à®¥

ç¨á«®; 3)   ¬®¦¥áâ¢¥ �(�0) ¬ âà¨æ  L(�) ¥¯à¥àë¢  ¨ ¯à¨ � = 0 ¥ ¨¬¥¥â á®¡áâ¢¥ëå

§ ç¥¨© ¢¨¤  �i��j(0), � = 0; 1; 2; : : : , j 2 f1; 2; : : : ; pg; 4) ¬ âà¨æ  (F�')(t) à ¢®¬¥à® ®â®-
á¨â¥«ì® t 2 [0; !] ¥¯à¥àë¢    ¬®¦¥áâ¢¥ D(!;R0)��(�0) ¨ lim

k'k!0
j(F�')(t)j = 0 à ¢®¬¥à®

®â®á¨â¥«ì® t 2 [0; !] ¨ � 2 �(�0); 5) ¢ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï ¯à¨ «î¡ëå j 2 f1; 2; : : : ; pg,
l 2 f1; 2; : : : ; kg äãªæ¨¨ f�j (!; '; �), f

��
j (!;'; �), fl(!;'; �) ¥¯à¥àë¢ë ¯® ' ¨ � ¨ ã¤®¢«¥â¢®àï-

îâ ãá«®¢¨î �¨¯è¨æ  ¯® � á ¯®áâ®ï®© q' ¨ q' ! 0 ¯à¨ k'k ! 0 à ¢®¬¥à® ®â®á¨â¥«ì®
�; 6) ¤«ï «î¡®£® ç¨á«  R 2]0; R0] ¨§ â®£®, çâ® à¥è¥¨¥ y�' á¨áâ¥¬ë (2) ¯à¨ ¤«¥¦¨â D(!;R),
á«¥¤ã¥â, çâ® y�' 2 D

�(!;R). �®£¤  �0 = 0 | ¡¨äãàª æ¨®®¥ § ç¥¨¥ ¯ à ¬¥âà  � á¨áâ¥¬ë

(1).

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï 3) â¥®à¥¬ë á«¥¤ã¥â, çâ® ¥¤¨áâ¢¥ë¬ !-¯¥à¨®¤¨ç¥áª¨¬ à¥-
è¥¨¥¬ á¨áâ¥¬ë _z = L(0)z ï¢«ï¥âáï âà¨¢¨ «ì®¥ à¥è¥¨¥. � â ª ª ª á®£« á® ãá«®¢¨î 4)
â¥®à¥¬ë à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [0; !] ¨ � 2 �(�0) lim

k'k!0
j(F�')(t)j = 0,  , á«¥¤®¢ â¥«ì-

® (¢ á¨«ã (4)), ¨ lim
k'k!0

j(��')(t)j = 0, â® ç¨á«  R 2]0; R0] ¨ � 2]0; �0] ¬®¦® ¢ë¡à âì â ª,

çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R), «î¡®£® ¢¥ªâ®à  � 2 �(�) n-© áâ®«¡¥æ ¬ âà¨æë
[(Y�')(!)�E](S�')(!) ¨¬¥¥â ¢¨¤ (5), ¯à¨ íâ®¬ ¤«ï «î¡ëå j 2 f1; 2; : : : ; pg ¨ l 2 f1; 2; : : : ; kg

lim
k'k!0

f�j (!;'; �) = lim
k'k!0

f��j (!;'; �) = lim
k'k!0

fl(!;'; �) = 0 (7)

à ¢®¬¥à® ®â®á¨â¥«ì® � 2 �(�0).
�¡¥¤¨¬áï, çâ® ç¨á«  R 2]0; R0], � 2]0; �0] ¬®¦® ¢ë¡à âì â ª, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨

' 2 D(!;R) ¡ã¤¥â áãé¥áâ¢®¢ âì ¢¥ªâ®à � 2 �(�), ¯à¨ ª®â®à®¬

exp[�j(�)!] sin �j(�)! + f��j (!;'; �) = 0;

exp[�j(�)!] cos �j(�)! � 1 + f�j (!;'; �) = 0; (8)

exp[�j(�)!]� 1 + fl(!;'; �) = 0;

j = 1; 2; : : : ; p; l = 1; 2; : : : ; k:

