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1. �¢¥¤¥¨¥. � ¯®á«¥¤¨¥ ¤¥áïâ¨«¥â¨ï ¢á«¥¤áâ¢¨¥ ¡ãà®£® à®áâ  ¯à®¨§¢®¤¨â¥«ì®áâ¨ ¨ ®¡ê-
¥¬®¢ ®¯¥à â¨¢®© ¯ ¬ïâ¨ ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ ¯®ï¢¨« áì ¢®§¬®¦®áâì £¥¥à æ¨¨ ¥áâàãª-
âãà¨à®¢ ëå âà¥ã£®«ìëå á¥â®ª ¡®«ìè®£® ®¡ê¥¬  ¨ à áç¥â    ¨å á«®¦ëå ¯à¨ª« ¤ëå § ¤ ç
¢ ®¡« áâïå á ¯à®¨§¢®«ì®© £¥®¬¥âà¨¥©. � á¢ï§¨ á íâ¨¬ ¢®§¨ª«  ¯®âà¥¡®áâì ¢ á®§¤ ¨¨ íää¥ª-
â¨¢ëå à §®áâëå ¬¥â®¤®¢ ¤«ï à¥è¥¨ï à §«¨çëå ª« áá®¢ § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¢
®¡« áâïå á«®¦®© ä®à¬ë   ¥áâàãªâãà¨à®¢ ëå á¥âª å, á®áâ®ïé¨å ¨§ âà¥ã£®«ì¨ª®¢ ¨«¨
ïç¥¥ª, ¯®¤®¡ëå ïç¥©ª ¬ �¨à¨å«¥.

� ¤ ®© à ¡®â¥ ¤«ï ¯®áâà®¥¨ï à §®áâëå áå¥¬   ¥áâàãªâãà¨à®¢ ëå âà¥ã£®«ìëå
á¥âª å à áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç  ¤«ï ¤¢ã¬¥à®£® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨. � ª®©
¢ë¡®à ¬®¤¥«ì®© § ¤ ç¨ ®¡ãá«®¢«¥ â¥¬, çâ® ãà ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ ¢ª«îç ¥â ¢ á¥¡ï ¤¢ 
®á®¢ëå ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à , ¤¨¢¥à£¥æ¨î ¨ £à ¤¨¥â, ¢å®¤ïé¨å ¢® ¢á¥ ®á®¢ë¥
ãà ¢¥¨ï ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë. �áá«¥¤®¢ ¨¥ á¢®©áâ¢ à §®áâëå   «®£®¢ íâ¨å ®¯¥-
à â®à®¢   ¥áâàãªâãà¨à®¢ ëå á¥âª å ¯®§¢®«ï¥â ¢ ¤ «ì¥©è¥¬ ®¡®¡é¨âì â¥®à¥â¨ç¥áª¨¥ ¨
¯à ªâ¨ç¥áª¨¥ à¥§ã«ìâ âë   ¤àã£¨¥ â¨¯ë ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå.

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¬¥â®¤ ¯®áâà®¥¨ï ª®á¥à¢ â¨¢ëå à §®áâëå áå¥¬ ª ª ¢â®à®£®,
â ª ¨ ¯®¢ëè¥®£® ¯®àï¤ª  â®ç®áâ¨. �å¥¬ë ¢â®à®£® ¯®àï¤ª  ¯®áâà®¥ë ¤«ï ¯à®¨§¢®«ìëå, ¢
â®¬ ç¨á«¥ ¤¥ä¥ªâëå á¥â®ª, ¥ ã¤®¢«¥â¢®àïîé¨å ªà¨â¥à¨î �¥«®¥, ª®â®àë¥ ¬®£ãâ ¨á¯®«ì§®-
¢ âìáï ¢ â¥å®«®£¨ç¥áª¨å à áç¥â å. �å¥¬ë ¯®¢ëè¥®£® ¯®àï¤ª  â®ç®áâ¨ ®à¨¥â¨à®¢ ë  
âà¥ã£®«ìë¥ á¥âª¨, ¡«¨§ª¨¥ ª à ¢®¬¥àë¬.

2. �®áâ ®¢ª  § ¤ ç¨. � áá¬®âà¨¬ ¯à®æ¥áá à á¯à®áâà ¥¨ï â¥¯«  ¢ ¯à®¨§¢®«ì®© § ¬ªã-
â®© ¤¢ã¬¥à®© ®¡« áâ¨ D á £à ¨æ¥© @D. � ¡¥§à §¬¥àëå ¯¥à¥¬¥ëå ® ®¯¨áë¢ ¥âáï á ¯®¬®-
éìî ãà ¢¥¨ï

@u

@t
= divw � qu+ f; (x; y) 2 D; t > 0; (1)

£¤¥ u = u(x; y; t) | ¨áª®¬ ï äãªæ¨ï à á¯à¥¤¥«¥¨ï ¨§¬¥¥¨ï â¥¬¯¥à âãàë ¢ ®¡« áâ¨ D ®â-
®á¨â¥«ì® â¥¬¯¥à âãàë ®ªàã¦ îé¥© áà¥¤ë, w = K grad u | ¢¥ªâ®à  â¨¯®â®ª  â¥¯« , ¢ëà -
¦ îé¨©áï ç¥à¥§ ¤¨ £® «ìë© â¥§®à â¥¬¯¥à âãà®¯à®¢®¤®áâ¨ K á ª®¬¯®¥â ¬¨ kii(x; y; t) �
k0 > 0 ¨ £à ¤¨¥â â¥¬¯¥à âãàë, q = q(x; y; t) � 0 | ª®íää¨æ¨¥â ®áâë¢ ¨ï/ £à¥¢  áà¥¤ë § 
áç¥â ¨§«ãç â¥«ìëå ¯à®æ¥áá®¢, f = f(x; y; t) | ¯«®â®áâì ¨áâ®ç¨ª®¢/áâ®ª®¢ â¥¯« .

