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1. �à¨â¥à¨© ãáâ®©ç¨¢®áâ¨ ¯® ç áâ¨ ¯¥à¥¬¥­­ëå á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

� ¤ ­­®¬ à §¤¥«¥ ¨áá«¥¤ã¥âáï «¨­¥©­ ï á¨áâ¥¬ 

_x = Ax; (1)

£¤¥ ¯à¥®¡à §®¢ ­¨¥ A ª®¬¯«¥ªá­®£® «¨­¥©­®£® ¯à®áâà ­áâ¢  S à §¬¥à­®áâ¨ n § ¤ ­® ¬ âà¨æ¥©
A ¢ ¡ §¨á¥ fekgnk=1, ª®â®àë© ¡ã¤¥¬ ­ §ë¢ âì ¥áâ¥áâ¢¥­­ë¬, x = x(t), t � 0.

�¥à¥§ M(�; �), £¤¥ M | ¬ âà¨æ  à §¬¥à  r � s, � � f1; 2; : : : ; rg, � � f1; 2; : : : ; sg, ¡ã¤¥¬
®¡®§­ ç âì ¬ âà¨æã, ï¢«ïîéãîáï ¯¥à¥á¥ç¥­¨¥¬ áâà®ª ¬ âà¨æë M á ­®¬¥à ¬¨ ¨§ ­ ¡®à  � ¨
áâ®«¡æ®¢ á ­®¬¥à ¬¨ ¨§ ­ ¡®à  �,   ç¥à¥§ Iq | ¥¤¨­¨ç­ãî ¬ âà¨æã ¯®àï¤ª  q.

�ãáâì � = f1; 2; : : : ; ng ¨ � = f1; 2; : : : ; pg, £¤¥ 1 � p � n � 1, � = fp + 1; p + 2; : : : ; ng,

 = f1; 2; : : : ; Cp

ng, �i, i 2 
, | ¢á¥ à §«¨ç­ë¥ ¯®¤¬­®¦¥áâ¢  ¨§ (n� p) í«¥¬¥­â®¢ ¬­®¦¥áâ¢  �.
�«ï ª ¦¤®£® i 2 
 ®¡®§­ ç¨¬ Ci = A(�i; �), Pi = I(�i; �) ¨ �i(�) = det(Ci � �Pi). �¥à¥§ ��(�)
®¡®§­ ç¨¬ ­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ¯®«¨­®¬®¢ �i(�), i 2 
. �¥£ª® ¢¨¤¥âì, çâ® ¯®«¨­®¬ ��(�)
ï¢«ï¥âáï ¤¥«¨â¥«¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ¯®«¨­®¬  �(�) ¬ âà¨æë A.

�á­®¢­ë¬ á®¤¥à¦ ­¨¥¬ à §¤¥«  ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  1. �¥à¢ë¥ p ª®¬¯®­¥­â à¥è¥­¨ï á¨áâ¥¬ë (1) ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥ áã¬¬ ª¢ -

§¨¯®«¨­®¬®¢ ®â t, ¯®ª § â¥«ï¬¨ ª®â®àëå ï¢«ïîâáï ª®à­¨ ¯®«¨­®¬  ��(�) =
�(�)
��(�)

¨ â®«ìª®

®­¨.

�®£« á­® [1] ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ h1;h2; : : : ;hs ¯à®áâà ­áâ¢  S ¡ã¤¥¬ ­ §ë¢ âì á¥à¨-
¥© á á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ �0 ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï A, ¥á«¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï
h1 6= 0, Ah1 = �0h1, Ah2 = �0h2+h1; : : : ;Ahs = �0hs+hs�1. �ç¥¢¨¤­®, «¨­¥©­ ï ®¡®«®çª  á¥à¨¨
ï¢«ï¥âáï ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ïA ¯®¤¯à®áâà ­áâ¢®¬ ¯à®áâà ­áâ¢  S. �®-
£« á­® â¥®à¥¬¥ ® ¦®à¤ ­®¢®© ä®à¬¥ ¬ âà¨æë áãé¥áâ¢ã¥â ¡ §¨á ¯à®áâà ­áâ¢  S, á®áâ®ïé¨© ¨§
®¤­®© ¨«¨ ­¥áª®«ìª¨å á¥à¨© ([1], áá. 366{375, 383{389). � ª¨¬ ®¡à §®¬, ª ¦¤®¬ã á®¡áâ¢¥­­®-
¬ã §­ ç¥­¨î ¯à¥®¡à §®¢ ­¨ï A á®®â¢¥âáâ¢ã¥â ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï A

¯®¤¯à®áâà ­áâ¢®.
� ¦¤®© á¥à¨¨ h1;h2; : : : ;hs á®®â¢¥âáâ¢ãîâ s «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨© á¨áâ¥¬ë (1)

xr(t) = e�t
rX

q=1

tr�q

(r � q)!
hq; r = 1; s:

�¥à¨ï¬, á®áâ ¢«ïîé¨¬ ¡ §¨á, á®®â¢¥âáâ¢ãîâ n à¥è¥­¨©, ®¡à §ãîé¨å äã­¤ ¬¥­â «ì­ãî á¨áâ¥-
¬ã: à¥è¥­¨ï¬¨ á¨áâ¥¬ë (1) ï¢«ïîâáï «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ à¥è¥­¨©äã­¤ ¬¥­â «ì­®© á¨áâ¥¬ë
¨ â®«ìª® ®­¨.

�¡®§­ ç¨¬ ç¥à¥§ S� «¨­¥©­ãî ®¡®«®çªã á¨áâ¥¬ë ¢¥ªâ®à®¢ fekgnk=p+1. � ª¨¬ ®¡à §®¬, í«¥-
¬¥­â ¬¨ ¯à®áâà ­áâ¢  S� ï¢«ïîâáï â¥ ¨ â®«ìª® â¥ ¢¥ªâ®àë ¯à®áâà ­áâ¢  S, ¯¥à¢ë¥ p ª®¬¯®­¥­â
ª®â®àëå ¢ ¥áâ¥áâ¢¥­­®¬ ¡ §¨á¥ ¯à®áâà ­áâ¢  S à ¢­ë ­ã«î.
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�ãáâì �0 | ¯à®¨§¢®«ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¯à¥®¡à §®¢ ­¨ï A. �¥à¥§ m ®¡®§­ ç¨¬ ¥£®
ªà â­®áâì. �«ï ª ¦¤®£® i 2 
, ¥á«¨ �0 ï¢«ï¥âáï ª®à­¥¬ ¯®«¨­®¬  �i(�), ¯®«®¦¨¬ mi à ¢­ë¬
¥£® ªà â­®áâ¨, ¢ ¯à®â¨¢­®¬ á«ãç ¥ mi = m. �¤¥« ¥¬ ¤¢  § ¬¥ç ­¨ï.

(a) �¥à¢ë¥ p ª®¬¯®­¥­â à¥è¥­¨ï á¨áâ¥¬ë (1) ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥ áã¬¬ ª¢ §¨¯®«¨­®¬®¢
®â t, ¯®ª § â¥«ï¬¨ ª®â®àëå ï¢«ïîâáï â¥ ¨ â®«ìª® â¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯à¥®¡à §®¢ ­¨ï A,
á®®â¢¥âáâ¢ãîé¨¥ ª®â®àë¬ ¨­¢ à¨ ­â­ë¥ ¯®¤¯à®áâà ­áâ¢  ­¥ «¥¦ â ¢ ¯à®áâà ­áâ¢¥ S�.

