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�¥â®¤®¬ £¥®¬¥âà¨ç¥áª®£® (£¥®¤¥§¨ç¥áª®£®, ¯ã«ì¢¥à¨§ æ¨®®£®) ¬®¤¥«¨à®¢ ¨ï ¨§ãç ¥âáï
 ää¨ ï ¯®¤¢¨¦®áâì ª¢ ¤à â¨çëå ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢ (��). �.� àâ  [1] ¢¢¥« ¯®-
ïâ¨¥ ¯à®áâà áâ¢  ¯à®¥ªâ¨¢®© á¢ï§®áâ¨ ¨ ¯®ª § «, çâ® ¥£® £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ «®ª «ì®
á®¢¯ ¤ îâ á ¨â¥£à «ìë¬¨ ªà¨¢ë¬¨ á¯¥æ¨ «ì®£® ��, ¯®«¨®¬¨ «ì®£® âà¥âì¥© áâ¥¯¥¨ ¯®
áª®à®áâ¨. � ¬ ¦¥ áâ ¢¨âáï § ¤ ç  â ª ®¡®¡é¨âì â¥®à¨î, çâ®¡ë ¨â¥£à «ìë¥ ªà¨¢ë¥ «î¡®£®
�� ¬®¦® ¡ë«® à áá¬ âà¨¢ âì ª ª £¥®¤¥§¨ç¥áª¨¥. �â  § ¤ ç  à¥è¥  â ¬ ¦¥ ¤«ï  ¨¡®«¥¥ |
¯® ¬¥¨î �.� àâ   | ¯à®áâ®£® ¤¢ã¬¥à®£® á«ãç ï, â. ¥. ¤«ï ®¤®¬¥à®£® ��. �¯®¬ïãâë¥
à¥§ã«ìâ âë �.� àâ   ¯® £¥®¤¥§¨ç¥áª®¬ã ¬®¤¥«¨à®¢ ¨î ¡ë«¨ à á¯à®áâà ¥ë   á«ãç © áã¡-
¬¥àá¨© á ¬®£®¬¥àë¬¨ á«®ï¬¨ [2]. �®«®¥ à¥è¥¨¥ ¯à®¡«¥¬ë £¥®¤¥§¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï
�.� àâ   ¤ ® ¢ [3]{[6].

I. �������� �������

�ãáâì M | (n � 1)-¬¥à®¥ ¬®£®®¡à §¨¥, f = (M;f) | ��   M (¨«¨ ®¡ëª®¢¥®¥ ¤¨ä-
ä¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ 2-£® ¯®àï¤ª    M), ¨¬¥îé¨© ¢ ¯à®¨§¢®«ì®© ª àâ¥ á«¥¤ãîé¥¥ ª®-
®à¤¨ â®¥ ¢ëà ¦¥¨¥:

d2xi

dt2
= f i

�
xj ; t;

dxj

dt

�
;

£¤¥ i; j = 1; : : : ; n�1. �á¥ ®¡ê¥ªâë, ¢áâà¥ç îé¨¥áï ¢ ¤ ®© à ¡®â¥, ¯à¥¤¯®« £ îâáï ¤®áâ â®ç®¥
ç¨á«® à § ¤¨ää¥à¥æ¨àã¥¬ë¬¨.

x1. �®ç¥çë¥ ¨ä¨¨â¥§¨¬ «ìë¥ á¨¬¬¥âà¨¨
ª¢ §¨£¥®¤¥§¨ç¥áª®£® ¯®â®ª 

� ª ¯®ª § ® ¢ [3]{[6], ¤«ï ¯à®¨§¢®«ì®£® �� (M;f) ¬®¦® ¯®áâà®¨âì £¥®¤¥§¨ç¥áªãî (¯ã«ì-
¢¥à¨§ æ¨®ãî) ¬®¤¥«ì â ª, çâ® ¢ ¥£® ¯à®áâà áâ¢¥ á®¡ëâ¨© M =M �R áâ ¤ àâ ï ®¡®¡é¥-
 ï á¢ï§®áâì � �� f ®¡« ¤ ¥â á¢®©áâ¢®¬: ¥¥ £¥®¤¥§¨ç¥áª¨¥ «¨¨¨ á®¢¯ ¤ îâ á ¨â¥£à «ìë¬¨
ªà¨¢ë¬¨ �� f .

�.�¨ ([7]{[9]) ¯à¨ ¤«¥¦¨â ®¯à¥¤¥«¥¨¥ ¨ä¨¨â¥§¨¬ «ìëå â®ç¥çëå ¯à¥®¡à §®¢ ¨©
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© 2-£® ¯®àï¤ª 
¨«¨, çâ® ®¤® ¨ â® ¦¥, ¤«ï ��, ®® ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ® á«¥¤ãîé¨¬ ®¡à §®¬.

�¯à¥¤¥«¥¨¥ 1. �¥ªâ®à®¥ ¯®«¥ X ¢ ¯à®áâà áâ¢¥ á®¡ëâ¨© M = M � R �� (M;f)  §ë-
¢ ¥âáï ¨ä¨¨â¥§¨¬ «ì®© â®ç¥ç®© á¨¬¬¥âà¨¥© (¨«¨ â®ç¥çë¬ ¯à¥®¡à §®¢ ¨¥¬) �� (M;f),
¥á«¨ ®¯à¥¤¥«ï¥¬ ï ¯®«¥¬ X «®ª «ì ï ®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  «®ª «ìëå ¤¨ää¥®¬®à-
ä¨§¬®¢ á®áâ®¨â ¨§ «®ª «ìëå â®ç¥çëå ®â®¡à ¦¥¨© á®®â¢¥âáâ¢ãîé¨å áã¦¥¨© ¯®â®ª  (M;f),
á®åà ïîé¨å ¨å ¨â¥£à «ìë¥ ªà¨¢ë¥.

� á¢ï§¨ á  «¨ç¨¥¬ ¢M ¬®¤¥«¨àãîé¥© �� (M;f) á¢ï§®áâ¨ � ¨ ¢ë¤¥«¥®£® à á¯à¥¤¥«¥¨ï
dxn = dt = 0, ¢ [4]{[6] ¢¢¥¤¥® ç¥âëà¥ ¢¨¤  â®ç¥çëå á¨¬¬¥âà¨© ��:

1) ¯à®¥ªâ¨¢ë¥ ª¢ §¨á¨¬¬¥âà¨¨ �� (���);
2)  ää¨ë¥ ª¢ §¨á¨¬¬¥âà¨¨ �� (���);
3) ¯à®¥ªâ¨¢ë¥ á¨¬¬¥âà¨¨ �� (��);
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4)  ää¨ë¥ á¨¬¬¥âà¨¨ �� (��).
�áî¤ã ¤ «¥¥ ¯®¤ á¨¬¬¥âà¨ï¬¨ ¡ã¤ãâ ¯®¨¬ âìáï â®ç¥çë¥ ¨ä¨¨â¥§¨¬ «ìë¥ á¨¬¬¥âà¨¨.