�¨¬¢®«®¬ ��(�0) ®¡®§ ç¨¬ ¬®¦¥áâ¢o â ª¨å ¢¥ªâ®à®¢ � 2 �(�0), çâ® �� = 0 ¯à¨ «î¡®¬
� 2 f1; 2; : : : ;mg, � 6= qs, s = 1; 2; : : : ; 2p + k. �®£¤  á®£« á® ãá«®¢¨î 1) â¥®à¥¬ë ���j (�) =
���j (�) = ���l (�) = 0 ¯à¨ «î¡ëå j 2 f1; 2; : : : ; pg, l 2 f1; 2; : : : ; kg ¨ � 2 ��(�0).

�à¨ � 2 ��(�0) à ¢¥áâ¢  (8) ¡ã¤ãâ ¢ë¯®«¥ë, ¥á«¨

� = ��1g(!;'; �);

£¤¥ (2p+ k)-¬¥àë© ¢¥ªâ®à

g(!; '; �) =
�
1
!

�1
2
ln[1� 2f��j (!;'; �) + f��2j (!;'; �) + f�2j (!; '; �)] � ��j (�);

� arctg
f�j (!;'; �)

1� f��j (!;'; �)
� ��j (�)

�
; j = 1; 2; : : : ; p;

1
!
(ln[1� fl(!;'; �)] � ��l (�)); l = 1; 2; : : : ; k

�
:

�¯¥à â®à A ®¯à¥¤¥«¨¬ à ¢¥áâ¢®¬ A� = ��1g(!;'; �). �§ ãá«®¢¨© 1) ¨ 5) â¥®à¥¬ë á«¥¤ã¥â,
çâ® ¢¥ªâ®à-äãªæ¨ï g(!;'; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¯® ¯¥à¥¬¥®© � á ¯®áâ®ï®©
q ¨ q ! 0 ¯à¨ � ! 0 ¨ k'k ! 0. �«¥¤®¢ â¥«ì®, ç¨á«  R 2]0; R0] ¨ � 2]0; �0] ¬®¦® ¢ë¡à âì â ª,
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çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R) ®¯¥à â®à A   ¬®¦¥áâ¢¥ ��(�) ¡ã¤¥â á¦¨¬ îé¨¬.
�à®¬¥ â®£®, ¨§ ãá«®¢¨ï 1) â¥®à¥¬ë ¨ à ¢¥áâ¢ (7) á«¥¤ã¥â, çâ® ç¨á«  R 2]0; R0] ¨ � 2]0; �0] ¬®¦®
¢ë¡à âì â ª, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R) ¨ «î¡®£® ¢¥ªâ®à  � 2 ��(�) ®¯¥à â®à A
ã¤®¢«¥â¢®àï¥â ¢ª«îç¥¨î A� 2 ��(�). � íâ® § ç¨â, çâ® áãé¥áâ¢ãîâ ç¨á«  R 2]0; R0] ¨ � 2]0; �0]
â ª¨¥, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R) ¢® ¬®¦¥áâ¢¥ ��(�) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ ï
¥¯®¤¢¨¦ ï â®çª  � ®¯¥à â®à  A.

�ãáâì ¯®áâ®ïë© n-¬¥àë© ¢¥ªâ®à c 6= 0 â ª®©, çâ® ¥£® ¯¥à¢ë¥ n�1 ª®®à¤¨ â à ¢ë ã«î.
�®£¤ , ¥á«¨ ¯®«®¦¨âì �' = (S�')(!)c, â® ¯®«ãç¨¬, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D(!;R)
áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ¢¥ªâ®à � 2 ��(�), ã¤®¢«¥â¢®àïîé¨© à ¢¥áâ¢ã [(Y�')(!) � E]�' = 0.
�à®¬¥ â®£®, ¢¥ªâ®à c ¬®¦® ¢ë¡à âì â ª, çâ®¡ë ¢¥ªâ®à-äãªæ¨ï y�', ®¯à¥¤¥«ï¥¬ ï à ¢¥áâ¢®¬
(3), ¯à¨ ¤«¥¦ «  ¬®¦¥áâ¢ã D(!;R),   , á«¥¤®¢ â¥«ì®, ¯® ãá«®¢¨î 6) â¥®à¥¬ë ¨ ¬®¦¥áâ¢ã
D�(!;R).