�à ¢¥¨¥ (1) § ¬ëª ¥âáï á ¯®¬®éìî á«¥¤ãîé¨å ¥áâ¥áâ¢¥ëå £à ¨çëå ¨  ç «ìëå
ãá«®¢¨©:

(w;n) = ��u; (x; y) 2 @D; (2)

ujt=0 = u0(x; y); (x; y) 2 D; (3)

£¤¥ n| ¢¥èïï ®à¬ «ì ª £à ¨æ¥ ®¡« áâ¨ D, � � 0 | ª®íää¨æ¨¥â â¥¯«®¢®© ¯à®¨æ ¥¬®áâ¨
£à ¨æë, u0(x; y) |  ç «ì®¥ à á¯à¥¤¥«¥¨¥ ¨§¬¥¥¨ï â¥¬¯¥à âãàë u.

� ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® à¥è¥¨¥ § ¤ ç¨ (1){(3) áãé¥áâ¢ã¥â ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥-
ë¬. �â®â ä ªâ ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¢ ¯à¥¤¯®«®¦¥¨¨ ªãá®ç®© ¥¯à¥àë¢®áâ¨ äãªæ¨© kii, q, f
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¨ u0 ¢ ®¡« áâ¨ D, £à ¨æ  ª®â®à®© ï¢«ï¥âáï ªãá®ç®-£« ¤ª®© ªà¨¢®©. �â¬¥â¨¬ â ª¦¥, çâ® ¨áª®-
¬ ï äãªæ¨ï u ã¤®¢«¥â¢®àï¥â ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  ¨ á«¥¤ãîé¥¬ã ¨â¥£à «ì®¬ã â®¦¤¥áâ¢ã:ZZ

D

u dx dy = �

I
@D

�u dl +
ZZ
D

(�qu+ f)dx dy: (4)

3. �®áâà®¥¨¥ à §®áâëå áå¥¬. � áá¬®âà¨¬ ¯à®¡«¥¬ã ç¨á«¥®£® à¥è¥¨ï § ¤ ç¨ (1){(3)
¢ ®¡« áâ¨ ¯à®¨§¢®«ì® á«®¦®© ä®à¬ë, ¢ â®¬ ç¨á«¥ ¥¢ë¯ãª«®© ¨/¨«¨ ¬®£®á¢ï§®©.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ ®¡« áâ¨ D § ¤   ¥áâàãªâãà¨à®¢  ï á¥âª  !P = fPi = (xi; yi),
i = 1; : : : ; Ng, á®¤¥à¦ é ï ª ª â®çª¨ ®¡« áâ¨ D, â ª ¨ â®çª¨ ¥¥ £à ¨æë @D. �  á¥âª¥ !P ¯®-
áâà®¥  ¥ª®â®à ï âà¨ £ã«ïæ¨ï T = fTm = �(Pim ; Pjm ; Pkm), Pim , Pjm , Pkm 2 !P , m = 1; : : : ;M ,
M = N � 2g. �â®á¨â¥«ì® T ¨§¢¥áâ®:

1) T á®¤¥à¦¨â ¢á¥ â®çª¨ !P ;
2) ¯«®é ¤ì S(Tm) > 0 ¤«ï ¢á¥å Tm 2 T ;
3) S(Tm \ Tn) = 0 ¤«ï m 6= n;

4) ®¡ê¥¤¨¥¨¥ ¢á¥å âà¥ã£®«ì¨ª®¢ Dh =
MS
m=1

Tm á®áâ ¢«ï¥â ¤¨áªà¥âë©   «®£ D ¨ ¨¬¥¥â

â ªãî ¦¥ á¢ï§®áâì, çâ® ¨ D;
5) ®â®è¥¨¥ ¯«®é ¤¥© � = S(Dh)=S(D) = 1� ", 0 < " < 1, ¨¬¥¥â ¯à¥¤¥« lim

h!0
� = 1.

� ®¡é¥¬ á«ãç ¥ âà¨ £ã«ïæ¨ï T ¬®¦¥â ¥ ã¤®¢«¥â¢®àïâì ªà¨â¥à¨î �¥«®¥ ¨ ¢ ¥© ¬®£ãâ
¡ëâì âà¥ã£®«ì¨ª¨ á âã¯ë¬¨ ã£« ¬¨, áª®«ì ã£®¤® ¡«¨§ª¨¬¨ ª �. �®íâ®¬ã ¯®âà¥¡ã¥¬, çâ®¡ë
¤«ï ¢á¥å âà¥ã£®«ì¨ª®¢ ¨§ T ¢ë¯®«ï«®áì ãá«®¢¨¥

max(�m; �m; m) � � � �; � 2 (0; 2�=3]; m = 1; : : : ;M;

£¤¥ �m, �m, m | ã£«ë âà¥ã£®«ì¨ª  Tm.
�à¥¤¯®«®¦¨¬ ¤ «¥¥, çâ® § ¤ ç  (1){(3) à¥è ¥âáï   ¢à¥¬¥®¬ ®âà¥§ª¥ [0; tmax], ¤«ï ª®â®à®£®

¢¢¥¤¥  à ¢®¬¥à ï á¥âª  ¯® ¢à¥¬¥¨ !t = ftn = n � � , n = 0; : : : ; Nt, � = tmax=Ntg.
�¥à¥©¤¥¬ ª ¯®áâà®¥¨î à §®áâëå áå¥¬. �«ï íâ®£® ¯à¨¬¥ï¥âáï ¨â¥£à®-¨â¥à¯®«ïæ¨®-

