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�â¢¥à¦¤¥¨¥, ®¡à â®¥ ¯à ¢¨«ã �®¯¨â «ï, ¢®®¡é¥ £®¢®àï, ¥¢¥à® ¢ â®¬ á¬ëá«¥, çâ® ¨§
áãé¥áâ¢®¢ ¨ï ¯à¥¤¥«  ®â®è¥¨© äãªæ¨© ¥«ì§ï á¤¥« âì ¢ë¢®¤ ® áãé¥áâ¢®¢ ¨¨ ¯à¥¤¥«  ®â-
®è¥¨ï ¯à®¨§¢®¤ëå íâ¨å äãªæ¨©. �¤ ª® ¯à¨ ¥ª®â®àëå ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨ïå
¯à ¢¨«® �®¯¨â «ï ®¡à â¨¬®. � ª ç¥áâ¢¥ ¯à¨¬¥à  ¯à¨¢¥¤¥¬ â¥®à¥¬ã � à¤¨ ¨ �¨ââ«¢ã¤  ([1],
á. 215{216). �á«¨ äãªæ¨ï f(x) ¤¨ää¥à¥æ¨àã¥¬    (0; 1), f 0(x) ¢®§à áâ ¥â   (0; 1), c > 0, ¨
lim
x!1�

f(x)(1� x)c = A > 0, â® áãé¥áâ¢ã¥â lim
x!1�

f 0(x)(1 � x)c+1 = Ac.

� [2] ¨§ãç «áï ¢®¯à®á ® ¢®§¬®¦®áâ¨ ®¡à é¥¨ï ¯à ¢¨«  �®¯¨â «ï ¤«ï   «¨â¨ç¥áª¨åäãª-
æ¨©. � ç áâ®áâ¨, ¡ë«  ¤®ª §  

�¥®à¥¬  A. �ãáâì äãªæ¨¨ f(z) ¨ g(z)   «¨â¨ç¥áª¨¥ ¢ �, � 2 (0; �=2), A 2 C, W� |

ã£®« �â®«ìæ  ¨§ � ¢¥«¨ç¨®© 2� á ¢¥àè¨®© ¢ â®çª¥ z = 1 ¨ áãé¥áâ¢ã¥â lim
W�3z!1

f(z)

g(z)
=A.

�á«¨ § ç¥¨ï äãªæ¨¨
g0(z)

g(z)
(1 � z) ®â¤¥«¥ë ®â ã«ï ¢ W� ¯à¨ z ! 1, â® áãé¥áâ¢ã¥â

lim
W��"3z!1

f 0(z)
g0(z)

= A ¤«ï «î¡®£® " 2 (0; �). �á«¨ lim
W�3z!1

g0(z)
g(z)

(1� z) = 0, â® ¤«ï «î¡®£® " 2 (0; �)

lim
W��"3z!1

f 0(z)
g(z)

(1� z) = 0.

� ç áâ®¬ á«ãç ¥, ª®£¤  äãªæ¨ï g(z) = (1� z)�c, c 2 C, ¨§ â¥®à¥¬ë A ¯®«ãç ¥âáï à¥§ã«ìâ â
¨§ [3].

�®£®¬¥àë¥   «®£¨ ¨§ãç ¥¬®© ¯à®¡«¥¬ë ¯à¨¢®¤¨«¨áì ¢ [4] ¨ [5].
�ãáâì Cn | n-¬¥à®¥ ª®¬¯«¥ªá®¥ ¯à®áâà áâ¢® ¢¥ªâ®à®¢ z = (z1; z2; : : : ; zn), £¤¥

z1; z2; : : : ; zn 2 C; Bn = fz : kzk < 1g | ¥¢ª«¨¤®¢ è à ¢ ¯à®áâà áâ¢¥ Cn. �á«¨ " > 0, â®
®¡®§ ç¨¬ Bn

" = "Bn.
�à¨ ¨§ãç¥¨¨ ¬®£¨å ¢®¯à®á®¢ £à ¨ç®£® ¯®¢¥¤¥¨ï äãªæ¨© ¢ ¬®£®¬¥à®¬ á«ãç ¥ à®«ì

ã£«  �â®«ìæ  ¨£à ¥â ®¡« áâì �®à ì¨{�â¥© .
�ãáâì � > 1, e1 = (1; 0; : : : ; 0) 2 Cn, â®£¤  ®¡« áâì �®à ì¨{�â¥©  
� = 
e1

� á ¢¥àè¨®© e1
¥áâì ¬®¦¥áâ¢® ¢á¥å z 2 Bn â ª¨å, çâ® j1� z1j < �

2
(1� kzk2) ( ¯à., [6]).