� âà¨æ  (F�')(t) à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [0; !] ¥¯à¥àë¢    ¬®¦¥áâ¢¥ D(!;R0) �
��(�0), ¬ âà¨æ  L(�) ¥¯à¥àë¢    ¬®¦¥áâ¢¥ ��(�0). �®íâ®¬ã ®¯¥à â®à ��, ®¯à¥¤¥«¥ë©
à ¢¥áâ¢®¬ (3), ¥¯à¥àë¢¥   ¬®¦¥áâ¢¥D(!;R0)���(�0) ¨ ¯à¨ «î¡ëå ('; �) 2 D(!;R0)���(�0)
��' = y�'.

� ª¨¬ ®¡à §®¬, ®ª®ç â¥«ì® ¯®«ãç ¥¬, çâ® áãé¥áâ¢ãîâ ç¨á«  R 2]0; R0], � 2]0; �0] â -
ª¨¥, çâ®   ¬®¦¥áâ¢¥ D�(!;R) � ��(�) ®¯¥à â®à �� ¥¯à¥àë¢¥ ¨ ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨
' 2 D�(!;R) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ¢¥ªâ®à � 2 ��(�), ã¤®¢«¥â¢®àïîé¨© ¢ª«îç¥¨î ��' 2
D�(!;R). �®£¤  ¯® â¥®à¥¬¥ 2 áãé¥áâ¢ãîâ '� 2 D�(!;R) ¨ �� 2 ��(�) â ª¨¥, çâ® '� | ¥¯®¤¢¨¦-
 ï â®çªa ®¯¥à â®à  ��� , ¯à¨ç¥¬ '� 6= 0, â.ª. �'� 6= 0.

�â¬¥â¨¬, çâ® ¨§ ãá«®¢¨ï 1) â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ¬ âà¨æ  A(�) á¨áâ¥¬ë (1) ¯à¨ � = 0
¨¬¥¥â ª ª ã«¥¢ë¥, â ª ¨ ç¨áâ® ¬¨¬ë¥ á®¡áâ¢¥ë¥ § ç¥¨ï. �â® âà¥¡®¢ ¨¥ ï¢«ï¥âáï áã-
é¥áâ¢¥ë¬. �¥©áâ¢¨â¥«ì®, ¯à¥¤¯®«®¦¨¢, çâ® ¯à¨ � = 0 ¬ âà¨æ  ¥ ¨¬¥¥â ¨ ã«¥¢ëå, ¨
ç¨áâ® ¬¨¬ëå á®¡áâ¢¥ëå § ç¥¨©, ¯®«ãç¨¬, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© 3) ¨ 4) íâ®© â¥-
®à¥¬ë áãé¥áâ¢ãîâ ç¨á«  R 2]0; R0] ¨ � 2]0; �0] â ª¨¥, çâ® ¯à¨ «î¡®¬ � 2 �(�) ¥¤¨áâ¢¥ë¬
!-¯¥à¨®¤¨ç¥áª¨¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1), ¯à¨ ¤«¥¦ é¨¬ ¬®¦¥áâ¢ã D(!;R), ï¢«ï¥âáï âà¨¢¨-
 «ì®¥ à¥è¥¨¥. �â¬¥â¨¬ â ª¦¥, çâ® à ¢¥áâ¢  (6) ®¯à¥¤¥«ïîâ  ¨¡®«¥¥ ®¡é¥¥ ¯à¥¤áâ ¢«¥¨¥
äãªæ¨© �j(�), �j(�) ¨ �l(�), ®¤®¢à¥¬¥® á ¤àã£¨¬¨ ãá«®¢¨ï¬¨ ®¡¥á¯¥ç¨¢ îé¥¥ á¯à ¢¥¤«¨-
¢®áâì â¥®à¥¬ë 3. � ®¡é¥¬ á«ãç ¥ ¥ª®â®àë¥ ¨§ äãªæ¨© �j(�), �j(�) ¨ �l(�), ã¤®¢«¥â¢®àïîé¨¥
à ¢¥áâ¢ ¬ (6), ¬®£ãâ ¡ëâì ¥¤¨ää¥à¥æ¨àã¥¬ë. �á«¨ ¦¥ ¯à¨ «î¡®¬ j 2 f1; 2; : : : ; pg ¨ � 6= 0
íâ¨ äãªæ¨¨ ¤¨ää¥à¥æ¨àã¥¬ë, â® á ãç¥â®¬ â®£®, çâ® ç¨á«  ps ¬®£ãâ ¡ëâì ª ª ¡®«ìè¥, â ª ¨
¬¥ìè¥ ¥¤¨¨æë, ¬ âà¨æë �ª®¡¨ äãªæ¨© �j(�), �j(�) ¨ �l(�) ¬®£ãâ ¨¬¥âì í«¥¬¥âë ª ª áª®«ì
ã£®¤® ¬ «ë¥, â ª ¨ ¥®£à ¨ç¥ë¥ ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨ â®çª¨ � = 0.