ë© ¯®¤å®¤ (¬¥â®¤ ª®¥çëå ®¡ê¥¬®¢) ([1], á. 144, 194; [2], á. 31) ¢ á®ç¥â ¨¨ á ¯®â®ª®¢ë¬ ¬¥â®-
¤®¬. � á®®â¢¥âáâ¢¨¨ á ¨¬ ¨áå®¤®¥ ãà ¢¥¨¥ à §¤¥«ï¥âáï   ¤¢  á ¯®¬®éìî ¢¢¥¤¥¨ï ¢¥ªâ®à 
¯®â®ª  ¨«¨  â¨¯®â®ª  (çâ® ¨ ¡ë«® á¤¥« ® ¢ ¨áå®¤®© ¯®áâ ®¢ª¥ § ¤ ç¨). � ª®© ¯®¤å®¤ ¯à¨-
¬¥ï«áï à ¥¥ ¤«ï ¯®áâà®¥¨ï à §®áâëå áå¥¬   ®àâ®£® «ìëå ç¥âëà¥åã£®«ìëå á¥âª å [3].
�à¨ íâ®¬ â¥¬¯¥à âãà  § ¤ ¢ « áì ¢ãâà¨ ç¥âëà¥åã£®«ì®© ïç¥©ª¨ ¨ áç¨â « áì ¯®áâ®ï®© ¢
¥©,   ¯®â®ª¨ § ¤ ¢ «¨áì   áâ®à® å ïç¥©ª¨. � ¤ ®© à ¡®â¥, ª ª ¨ ¢ [4], ¯à¥¤« £ ¥âáï § -
ç¥¨ï ¥¨§¢¥áâ®© äãªæ¨¨ ¨áª âì ¢ ã§« å á¥âª¨ !P ,   ¯®â®ª¨  ¯¯à®ªá¨¬¨à®¢ âì á¯¥æ¨ «ìë¬
®¡à §®¬ ¯® íâ¨¬ § ç¥¨ï¬. � ª ï ¬¥â®¤¨ª  ¨¬¥¥â ®¯à¥¤¥«¥®¥ ¯à¥¨¬ãé¥áâ¢®, ¢ â®¬ ç¨á«¥
¯®§¢®«ï¥â à¥è âì § ¤ çã á £à ¨çë¬¨ ãá«®¢¨ï¬¨ «î¡®£® â¨¯  (�¨à¨å«¥, �¥©¬  , �ìîâ® 
¨«¨ ¥®¤®à®¤ë¬¨).

�«ï ¯à¨¬¥¥¨ï ¨â¥£à®-¨â¥à¯®«ïæ¨®®£® ¬¥â®¤  ¢¢¥¤¥¬ ¯®ïâ¨¥ ª®âà®«ì®£® ®¡ê¥¬ .
�«ï íâ®£® ¤«ï ª ¦¤®© â®çª¨ á¥âª¨ Pi 2 !P ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢® ¢á¥å âà¥ã£®«ì¨ª®¢, ¢¥àè¨-
®© ª®â®àëå ®  ï¢«ï¥âáï, Hi = fTm 2 T , Pi 2 Tmg, ¨  §®¢¥¬ ¥£® è ¡«®®¬ ¢ â®çª¥ Pi. �ãáâì
ª®«¨ç¥áâ¢® â ª¨å âà¥ã£®«ì¨ª®¢ à ¢® Ni. �à®ã¬¥àã¥¬ ¨å ¢ á¬¥¦®¬ ¯®àï¤ª¥ ¢  ¯à ¢«¥¨¨
¯à®â¨¢ ç á®¢®© áâà¥«ª¨: Tm1

; : : : ; TNi
. �à¨ íâ®¬ ¡¥§  àãè¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ®

ª ¦¤ë© âà¥ã£®«ì¨ª Tmj
®¡à §®¢  â®çª ¬¨ Pi, Pij , Pij+1

(á¬. à¨á. 1 )). � ª ¦¤®¬ ¨§ íâ¨å âà¥-
ã£®«ì¨ª®¢ ®¯à¥¤¥«¨¬ â®çªã ¯¥à¥á¥ç¥¨ï ¬¥¤¨  Mmj

, j = 1; : : : ; Ni. �® íâ¨¬ â®çª ¬ ¯®áâà®¨¬
§ ¬ªãâãî «®¬ ãî Li. �¨£ãà , ®£à ¨ç¥ ï «®¬ ®© Li, ¨ á®áâ ¢«ï¥â ª®âà®«ìë© ®¡ê¥¬ Vi
¢ â®çª¥ Pi á ¯«®é ¤ìî Si (à¨á. 1 )). �á«¨ â®çª  Pi ï¢«ï¥âáï £à ¨ç®©, â® «®¬ ãî Li ¬®¦®
§ ¬ªãâì ç¥à¥§ ¯à®¥ªæ¨¨ â®ç¥ªMmj

  á®®â¢¥âáâ¢ãîé¨¥ £à ¨çë¥ à¥¡à  ¨ á ¬ã â®çªã Pi (à¨á.
1¡)).
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�¨á. 1. �¯à¥¤¥«¥¨¥ ª®âà®«ì®£® ®¡ê¥¬  ¤«ï ¢ãâà¥¨å  ) ¨ £à ¨çëå ¡) â®ç¥ª