� ¤ ®© à ¡®â¥ ¯à®¤®«¦ îâáï ¨áá«¥¤®¢ ¨ï, ¯à®¢¥¤¥ë¥ ¢ [4] ¨ [5], ¤®ª §ë¢ ¥âáï   «®£
â¥®à¥¬ë A ¢ ¬®£®¬¥à®¬ á«ãç ¥. �¡®§ ç¨¬ �r(z), r 2 (0; 1), |  ¢â®¬®àä¨§¬ è à  Bn ([6]),

�r(z) =
�
�r1(z); : : : ; �rn(z)

�
;

£¤¥

�r1(z) =
r � z1
1� rz1

; �rk(z) = �zk
p
1� r2

1� rz1
; 2 � k � n;

¨ ¯ãáâì ¤«ï " > 0 �" = [
r2(0;1)

�r(Bn
" ).

�§¢¥áâ 

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®ªãàá®£® æ¥âà  äã¤ ¬¥â «ì®£® ¥áâ¥áâ¢®§ ¨ï,

£à â òA04-2.8-719.
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�¥¬¬  ([4]). �ãáâì � > 1 ¨ 0 < " < 1. 1) �á«¨
�
1+"
1�"

�2
< �, â® �" � 
� ¢ ¬ «®© ®ªà¥áâ®áâ¨

â®çª¨ e1.
2) �á«¨

min

(
1 + "2;

s
1 +

4"2

(1 + "2)2

)
> �;

â® 
� � �" ¢ ¬ «®© ®ªà¥áâ®áâ¨ â®çª¨ e1.

�¥®à¥¬  1. �ãáâì f(z), g(z) | £®«®¬®àäë¥ ¢ Bn äãªæ¨¨ ¨ áãé¥áâ¢ã¥â

lim

�3z!e1

f(z)
g(z)

= A 6=1; (1)

â®£¤ 

1) ¥á«¨ ¤«ï ¥ª®â®à®£®  âãà «ì®£® k1, 2 � k1 � n, äãªæ¨ï @g(z)

@zk1

zk1
g(z)

®â¤¥«¥  ®â ã«ï

¯à¨ z ! e1 ¢ 
�, â® áãé¥áâ¢ã¥â �1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)=@zk1
@g(z)=@zk1

= A;

¥á«¨ ¦¥ lim

�3z!e1

@g(z)

@zk1

zk1
g(z)

= 0; â® áãé¥áâ¢ã¥â �1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)
@zk1

zk1
g(z)

= 0;

2) ¥á«¨ äãªæ¨ï
@g(z)

@z1

1�z1
g(z)

®â¤¥«¥  ®â ã«ï ¯à¨ z ! e1 ¢ 
�, â® áãé¥áâ¢ã¥â �1 < � â ª®¥,

çâ®

lim

�13z!e1

@f(z)=@z1
@g(z)=@z1

= A;

¥á«¨ ¦¥ lim

�3z!e1

@g(z)
@z1

1�z1
g(z)

= 0, â® áãé¥áâ¢ã¥â �1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)
@z1

1� z1
g(z)

= 0:

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ â¥®à¥¬ã, ¨á¯®«ì§ãï ¬¥â®¤ ¤®ª § â¥«ìáâ¢  ¨§ [4].
� áá¬®âà¨¬  ¢â®¬®àä¨§¬ �r(z), r 2 (0; 1). �á«¨ � ¨ " â ª¨¥, ª ª ¢ «¥¬¬¥, â® �" � 
� ¢ ¬ «®©

®ªà¥áâ®áâ¨ â®çª¨ e1. �ç¥¢¨¤®, �r(z) ! e1 ¯à¨ r ! 1� à ¢®¬¥à® ¢ Bn
" . �âáî¤  ¨ ¨§ (1)

á«¥¤ã¥â

f(�r)
g(�r)

! A (2)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

�®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ ¯. 1) â¥®à¥¬ë. �¨ää¥à¥æ¨àãï (2) ¯® zk1 , ¯®«ãç ¥¬, ®¯ãáâ¨¢ § ¢¨á¨-
¬®áâì f ¨ g ®â �r,�

@f

@�rk1

@�rk1
@zk1

g � @g

@�rk1

@�rk1
@zk1

f

�
g�2 = �zk1

p
1� r2

1� rz1

@g

@�rk1

1
gzk1

�
@f=@�rk1
@g=@�rk1

� f

g

�
! 0 (3)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

�§ ãá«®¢¨© ¯. 1) â¥®à¥¬ë äãªæ¨¨

�zk1
p
1� r2

1� rz1

@g

@�rk1

1
g
=

@g

@�rk1

�rk1
g

¨
1
zk1
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®â¤¥«¥ë ®â ã«ï ¢ Bn
" ¯à¨ r ! 1�, ¯®íâ®¬ã ¨§ (3) ¢ëâ¥ª ¥â

@f=@�rk1
@g=@�rk1

� f

g
! 0

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�. �§ (2) á«¥¤ã¥â

@f=@�rk1
@g=@�rk1

! A

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

�âáî¤  ¯®«ãç ¥¬

@f(w)=@wk1

@g(w)=@wk1

! A

¢ �" ¯à¨ w! e1.
�§ ¯. 2) «¥¬¬ë á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â �1 < � â ª®¥, çâ® @f(w)=@wk1

@g(w)=@wk1
! A ¯à¨ w ! e1 ¢ 
�1 .

� áá¬®âà¨¬ á«ãç ©, ª®£¤  lim

�3z!e1

@g(z)

@zk1

zk1
g(z)

= 0: �®£¤  ¨§ (3) ¢ëâ¥ª ¥â

@f

@�rk1

�rk1
g

� f

g

@g

@�rk1

�rk1
g

! 0

à ¢®¬¥à® ¢ Bn
" ¯à¨ r ! 1�. �âáî¤  â¥ ¦¥ à ááã¦¤¥¨ï, çâ® ¨ ¢ á«ãç ¥ ®â¤¥«¥®áâ¨ ®â ã«ï,

¯à¨¢®¤ïâ ª ¢ë¢®¤ã, çâ® áãé¥áâ¢ã¥â �1 < �, ¤«ï ª®â®à®£®

lim

�13w!e1

@f(w)
@wk1

wk1

g(w)
= 0:

�â¢¥à¦¤¥¨¥ ¯. 1) â¥®à¥¬ë ¤®ª § ®.
2) �à®¤¨ää¥à¥æ¨àã¥¬ (2) ¯® z1, â®£¤ 

�
g

nX
k=1

@f

@�rk

@�rk
@z1

� f
nX

k=1

@g

@�rk

@�rk
@z1

�
g�2 ! 0 (4)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

� ¬¥â¨¢, çâ®

@�r1
@z1

=
r2 � 1

(1� rz1)2
;

@�rk
@z1

= �rzk
p
1� r2

(1� rz1)2
; k = 2; : : : ; n;

¯à¥®¡à §ã¥¬ (4):

1
g2

r2 � 1
(1� rz1)2

�
@f

@�r1
g � @g

@�r1
f

�
� 1
g2

nX
k=2

�
rzk

p
1� r2

(1� rz1)2

�
@f

@�rk
g � @g

@�rk
f

��
=

=
1
g

@g

@�r1

r2 � 1
(1� rz1)2

�
@f=@�r1
@g=@�r1

� f

g

�
�

nX
k=2

�
1
g

@g

@�rk

rzk
p
1� r2

(1� rz1)2

�
@f=@�rk
@g=@�rk

� f

g

��
! 0 (5)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯. 1) (á¬. (3)), ¯®«ãç ¥¬

�zk
p
1� r2

1� rz1

@g

@�rk

1
g

�
@f=@�rk
@g=@�rk

� f

g

�
! 0
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à ¢®¬¥à® ¢ Bn
" ¯à¨ r ! 1� ¤«ï ª ¦¤®£® k = 2; : : : ; n. �ãªæ¨ï r

1�rz1 ®£à ¨ç¥    ª®¬¯ ªâ¥
Bn
" . �«¥¤®¢ â¥«ì®, ¯®á«¥¤ïï áã¬¬  ¢ (5) áâà¥¬¨âáï à ¢®¬¥à® ª ã«î ¢ Bn