�¯à¥¤¥«¥¨¥ 2. �¢ §¨á¨¬¬¥âà¨ï (¨«¨ ¯à®¥ªâ¨¢ ï ª¢ §¨á¨¬¬¥âà¨ï) X �� (M;f) | íâ®
¢¥ªâ®à®¥ ¯®«¥ X   M =M �R, ï¢«ïîé¥¥áï ¨ä¨¨â¥§¨¬ «ìë¬ ¯à®¥ªâ¨¢ë¬ ¯à¥®¡à §®¢ -
¨¥¬ áâ ¤ àâ®© á¢ï§®áâ¨ � �� (M;f). �á«¨, ªà®¬¥ â®£®, X á®åà ï¥â  ää¨ë© ¯ à ¬¥âà
  £¥®¤¥§¨ç¥áª¨å, â® X  §ë¢ îâ  ää¨®© ª¢ §¨á¨¬¬¥âà¨¥©.

�®ç¥çë¥ ¯à¥®¡à §®¢ ¨ï �.�¨ ï¢«ïîâáï íª¢¨¢ «¥â®¬ ��� (¤«ï ��).

�¯à¥¤¥«¥¨¥ 3. �¨¬¬¥âà¨¥© �� (M;f)  §ë¢ ¥âáï «î¡ ï ª¢ §¨á¨¬¬¥âà¨ï X �� (M;f),
á®åà ïîé ï à á¯à¥¤¥«¥¨¥ dt = 0.

x2. �¢ ¤à â¨çë¥ ª¢ §¨£¥®¤¥§¨ç¥áª¨¥ ¯®â®ª¨

�®â®ª f � (M;f)  §ë¢ ¥âáï [10], [11] ª¢ ¤à â¨çë¬, ¨«¨ ¯®â®ª®¬ ¢â®à®© áâ¥¯¥¨ (¯® áª®-
à®áâ¨ | ¯¥à¢ë¬ ¯à®¨§¢®¤ë¬ dxi=dt), ¥á«¨ ¯à ¢ë¥ ç áâ¨ f i ¥£® ª®®à¤¨ â®£® ãà ¢¥¨ï ï¢«ï-
îâáï ¯®«¨®¬ ¬¨ ¢â®à®© áâ¥¯¥¨ ¯® dxi=dt:

f i = ��ijk(x
s; t)

dxj

dt

dxk

dt
� 2Bi

j(x
s; t)

dxj

dt
�Ai(xs; t);

£¤¥ �ijk | ª®íää¨æ¨¥âë ¥ª®â®à®© § ¢¨áïé¥© ®â t á¨¬¬¥âà¨ç®©  ää¨®© á¢ï§®áâ¨   M ,
  Bi

j , A
i | ª®¬¯®¥âë â¥§®àëå ¯®«¥©   M , â ª¦¥ § ¢¨áïé¨å ®â t, â¨¯ ª®â®àëå ®¡®§ ç¥

¨¤¥ªá ¬¨ i, j, k, l, m, s, ¯à®¡¥£ îé¨¬¨ § ç¥¨ï ®â 1 ¤® n� 1 = dimM .

�¥®à¥¬  1. �¢ §¨£¥®¤¥§¨ç¥áª¨© ¯®â®ª (M;f) ï¢«ï¥âáï ª¢ ¤à â¨çë¬ â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  ¥£® áâ ¤ àâ ï á¢ï§®áâì ï¢«ï¥âáï  ää¨®©.

�®ª § â¥«ìáâ¢®. �ãáâì �� f ª¢ ¤à â¨çë©. �®£¤  ¢ ¥£® ¯à®áâà áâ¢¥ á®¡ëâ¨©M =M�R
®¯à¥¤¥«¥  áâ ¤ àâ ï  ää¨ ï á¢ï§®áâì � = �(x�; _x�), � = 1; : : : ; n = dimM ¯®â®ª  f
ä®à¬ã« ¬¨ [5]:

�
i

jk = �ijk; �
i

jn = Bi
j ; �

i

nn = Ai; �
n

ij = �
n

nj = �
n

nn = 0: (1)

� ®¡®à®â, ¯ãáâì áâ ¤ àâ ï á¢ï§®áâì �
�

� , 1 � �; �;  � n, �� f ï¢«ï¥âáï  ää¨®©, â. ¥.
�
�

� = �
�

�(x
�). �®£« á® ¨§¢¥áâë¬ ä®à¬ã« ¬ ([5], á. 27, (5)) ¯®«ãç ¥¬

f i = ��inn + f ij�
j �

1
2
f ijk�

j�k = ��inn + 2(��inj � �ijk�
k)�j + �ijk�

j�k =

= ��inn � 2�inj�
j � �ijk�

j�k; £¤¥ � = dx=dt: �

x3. �ää¨ ï ¯®¤¢¨¦®áâì ¯à®áâà áâ¢  ää¨®© á¢ï§®áâ¨

�ãáâì An | ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨ à §¬¥à®áâ¨ n,   X = X�(x�) � @� (�; � =
1; : : : ; n) | ¢¥ªâ®à®¥ ¯®«¥, ®¯à¥¤¥«ïîé¥¥ ¡¥áª®¥ç® ¬ «®¥ (¨ä¨¨â¥§¨¬ «ì®¥) ¯à¥®¡à §®¢ -
¨¥ ¢ An. �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ á®áâ ¢«ïîé¨¥ X�(x�)
¡¥áª®¥ç® ¬ «®£®  ää¨®£® ¤¢¨¦¥¨ï X ¯à®áâà áâ¢  An, ¨¬¥îâ ¢¨¤

L
X
��� = X�

;� �R�
��X

� = 0; (2)

£¤¥ L
X
| § ª «¨¥¢®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢  ¯à ¢«¥¨¨ ¯®«ï X, § ¯ïâ ï ®¡®§ ç ¥â ª®¢ à¨-