�à®¨â¥£à¨àã¥¬ â¥¯¥àì ¨áå®¤®¥ ãà ¢¥¨¥ (1) ¯® ª®âà®«ì®¬ã ®¡ê¥¬ã Vi ¨ ¯® ¢à¥¬¥¨  
®âà¥§ª¥ [tn; tn+1] ¤«¨ë � :

1
Si

ZZ
Vi

u(x; y; tn+1)� u(x; y; tn)
�

dx dy =
1
Si�

ZZ
Vi

tn+1Z
tn

�
divw� qu+ f

�
dt dx dy:

�  ®á®¢¥ ¤ ®£® à ¢¥áâ¢  ¯®áâà®¨¬,  ¯à¨¬¥à, ¥ï¢ãî ¯® ¢à¥¬¥¨ áå¥¬ã. �«ï íâ®£® ¨-
â¥£à «ë ¯® ¢à¥¬¥¨  ¯¯à®ªá¨¬¨àã¥¬ § ç¥¨¥¬ äãªæ¨¨ ¢ â®çª¥ tn+1, ã¬®¦¥ë¬   è £
� , ¨â¥£à «ë ¯® ¯à®áâà áâ¢ã (ªà®¬¥ ¯®â®ª®¢®£® á« £ ¥¬®£®) § ¬¥¨¬   § ç¥¨ï äãªæ¨© ¢
â®çª¥ Pi, ã¬®¦¥ë¥   ¯«®é ¤ì ª®âà®«ì®£® ®¡ê¥¬  Si. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á«¥¤ãîé¥¥
¯à¨¡«¨¦¥®¥ á®®â®è¥¨¥:

un+1i � uni
�

� �n+1i un+1i � qn+1i un+1i + fn+1i : (5)

�¤¥áì ¨á¯®«ì§®¢ ë áâ ¤ àâë¥ ®¡®§ ç¥¨ï ¢¨¤  'ni = '(xi; yi; tn). �¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®©
ç áâ¨ (5) ï¢«ï¥âáï ¥ª®â®à®©  ¯¯à®ªá¨¬ æ¨¥© ¯®â®ª®¢®£® ¨â¥£à « 

In+1i =
1
Si

ZZ
Vi

divwn+1 dx dy:

�®áâà®¨¬ â¥¯¥àì  ¯¯à®ªá¨¬ æ¨î ¯®â®ª®¢®£® ç«¥ . �«ï íâ®£® à áá¬®âà¨¬ á ç «  á«ãç ©
¯®«®£® ª®âà®«ì®£® ®¡ê¥¬ , ª®£¤  â®çª  Pi ï¢«ï¥âáï ¢ãâà¥¥© â®çª®© à áç¥â®© ®¡« áâ¨.
�à¥®¡à §ã¥¬ ¯®â®ª®¢®¥ á« £ ¥¬®¥ á ¯®¬®éìî ä®à¬ã«ë �áâà®£à ¤áª®£®{� ãáá , ®¯ãáª ï ¤«ï
ã¤®¡áâ¢  ®¬¥à á«®ï ¯® ¢à¥¬¥¨

Ii �
1
Si

ZZ
Vi

divw dx dy =
1
Si

Z
@Vi

(w;n) dl:

�¤¥áì @Vi � Li | £à ¨æ  ª®âà®«ì®£® ®¡ê¥¬ , n| ¢¥ªâ®à ¢¥è¥© ®à¬ «¨ ª £à ¨æ¥ @Vi, dl
| í«¥¬¥â ¤«¨ë £à ¨æë @Vi. �ç¨âë¢ ï ¤ «¥¥, çâ® £à ¨æ  @Vi | «®¬  ï «¨¨ï, á®áâ®ïé ï

¨§ Ni ç áâ¥© (â. ¥. Li =
Ni

[
j=1

Lij),   ª®â®àëå ¢¥ªâ®à ®à¬ «¨ ä¨ªá¨à®¢  (n = nij), ¯®á«¥¤¥¥
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à ¢¥áâ¢® ¬®¦® ¯à¥®¡à §®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:

Ii =
1
Si

NiX
j=1

Z
Lij

(w;nij): (6)

� ¨â®£¥ ®áâ ¥âáï ¯à®¡«¥¬   ¯¯à®ªá¨¬ æ¨¨ ¢¥ªâ®à   â¨¯®â®ª    ª ¦¤®¬ ãç áâª¥ «®¬ ®©.
�«ï ¥¥ à¥è¥¨ï ¢¢¥¤¥¬ ¤®¯®«¨â¥«ì®¥ à §¡¨¥¨¥ ª®âà®«ì®£® ®¡ê¥¬  Vi   âà¥ã£®«ì¨ª¨,
®¡à §®¢ ë¥ â®çª ¬¨ Pi, Mmj

¨ â®çª ¬¨ Qij ¯¥à¥á¥ç¥¨ï à¥¡¥à [Pi; Pj ] âà¥ã£®«ì¨ª®¢ è ¡«® 
á á®®â¢¥âáâ¢ãîé¨¬¨ ãç áâª ¬¨ «®¬ ®© Lij (á¬. à¨á. 2). � ª ¢¨¤® ¨§ à¨áãª , ª®âà®«ìë©
®¡ê¥¬ á®áâ®¨â ¨§ 2Ni â ª¨å âà¥ã£®«ì¨ª®¢, ª®â®àë¥ ã¤®¡® ®¡®§ ç¨âì eT (�)

mj
(à¨á. 2¡)).