" ¯à¨ r ! 1�.
�âáî¤  ¨ ¨§ (5) á«¥¤ã¥â

1
g

@g

@�r1

r2 � 1
(1� rz1)2

�
@f=@�r1
@g=@�r1

� f

g

�
! 0 (6)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r ! 1�. � ¬¥â¨¬, çâ® r2�1

(1�rz1)2 = (�r1�1)(r+1)
(1+z1)(1�rz1) . �§ ãá«®¢¨ï ¯. 2) â¥®à¥¬ë

äãªæ¨¨ 1��r1
g

@g
@�r1

¨ r+1
(1+z1)(1�rz1) ®â¤¥«¥ë ®â ã«ï ¢ Bn

" ¯à¨ r ! 1�, ¯®íâ®¬ã ¨§ (6) á«¥¤ã¥â

@f=@�r1
@g=@�r1

� f

g
! 0

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�. �âáî¤ , ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯. 1), ¯®ª §ë¢ ¥âáï, çâ® áãé¥-

áâ¢ã¥â �1 < � â ª®¥, çâ®

lim

�13w!e1

@f(w)=@w1

@g(w)=@w1

= A:

� á«ãç ¥, ª®£¤  lim

�3z!e1

@g(z)

@z1

1�z1
g(z)

= 0, ãç¨âë¢ ï ®â¤¥«¥®áâì ®â ã«ï äãªæ¨¨ r+1
(1+z1)(1�rz1) ¢ B

n
"

¯à¨ r ! 1�, ¨§ (6) ¯®«ãç¨¬
@f

@�r1

1� �r1
g

� f

g

@g

@�r1

1� �r1
g

! 0

à ¢®¬¥à® ¢ Bn
" ¯à¨ r ! 1�. � ááã¦¤ ï, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯. 1), ¤¥« ¥¬ ¢ë¢®¤, çâ®

áãé¥áâ¢ã¥â �1 < �, ¤«ï ª®â®à®£® lim

�13w!e1

@f(w)

@w1

1�w1

g(w)
= 0.

� ¬¥ç ¨¥ 1. � ¯. 1) â¥®à¥¬ë 1 ¢¬¥áâ® ®â¤¥«¥®áâ¨ ®â ã«ï (¨«¨ áâà¥¬«¥¨ï ª ã«î)
äãªæ¨¨ @g(z)

@zk1

zk1
g(z)

¯à¨ z ! e1 ¢ 
� ¬®¦® âà¥¡®¢ âì ®â¤¥«¥®áâì ®â ã«ï
@g(z)

@zk1

zp
g(z)

¤«ï ¥ª®â®à®£®

 âãà «ì®£® p, 2 � p � n. �â® á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢  ¤ ®£® ¯ãªâ  (á¬. (3)).

� ¬¥ç ¨¥ 2. � ç áâëå á«ãç ïå, ª®£¤  äãªæ¨ï g(z) = (1� z21 � z22 �� � �� z2n)
�c ¨«¨ g(z) =

(1� z21 � a2z
2
2 � � � � � anz

2
n)
�c, ak 2 C, ak 6= 0, k = 2; : : : ; n, c 2 C (â. ª. äãªæ¨ï @g(z)

@z1

1�z1
g(z)

®â¤¥«¥ 
®â ã«ï ¯à¨ z ! e1 ¢ 
�), ¨§ ¯. 2) â¥®à¥¬ë 1 ¯®«ãç ¥¬ à¥§ã«ìâ âë ¨§ [4] ¨ [5] á®®â¢¥âáâ¢¥®.

� [2] â ª¦¥ ¡ë«  ¤®ª §  

�¥®à¥¬  B. �ãáâì äãªæ¨¨ f(z) ¨ G(z)   «¨â¨ç¥áª¨¥ ¢ �, A;B 2 C, � 2 (0; �=2), W� |

ã£®« �â®«ìæ  ¨§ � ¢¥«¨ç¨®© 2� á ¢¥àè¨®© ¢ â®çª¥ z = 1. �á«¨

1) lim
W�3z!1

f(z)G0(z) = A;

2) lim
W�3z!1

(logG0(z))0

(logG(z))0
= B,

3) § ç¥¨ï äãªæ¨¨
G0(z)
G(z)