� æ¥«®¬ ãá«®¢¨ï â¥®à¥¬ë 3 ®¯à¥¤¥«¥ë â¥®à¥¬®© 2. �®íâ®¬ã ®á« ¡«¥¨¥ ãá«®¢¨© áãé¥áâ¢®-
¢ ¨ï ¥ã«¥¢®£® ¯¥à¨®¤¨ç¥áª®£® à¥è¥¨ï á¨áâ¥¬ë (1) á¢ï§ ® á ®á« ¡«¥¨¥¬ ãá«®¢¨© áãé¥-
áâ¢®¢ ¨ï ¥¯®¤¢¨¦®© â®çª¨ ®¯¥à â®à  ��.

�à¨¬¥à. � áá¬®âà¨¬ á¨áâ¥¬ã (1), ¢ ª®â®à®©

A(�) =

0
BB@
2 + �1 0 0 0
0 2�1 + �33 + 3�22 1 + �2 + 3�23 0
0 �(1 + �2 + 3�23) 2�1 + �33 + 3�22 0
0 0 0 �1 � 3�33 + �73

1
CCA ;

(F�x)(t) =

0
BB@

x2(t) cos t x1(t� 2x1(t)) x1(t) x3(t� x1(t))
x1(t� x3(t)) sin t �2x2(t� x4(t)) �1x4(t) x4(t� x3(t))
x3(t� x4(t)) x1(t� x2(t)) �2x2(t) x1(t� x2(t))
x4(t� x1(t)) x2(t� x1(t)) 2x4(t) 3x3(t� x1(t))

1
CCA : (9)

� â ª®© á¨áâ¥¬¥ ! = 2�, j = 1, l = 1, m = 3, �(�) = 2�1 + �33 + 3�22, �(�) = �2 + 3�33 + 1,
�(�) = �1� 3�33+�

7
3, p1 = p2 = 1, p3 = 3, cos �(0)2� = 1, ��(�) = 3�22, �

�(�) = 0, ��(�) = �73. �®£¤ ,
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¯®«®¦¨¢ � = (�1; �2; �3), �1 = �1, �2 = �2, �3 = �33, ¯®«ãç¨¬, çâ®   ¬®¦¥áâ¢¥ �(�) äãªæ¨¨
��(�) ¨ ��(�) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® ¯¥à¥¬¥®© � á ¯®áâ®ï®©, áâà¥¬ïé¥©áï ª
ã«î ¯à¨ � ! 0.

� âà¨æ  � ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ � = [colon(2; 0; 1); colon(0; 1; 0); colon(1; 0;�3)], det� =
�7. �«¥¤®¢ â¥«ì®, ¢ë¯®«¥ë ãá«®¢¨ï 1) ¨ 2) â¥®à¥¬ë 3.