(b) �®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �0 ­¥ ï¢«ï¥âáï ª®à­¥¬ ��(�) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¢á¥å
i 2 
 ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  mi � m.

�®¯®áâ ¢«¥­¨¥ § ¬¥ç ­¨© (a) ¨ (b) á â¥®à¥¬®© 1 ¯®ª §ë¢ ¥â, çâ® ¯®á«¥¤­ïï ¡ã¤¥â ¤®ª § ­ ,
¥á«¨ ¡ã¤¥â ¤®ª § ­ 

�¥®à¥¬  2. �â®¡ë á®®â¢¥âáâ¢ãîé¥¥ á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �0 ¨­¢ à¨ ­â­®¥ ®â­®á¨-

â¥«ì­® ¯à¥®¡à §®¢ ­¨ï A ¯®¤¯à®áâà ­áâ¢® S0 ï¢«ï«®áì ¯®¤¯à®áâà ­áâ¢®¬ ¯à®áâà ­áâ¢  S�,
­¥®¡å®¤¨¬  ¨ ¤®áâ â®ç­  á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢ mi � m, i 2 
.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì S0 � S�. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© ¨­¤¥ªá
i 2 
. �¥à¥§ Ci ¨ Pi ®¡®§­ ç¨¬ ®¯¥à â®àë, ®¯à¥¤¥«ï¥¬ë¥ ¢ ¡ §¨á¥ fekgnk=p+1 ¯à®áâà ­áâ¢  S�
¬ âà¨æ ¬¨ á®®â¢¥âáâ¢¥­­® Ci ¨ Pi. � ¬¥â¨¬, çâ® CiS0 = (Ci � �0Pi)S0 + �0PiS0 � PiS0, â. ¥.
(Ci � �0Pi)x 2 PiS0 8x 2 S0.

�¡®§­ ç¨¬ á®áâ®ïé¨© ¨§ á¥à¨© ¡ §¨á ¯à®áâà ­áâ¢  S0 ç¥à¥§ X = f�jg
m
j=1, ¯à¨ç¥¬ ¢¥ªâ®àë

ª ¦¤®© á¥à¨¨ § ­ã¬¥àã¥¬ ¯®á«¥¤®¢ â¥«ì­®. �«ï ª ¦¤®£® j 2 f1; 2; : : : ;mg ¯®«®¦¨¬ �j = Pi�j .
�¨­¥©­®© ®¡®«®çª®© á¨áâ¥¬ë Y = f�jg

m
j=1 ï¢«ï¥âáï PiS0, §­ ç¨â, ¥á«¨ Y «¨­¥©­® § ¢¨á¨¬ ,

â® �i(�) � 0, â. ¥. mi = m. �ãáâì á¨áâ¥¬  Y «¨­¥©­® ­¥§ ¢¨á¨¬ . �®¯®«­¨¬ á¨áâ¥¬ë X ¨ Y
¯à®¨§¢®«ì­ë¬ ®¡à §®¬ ¤® ¡ §¨á®¢ X� = f�jg

n�p
j=1 ¨ Y� = f�jg

n�p
j=1 ¯à®áâà ­áâ¢  S�. � âà¨æ  Ui(�)

®¯¥à â®à-äã­ªæ¨¨ (Ci � �Pi), ¥á«¨ ª®®à¤¨­ âë ¢¥ªâ®à®¢, ­  ª®â®àë¥ ®­  ¤¥©áâ¢ã¥â, § ¤ îâáï
¢ ¡ §¨á¥ X�,   ª®®à¤¨­ âë ¨å ®¡à §®¢ | ¢ ¡ §¨á¥ Y�, ¨¬¥¥â ¢¨¤

Ui(�) =
�
Ji � �Im Mi;1(�)

0 Mi;2(�)

�
;

£¤¥ Ji | ¦®à¤ ­®¢  ¬ âà¨æ  ¯®àï¤ª  m á ¥¤¨­áâ¢¥­­ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ �0, Mi;1(�) ¨
Mi;2(�) | ­¥ª®â®àë¥ �-¬ âà¨æë. �®áª®«ìªã Ui(�) = V (Ci � �Pi)W , £¤¥ V ¨ W | ­¥ª®â®àë¥
­¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë, ªà â­®áâì ª®à­ï �0 ¯®«¨­®¬  detUi(�) ­¥ ¬¥­ìè¥ m, â. ¥. mi � m.
�¥®¡å®¤¨¬®áâì ¤®ª § ­ .

�à¨ ¤®ª § â¥«ìáâ¢¥ ¤®áâ â®ç­®áâ¨ ¨á¯®«ì§ãîâáï ¤¢¥ «¥¬¬ë.
�ãáâì «¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï F ¨ G ª®­¥ç­®¬¥à­®£® ª®¬¯«¥ªá­®£® ¢¥ªâ®à­®£® ¯à®áâà ­-

áâ¢  R § ¤ ­ë ¢ ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â ¬ âà¨æ ¬¨ F ¨ G á®®â¢¥âáâ¢¥­­®.
�®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ h1;h2; : : : ;hm ¯à®áâà ­áâ¢  R ¡ã¤¥¬ ­ §ë¢ âì á¥à¨¥© ®â­®á¨-

â¥«ì­® ¯ àë ¯à¥®¡à §®¢ ­¨© F ¨ G, ¥á«¨ ¯à¨ ­¥ª®â®à®¬ �1 ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

h1 6= 0; Fh1 = G(�1h1); Fh2 = G(�1h2 + h1); : : : ;Fhm = G(�1hm + hm�1):

�¥¬¬  1 (®¡®¡é¥­¨¥ â¥®à¥¬ë ® ¯à¨¢¥¤¥­¨¨ ¬ âà¨æë ª ¦®à¤ ­®¢®© ä®à¬¥ ([1], á. 384)).
�ãáâì áâ¥¯¥­ì ¬­®£®ç«¥­  det(F � �G) à ¢­  d. �®£¤  áãé¥áâ¢ã¥â â ª®¥ ¯®¤¯à®áâà ­áâ¢®