 â®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¢ á¢ï§®áâ¨ ���   An,   R�
�� | á®áâ ¢«ïîé¨¥ â¥§®à  ªà¨¢¨§ë

¯à®áâà áâ¢  An.
�á«®¢¨ï ¯¥à¢®© á¥à¨¨ ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥¨© (2) ¨¬¥îâ ¢¨¤

1: L
X
R�
�" = 0; (3)
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¨«¨ ¯®¤à®¡¥¥

X�R�
�";� +X�

;�

h
���R

�
�" + ��R

�
��" + ��"R

�
�� � ���R

�
�"

i
= 0:

� á¨«ã ª®¬¬ãâ â¨¢®áâ¨ ®¯¥à æ¨© ª®¢ à¨ â®£® ¨ «¨¥¢®£® ¤¨ää¥à¥æ¨à®¢ ¨© ¢¤®«ì âà ¥ªâ®-
à¨© ¤¢¨¦¥¨ï ¢á¥ ¤àã£¨¥ á¥à¨¨ ãá«®¢¨© ¨â¥£à¨àã¥¬®áâ¨ ¯®«ãç îâáï ¯ãâ¥¬ ¯®á«¥¤®¢ â¥«ì®£®
ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï á®áâ ¢«ïîé¨å â¥§®à  ªà¨¢¨§ë ¯®¤ § ª®¬ «¨¥¢®£® ¤¨ä-
ä¥à¥æ¨à®¢ ¨ï

2: L
X
R�
�";�1

= 0;

3: L
X
R�
�";�1�2

= 0;

: : : : : : : : : : : : : : : : : : : : : : : : (4)

N: L
X
R�
�";�1�2:::�N�1 = 0;

N + 1: L
X
R�
�";�1�2 : : : �N�1�N = 0:

�§¢¥áâ® (á¬.,  ¯à., [12]), çâ® ¢á¥¢®§¬®¦ë¥ ¨ä¨¨â¥§¨¬ «ìë¥ ¤¢¨¦¥¨ïX ¯à®áâà áâ¢ 
An ®¡à §ãîâ ¯®«ãî (â .¥. ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ ¤«ï ¤ ®£® An)  «£¥¡àã �¨.

�¯à ¢¥¤«¨¢ ª« áá¨ç¥áª¨© à¥§ã«ìâ â (á¬. [12], á. 15; [13], c. 10) ® à §¬¥à®áâ¨ íâ®© ¯®«®©
 «£¥¡àë, ª®â®àë© áä®à¬ã«¨àã¥¬ ¢ ¢¨¤¥ â¥®à¥¬ë.

�¥®à¥¬  2. � §¬¥à®áâì ¯®«®©  «£¥¡àë �¨ ¨ä¨¨â¥§¨¬ «ìëå  ää¨ëå ¤¢¨¦¥¨©

¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An à ¢  æ¥«®¬ã ¥®âà¨æ â¥«ì®¬ã ç¨á«ã r, ¥á«¨ áãé¥-

áâ¢ã¥â â ª®¥  âãà «ì®¥ ç¨á«® N , çâ® ¯¥à¢ë¥ N ¨ ¯¥à¢ë¥ N + 1 á¥à¨© ãá«®¢¨© ¨â¥£à¨àã-

¥¬®áâ¨ (4) ¨¬¥îâ ®¡é¨© à £®¢ë© ¬¨®à ¯®àï¤ª  n2 + n� r.

� ç áâ®áâ¨, âà¥¡ãï ¯®«ãî ¨â¥£à¨àã¥¬®áâì ãá«®¢¨© (2), ¯à¨å®¤¨¬ ª â®¬ã, çâ®¡ë á®®â®-
è¥¨ï ¯¥à¢®© á¥à¨¨ ãá«®¢¨© ¨â¥£à¨àã¥¬®áâ¨ ¨¬¥«¨ à £, à ¢ë© ã«î ®â®á¨â¥«ì® äãªæ¨©
X� ¨ X�

;�. �â® ¤ ¥â á®®â®è¥¨ï ¢¨¤ 

T �
�

�
�
�"

�
= 0;

£¤¥ ¯®«®¦¥®

T �
�

�
�
�"

�
= ���R

�
�" + ��R

�
��" + ��"R

�
�� � ��� R

�
�": (5)

�¢¥àâª  (5) ¯® ¨¤¥ªá ¬ � ¨ � ¯à¨¢®¤¨â ª ®¡ëç®¬ã  ää¨®¬ã ¯à®áâà áâ¢ã En. � íâ®¬ á«ãç ¥
à §¬¥à®áâì r  «£¥¡àë �¨ à ¢  n2 + n.

�ã¤¥¬  §ë¢ âì ¯à®áâà áâ¢  § ¤ ®© á®¢®ªã¯®áâ¨ ¯à®áâà áâ¢  ää¨®© á¢ï§®áâ¨ ¬ ª-
á¨¬ «ì® ¯®¤¢¨¦ë¬¨, ¥á«¨ áà¥¤¨ ¯à®áâà áâ¢ íâ®© á®¢®ªã¯®áâ¨ ®¨ ¤®¯ãáª îâ  «£¥¡àã �¨
¨ä¨¨â¥§¨¬ «ìëå ¤¢¨¦¥¨©  ¨¡®«ìè¥© à §¬¥à®áâ¨ (¨§ ¢á¥å ¢®§¬®¦ëå).

�â¬¥â¨¬, çâ® ä®à¬ã«¨à®¢ª¨ ¨ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ �.�.�£®à®¢  ¢ [12], ¥®¡å®¤¨¬ëå  ¬
¤«ï ¤ «ì¥©è¥£® ¨áá«¥¤®¢ ¨ï, á®¤¥à¦ â ¥â®ç®áâ¨ ¨ ®¯¥ç âª¨. � á¢ï§¨ á íâ¨¬ ¬ë ¯®áç¨â «¨
¥®¡å®¤¨¬ë¬ ¤ âì ¯®¤à®¡ë¥ ¤®ª § â¥«ìáâ¢  â ª¨å à¥§ã«ìâ â®¢ ¨§ [12] ¨ ãáâà ¨âì ¨¬¥îé¨¥áï
¢ ¨å ¥â®ç®áâ¨.

�«ï ¯à¨¬¥à  ¤ ¤¨¬ ¯®«®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ([12], £«. 1, x2, á. 19) ¨«¨ | ¢  è¨å
®¡®§ ç¥¨ïå | â¥®à¥¬ë 3 (á¬. ¨¦¥).