�¨á. 2. � §¡¨¥¨¥ ª®âà®«ì®£® ®¡ê¥¬    ç áâ¨  )

¨  ¯à ¢«¥¨ï ®à¬ «¥© ¨ ª®®à¬ «¥© ¢ ®¤®© ¨§ ç áâ¥© ª®âà®«ì®£® ®¡ê¥¬  ¡)

� á®®â¢¥âáâ¢¨¨ á íâ¨¬ à §¡¨¥¨¥¬ ª®âà®«ì®£® ®¡ê¥¬  Li =
Ni

[
j=1

(L(+)
mj

+ L(�)
mj
). �¢®¤ï ®¢ë¥

®¡®§ ç¥¨ï ¤«ï ¢¥ªâ®à  ®à¬ «¨ n(�)mj
  á®®â¢¥âáâ¢ãîé¨å ãç áâª å «®¬ ®©, ¨§ (6) ¯®«ãç ¥¬

á®®â®è¥¨¥

Ii =
1
Si

NiX
j=1

�Z
L
(+)
mj

�
w;n(+)mj

�
+
Z
L
(�)
mj

�
w;n(�)mj

��
: (7)

�  ª ¦¤®¬ ¨§ 2Ni ãç áâª®¢ «®¬ ®© ¬®¦® ¯¥à¥©â¨ ®â ¢¥ªâ®à   â¨¯®â®ª  ª ¯¥à¯¥¤¨ªã«ïà-
®¬ã ¥¬ã ¢¥ªâ®àã W = (Wx;Wy) = (�wy; wx) (ª®â®àë© ¡ã¤¥¬  §ë¢ âì ¢ ¤ «ì¥©è¥¬ ¬®¤¨-
ä¨æ¨à®¢ ë¬ ¯®â®ª®¬) ¨ ¢¥ªâ®àã ª®®à¬ «¨ � = (�x; �y) = (�ny; nx). �â¨ ¯¥à¥¬¥ë¥ ¬®¦®
¨á¯®«ì§®¢ âì ¢ (7):

Ii =
1
Si

NiX
j=1

�Z
L
(+)
mj

�
W;� (+)

mj

�
+
Z
L
(�)
mj

�
W;� (�)

mj

��
: (8)

�à¨ íâ®¬ á«¥¤ã¥â § ¬¥â¨âì, çâ® ¢¥ªâ®àë ª®®à¬ «¥© ¬®¦® ¢ëç¨á«ïâì ¯® ä®à¬ã« ¬

�
(�)
mj

= l
(�)
mj

=jl(�)mj
j; l

(+)
mj

=
������!
Mmj

Q(+)
mj

; l
(�)
mj

=
������!
Q(�)
mj

Mmj
: (9)

�¤¥áì ¨á¯®«ì§®¢ ë ®¢ë¥ ®¡®§ ç¥¨ï ¤«ï Qij . �á«¨ â¥¯¥àì ¢ ¨â¥£à « å ¯® ãç áâª ¬ «®¬ ®©
¯à¨¬¥¨âì â¥®à¥¬ã ® áà¥¤¥¬ § ç¥¨¨ (â. ¥. ¢ë¥áâ¨ §  § ª ¨â¥£à «  ¢¥«¨ç¨ã áª «ïà®£®
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¯à®¨§¢¥¤¥¨ï ¢ ¥ª®â®à®© â®çª¥), â® ¨§ (8) á ãç¥â®¬ (9) ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¯à¨¡«¨¦¥®¥
à ¢¥áâ¢®:

Ii =
1
Si

NiX
j=1

��
W

(+)
mj

; l(+)mj

�
+
�
W

(�)
mj

; l(�)mj

��
: (10)

�¤¥áì W(�)
mj

| ¥¨§¢¥áâë¥ ¯®ª  § ç¥¨ï ¢¥ªâ®à  ¬®¤¨ä¨æ¨à®¢ ®£® ¯®â®ª .
�«ï ¯®áâà®¥¨ï áå¥¬ë ¢â®à®£® ¯®àï¤ª   ¯¯à®ªá¨¬ æ¨¨ ¨ â®ç®áâ¨ ¯® ¯à®áâà áâ¢¥ë¬ ¯¥-

à¥¬¥ë¬ ¤®áâ â®ç® ¯à¥¤¯®«®¦¨âì, çâ® ¬®¤¨ä¨æ¨à®¢ ë© ¯®â®ªW(�)
mj

ï¢«ï¥âáï ¯®áâ®ïë¬
¢¥ªâ®à®¬ ¢ãâà¨ ª ¦¤®£® âà¥ã£®«ì¨ª  Tmj

. �®£¤ 

W
(+)
mj

=W
(�)
mj

=Wmj
:

�«ï ®¯à¥¤¥«¥¨ï ¢¥ªâ®à Wmj
¬®¦® ¨á¯®«ì§®¢ âì à §«¨çë¥ ¯®¤å®¤ë. � ¨¡®«¥¥ ®¡é¨© ¨§ ¨å

á®áâ®¨â ¢ á«¥¤ãîé¥¬ ([1], á. 145). � áá¬®âà¨¬ ®¯à¥¤¥«¥¨¥ ¬®¤¨ä¨æ¨à®¢ ®£® ¯®â®ª : Wx =
�k22

@u

@y
, Wy = k11

@u

@x
¨«¨ Wx

k22
= �@u

@y
, Wy

k11
= @u

@x
. �à®¨â¥£à¨àã¥¬ ¯®á«¥¤¨¥ ¤¢  à ¢¥áâ¢  ¯®

âà¥ã£®«ì¨ªã Tmj
á ãç¥â®¬ ä®à¬ã« �à¨ Z

Tmj

Wx

k22
dx dy =

I
@Tmj

u dx;

Z
Tmj

Wy

k11
dx dy =

I
@Tmj

u dy:

� §¤¥«¨¬ íâ¨ à ¢¥áâ¢    § ç¥¨¥ Smj
¯«®é ¤¨ âà¥ã£®«ì¨ª  Tmj

,   ¨â¥£à «ë ¢ ¯à ¢ëå
ç áâïå ¯à¨¡«¨§¨¬ ¯® ä®à¬ã«¥ âà ¯¥æ¨© ç¥à¥§ § ç¥¨ï ui, u(�)mj

¨áª®¬®© äãªæ¨¨ ¢ ¢¥àè¨ å
âà¥ã£®«ì¨ª  Pi = (xi; yi), P (�)

mj
= (x(�)mj

; y(�)mj
) (§¤¥áì ¯®   «®£¨¨ á ¯à¥¤ë¤ãé¨¬ ¢¢¥¤¥ë ®¢ë¥

®¡®§ ç¥¨ï ¤«ï ¢¥àè¨ Tmj
). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á«¥¤ãîé¨¥ ¯à¨¡«¨¦¥ë¥ ä®à¬ã«ë ¤«ï

Wmj
:

Wx � bmj

h
u(�)mj

�x(�)mj
+ umj

�xmj
� u(+)mj

�x(+)mj

i
;

Wy � amj

h
u(�)mj

�y(�)mj
+ umj

�ymj
� u(+)mj

�y(+)mj

i
; (11)

b�1mj
=

1
Smj

Z
Tmj

dx dy

k22
; a�1mj

=
1
Smj

Z
Tmj

dx dy

k11
;

£¤¥ u(�)mj
= 0:5(u(�)mj

+ ui), umj
= 0:5(u(+)mj

+ u(�)mj
), �x(�)mj

= x(�)mj
� xi, �xmj

= x(+)mj
� x(�)mj

, �y(�)mj
=

y(�)mj
� yi, �ymj

= y(+)mj
� y(�)mj

. �§ (10), (11) ¯®«ãç ¥¬ ¨â®£®¢ãî  ¯¯à®ªá¨¬ æ¨î ¤«ï ¯®â®ª®¢®£®
¨â¥£à « 

In+1i � �n+1i un+1i =
1
Si

NiX
j=1

�
W

n+1
mj

; l(+)mj
+ l

(�)
mj

�
: (12)

� áá¬®âà¨¬ â¥¯¥àì á«ãç ©, ª®£¤  â®çª  Pi «¥¦¨â   £à ¨æ¥ ®¡« áâ¨. �®£¤  ¥ª®â®àë¥ ¨§
âà¥ã£®«ì¨ª®¢ è ¡«®  Hi ¨¬¥îâ ®â ®¤®© ¤® âà¥å £à ¨çëå áâ®à® (á¬. à¨á. 1¡)), çâ® ¯à¨¢®-
¤¨â ª  «¨ç¨î ¤®¯®«¨â¥«ìëå á« £ ¥¬ëå ¢ ä®à¬ã« å (6), (7). �à¨¢¥¤¥¬ ª®ªà¥âë© ¯à¨¬¥à,
áç¨â ï, çâ® â®çª  Pi | ã£«®¢ ï â®çª  ®¡« áâ¨. � íâ®¬ á«ãç ¥ ¥¥ è ¡«® á®áâ®¨â ¨§ ®¤®£®
âà¥ã£®«ì¨ª  Tm1

(à¨á. 2¡)). � íâ®© á¨âã æ¨¨ ä®à¬ã«  (7) ¯à¨¬¥â ¢¨¤

Ii =
1
Si

� Z
L
(+)
m1

�
w;n(+)m1

�
+

Z
L
(�)
m1

�
w;n(�)m1

�
+

Z
~L
(+)
m1

�
w;n(+)m1

�
+

Z
~L
(�)
m1

�
w;n(�)m1

��
: (13)
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�á«¨ ãç áâª¨ «®¬ ®© eL(�)
m1

«¥¦ â â®ç®   £à ¨æ¥ ®¡« áâ¨, â®   ¨å § ¤ ® £à ¨ç®¥ ãá«®¢¨¥
(2), ¨ ¥£® ¬®¦® ¨á¯®«ì§®¢ âì ¢ (13):

Ii =
1
Si

� Z
L
(+)
m1

�
w;n(+)m1

�
+

Z
L
(�)
m1

�
w;n(�)m1

�
�

Z
~L
(+)
m1

�u dl �

Z
~L
(�)
m1

�u dl

�
: (14)

�á«¨ ãç áâª¨ «®¬ ®© eL(�)
m1

¯à¨¡«¨¦ îâ á®®â¢¥âáâ¢ãîé¨¥ ç áâ¨ ªà¨¢®«¨¥©®© £à ¨æë @D
®¡« áâ¨ á ¥ª®â®à®© â®ç®áâìî, â® à ¢¥áâ¢® (14) ¡ã¤¥â ¯à¨¡«¨¦¥ë¬. � íâ®¬ á«ãç ¥ ¯à¨ ¥-
ª®â®àëå ãá«®¢¨ïå,  ª« ¤ë¢ ¥¬ëå   ¨áå®¤ãî âà¨ £ã«ïæ¨î, ®è¨¡ª  ¡ã¤¥â ¯à®¯®àæ¨® «ì 
¯«®é ¤¨ âà¥ã£®«ì¨ª  Sm1

, çâ® á®®â¢¥âáâ¢ã¥â ¢â®à®¬ã ¯®àï¤ªã  ¯¯à®ªá¨¬ æ¨¨ áå¥¬ë ¯® ¯à®-
áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬.