R0 � R, çâ® FR0 � GR0, dimR0 = d ¨ ¡ §¨á®¬ R0 ï¢«ïîâáï ¢¥ªâ®àë ®¤­®© ¨«¨ ­¥áª®«ìª¨å
á¥à¨© ®â­®á¨â¥«ì­® ¯ àë ¯à¥®¡à §®¢ ­¨© F ¨ G.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ R1 = GR ¨ d1 = dimR1. �ãé¥áâ¢ã¥â â ª®¥ ¯®¤¯à®áâà ­áâ¢®
Q1 ¯à®áâà ­áâ¢  R, çâ® FQ1 � R1 ¨ dimQ1 = d1 (¤¥©áâ¢¨â¥«ì­®, à §¬¥à­®áâì «î¡®£® â ª®£®
¬­®¦¥áâ¢  M ¢¥ªâ®à®¢ ¨§ R, çâ® FM \R1 = ;, ­¥ ¯à¥¢®áå®¤¨â dimR� d1, §­ ç¨â, à §¬¥à­®áâì
¯®¤¯à®áâà ­áâ¢  â ª¨å x 2 R, çâ® Fx 2 R1, ¡®«ìè¥ ¨«¨ à ¢­  d1). �á«¨GQ1 6= R1, â® ®¡®§­ ç¨¬
R2 = GQ1. �¬¥¥¬ d2 = dimR2 < dimR1. � ©¤¥¬ â ª®¥ ¯®¤¯à®áâà ­áâ¢® Q2 ¯à®áâà ­áâ¢  Q1,
çâ® FQ2 � R2 ¨ dimQ2 = d2. �á«¨ GQ2 6= R2, â® ®¡®§­ ç¨¬ R3 = GQ2 (¯à¨ íâ®¬ d3 = dimR3 <
dimR2) ¨ ­ ©¤¥¬ â ª®¥ ¯®¤¯à®áâà ­áâ¢® Q3 ¯à®áâà ­áâ¢  Q2, çâ® FQ3 � R3 ¨ dimQ3 = d3.
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�à®¤®«¦ ï â ª¨¬ ®¡à §®¬ ¯®áâà®¥­¨¥ æ¥¯®ç¥ª Q1 � Q2 � Q3 � � � � ¨ R1 � R2 � R3 � � � � ,
¯®áª®«ìªã d1 > d2 > d3 > � � � , ­ ©¤¥¬ â ª¨¥ ¯®¤¯à®áâà ­áâ¢  Qk ¨ Rk ¯à®áâà ­áâ¢  R, çâ®

FQk � GQk = Rk ¨ dimQk = dimRk = dk � 0:

� áá¬®âà¨¬ á«ãç © dk > 0. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ë© ¡ §¨á Xk = fxig
dk
i=1 ¯à®áâà ­áâ¢  Qk.

�® ¯®áâà®¥­¨î ¯à®áâà ­áâ¢ Qk ¨ Rk á¨áâ¥¬  ¢¥ªâ®à®¢ Yk = fyig
dk
i=1, £¤¥ yi = Gxi, ®¡à §ã¥â

¡ §¨á ¯à®áâà ­áâ¢  Rk. � ®¯à¥¤¥«ï¥¬ëå ¡ §¨á ¬¨ Xk ¨ Yk á¨áâ¥¬ å ª®®à¤¨­ â ¯à®áâà ­áâ¢
Qk ¨ Rk ¬ âà¨æ  áã¦¥­¨ï Uk(�) : Qk ! Rk ®¯¥à â®à-äã­ªæ¨¨ U(�) = F � �G ¨¬¥¥â ¢¨¤
Uk(�) = Ck � �Idk , £¤¥ ¬ âà¨æ  Ck ­¥ § ¢¨á¨â ®â �. �®¯®«­¨¬ ¯à®¨§¢®«ì­ë¬ ®¡à §®¬ á¨áâ¥¬ë
Xk ¨ Yk ¤® ¡ §¨á®¢ Xk�1 = fxig

dk�1
i=1 ¨ Yk�1 = fyig

dk�1
i=1 ¯à®áâà ­áâ¢ á®®â¢¥âáâ¢¥­­® Qk�1 ¨ Rk�1.

� á¨áâ¥¬ å ª®®à¤¨­ â ¯à®áâà ­áâ¢ Qk�1 ¨ Rk�1, ®¯à¥¤¥«ï¥¬ëå ¡ §¨á ¬¨ Xk�1 ¨ Yk�1, ¬ âà¨æ 
áã¦¥­¨ï Uk�1(�) : Qk�1 ! Rk�1 ®¯¥à â®à-äã­ªæ¨¨ U(�) ¨¬¥¥â ¢¨¤

Uk�1(�) =
�
Ck � �Idk Dk�1(�)

0 Ck�1

�
;

£¤¥ ¬ âà¨æë Ck ¨ Ck�1 ­¥ § ¢¨áïâ ®â �. �®¯®«­¨¢ á¨áâ¥¬ë ¢¥ªâ®à®¢ Xk�1 ¨ Yk�1 ¤® ¡ §¨á®¢ Xk�2

¨ Yk�2 ¯à®áâà ­áâ¢ Qk�2 ¨ Rk�2, ¯®«ãç¨¬ ¬ âà¨æã áã¦¥­¨ï Uk�2(�) : Qk�2 ! Rk�2 ®¯¥à â®à-
äã­ªæ¨¨ U(�) ¢¨¤ 

Uk�2(�) =

0
@Ck � �Idk Dk�2(�)

Ck�1

0 Ck�2

1
A ;

£¤¥ ¬ âà¨æë Ck, Ck�1 ¨ Ck�2 ­¥ § ¢¨áïâ ®â �. �®¯®«­ïï â ª¨¬ ®¡à §®¬ ¤ «¥¥ á¨áâ¥¬ë ¢¥ªâ®à®¢
Xj ¨ Yj , ¯®«ãç¨¬ ¡ §¨áë X1 ¨ Y1 ¯à®áâà ­áâ¢ á®®â¢¥âáâ¢¥­­® Q1 ¨ R1. �â¨ á¨áâ¥¬ë ¤®¯®«­¨¬ á®-
®â¢¥âáâ¢¥­­® ¤® ¡ §¨á®¢X0 = fxig

d
i=1 ¨ Y0 = fyig

d
i=1 ¯à®áâà ­áâ¢  R. � âà¨æ  ®¯¥à â®à-äã­ªæ¨¨

U(�) ¯à¨ § ¤ ­¨¨ ¢¥ªâ®à®¢, ª ª®â®àë¬ ¯à¨¬¥­ï¥âáï ¯à¥®¡à §®¢ ­¨¥, ¢ á¨áâ¥¬¥ ª®®à¤¨­ â, § -
¤ ¢ ¥¬®© ¡ §¨á®¬ X0,   ¨å ®¡à §®¢ ¢ á¨áâ¥¬¥ ª®®à¤¨­ â, § ¤ ¢ ¥¬®© ¡ §¨á®¬ Y0, ¨¬¥¥â ¢¨¤

U(�) =

0
BBBBB@

Ck � �Idk
Ck�1 D(�)

. . .
0 C1

C0

1
CCCCCA ;

£¤¥ ¬ âà¨æë Cj , j = 0; k, ­¥ § ¢¨áïâ ®â �.
�®áª®«ìªã F ��G = V U(�)W , £¤¥ V ¨W | ­¥ª®â®àë¥ ­¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë, â® det(F �

�G) = detV detU(�) detW = cdetU(�) = c
k�1Q
i=0

detCi detUk(�) = c1 detUk(�) = c1 det(Ck � �Idk),

á«¥¤®¢ â¥«ì­®, d = dk ¨ ¬­®¦¥áâ¢  ª®à­¥© ¯®«¨­®¬®¢ det(F � �G) ¨ det(Ck � �Idk) ­¥¯ãáâë ¨
á®¢¯ ¤ îâ. �® â¥®à¥¬¥ ® ¯à¨¢¥¤¥­¨¨ ¬ âà¨æë ª ¦®à¤ ­®¢®© ä®à¬¥ áãé¥áâ¢ã¥â ¡ §¨á ª®¬¯«¥ªá-
­®£® ¯à®áâà ­áâ¢  Cd ã¯®àï¤®ç¥­­ëå ­ ¡®à®¢ ¨§ d ç¨á¥«, á®áâ®ïé¨© ¨§ ®¤­®© ¨«¨ ­¥áª®«ìª¨å
á¥à¨© ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï, § ¤ ¢ ¥¬®£® ¬ âà¨æ¥© Ck. �áâ ¥âáï § ¬¥â¨âì, çâ® íâ®â ¡ -
§¨á ¯à®áâà ­áâ¢  Cd ®¯à¥¤¥«ï¥â ¢ ª®®à¤¨­ â­®© á¨áâ¥¬¥, § ¤ ¢ ¥¬®© Xk, ¡ §¨á ¯à®áâà ­áâ¢ 
Rk, á®áâ®ïé¨© ¨§ á¥à¨© ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© F ¨ G.