�ã¤¥¬ à áá¬ âà¨¢ âì ¬ âà¨æã0
BB@
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

T 1
1

�
�
�"

�
: : : T 1

n

�
�
�"

�
T 2
1

�
�
�"

�
: : : T 2

n

�
�
�"

�
: : : T n

1

�
�
�"

�
: : : T n

n

�
�
�"

�
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

1
CCA ; (6)

26



í«¥¬¥âë ª®â®à®© T �
� (

�
�" ) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (5). � âà¨æ  (6) ï¢«ï¥âáï ãª®à®ç¥®©

¬ âà¨æ¥© á¨áâ¥¬ë ¯¥à¢®© á¥à¨¨ ãá«®¢¨© ¨â¥£à¨àã¥¬®áâ¨ (3) ®â®á¨â¥«ì® n2 äãªæ¨© X�
;�.

�¥®à¥¬  3. �ãáâì R�
�� | â¥§®à ªà¨¢¨§ë ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An. �á«¨

n � 4, â® ¤«ï «î¡®© á®áâ ¢«ïîé¥© â¥§®à  ªà¨¢¨§ë ¢¨¤  R�1
�2�2�3

(�1, �2, �3 ¯®¯ à®

à §«¨çë¥) ¬®¦®  ©â¨ â ª®© ¬¨®à ¯®àï¤ª  (3n � 5) ¬ âà¨æë (6), ¢¥«¨ç¨  ª®â®à®£® á

â®ç®áâìî ¤® § ª  à ¢  (3n� 5)-© áâ¥¯¥¨ ¤ ®© á®áâ ¢«ïîé¥©.

�®ª § â¥«ìáâ¢®. �á«®¢¨¬áï ¤ «¥¥ áç¨â âì, çâ® ¨¤¥ªáë �1; �2; : : : ; �n ¯à¨¨¬ îâ à §«¨ç-
ë¥ § ç¥¨ï ®â 1 ¤® n. �¯à¥¤¥«¨¬ ®¬¥à  áâà®ª ¨ áâ®«¡æ®¢ ¬ âà¨æë (6), ¨§ ª®â®àëå ¡ã¤¥â
á®áâ ¢«¥ ¨áª®¬ë© ¬¨®à. � ©¤¥¬ ¨å ¨§ ãá«®¢¨ï â¥®à¥¬ë, â. ¥. â ª, çâ®¡ë ¢¤®«ì £« ¢®© ¤¨ -
£® «¨ ¨¬¥«¨ ¬¥áâ® à ¢¥áâ¢ 

T �
� (

�
�") = �R�1

�2�3�4
: (7)

� «¨§¨àãï (7), ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¨áª®¬ë© ¬¨®à ¬®¦¥â áâ®ïâì ¢ ¬ âà¨æ¥ (6)   ¯¥à¥á¥-
ç¥¨¨ áâ®«¡æ®¢ á ®¬¥à ¬¨ �

�i

�1

�
;

�
�3

�k

�
;

�
�2

�l

�
¨ áâà®ª á ®¬¥à ¬¨ �

�j

�2�2�3

�
;

�
�1

�2�2�m

�
;

�
�1

�3�2�3

�
;

�
�1

�2�3�m

�
;

£¤¥ 1 � i; j � n; 4 � k;m � n; 3 � l � n.
�â®â ¬¨®à ¯®àï¤ª  (3n� 5) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:�����������������

T �1
�i

�
�j

�2�2�3

�
T �k
�3

�
�j

�2�2�3

�
T �l
�2

�
�j

�2�2�3

�

T �1
�i

�
�1

�2�2�m

�
T �k
�3

�
�1

�2�2�m

�
T �l
�2

�
�1

�2�2�m

�

T �1
�i

�
�1

�3�2�3

�
T �k
�3

�
�1

�3�2�3

�
T �l
�2

�
�1

�3�2�3

�

T �1
�i

�
�1

�2�3�m

�
T �k
�3

�
�1

�2�3�m

�
T �l
�2

�
�1
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�ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® í«¥¬¥âë £« ¢®© ¤¨ £® «¨ íâ®£® ¬¨®à  ¤¥©áâ¢¨â¥«ì® á
â®ç®áâìî ¤® § ª  à ¢ë R�1

�2�2�3
. � [12] ®è¨¡®ç® ãâ¢¥à¦¤ ¥âáï, çâ® ¢á¥ í«¥¬¥âë, à á¯®-

«®¦¥ë¥ ¢ëè¥ £« ¢®© ¤¨ £® «¨, à ¢ë ã«î. � ¤¥©áâ¢¨â¥«ì®áâ¨, ¤ ë© ¬¨®à ¨¬¥¥â
¡®«¥¥ á«®¦®¥ áâà®¥¨¥: ¢ëè¥ £« ¢®© ¤¨ £® «¨ ¢® ¢â®à®¬ ¨ âà¥âì¥¬ £®à¨§®â «ìëå ¡«®ª å
T �k
�3

( �j
�2�2�3 ) ¨ T �l

�2
( �j
�2�2�3 ) ¢ âà¥âì¥© ¨ á®®â¢¥âáâ¢¥® ¢® ¢â®à®© áâà®ª å ¬®£ãâ ¡ëâì ¥ã«¥-

¢ë¥ í«¥¬¥âë T �k
�3

( �3
�2�2�3 ) = �R�k

�2�2�3
¨ T �l

�2
( �2
�2�2�3 ) = �R�l

�2�2�3
. �¥¬ ¥ ¬¥¥¥ í«¥¬¥â àë¬¨

¯à¥®¡à §®¢ ¨ï¬¨ ¬¨®à ¯à¨¢®¤¨âáï ª â ª®¬ã ¢¨¤ã, çâ®   £« ¢®© ¤¨ £® «¨ áâ®ïâ ç¨á« 
�R�1

�2�2�3
,   ¢ëè¥ ¥¥ ¢á¥ í«¥¬¥âë ã«¥¢ë¥.

� ª¨¬ ®¡à §®¬, ¯à®¡¥« ¢ ¤®ª § â¥«ìáâ¢¥ íâ®© â¥®à¥¬ë, ¯à¨¢¥¤¥®¬ ¢ [12], ãáâà ¥.

�â¬¥â¨¬, çâ®  è  ä®à¬ã«¨à®¢ª  â¥®à¥¬ë 3 ®â«¨ç ¥âáï ®â ä®à¬ã«¨à®¢ª¨ ¢ [12], £¤¥ ¥
ãª § ® ®£à ¨ç¥¨¥   à §¬¥à®áâì ¯à®áâà áâ¢  (n � 4).