�ãáâì D�(2�;R) | ¬®¦¥áâ¢® ¢á¥å ¥¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å ç¥âëà¥å¬¥àëå ¢¥ªâ®à-
äãªæ¨© ', ã¤®¢«¥â¢®àïé¨å ¥à ¢¥áâ¢ã k'k � R ¨ ãá«®¢¨î �¨¯è¨æ  á ¯®áâ®ï®© M , M >
0 | ¥ª®â®à®¥ ç¨á«®. �«¥¤®¢ â¥«ì®, D�(2�;R) ¥¯ãáâ®¥, § ¬ªãâ®¥, ¢ë¯ãª«®¥, ª®¬¯ ªâ®¥
¬®¦¥áâ¢®.

� ¤ ®¬ ¯à¨¬¥à¥ L(�) = 2 + �1. �ë¯®«¨¬®áâì ãá«®¢¨ï 3) â¥®à¥¬ë 3 ¯à®¢¥àï¥âáï ¥¯®-
áà¥¤áâ¢¥®. �«¥¤®¢ â¥«ì® (á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3), ç¨á«  R 2]0; R0] ¨ � 2]0; �0] ¬®¦®
¢ë¡à âì â ª, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨ ' 2 D�(2�;R) ¨ «î¡®£® ¢¥ªâ®à  � 2 �(�) ç¥â¢¥àâë©
áâ®«¡¥æ ¬ âà¨æë [(Y�')(2�) �E](S�')(2�) ¨¬¥¥â ¢¨¤ (5).

�§ à ¢¥áâ¢  (9) á«¥¤ã¥â, çâ® lim
k'k!0

j(F�')(t)j = 0 à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [0; 2�] ¨

� 2 �(�0), â.¥. ¢ë¯®«¥® ãá«®¢¨¥ 4) â¥®à¥¬ë 3. � â ª ª ª í«¥¬¥âë ¬ âà¨æë (F�')(t) ¨¬¥îâ ¥-
¯à¥àë¢ë¥ ç áâë¥ ¯à®¨§¢®¤ë¥ ¯® ª®®à¤¨ â ¬ ¢¥ªâ®à  �, áâà¥¬ïé¨¥áï ª ã«î ¯à¨ k'k ! 0
à ¢®¬¥à® ®â®á¨â¥«ì® t 2 [0; 2�], â®   ®á®¢ ¨¨ â¥®à¥¬ë ® ¤¨ää¥à¥æ¨àã¥¬®áâ¨ à¥è¥-
¨ï ãà ¢¥¨ï ¯® ¯ à ¬¥âàã ãáâ  ¢«¨¢ ¥¬, çâ® äãªæ¨¨ f�(2�; '; �), f��(2�; '; �) ¨ f(2�; '; �)
ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ  ¯® ¯¥à¥¬¥®© � á ¯®áâ®ï®© q' ¨ q' ! 0 ¯à¨ k'k ! 0
à ¢®¬¥à® ®â®á¨â¥«ì® �. �«¥¤®¢ â¥«ì®, ¢ë¯®«¥® ãá«®¢¨¥ 5) â¥®à¥¬ë 3.

�§ à ¢¥áâ¢  (3) á ãç¥â®¬ â®£®, çâ® �' = (S�')(2�)c, á«¥¤ã¥â, çâ® (��')(t) = (y�')(t) =
(Y�')(t)(S�')(2�)c. �®íâ®¬ã ¢¥ªâ®à c 6= 0 ¬®¦® ¢ë¡à âì â ª, çâ® ¯à¨ «î¡®¬ ' 2 D�(2�;R) ¨
¯à¨ «î¡®¬ t 2 [0; 2�] k��'k � R,

�� d
dt
(y�')(t)

�� �M . � íâ® § ç¨â, çâ® ¤«ï «î¡®© ¢¥ªâ®à-äãªæ¨¨
' 2 D�(2�;R) ¢ë¯®«¥® ¢ª«îç¥¨¥ (��') 2 D�(2�;R), â.¥. ¢ë¯®«¥® ãá«®¢¨¥ 6) â¥®à¥¬ë 3.

� ª¨¬ ®¡à §®¬, ¢ ¯à¨¬¥à¥ ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 3, ¯®íâ®¬ã �0 = 0 | ¡¨äãàª -
æ¨®®¥ § ç¥¨¥ ¯ à ¬¥âà  �.
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