�á«¨ ¦¥ dk = 0, â® ¯®«®¦¨¬ Xk = Yk = ; ¨, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¤®¯®«­ïï ¯®-
á«¥¤®¢ â¥«ì­® á¨áâ¥¬ë ¢¥ªâ®à®¢ Xj ¨ Yj ¤® ¡ §¨á®¢ ¯à®áâà ­áâ¢ á®®â¢¥âáâ¢¥­­® Qj�1 ¨ Rj�1,
¯®«ãç¨¬ ¡ §¨áë X0 = fxig

d
i=1 ¨ Y0 = fyig

d
i=1 ¯à®áâà ­áâ¢  R ¨ ¬ âà¨æã U(�), ¯à¨ íâ®¬ detU(�)

­¥ § ¢¨á¨â ®â �. �®áª®«ìªã F ��G = V U(�)W , ¯®«ãç ¥¬, çâ® á¨âã æ¨ï dk = 0 ¢®§¬®¦­  â®«ìª®
¢ âà¨¢¨ «ì­®¬ á«ãç ¥ d = 0.

�â ª, Rk | ¨áª®¬®¥ ¯à®áâà ­áâ¢® ¨ Xk | ¨áª®¬ë© ¡ §¨á.
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�¥¬¬  2. �ãáâì F ¨ G | ¯à®¨§¢®«ì­ë¥ ¬ âà¨æë à §¬¥à  (s + r) � s, r > 0. �®«®¦¨¬
� = f1; 2; : : : ; Cs

s+rg, �i, £¤¥ i 2 � , | ¢á¥ à §«¨ç­ë¥ ¯®¤­ ¡®àë ¨§ s ­®¬¥à®¢ ­ ¡®à  f1; 2; : : : ; s+rg,
� = f1; 2; : : : ; sg, Fi = F (�i; �), Gi = G(�i; �). �®£¤  à ­£ ¬ âà¨æë C à §¬¥à  k(s+ r)� ks ¢¨¤ 

C =

0
BBBBB@

F G
F G 0

. . .

0 F G
F

1
CCCCCA

à ¢¥­ ­ ¨¡®«ìè¥¬ã ¨§ à ­£®¢ ¬ âà¨æ Ci, i 2 � , à §¬¥à  (ks)� (ks) ¢¨¤ 

Ci =

0
BBBBB@

Fi Gi

Fi Gi 0
. . .

0 Fi Gi

Fi

1
CCCCCA :

�®ª § â¥«ìáâ¢®. �à®­ã¬¥àã¥¬ áâà®ª¨ ¬ âà¨æë C á­¨§ã ¢¢¥àå. �¨áâ¥¬ë áâà®ª á ­®¬¥à ¬¨
®â (j � 1)(s + r) + 1 ¤® j(s + r), j = 1; k, ®¡®§­ ç¨¬ á®®â¢¥âáâ¢¥­­® ç¥à¥§ Qj . �ãáâì Rj =
j
[

m=1
Qm. � ­£ «î¡®© á¨áâ¥¬ë Rj , 1 � j � k, à ¢¥­ à ­£ã á¨áâ¥¬ë ¨§ js «¥¢ëå áâ®«¡æ®¢ ¬ âà¨æë

C. �­ ç¨â, rankRj+1 � rankRj � s, j = 1; k � 1. �ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢ãîé¨¬¨ áâà®ª¨
¬ âà¨æë C, ­®¬¥à  ª®â®àëå ®â«¨ç îâáï ­  ç¨á«®, ªà â­®¥ (s + r). �ë¡¥à¥¬ ¬ ªá¨¬ «ì­ãî
«¨­¥©­® ­¥§ ¢¨á¨¬ãî ¯®¤á¨áâ¥¬ã T1 á¨áâ¥¬ë Q1. �®áª®«ìªã rankT1 = rankQ1 = rankR1 � s,
á¨áâ¥¬  T1 á®áâ®¨â ¨§ ­¥ ¡®«¥¥ ç¥¬ s ¢¥ªâ®à®¢. �®¯®«­¨¬ ¥¥ á®®â¢¥âáâ¢ãîé¨¬¨ áâà®ª ¬¨ ¨§
Q2. �¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì ¯à¨ íâ®¬, ®ç¥¢¨¤­®, á®åà ­¨âáï. �®¯®«­¨¬ ¯®«ãç¥­­ãî á¨áâ¥¬ã,
á®åà ­ïï «¨­¥©­ãî ­¥§ ¢¨á¨¬®áâì, ¥á«¨ ­ã¦­®, ¥é¥ ­¥áª®«ìª¨¬¨ áâà®ª ¬¨ ¨§ á¨áâ¥¬ë Q2 â ª,
çâ®¡ë à ­£ ­®¢®© á¨áâ¥¬ë ¡ë« à ¢¥­ à ­£ã R2, ¨ ­ §®¢¥¬ ¯®«ãç¥­­ãî á¨áâ¥¬ã T2. �­  ¢ª«îç ¥â
­¥ ¡®«¥¥ s áâà®ª á¨áâ¥¬ë Q2, ¯®áª®«ìªã rankT2� rankT1 = rankR2� rankR1 � s. �á«¨ k � 3, â®
¤®¯®«­¨¬ á¨áâ¥¬ã T2 áâà®ª ¬¨ á¨áâ¥¬ë Q3, á®®â¢¥âáâ¢ãîé¨¬¨ ¢å®¤ïé¨¬ ¢ T2 áâà®ª ¬ á¨áâ¥¬ë
Q2, ¨ § â¥¬, ¥á«¨ ­ã¦­®, ¥é¥ ­¥áª®«ìª¨¬¨ áâà®ª ¬¨ ¨§ Q3 â ª, çâ®¡ë à ­£ ¯®«ãç¥­­®© á¨áâ¥¬ë
¡ë« à ¢¥­ à ­£ã R3. �®«ãç¥­­ãî á¨áâ¥¬ã ­ §®¢¥¬ T3. �­  ¢ª«îç ¥â ­¥ ¡®«¥¥ s áâà®ª ¨§ á¨áâ¥¬ë
Q3 ¨ ­¥ª®â®àë¥ ¨§ á®®â¢¥âáâ¢ãîé¨å ¨¬ áâà®ª ¨§ Q2 ¨ Q1. �á«¨ k � 4, â® ¯à®¤®«¦¨¬ ¯à®æ¥áá
¯®áâà®¥­¨ï á¨áâ¥¬ Tj  ­ «®£¨ç­ë¬ ®¡à §®¬. �  k-¬ è £¥ ¯®«ãç¨¬ â ªãî ¯®¤á¨áâ¥¬ã Tk á¨áâ¥¬ë
Rk ¢á¥å áâà®ª ¬ âà¨æë C, çâ® rankTk = rankRk = rankC ¨ Tk ï¢«ï¥âáï ¯®¤á¨áâ¥¬®© á¨áâ¥¬ë
¢á¥å áâà®ª ­¥ª®â®à®© ¬ âà¨æë Ci, i 2 � . �¥¬¬  á«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ­¨ï â ª®© á¨áâ¥¬ë Tk.