II. ��������� ������������
������������������ �������

�®¤ á¨¬¬¥âà¨ï¬¨ ¡ã¤ãâ ¯®¤à §ã¬¥¢ âìáï ¨ä¨¨â¥§¨¬ «ìë¥  ää¨ë¥ ª¢ §¨á¨¬¬¥âà¨¨
| ��� (á¬. [4]{[6] ¨ ¢ëè¥ x1). � àï¤ã á â¥à¬¨®¬ á¨¬¬¥âà¨ï ¡ã¤¥â ã¯®âà¥¡«ïâìáï ¢ ª ç¥áâ¢¥
á¨®¨¬  â¥à¬¨ ¤¢¨¦¥¨¥ ��.

�ãáâì, ª ª ¨ ¯à¥¦¤¥,M | (n�1)-¬¥à®¥ ¬®£®®¡à §¨¥,   (M;f) | ª¢ ¤à â¨çë© ��  M .
� xx 1{5 ¢áî¤ã ¯à¥¤¯®« £ ¥âáï, çâ® n � 4, ªà®¬¥ â¥®à¥¬ 11, 12, £¤¥ n � 2.
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�ã¤¥¬ £®¢®à¨âì, çâ® �� (M;f) ï¢«ï¥âáï ¬ ªá¨¬ «ì® ¯®¤¢¨¦ë¬ ¯® ®â®è¥¨î ª ¯®â®ª ¬,
®¡à §ãîé¨¬ ¥ª®â®àë© ¯®¤ª« áá ¢ ª« áá¥ ¢á¥¢®§¬®¦ëå ¯®â®ª®¢, ¥á«¨ ® ¤®¯ãáª ¥â  «£¥¡àã
�¨ ¤¢¨¦¥¨©  ¨¡®«ìè¥© ¢®§¬®¦®© à §¬¥à®áâ¨ áà¥¤¨ �� ¤ ®£® ¯®¤ª« áá . �à¨ íâ®¬ â ª-
¦¥ £®¢®àïâ, çâ® ¯®« ï  «£¥¡à  �¨  ää¨ëå ¤¢¨¦¥¨© â ª®£® ¯®â®ª  ¨¬¥¥â ¬ ªá¨¬ «ìãî
à §¬¥à®áâì. �¥çì ¡ã¤¥â ¨¤â¨ £« ¢ë¬ ®¡à §®¬ ® âà §¨â¨¢ëå (á¬.,  ¯à., [13])  «£¥¡à å �¨
 ää¨ëå ¤¢¨¦¥¨©.

x1. �¢¨¦¥¨ï ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢, ¥ ï¢«ïîé¨åáï
¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ë¬¨

�¯à¥¤¥«¥¨¥ 4. �ã¤¥¬  §ë¢ âì �� f
1) ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ë¬, ¥á«¨ â¥§®à ¥£® ¯à®¥ªâ¨¢®© ªà¨¢¨§ë W �

�� � 0 [5];
2) íª¢¨ ää¨ë¬, ¥á«¨ á®ªà é¥ë© â¥§®à ªà¨¢¨§ë �� (M;f) ï¢«ï¥âáï á¨¬¬¥âà¨çë¬:

R�� = R��, £¤¥ R�� = R�
���;

3) íª¢¨¯à®¥ªâ¨¢ë¬, ¥á«¨ f ã¤®¢«¥â¢®àï¥â ¯¥à¢ë¬ ¤¢ã¬ ãá«®¢¨ï¬ ®¤®¢à¥¬¥®.

�¥®à¥¬  4. �á«¨ �� (M;f) ¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ë¬, â® ¬ ªá¨¬ «ì ï à §-

¬¥à®áâì ¥£®  «£¥¡àë �¨  ää¨ëå ¤¢¨¦¥¨© à ¢  r = n2 � 2n+ 5. �âã  «£¥¡àã ¤®¯ãáª ¥â,

 ¯à¨¬¥à, ¯®â®ª

�x1 = �2x2 _x2 _x3; �xi = 0; 2 � i � n� 1;

  ¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë íâ®©  «£¥¡àë ¨¬¥îâ ¢¨¤

@1; @2; @3; : : : ; @n; x
2@1; x

3@1; @2 � x2x3@1; x
2@2 + 2x1@1;

x2@3 � (x2)3@1=3; x3@3 + x1@1; x
i@i; x

2@j ; x
3@j ; x

i@j (i; j = 4; 5; : : : ; n);

£¤¥ @i = @=@xi,   _x = dx=dt, �x = d2x=dt2.

�®ª § â¥«ìáâ¢®. �ãáâì �� (M;f) ¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ë¬, â. ¥. ¥£® áâ ¤ àâ-
 ï á¢ï§®áâì � ¢ ¯à®áâà áâ¢¥ á®¡ëâ¨© ï¢«ï¥âáï â ª®¢®©. �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 3
¬ ªá¨¬ «ì ï à §¬¥à®áâì  «£¥¡àë �¨  ää¨ëå ¤¢¨¦¥¨© ¯à®áâà áâ¢  á®¡ëâ¨© M ¯®â®-
ª  f à ¢  r = n2 � 2n + 5 (á¬. â ª¦¥ â¥®à¥¬ã 5 ¨§ [12], á. 24). �à¨¬¥à®¬ â ª®£® ¯à®áâà áâ¢ 
á«ã¦¨â [12] ¯à®áâà áâ¢® á ®¡ê¥ªâ®¬ á¢ï§®áâ¨

�
1

23 = x2; �
i

jk = 0 (i = 2; : : : ; n; j = 1; 3; : : : ; n; k = 1; 2; 4; : : : ; n):

�â  á¢ï§®áâì ï¢«ï¥âáï áâ ¤ àâ®© á¢ï§®áâìî á«¥¤ãîé¥£® �� (á¬. ¢ëè¥ ä®à¬ã«ë (1)):

�x1 = �2x2 _x2 _x3; �xi = 0; 2 � i � n� 1:

�«¥¤®¢ â¥«ì®, ® ¤®¯ãáª ¥â  «£¥¡àã �¨ à §¬¥à®áâ¨ n2 � 2n+ 5. �ä¨¨â¥§¨¬ «ìë¥ ®¯¥à -
â®àë íâ®©  «£¥¡àë ¯®«ãç îâáï à¥è¥¨¥¬ ¤«ï ¥£® ãà ¢¥¨© �¨ L

X
�
�

� = 0.