�®«ãç¨¬ â¥¯¥àì ¨§ (14)   «®£ ä®à¬ã«ë (12). �«ï íâ®£® ¡ã¤¥¬  ¯¯à®ªá¨¬¨à®¢ âì ¯¥à¢ë¥
¤¢  ¨â¥£à «  ¢ ¯à ¢®© ç áâ¨ (14) â ª ¦¥, ª ª ¨§«®¦¥® ¢ëè¥. �«ï  ¯¯à®ªá¨¬ æ¨¨ ¯®á«¥¤¨å
¤¢ãå ¨â¥£à «®¢ ¨§ ¯à ¢®© ç áâ¨ (14) ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ¨â¥à¯®«ïæ¨®ë¥ ä®à¬ã«ë:

u � (1� l)ui + lu(�)m1
;

á¯à ¢¥¤«¨¢ë¥   eL(�)
m1
. �§ ¨å ¢ëâ¥ª ¥â á«¥¤ãîé ï  ¯¯à®ªá¨¬ æ¨ï (á¬. â ª¦¥ à¨á. 2¡))Z

~L
(�)
m1

�u dl � 0:5� l
�
(2� l)ui + lu(�)m1

�
; (15)

£¤¥ l = jel(�)m1
j, el(+)m1

=
����!
Q(+)
m1

Pi, el(�)m1
=
����!
PiQ

(�)
m1
. �á«¨ â¥¯¥àì ¢¢¥áâ¨ ®¯¥à â®àë �(�)mj

, ¤¥©áâ¢ãîé¨¥ ¯®
ä®à¬ã« ¬

�(�)mj
ui =

(
0:5� l

�
(2� l)ui + lu(�)mj

�
; Pi 2 @D ¨ P (�)

mj
2 @D;

0; Pi =2 @D ¨«¨ P (�)
mj

=2 @D;

â® á ãç¥â®¬ ¯à¥¤ë¤ãé¨å à¥§ã«ìâ â®¢ (12) ¨ (14), (15) ¯®«ãç¨¬ á«¥¤ãîéãî ®¡éãî  ¯¯à®ªá¨¬ -
æ¨î ¯®â®ª®¢®£® ¨â¥£à «  ¢ ¯à®¨§¢®«ì®© â®çª¥ á¥âª¨:

In+1i � �n+1i un+1i =
1
Si

NiX
j=1

��
W

n+1
mj

; l(+)mj
+ l

(�)
mj

�
� �(+)mj

ui � �(�)mj
ui
�
:

�®¤¢®¤ï ¨â®£, ¬®¦¥¬ â¥¯¥àì ¢ë¯¨á âì à §®áâãî áå¥¬ã ¤«ï á¥â®ç®© äãªæ¨¨ U , ï¢«ïî-
é¥©áï à §®áâë¬   «®£®¬ ¥¯à¥àë¢®© äãªæ¨¨ u   á¥âª¥ 
 = !P � !t:

Un+1
i � Un

i

�
= �n+1i Un+1

i � qn+1i Un+1
i + fn+1i ; U 0

i = u0(Pi): (16)

�å¥¬  (16) ¨¬¥¥â ¢â®à®© ¯®àï¤®ª  ¯¯à®ªá¨¬ æ¨¨ ¯® ¯à®áâà áâ¢ã ¨ ¯¥à¢ë© ¯® ¢à¥¬¥¨ (çâ®
á«¥¤ã¥â ¨§ ¯à®æ¥¤ãàë ¥¥ ¯®áâà®¥¨ï), ï¢«ï¥âáï ª®á¥à¢ â¨¢®© (¢ á¬ëá«¥ ¢ë¯®«¥¨ï   á¥âª¥
à §®áâ®£®   «®£  â®¦¤¥áâ¢  (4)) ¨ ã¤®¢«¥â¢®àï¥â à §®áâ®¬ã ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ . �¥-
âàã¤® ¯®ª § âì, çâ® íâ  áå¥¬  áå®¤¨âáï ¢ á¥â®ç®© ®à¬¥ L2(!P ) � C(!t) ª â®ç®¬ã à¥è¥¨î
¤¨ää¥à¥æ¨ «ì®© § ¤ ç¨ (1){(3) á® áª®à®áâìî O(�l2 + �), £¤¥ �l | áà¥¤¨© à §¬¥à à¥¡à 
âà¥ã£®«ì¨ª®¢ ¨§ T .

�¤¥« ¥¬ â¥¯¥àì ¥áª®«ìª® § ¬¥ç ¨© ®â®á¨â¥«ì® â®ç®áâ¨ áå¥¬ë ¢ ¥ª®â®àëå á¯¥æ¨ «ì-
ëå á«ãç ïå. �®-¯¥à¢ëå, ¥á«¨ ¢ âà¨ £ã«ïæ¨¨ T ¨¬¥îâáï âà¥ã£®«ì¨ª¨, ¯à¨¬ëª îé¨¥ ª £à -
¨æ¥, ¢ ª®â®àëå â®çª¨ ¯¥à¥á¥ç¥¨ï ¬¥¤¨  Mmj

¯à®¥ªâ¨àãîâáï â®«ìª®   ®¤® £à ¨ç®¥ à¥-
¡à® (à¨á. 3), ¨ ¯à¨ íâ®¬ ¯¥à¥áâà®©ª  â ª¨å âà¥ã£®«ì¨ª®¢ ¯® ªà¨â¥à¨î �¥«®¥ ¨«¨ «®ª «ì®¥
¨§¬¥«ìç¥¨¥ âà¨ £ã«ïæ¨¨ ¯® ª ª¨¬-«¨¡® ¯à¨ç¨ ¬ ¥¦¥« â¥«ìë, â® ¢ ª ç¥áâ¢¥ â®ç¥ª Q�mj