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.
�®áâ â®ç­®áâì. �ãáâì mi � m 8i 2 
. �¡®§­ ç¨¬ C = A(�; �), P = In(�; �). �®ª ¦¥¬, çâ®

à §¬¥à­®áâì ï¤à  ¬ âà¨æë

I =

0
BBBBB@

C � �0P �P
C � �0P �P 0

. . .
0 C � �0P �P

C � �0P

1
CCCCCA

à §¬¥à  mn�m(n� p) ­¥ ¯à¥¢®áå®¤¨â m. � áá¬®âà¨¬ ª¢ ¤à â­ë¥ ¬ âà¨æë ¯®àï¤ª  m(n� p)

Ii =

0
BBBBB@

Ci � �0Pi �Pi

Ci � �0Pi �Pi 0
. . .

0 Ci � �0Pi �Pi

Ci � �0Pi

1
CCCCCA ; i 2 
:
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� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© ¨­¤¥ªá i 2 
. �®£« á­® ®¯à¥¤¥«¥­¨î mi ¨ «¥¬¬¥ 1 áãé¥áâ¢ã¥â «¨-

­¥©­® ­¥§ ¢¨á¨¬ ï á¨áâ¥¬  fx(j)k g, j = 1; r, k = 1; sj ,
rP

j=1
sj = mi, £¤¥ x

(j)
k = (x(j)k1 ; x

(j)
k2 ; : : : ; x

(j)
k n�p) 2

Cn�p, â ª ï, çâ® (Ci��0Pi)x
(j)
1 = 0, (Ci��0Pi)x

(j)
2 = Pix

(j)
1 ; : : : ; (Ci��0Pi)x(j)sj

= Pix
(j)
sj�1. �¥è¥­¨ï-

¬¨ á¨áâ¥¬ë Ii� = 0 ï¢«ïîâáïmi í«¥¬¥­â®¢ �
(j)
k = (x(j)k1 ; x

(j)
k2 ; :::; x

(j)
k n�1; x

(j)
k�1 1; x

(j)
k�1 2; :::; x

(j)
k�1 n�1; : : : ,

x
(j)
11 ; x

(j)
12 ; : : : ; x

(j)
1 n�1; 0; 0; : : : ; 0) ¯à®áâà ­áâ¢  C

m(n�p), «¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì ª®â®àëå á«¥¤ã¥â
¨§ «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë fx(j)k g. � ª¨¬ ®¡à §®¬, dimker Ii � mi � m. �®áª®«ì-
ªã �i, i 2 
, | ¢á¥ ¯®¤­ ¡®àë ¨§ (n � p) ­®¬¥à®¢ ­ ¡®à  f1; 2; : : : ; ng, â® á®£« á­® «¥¬¬¥ 2
rank I = max

i2

rankIi, â. ¥. dimker I = min

i2

dimker Ii � m.

�ë¡¥à¥¬ ¯à®¨§¢®«ì­ãî á¨áâ¥¬ã f�j = (�j1; �
j
2; : : : ; �

j
m(n�p))g

m
j=1 «¨­¥©­® ­¥§ ¢¨á¨¬ëå ­ ¡®à®¢

¨§ Cm(n�p), ï¢«ïîé¨åáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë I� = 0. �®«®¦¨¬ yjk = (�j(k�1)(n�p)+1; �
j
(k�1)(n�p)+2,

: : : ; �jk(n�p)), j = 1;m, k = 1;m. �®ª ¦¥¬, çâ® á¨áâ¥¬  fyj1g
m
j=1 «¨­¥©­® ­¥§ ¢¨á¨¬ . � ¬¥â¨¬,

çâ® yjk+1 = (C � �0P )y
j
k, 1 � j � m, 1 � k � m � 1. �­ ç¨â, ¥á«¨ c1y

1
1 + c2y

2
1 + � � � + cmy

m
1 = 0,

c21 + c22 + � � � + c2m > 0, â® c1y
1
k + c2y

2
k + � � � + cmy

m
k = 0, k = 2;m, ®âªã¤  c1�

1 + c2�
2 + � � � +

cm�
m = 0, çâ® ­¥¢®§¬®¦­® ¢¢¨¤ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ f�jgmj=1. � ª¨¬ ®¡à §®¬, «¨­¥©­ ï

®¡®«®çª  á¨áâ¥¬ë fyjkg
m
j;k=1 ¨¬¥¥â ­¥ ¬¥­¥¥ ç¥¬ m ¨§¬¥à¥­¨©. � áá¬®âà¨¬ â¥¯¥àì «¨­¥©­ãî

®¡®«®çªã Sz á¨áâ¥¬ë fzjkg
m
j;k=1 ¢¥ªâ®à®¢ ¯à®áâà ­áâ¢  S á ª®®à¤¨­ â ¬¨ ¢ ¥áâ¥áâ¢¥­­®¬ ¡ §¨á¥

zjk = (0; 0; : : : ; 0; �j(k�1)(n�p)+1; �
j
(k�1)(n�p)+2; : : : ; �

j
k(n�p)), j = 1;m, k = 1;m. �¬¥¥¬ dimSz � m. �®

¯®áâà®¥­¨î á¨áâ¥¬ë fzjkg
m
j;k=1 ¯®«ãç¨¬ Sz � S0 ¨ Sz � S�. �®áª®«ìªã dimS0 = m, â® Sz = S0,

§­ ç¨â, S0 � S�. �®áâ â®ç­®áâì ¤®ª § ­ .
� ª¨¬ ®¡à §®¬, ¤®ª § ­  â¥®à¥¬  2,   §­ ç¨â, ¨ â¥®à¥¬  1.

�§ â¥®à¥¬ë 1 ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ªà¨â¥à¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë
(1) ¯® ¯¥à¢ë¬ p ª®¬¯®­¥­â ¬.

�¥®à¥¬  3. �â®¡ë ¯¥à¢ë¥ p ª®¬¯®­¥­â à¥è¥­¨ï á¨áâ¥¬ë (1) ¡ë«¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©-
ç¨¢ë, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢á¥ ª®à­¨ ¯®«¨­®¬  ��(�) =

�(�)

��(�)
¨¬¥«¨ ®âà¨æ â¥«ì-

­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨.

�«¥¤áâ¢¨¥ 1. �á«¨ ªà â­®áâ¨ ª®à­¥© ­ ¨¡®«ìè¥£® ®¡é¥£® ¤¥«¨â¥«ï ­¥áª®«ìª¨å ¨§ ¯®«¨­®-
¬®¢ f�i(�)g, i 2 
, ¬¥­ìè¥ ªà â­®áâ¥© íâ¨å ¦¥ ª®à­¥© ¯®«¨­®¬  �(�) (¢ ç áâ­®áâ¨, ­ ©¤ãâáï
¤¢  ¢§ ¨¬­® ¯à®áâëå ¯®«¨­®¬  �j(�) ¨ �k(�)), â®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á¨áâ¥¬ë (1) ¯®
p ¯¥à¢ë¬ ª®¬¯®­¥­â ¬ á®¢¯ ¤ ¥â á  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâìî ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬.