�¥®à¥¬  5. �á«¨ �� (M;f) ¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ë¬ ¨ á®áâ ¢«ïîé¨¥ R�
��

(�, �,  ¯®¯ à® à §«¨çë) ¥£® â¥§®à  ªà¨¢¨§ë à ¢ë ã«î, â® ¬ ªá¨¬ «ì ï à §¬¥à®áâì

¥£®  «£¥¡àë �¨  ää¨ëå ¤¢¨¦¥¨© à ¢  r = n2 � 3n+ 8. �âã  «£¥¡àã ¤®¯ãáª ¥â,  ¯à¨¬¥à,

¯®â®ª

�x1 = �2(x4 _x2 _x3 + 2x2 _x3 _x4); �xi = 0; 2 � i � n� 1;

  ¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë íâ®©  «£¥¡àë ¨¬¥îâ ¢¨¤

@1; x
2@1; x

3@1; x
4@1; @2 � 2x3x4@1; x2@2 + x1@1;

x3@3 � (x3)2@1; @3; x
3@3 + x1@1; x

2@3 � x4(x2)2@1;

@4 � x2x3@1; x
4@4 + x1@1; @s; x

k@s (k = 1; 2; : : : ; n; s = 5; 6; : : : ; n):
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�®ª § â¥«ìáâ¢®. �ãáâì �� (M;f) ¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ë¬ (â. ¥. â ª®¢®© ï¢«ï-
¥âáï ¥£® áâ ¤ àâ ï á¢ï§®áâì �), ¨ ¢á¥ á®áâ ¢«ïîé¨¥ ¢¨¤  R�

�� (�, �,  ¯®¯ à® à §«¨çë)
¥£® â¥§®à  ªà¨¢¨§ë, â. ¥. â¥§®à  ªà¨¢¨§ë ¬®¤¥«¨àãîé¥© á¢ï§®áâ¨ � ¯®â®ª  (M;f), à ¢ë
ã«î. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 4 ([12], £«. 1, x2, á. 22) ¬ ªá¨¬ «ì ï à §¬¥à®áâì r  «£¥¡àë �¨
 ää¨ëå ¤¢¨¦¥¨© ¯à®áâà áâ¢ M à ¢  n2�3n+8. �à¨¬¥à®¬ â ª®£® ¯à®áâà áâ¢  á«ã¦¨â
¯à®áâà áâ¢® á® á¢ï§®áâìî �

1

23 = x4, �
1

34 = 2x2, ®áâ «ìë¥ �
i

jk = 0. �â  á¢ï§®áâì ï¢«ï¥âáï
áâ ¤ àâ®© á¢ï§®áâìî ¯®â®ª 

�x1 = �2(x4 _x2 _x3 + 2x2 _x3 _x4); xi = 0; 2 � i � n� 1:

�¨¤ ¨ä¨¨â¥§¨¬ «ìëå ®¯¥à â®à®¢ ¯®â®ª  ®¯à¥¤¥«ï¥âáï à¥è¥¨¥¬ ¤«ï ¥£® ãà ¢¥¨© �¨
L
X
��� = 0.

x2. �¢¨¦¥¨ï íª¢¨ ää¨ëå ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢

�¥®à¥¬  6. �á«¨ �� (M;f) íª¢¨ ää¨ë©, â® ¬ ªá¨¬ «ì ï à §¬¥à®áâì  «£¥¡àë �¨

 ää¨ëå ¤¢¨¦¥¨© �� (M;f) à ¢  r = n2 + n� kn+ k(k � 1)=2, £¤¥ k = rangR��.

�®ª § â¥«ìáâ¢®. �ãáâì �� (M;f) íª¢¨ ää¨ë©, â. ¥. â ª®¢ë¬ ï¢«ï¥âáï ¯à®áâà áâ¢®
M =M �R ¯®â®ª . �®£« á® â¥®à¥¬¥ 7 ([12], £«. 1, x3, á. 26) ¬ ªá¨¬ «ì ï à §¬¥à®áâì  «£¥¡àë
�¨ ¤¢¨¦¥¨© ¤ ®£® ¯à®áâà áâ¢  M à ¢  r = n2 + n � kn + k(k � 1)=2, £¤¥ k = rangR��.
� á¨«ã ®¯à¥¤¥«¥¨ï ��� ãª § ãî ¬ ªá¨¬ «ìãî à §¬¥à®áâì ¨¬¥¥â  «£¥¡à  �¨  ää¨ëå
¤¢¨¦¥¨© á ¬®£® �� (M;f).

�¥®à¥¬  7. �á«¨ �� (M;f) ¥ ï¢«ï¥âáï íª¢¨ ää¨ë¬, â® ¬ ªá¨¬ «ì ï à §¬¥à®áâì r
 «£¥¡àë �¨  ää¨ëå á¨¬¬¥âà¨© �� (M;f) ¥ ¯à¥¢®áå®¤¨â ç¨á«  n2 � n+ 3.

�®ª § â¥«ìáâ¢®. �ãáâì �� (M;f) ¥ ï¢«ï¥âáï íª¢¨ ää¨ë¬, â. ¥. â ª®¢ë¬ ï¢«ï¥âáï ¯à®-
áâà áâ¢® á®¡ëâ¨©M =M�R ¯®â®ª  (M;f). �®£« á® â¥®à¥¬¥ 8 ([12], £«. 1, x3, á. 26) ¬ ªá¨¬ «ì-
 ï à §¬¥à®áâì  «£¥¡àë �¨  ää¨ëå á¨¬¬¥âà¨© ¯à®áâà áâ¢  M ¥ ¯à¥¢®áå®¤¨â n2� n+3.
� á¨«ã ®¯à¥¤¥«¥¨ï ��� ¬ ªá¨¬ «ì ï à §¬¥à®áâì  ää¨ëå á¨¬¬¥âà¨© �� (M;f) â ª¦¥
¥ ¯à¥¢®áå®¤¨â ç¨á«  n2 � n+ 3.

x3. �¥§®àë¥ å à ªâ¥à¨áâ¨ª¨ íª¢¨ ää¨ëå, ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢ëå ¨
íª¢¨¯à®¥ªâ¨¢ëå ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢

�§¢¥áâ 

�¥®à¥¬  8 ([14]). �¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¯à®¥ªâ¨¢®© ¥¢ª«¨¤®¢®áâ¨ ��

¢â®à®© áâ¥¯¥¨ ¨¬¥îâ ¢¨¤8>>>>>>>><
>>>>>>>>:

Ri
jkl = 0;

@n�ijl �Bi
l;j +

�il
n+1

(Bs
s;j � @n�ssj)+

+
�ij

n2�1
[(n+ 1)Bs

l;s �Bs
s;l � n@n�ssl] = 0;

@nB
i
j +Bi

sB
s
j �Ai

;j +
�ij

n�1
(As

;s �Bs
mB

m
s � @nB

s
s) = 0;

(Bi
j;k +

�ij

n2�1
f(n+ 1)Bs

k;s � nBs
s;k � @n�sskg)[j;k] = 0:

(8)

�¥¬¬  1. �«ï â®£® çâ®¡ë ª¢ ¤à â¨çë© �� f ¡ë« íª¢¨ ää¨ë¬, ¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç® ¢ë¯®«¥¨¥ ãá«®¢¨©

@i�sjs = @j�sis; @n�sis = Bs
s;i: (9)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì á«¥¤ã¥â ¨§ ¯®¤áâ ®¢ª¨ R��, ¢ëà ¦¥ëå ç¥à¥§ ª®íää¨-
æ¨¥âë á¢ï§®áâ¨ �   M [5], ¢ ãá«®¢¨¥ íª¢¨ ää¨®áâ¨. �®áâ â®ç®áâì ¯®«ãç ¥âáï ¥¯®áà¥¤-
áâ¢¥®© ¯à®¢¥àª®© ãá«®¢¨© íª¢¨ ää¨®áâ¨ á ãç¥â®¬ (9).
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�¥¬¬  2. �«ï â®£® çâ®¡ë ª¢ ¤à â¨çë© �� f ¡ë« íª¢¨¯à®¥ªâ¨¢ë¬, ¥®¡å®¤¨¬® ¨ ¤®-

áâ â®ç® ¢ë¯®«¥¨¥ ãá«®¢¨©

Ri
jkl = 0; @n�isj = Bs

s;j ;

@nB
i
j +Bi

mB
m
j �Ai

;j +
�ij

n� 1
(As

;s � @nB
s
s �Bs

mB
m
s ) = 0:

(10)

�®ª § â¥«ìáâ¢® § ª«îç ¥âáï ¢ ¯à®¢¥àª¥ íª¢¨¢ «¥â®áâ¨ ãá«®¢¨© (8) ¨ (10) á ãç¥â®¬
(9). �

�¥¬¬  3. �¢ ¤à â¨çë© �� f á ª®®à¤¨ âë¬ ¢ëà ¦¥¨¥¬

f i = �"�ijx
j=t2 (11)

ï¢«ï¥âáï íª¢¨¯à®¥ªâ¨¢ë¬.

�®ª § â¥«ìáâ¢® á¢®¤¨âáï ª ¯à®¢¥àª¥ ãá«®¢¨© (10) ¤«ï ¤ ®£® ¯®â®ª  (11). �

x4. �¢¨¦¥¨ï ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢ ¥ã«¥¢®© ªà¨¢¨§ë

�¥¬¬  4. �¢ ¤à â¨çë© �� f á ª®®à¤¨ âë¬ ¢ëà ¦¥¨¥¬ (11) ¤®¯ãáª ¥â  «£¥¡àã �¨

á¨¬¬¥âà¨© à §¬¥à®áâ¨ n2 á ¡ §¨áë¬¨ ¨ä¨¨â¥§¨¬ «ìë¬¨ ®¯¥à â®à ¬¨

xi@i; t
1�

p
5

2 @i; t
1+
p
5

2 @i; t@n; £¤¥ @i =
@

@xi
; @n = @=@t:

�®ª § â¥«ìáâ¢® ¯®«ãç ¥âáï ¯ãâ¥¬ à¥è¥¨ï ãà ¢¥¨© �¨ L
X
�
�

� = X�@��
�

� + @�X
� +

@�X
��

�

� + @X
��

�

� � ��X
��

�

� = 0, ¢ ª®â®àëå ª®íää¨æ¨¥âë á¢ï§®áâ¨ �
�

� ®¯à¥¤¥«¥ë á®®â-
®è¥¨ï¬¨ (1). �

�¥®à¥¬  9. � §¬¥à®áâì  «£¥¡àë �¨ á¨¬¬¥âà¨© ¬ ªá¨¬ «ì® ¯®¤¢¨¦®£® ª¢ ¤à â¨ç®£®

¯®â®ª  (M;f) ¥ã«¥¢®© ªà¨¢¨§ë à ¢  n2, £¤¥ dimM = n� 1.

�®ª § â¥«ìáâ¢®. �ãáâì �� (M;f) | ¬ ªá¨¬ «ì® ¯®¤¢¨¦ë© �� ¥ã«¥¢®© ªà¨¢¨§ë,
â. ¥. â ª®¢ë¬ ï¢«ï¥âáï ¯à®áâà áâ¢® á®®¡ëâ¨© M ¤ ®£® ¯®â®ª . �®£« á® â¥®à¥¬¥ 9 ([12],
£«. 1, x4, á.27) à §¬¥à®áâì  «£¥¡àë �¨  ää¨ëå á¨¬¬¥âà¨© íâ®£® ¯à®áâà áâ¢  M ¥ ¯à¥¢®á-
å®¤¨â n2. �§ «¥¬¬ë 4 á«¥¤ã¥â, çâ® à §¬¥à®áâì  «£¥¡àë �¨  ää¨ëå á¨¬¬¥âà¨© ¬ ªá¨¬ «ì®
¯®¤¢¨¦®£® �� ¥ã«¥¢®© ªà¨¢¨§ë à ¢  n2.

�¥¬¬  5. � ªá¨¬ «ì® ¯®¤¢¨¦ë© ª¢ ¤à â¨çë© �� f ¥ã«¥¢®© ªà¨¢¨§ë ï¢«ï¥âáï

íª¢¨¯à®¥ªâ¨¢ë¬.

�®ª § â¥«ìáâ¢®. �ãáâì (M;f) | ¬ ªá¨¬ «ì® ¯®¤¢¨¦ë© �� ¥ã«¥¢®© ªà¨¢¨§ë. � á¨-
«ã â¥®à¥¬ë 9 à §¬¥à®áâì ¯®«®©  «£¥¡àë �¨ ¥£®  ää¨ëå ¤¢¨¦¥¨© à ¢  n2. �â® ¢«¥ç¥â
íª¢¨ ää¨®áâì (á¬. â¥®à¥¬ã 7) ¨ ¯à®¥ªâ¨¢®-¥¢ª«¨¤®¢®áâì (á¬. â¥®à¥¬ã 4) ¤ ®£® ¯®â®ª ,  
á«¥¤®¢ â¥«ì®, ¨ ¥£® íª¢¨¯à®¥ªâ¨¢®áâì.