(1� z) ®â¤¥«¥ë ®â ã«ï ¢ ã£«¥ �â®«ìæ  W� ¯à¨ z ! 1,

â® ¤«ï «î¡®£® " 2 (0; �) áãé¥áâ¢ã¥â lim
W��"3z!1

f 0(z)G(z) = �AB.
�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (1) ¨ (2) ¨ lim

W�3z!1

G0(z)

G(z)
(1� z) = 0, â® ¤«ï «î¡®£® " 2 (0; �)

lim
W��"3z!1

f 0(z)G0(z)(1 � z) = 0:

�®£®¬¥àë¬   «®£®¬ íâ®© â¥®à¥¬ë ï¢«ï¥âáï
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�¥®à¥¬  2. �ãáâì f(z), G(z) | £®«®¬®àäë¥ ¢ Bn äãªæ¨¨ ¨ ¤«ï ¥ª®â®àëå  âãà «ìëå

k0, k1 � n áãé¥áâ¢ãîâ

lim

�3z!e1

f(z)
@G(z)
@zk0

= Ak0 6=1; (7)

lim

�3z!e1

@2G(z)
@zk0@zk1

G(z)
(@G(z)=@zk0 )2

= Bk0k1 6=1; (8)

â®£¤ 

1) ¥á«¨ 2 � k1 � n ¨ äãªæ¨ï
@G(z)
@zk0

zk1
G(z)

®â¤¥«¥  ®â ã«ï ¯à¨ z ! e1 ¢ 
�, â® áãé¥áâ¢ã¥â

�1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)
@zk1

G(z) = �Ak0Bk0k1 ;

¥á«¨ ¦¥ lim

�3z!e1

@G(z)
@zk0

zk1
G(z)

= 0, â® áãé¥áâ¢ã¥â �1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)
@zk1

@G(z)
@zk0

zk1 = 0;

2) ¥á«¨ k1 = 1 ¨ äãªæ¨ï
@G(z)
@zk0

1�z1
G(z)

®â¤¥«¥  ®â ã«ï ¯à¨ z ! e1 ¢ 
�, â® áãé¥áâ¢ã¥â

�1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)
@z1

G(z) = �Ak0Bk01;

¥á«¨ ¦¥ lim

�3z!e1

@G(z)
@zk0

1�z1
G(z)

= 0, â® áãé¥áâ¢ã¥â �1 < � â ª®¥, çâ®

lim

�13z!e1

@f(z)
@z1

@G(z)
@zk0

(1� z1) = 0:

�®ª § â¥«ìáâ¢®. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¨§ (7) ¨ «¥¬¬ë ¯®«ãç ¥¬

f(�r)
@G(�r)
@�rk0

! Ak0 (9)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

�®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ ¯. 1) â¥®à¥¬ë 2. �à®¤¨ää¥à¥æ¨àã¥¬ (9) ¯® zk1 , ®¯ãáâ¨¢ § ¢¨á¨¬®áâì
f ¨ G ®â �r,

@f

@�rk1

@�rk1
@zk1

@G

@�rk0
+ f

@2G

@�rk0@�rk1

@�rk1
@zk1

= �zk1
p
1� r2

1� rz1

@G

@�rk0

1
Gzk1

�
@f

@�rk1
G+

+ f
@G

@�rk0

@2G

@�rk0@�rk1

G

(@G=@�rk0)2

�����
�r

! 0 (10)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�.

� ª ª ª ¨§ ãá«®¢¨© ¯. 1) â¥®à¥¬ë 2 ¨ «¥¬¬ë á«¥¤ã¥â, çâ® äãªæ¨¨ � zk1
p
1�r2

1�rz1
@G

@�rk0

1
G
¨ 1

zk1

®â¤¥«¥ë ®â ã«ï ¢ Bn
" ¯à¨ r ! 1�, â® ¨§ (10)

[ � ]j�r ! 0 (11)

à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�. �§ (8) ¨ «¥¬¬ë á«¥¤ã¥â

@2G

@�rk0@�rk

G

(@G=@�rk0)2
! Bk0k
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à ¢®¬¥à® ¢ Bn
" ¯à¨ r! 1�. �âáî¤  ¨ ¨§ (11) á ãç¥â®¬ (9) ¢ëâ¥ª ¥â

@f

@�rk1
G! �Ak0Bk0k1

à ¢®¬¥à® ¢ Bn
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