�«¥¤áâ¢¨¥ 2. �á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á¨áâ¥¬ë (1) ¯® (n � 1) ¯¥à¢ë¬ ª®¬¯®­¥­â ¬
á®¢¯ ¤ ¥â á  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâìî ¯® ¢á¥¬ ª®¬¯®­¥­â ¬, ¥á«¨ ¢ë¯®«­ï¥âáï å®âï ¡ë
®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

1) áà¥¤¨ í«¥¬¥­â®¢ ¯à ¢®£® áâ®«¡æ  ¬ âà¨æë A, ­¥ áç¨â ï ­¨¦­¥£®, ¥áâì ­¥­ã«¥¢ë¥;
2) ¢¥é¥áâ¢¥­­ ï ç áâì ¯à ¢®£® ­¨¦­¥£® í«¥¬¥­â  ¬ âà¨æë A ­¥®âà¨æ â¥«ì­ .

�«¥¤áâ¢¨¥ 3. �á«¨ áâ®«¡æë, ¯®«ãç ¥¬ë¥ ®â¡à áë¢ ­¨¥¬ ®â ¤¢ãå ¯à ¢ëå áâ®«¡æ®¢ ¬ âà¨-
æë A ¤¢ãå ­¨¦­¨å í«¥¬¥­â®¢, «¨­¥©­® ­¥§ ¢¨á¨¬ë, â®  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á¨áâ¥¬ë
(1) ¯® (n� 2) ¯¥à¢ë¬ ª®¬¯®­¥­â ¬ á®¢¯ ¤ ¥â á  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâìî ¯® ¢á¥¬ ª®¬¯®-
­¥­â ¬.

� áá¬®âà¨¬  ¢â®­®¬­ãî á¨áâ¥¬ã á ¯à ¢®© ç áâìî

_x�Ax = f : (2)

�â®¦¤¥áâ¢¨¬ ®¯¥à â®à A á ¥£® ¬ âà¨æ¥© ¢ ¥áâ¥áâ¢¥­­®¬ ¡ §¨á¥. �®à¬ã«  �®è¨ ¨¬¥¥â ¢¨¤
([2], á. 82)

x(t) = X(t)x(0) +
Z t

0
X(t� s)f(s)ds; (3)
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£¤¥ X(t) | äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨áâ¥¬ë (1). �á¯®«ì§ãï íâã ä®à¬ã«ã, ¬®¦­® ãáâ ­ ¢«¨-
¢ âì ¢¨¤ § ¢¨á¨¬®áâ¨ ª®¬¯®­¥­â à¥è¥­¨ï á¨áâ¥¬ë (2) ®â äã­ªæ¨¨ f(t). � ¯à¨¬¥à, ¤®ª ¦¥¬

�«¥¤áâ¢¨¥ 4. �£à ­¨ç¥­­®áâì k-© ª®¬¯®­¥­âë à¥è¥­¨ï á¨áâ¥¬ë (2) ¯à¨ «î¡®© f 2 Lp,
1 < p � 1, à ¢­®á¨«ì­   á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ k-© ª®¬¯®­¥­âë xk(t) à¥è¥­¨ï á¨áâ¥¬ë
(1).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¤«ï á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª ï ãáâ®©ç¨¢®áâì á®¢¯ ¤ -
¥â á íªá¯®­¥­æ¨ «ì­®© ([2], á. 254). �®áâ â®ç­® ¯®ª § âì, çâ® íªá¯®­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì
xk(t) à ¢­®á¨«ì­  ®£à ­¨ç¥­­®áâ¨ ¯à¨ «î¡®© f 2 Lp, 1 < p � 1, ¨­â¥£à «  ¨§ ¯à ¢®© ç -
áâ¨ ä®à¬ã«ë (3). �®áª®«ìªã «î¡®© í«¥¬¥­â k-© áâà®ª¨ ¬ âà¨æë X(t) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

�(t) = tm
rP

j=1
cje

�j t + o(tme�t), £¤¥ ª®­áâ ­âë cj 6= 0 ¨ � = Re�j ¤«ï ¢á¥å 1 � j � r, â® ¤®áâ â®ç­®

¯®ª § âì, çâ® ¯à¨ � < 0 äã­ªæ¨ï I(t) =
tR
0

�(t � s)f(s)ds ®£à ­¨ç¥­  ¯à¨ «î¡ëå f 2 Lp,   ¯à¨

� � 0 áãé¥áâ¢ã¥â â ª ï f 2 Lp, çâ® I(t) ­¥®£à ­¨ç¥­ .
�ãáâì � < 0. �«ï «î¡®£® ¢¥é¥áâ¢¥­­®£® �, ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à , ¨¬¥¥¬����
Z t

0

(t� s)me(�+i�)(t�s)f(s)ds
���� � kfkp

�Z t

0

j(t� s)me(�+i�)(t�s)jqds
�1=q

=

= kfkp

�Z t

0

sqmeq�sds

�1=q

< M 1=qkfkp;

£¤¥ M =
1R
0

sqme�q�sds < 1, 1
p
+ 1

q
= 1, kfkp | ­®à¬  f ¢ Lp ([3], á. 64). �âáî¤  á«¥¤ã¥â ®£à ­¨-

ç¥­­®áâì I(t).
�ãáâì, ­ ®¡®à®â, � � 0. �¡®§­ ç¨¬ �j = Im�j , j = 1; r. �®«®¦¨¬

f(t) =

8><
>:
0; 0 � t < 1;

ei�1t

t
; 1 � t <1:

� ª¨¬ ®¡à §®¬, f 2 Lp, 1 < p � 1, ¨ ¯à¨ t!1

jI(t)j =
Z t

1

e�(t�s)(t� s)m
� rX
j=1

cje
i�j (t�s)

�
1
s
ei�1sds =

(
Atm ln t+ o(tm ln t); � = 0;
Be�ttm + o(e�ttm); � > 0;

â. ¥. jI(t)j ! 1 ¯à¨ t!1.

2. �à¨â¥à¨© ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë á ¯®á«¥¤¥©áâ¢¨¥¬

�¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨

_F(�) = zAF(�); � 2 [0; !]; (4)

F(0)� zF(!) = x0; (5)

£¤¥ A | ª®¬¯«¥ªá­®§­ ç­ ï n�n-¬ âà¨æ , z 2 C, áç¨â ¥âáï ã¤®¢«¥â¢®àïîé ï (4), (5) ¢¥ªâ®à-
äã­ªæ¨ï F(�) = (F1(�); F2(�); : : : ; Fn(�)), £¤¥ Fk(�) 2 C1[0; !], k = 1; n. �®ª ¦¥¬, çâ® ¯à¨ ¤®áâ -
â®ç­® ¬ «ëå ¯® ¬®¤ã«î z à¥è¥­¨¥ § ¤ ç¨ (4), (5) áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. �¥©áâ¢¨â¥«ì­®,
ãà ¢­¥­¨î (4) ¨ ­ ç «ì­®¬ã ãá«®¢¨î F(0) = y0 ã¤®¢«¥â¢®àï¥â äã­ªæ¨ï F(�) = ez�Ay0 ¨ â®«ìª®
®­ . �­ ç¨â, ãá«®¢¨¥ (5) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (I � ze!zA)F(0) = x0, £¤¥ I | â®¦¤¥áâ¢¥­­ë©
®¯¥à â®à. �ç¥¢¨¤­®, 9d > 0 8z(jzj < d) : jzj+ ln jzj