¬®¦® ¡à âì á¥à¥¤¨ë £à ¨çëå ®âà¥§ª®¢ [Pi; P�mj
]. �â®â ¯®¤å®¤ ¬®¦® ¯à¨¬¥ïâì ¨ ¢ á«ãç ¥

®áâà®ã£®«ìëå £à ¨çëå âà¥ã£®«ì¨ª®¢. �  ¯®àï¤®ª â®ç®áâ¨ áå¥¬ë íâ® ¨§¬¥¥¨¥ £à ¨çëå
ª®âà®«ìëå ®¡ê¥¬®¢ ¢«¨ï¨ï ¥ ®ª §ë¢ ¥â, â. ¥. ¨ ¢ íâ®¬ á«ãç ¥ á®åà ï¥âáï ¢â®à®© ¯®àï¤®ª
â®ç®áâ¨ áå¥¬ë ¯® ¯à®áâà áâ¢ã.
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�¨á. 3. �¯à¥¤¥«¥¨¥ ª®âà®«ì®£® ®¡ê¥¬  ¢ á«ãç ¥ âã¯®ã£®«ì®£® £à ¨ç®£® âà¥ã£®«ì¨ª 

�®-¢â®àëå, ¤«ï ¯®¢ëè¥¨ï ¯®àï¤ª  à §®áâ®© áå¥¬ë ¯® ¯à®áâà áâ¢ã ¤® ç¥â¢¥àâ®£® ¯à¥¤-
« £ ¥âáï à áè¨à¨âì è ¡«® ¯à¨  ¯¯à®ªá¨¬ æ¨¨ ¯®â®ª®¢®£® á« £ ¥¬®£® §  áç¥â âà¥ã£®«ì¨ª®¢,
¥¯®áà¥¤áâ¢¥® ¯à¨¬ëª îé¨å ª âà¥ã£®«ì¨ª ¬ è ¡«®  Hi. � à¥§ã«ìâ â¥ ¯®â®ª ¢ ª ¦¤®¬
âà¥ã£®«ì¨ª¥ Tmj

 ¯¯à®ªá¨¬¨àã¥âáï ã¦¥ ¥ ¯® âà¥¬ § ç¥¨ï¬ äãªæ¨¨ u ¢ ¢¥àè¨ å íâ®£®
âà¥ã£®«ì¨ª ,   ¯® è¥áâ¨ § ç¥¨ï¬, áà¥¤¨ ª®â®àëå ¤®¯®«¨â¥«ìë¥ âà¨ ¡¥àãâáï ¢ ¢¥àè¨ å
á®á¥¤¥© Tmj

. �  £à ¨æ¥ ¢ íâ®¬ á«ãç ¥ á®åà ï¥âáï ¢â®à®© ¯®àï¤®ª  ¯¯à®ªá¨¬ æ¨¨. �¤ ª®
â®ç®áâì áå¥¬ë ¢ æ¥«®¬ ¡ã¤¥â ¨¬¥âì ç¥â¢¥àâë© ¯®àï¤®ª ¯® ¯à®áâà áâ¢ã.

�«¥¤ã¥â â ª¦¥ ¤®¡ ¢¨âì, çâ® á ¯®¬®éìî ¨§«®¦¥®© ¬¥â®¤¨ª¨ ¥á«®¦® ¯à®¢¥áâ¨ ¯®áâà®¥-
¨¥ à §®áâ®© áå¥¬ë ¢ á«ãç ¥ ¥¤¨ £® «ì®£® â¥§®à  â¥¯«®¯à®¢®¤®áâ¨ K,   â ª¦¥ ¢ á«ãç ¥
¯ à ¡®«¨ç¥áª®£® ¨«¨ í««¨¯â¨ç¥áª®£® ãà ¢¥¨© ®¡é¥£® ¢¨¤ . �¥âàã¤® â ª¦¥ ¯®áâà®¨âì áå¥¬ë
¯®¢ëè¥®£® ¯®àï¤ª  â®ç®áâ¨ ¯® ¢à¥¬¥¨.

4. � ª«îç¥¨¥. Oâ¬¥â¨¬, çâ®  ¢â®à ¬¨ à §à ¡®â  ®à¨£¨ «ìë© ¯®¤å®¤ ª £¥¥à æ¨¨ á ¬¨å
¥áâàãªâãà¨à®¢ ëå âà¥ã£®«ìëå á¥â®ª ¤«ï ¥¢ë¯ãª«ëå ¬®£®á¢ï§ëå ®¡« áâ¥© á  ¤ ¯â¨¢®©
¯®¤áâà®©ª®© á¥âª¨ ¯®¤ ®á®¡¥®áâ¨ £à ¨æë ®¡« áâ¨ [5]. � ¯®¬®éìî £¥¥à â®à  á¥â®ª ¬®¦®
â ª¦¥ áâà®¨âì ª¢ §¨à ¢®¬¥àë¥ âà¥ã£®«ìë¥ á¥âª¨.

�â¬¥â¨¬ â ª¦¥, çâ® ¯à®¢¥¤¥ ï  ¬¨  ¯à®¡ æ¨ï ¯®áâà®¥ëå à §®áâëå áå¥¬ ¯®¤â¢¥à¤¨-
«  ¨å íää¥ªâ¨¢®áâì ¤«ï à¥è¥¨ï æ¥«®£® àï¤  ¯ à ¡®«¨ç¥áª¨å ªà ¥¢ëå § ¤ ç (¢ â®¬ ç¨á«¥ ¨
ª¢ §¨«¨¥©ëå) ¢ ®¡« áâïå á«®¦®© ä®à¬ë.
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