!kAk
< 0. � ª¨¬ ®¡à §®¬, ¢­ãâà¨ ªàã£  fz : jzj < dg

kze!zAk � jzje!jzj kAk = (ejzj+ln jzj=!kAk)!kAk < 1 ¨, ¯®áª®«ìªã C1[0; !] ¡ ­ å®¢®, áãé¥áâ¢ã¥â ®¯¥à -
â®à (I � ze!zA)�1 ([3], á. 120). �®« £ ï y0 = (I � ze!zA)�1x0, á¢®¤¨¬ ãá«®¢¨¥ (5) ª ­ ç «ì­®¬ã
ãá«®¢¨î F(0) = y0 ¨ § ¤ çã (4), (5) ª § ¤ ç¥ �®è¨, à¥è¥­¨¥ ª®â®à®© áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®.
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�ãáâì ¡ §¨á ¯à®áâà ­áâ¢  Cn á®áâ ¢«ïîâ r á¥à¨© fhi1;hi2; : : : ;hi nig, i = 1; r, á á®¡áâ¢¥­­ë¬¨
§­ ç¥­¨ï¬¨ á®®â¢¥âáâ¢¥­­® �i (ç áâ¨ç­® ®­¨ ¬®£ãâ á®¢¯ ¤ âì). �®£¤  ¢á¥ à¥è¥­¨ï ãà ¢­¥­¨ï
(4) ¨¬¥îâ ¢¨¤

F(�) =
rX

i=1

e�iz�
niX
j=1

cij

�
� j�1

(j � 1)!
hi1 + � � �+ �hij�1 + hij

�
; (6)

£¤¥ cij | äã­ªæ¨¨ ®â z. �®¤áâ ¢¨¢ (6) ¢ (5), ¨¬¥¥¬

x0 =
rX

i=1

�
hi1

�
ci1(1� ze�i!z)� ze�i!z

�
!ci2 +

!2

2
ci3 + � � �+ ci ni

!ni�1

(ni � 1)!

��
+

+hi2

�
ci1(1� ze�i!z)� ze�i!z

�
!ci3 +

!2

2
ci4 + � � �+ ci ni

!ni�2

(ni � 2)!

��
+ � � �+ hi ni [ci ni(1� ze�i!z)]

�
;

®âªã¤ 

ci ni =

i ni

1� ze�i!z
;

cij =

ij

1� ze�i!z
+

ze�i!z

1� ze�i!z

ni�jX
i=1

!l

l!
ci j+l(z);

(7)

£¤¥ 
ij | ª®íää¨æ¨¥­âë à §«®¦¥­¨ï x0 ¯® ¡ §¨áã fhijg, i = 1; r, j = 1; ni. �®à¬ã«ë (6), (7)
®¯à¥¤¥«ïîâ ¢á¥ à¥è¥­¨ï § ¤ ç¨ (4), (5) ¯à¨ jzj < d. �ãé¥áâ¢ã¥â â ª®¥ d0 � d, çâ® ¢ ®ªà¥áâ­®áâ¨
­ã«ï S = fz : jzj < d0g ¢á¥ äã­ªæ¨¨ 1� ze�i!z, i = 1; r, ­¥ ¨¬¥îâ ­ã«¥©, §­ ç¨â, ¢ S F ï¢«ï¥âáï
 ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ®â z á ¯ à ¬¥âà®¬ � ¨ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥  ¡á®«îâ­® áå®¤ïé¥£®áï
àï¤ 

F(�) � F(z; �) =
1X

m=0

xm(�)z
m: (8)

�á«¥¤áâ¢¨¥ ­¥¯à¥àë¢­®áâ¨ F(z; �) ¢ S ª ª äã­ªæ¨¨ ®â z, 2�i _xm(�) = @
@�

R
c

F(z;�)dz

zm+1 =
R
c

_F(z;�)dz

zm+1 =

2�iym(�) ([4], á. 661{663, ¤®ª § â¥«ìáâ¢® ¯¥à¥­®á¨âáï ­  ª®¬¯«¥ªá­ë© á«ãç © ¡¥§ ¨§¬¥­¥­¨©),

£¤¥ _F(z; �) =
1P

m=0
ym(�)zm ¨ c | ®ªàã¦­®áâì à ¤¨ãá  ¬¥­ìè¥ d0 á æ¥­âà®¬ ¢ ­ã«¥. � ª¨¬ ®¡à -

§®¬, àï¤
1P

m=0
xm(�)zm ¬®¦­® ¤¨ää¥à¥­æ¨à®¢ âì ¯® � . �à¨ «î¡®¬ z 2 S ¨§ (8) ¨ (4) ¨¬¥¥¬

1P
m=0

_xm(�)zm =
1P

m=1
Axm�1(�)zm, â. ¥. _x0(�) +

1P
m=1

( _xm(�)�Axm�1(�))zm = 0, ®âªã¤ 

x0(�) = x0;

_xm(�)�Axm�1(�) = 0; m 2 N:
(9)

�§ (8) ¨ (5) ¨¬¥¥¬
1P

m=0
xm(0)zm �

1P
m=1

xm�1(!)zm = x0, â. ¥. x0(0) +
1P

m=1
(xm(0) � xm�1(!))zm = x0

¯à¨ «î¡®¬ z 2 S, ®âªã¤ 

x0(0) = x0;

xm(0) � xm�1(!) = 0; m 2N:
(10)

�®«®¦¨¢

x(m! + �) = xm(�); m = 0; 1; 2; : : : ; (11)

78



¯®«ãç¨¬ äã­ªæ¨î x(t), t � 0, ª®â®à ï, ª ª á«¥¤ã¥â ¨§ (9) ¨ (10), ¢¥§¤¥, ªà®¬¥, ¬®¦¥â ¡ëâì,
â®ç¥ªm!,m = 0; 1; 2; : : : , ¤¨ää¥à¥­æ¨àã¥¬ ,   §­ ç¨â, ¯®¤ ¢­®  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  «î¡®¬
ª®­¥ç­®¬ ¯à®¬¥¦ãâª¥ [0; b] ¨ ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨8><

>:
_x(t) = Ax(t� !); t � 0;
x(�) = 0; � 2 [�!; 0);
x(0) = x0:

(12)

�á«¥¤áâ¢¨¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ (12) ¯à¨ ª ¦¤®¬ x0 2 C
n ([5], áá. 35, 88), ä®à¬ã«ë

(6){(8), (11) ®¯à¥¤¥«ïîâ ¢á¥ ¥¥ à¥è¥­¨ï.
�áá«¥¤ã¥¬ ­   á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ¯® ç áâ¨ ¯¥à¥¬¥­­ëå à¥è¥­¨¥ § ¤ ç¨ (12) ¯à¨

¯à®¨§¢®«ì­ëå ­ ç «ì­ëå ãá«®¢¨ïå x0. �¯à¥¤¥«¨¬ ¬­®£®ç«¥­ ��(�) ª ª ¢ à §¤¥«¥ 1. �ãáâì P =

fi : ��(�i) = 0g. �®£« á­® (6) Fk(z; �) =
P
i2P

e�iz�
niP
j=1

cij(1�e�i!z)
�
�j�1

(j�1)!
h
(k)
i1 +� � �+�h(k)i j�1+h

(k)
i j

�
, £¤¥

cij(1� e�i!z) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (7) ¨ ¤«ï ª ¦¤®£® i áà¥¤¨ h
(k)
ij , j = 1; ni, ¥áâì ­¥­ã«¥¢ë¥.

�®áª®«ìªã ¢á¥ 1�e�i!z, i 2 P , ¨¬¥îâ ª®­¥ç­®¥ ç¨á«® ª®à­¥© ¢ ªàã£¥ ª®­¥ç­®£® à ¤¨ãá  á æ¥­âà®¬

¢ ­ã«¥, ¬®¦¥¬ ®¯à¥¤¥«¨âì Z1 =
n
z :

Q
i2P

(1 � e�i!z) = 0
o
, � = min

z2Z1

jzj, Z2 = fz 2 Z : jzj = �g =

fzjg
q
j=1. � ©¤¥âáï â ª®¥ �0 > �, çâ® ¢­ãâà¨ ªàã£  S0 = fz : jzj < �0g ­¥â ®á®¡ëå â®ç¥ª äã­ªæ¨¨

Fk(z; �), ªà®¬¥ ¯à¨­ ¤«¥¦ é¨å Z2. �ãáâì ¤«ï ª ¦¤®£® j 2 f1; 2; : : : ; qg mj | ¯®àï¤®ª ¯®«îá  zj

äã­ªæ¨¨ Fk(z; �). �­ãâà¨ S0 ¨¬¥¥¬ ¯à¥¤áâ ¢«¥­¨¥ Fk(z; �) =
qP

j=1

mjP
l=1

u
(j)

l
(�)

(z�zj)l
+Gk(z; �), £¤¥ äã­ªæ¨ï

Gk(z; �)  ­ «¨â¨ç¥áª ï. � áá¬®âà¨¬ à §«®¦¥­¨¥ Fk(z; �) =
1P

m=0
x(k)m (�)zm ¢ ªàã£¥ S \ S0. �ãáâì

M = max
1�j�r

mj , � = fj : mj = M , 1 � j � qg. �®«®¦¨¢ Gk(z; �) =
1P

m=0
y(k)m (�)zm, ¨¬¥¥¬ á®£« á­®

­¥à ¢¥­áâ¢ ¬ �®è¨ y(k)m (�) < K
�m0

= o(��m) ¯à¨ m!1. � ª ª ª (z � zj)�l = (�1)l 1
zl
j

�
1� z

zj

��l
=

(�1)l 1
zl
j

1P
m=0

Cm
m+l�1

�
z
zj

�m
¨ Cm

m+l�1 =
(m+l�1)(m+l�2):::(m+1)

(l�1)!
= (m!)l�1

!l�1(l�1)!
+ o((m!)l�1) ¯à¨ m ! 1, â®

jx(k)m (�)j = O(tM�1=�m) ¯à¨ m!1. �®áª®«ìªã xk(m!+ �) = x(k)m (�), á®¯®áâ ¢«ïï ª ¦¤®¬ã j 2 �
¢á¥ â ª¨¥ i 2 P , çâ® 1

zj
= e�i!zj , ¨ ¯®« £ ï t = m! + � , ¨¬¥¥¬

xk(m! + �) =
X
i;j

{ij(m!)M�1

�
1
zj

�m

+ o((m!)M�1e�izjm!) =

=
X
i;j

{ij(t� �)M�1e�izj(t��) + o((t� �)M�1e�izj(t��)) =
X
i;j

{ijt
M�1e�izjt + o(tM�1e�izjt):

�«ï ¢á¥å ¢å®¤ïé¨å ¢ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¯à®¨§¢¥¤¥­¨© �izj ¨¬¥¥¬ � = jzj j = e!Re(�izj) = e�!,
£¤¥ � 2 R, ®âªã¤  � = � ln�=!.

�â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �à¥¤¨ ¯¥à¢ëå p ª®¬¯®­¥­â à¥è¥­¨ï § ¤ ç¨ (12) ­ ©¤¥âáï â ª ï, çâ® ¯à¨

t!1

xk(t) = tM�1
X
j

cjke
(�+i�j;k)t + o(tM�1e�t); (13)

£¤¥ � = � ln�
!
, � = min

z2Z1

jzj, Z1 =
n
z :

Q
i2P

(1� ze�i!z) = 0
o
. �áâ «ì­ë¥ ¨§ íâ¨å p ª®¬¯®­¥­â «¨¡®

¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥ (13), «¨¡® ï¢«ïîâáï ¡¥áª®­¥ç­® ¬ «ë¬¨ ®â­®á¨â¥«ì­® tM�1e�t.

� ª¨¬ ®¡à §®¬, ¤«ï  á¨¬¯â®â¨ç¥áª®© (¨ íªá¯®­¥­æ¨ «ì­®©) ãáâ®©ç¨¢®áâ¨ ¯¥à¢ëå p ª®¬¯®-
­¥­â ¢á¥å à¥è¥­¨© § ¤ ç¨ (12) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ãá«®¢¨ï � > 1. � à ¡®â¥ [6] ¯®ª § ­®,
çâ® ¢á¥ ª®à­¨ äã­ªæ¨¨ 1�ze
z «¥¦ â ¢­¥ ¥¤¨­¨ç­®£® ªàã£  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 «¥¦¨â
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¢­ãâà¨ ®¡« áâ¨ D, ®£à ­¨ç¥­­®© ªà¨¢®© @D =
�
z : j arg zj � jzj = �

2
, �� < arg z � �

�
. � ãç¥â®¬

íâ®£® ä ªâ  ¨§ â¥®à¥¬ 1 ¨ 4 áà §ã á«¥¤ã¥â ªà¨â¥à¨©  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ç áâ¨
¯¥à¥¬¥­­ëå ¤«ï á¨áâ¥¬ë (12).

�¥®à¥¬  5. �â®¡ë ¯¥à¢ë¥ p ª®¬¯®­¥­â á¨áâ¥¬ë (12) ¡ë«¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨-
¢ë, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï ¢á¥å ª®à­¥© �i ¯®«¨­®¬  ��(�) ¢ë¯®«­ï«®áì ãá«®¢¨¥
�i! 2 D.

�«ï  ¢â®­®¬­®© á¨áâ¥¬ë

_x(t)�Ax(t� !) = f(t);

x(�) = 0; � 2 [�!; 0);
(14)

ä®à¬ã«  �®è¨ ¨¬¥¥â â®â ¦¥ ¢¨¤, çâ® ¨ ¤«ï á¨áâ¥¬ë ¡¥§ § ¯ §¤ë¢ ­¨ï (3)

x(t) = X(t)x(0) +
Z t

0
X(t� s)f(s)ds;

£¤¥X(t) | äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨áâ¥¬ë (14) ([7], áá. 98, 116). �®ª § â¥«ìáâ¢® á«¥¤ãîé¥£®
ãâ¢¥à¦¤¥­¨ï á ãç¥â®¬ (13) ¨ (14) ¤®á«®¢­® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 4 à §¤¥«  1.

�«¥¤áâ¢¨¥ â¥®à¥¬ë 4. �£à ­¨ç¥­­®áâì k-© ª®¬¯®­¥­âë à¥è¥­¨ï á¨áâ¥¬ë (14) ¯à¨ «î-
¡®© f 2 Lp, 1 < p � 1, à ¢­®á¨«ì­   á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ k-© ª®¬¯®­¥­âë à¥è¥­¨ï
á¨áâ¥¬ë (12).
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