�¥¬¬  6. �¥§®à �¨çç¨ ¬ ªá¨¬ «ì® ¯®¤¢¨¦®£® ª¢ ¤à â¨ç®£® �� f ¥ã«¥¢®© ªà¨¢¨§-

ë ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥

R�� = "(n� 1)����; (12)

£¤¥ �� = @�

@x�
| ª®£à ¤¨¥â ¥ª®â®à®© äãªæ¨¨ �   M , �i = 0, �n 6= 0. �à¨ íâ®¬ ��;� = c����,

£¤¥ c | ¯®áâ®ï ï,   § ¯ïâ ï ®¡®§ ç ¥â ª®¢ à¨ â®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¢ á¢ï§®áâ¨ �
�

�

  M .
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�®ª § â¥«ìáâ¢®. �ãáâì (M;f) | ¬ ªá¨¬ «ì® ¯®¤¢¨¦ë© ª¢ ¤à â¨çë© �� ¥ã«¥¢®©
ªà¨¢¨§ë, â. ¥. â ª®¢ë¬ ï¢«ï¥âáï ¥£® ¯à®áâà áâ¢® á®¡ëâ¨© M . � á¨«ã â¥®à¥¬ë 7 ([12], £«. 1,
x3, á. 26) â¥§®à �¨çç¨ R�� íâ®£® ¯à®áâà áâ¢  ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ (12). � ª ª ª
â¥§®à �¨çç¨ ¯à®áâà áâ¢  á®¡ëâ¨© ï¢«ï¥âáï â¥§®à®¬ �¨çç¨ á ¬®£® ¯®â®ª  (M;f), â® â¥®à¥¬ 
¤®ª §  .

�§ «¥¬¬ 2, 5, 6 á«¥¤ã¥â

�¥®à¥¬  10. �«ï â®£® çâ®¡ë ª¢ ¤à â¨çë© �� (M;f) ¥ã«¥¢®© ªà¨¢¨§ë ¡ë« ¬ ªá¨-

¬ «ì® ¯®¤¢¨¦ë¬, â.¥. ¤®¯ãáª «  «£¥¡àã �¨ ¤¢¨¦¥¨© à §¬¥à®áâ¨ n2, ¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç® ¢ë¯®«¥¨¥ ãá«®¢¨©

Ri
jkl = 0; @n�ijl = Bi

l;j ;

@nB
i
j +Bi

sB
s
j �Ai

;j + "�ij�
2
n = 0;

(I)

R�� = "(n� 1)����; (II)

��;� = c����; (III)

£¤¥ �� | ª®£à ¤¨¥â ¥ª®â®à®© äãªæ¨¨ �   M , �i = 0, �n 6= 0, c | ¯®áâ®ï ï ; § ¯ïâ ï ¢
(I) ®¡®§ ç ¥â ª®¢ à¨ âãî ¯à®¨§¢®¤ãî ¢ á¢ï§®áâ¨ �ijk   M ,   ¢ (II), (III) | ¢ á¢ï§®áâ¨

�
�

�   M .

x5. �¡  ää¨®© ¯®¤¢¨¦®áâ¨ ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª®¢ ã«¥¢®© ªà¨¢¨§ë

�á¥ ¯®«ãç¥ë¥ ¢ëè¥ à¥§ã«ìâ âë ®â®áïâáï ª ¤¢¨¦¥¨ï¬ ¯à®áâà áâ¢  ää¨®© á¢ï§®áâ¨
¥ã«¥¢®© ªà¨¢¨§ë. � ¤ ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥ë ä®à¬ã«¨à®¢ª¨ ¨ ¤®ª § â¥«ìáâ¢  ¥ª®â®-
àëå  ®á¨à®¢ ëå ¢ [15] à¥§ã«ìâ â®¢, ®â®áïé¨åáï ª ¯à®áâà áâ¢ ¬ ã«¥¢®© ªà¨¢¨§ë.

�¥®à¥¬  11. � ªá¨¬ «ì ï à §¬¥à®áâì r  «£¥¡àë �¨  ää¨ëå á¨¬¬¥âà¨© (n � 1)-
¬¥à®£® �� (M;f) à ¢  n2 + n.

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® (n � 1)-¬¥à®£® �� (M;f) ¥£®  «£¥¡à  �¨  ää¨ëå á¨¬-
¬¥âà¨© | íâ®  «£¥¡à  �¨  ää¨ëå á¨¬¬¥âà¨© ¥£® ¯à®áâà áâ¢  á®¡ëâ¨© M . �§¢¥áâ®, çâ®
¬ ªá¨¬ «ì ï à §¬¥à®áâì  «£¥¡àë �¨  ää¨ëå á¨¬¬¥âà¨©  ää¨®© á¢ï§®áâ¨ à ¢  n2+n.
�«¥¤®¢ â¥«ì®, ¬ ªá¨¬ «ì ï à §¬¥à®áâì r  «£¥¡àë �¨  ää¨ëå ¤¢¨¦¥¨© �� f ¥ ¯à¥¢®á-
å®¤¨â n2 + n,   à ¢¥áâ¢® r = n2 + n ¤®áâ¨£ ¥âáï ¤«ï ��,  ää¨®-¨§®¬®àäëå âà¨¢¨ «ì®¬ã
��, â. ¥. �� á ª®®à¤¨ âë¬ ¢ëà ¦¥¨¥¬ d2xi=dt2 = 0.

�¥®à¥¬  12. �«ï â®£® çâ®¡ë �� (M;f) ¤®¯ãáª « ¯®«ãî  «£¥¡àã �¨  ää¨ëå á¨¬¬¥-
âà¨© ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ n2+n, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë �� f ¡ë«  ää¨®-

¨§®¬®àä¥ âà¨¢¨ «ì®¬ã ��.

�®ª § â¥«ìáâ¢®. �ãáâì �� (M;f) ¤®¯ãáª ¥â ¯®«ãî  «£¥¡àã �¨  ää¨ëå á¨¬¬¥âà¨©
¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ n2+n. �«¥¤®¢ â¥«ì®, â ªãî  «£¥¡àã �¨ ¨¬¥¥â ¯à®áâà áâ¢® á®¡ë-
â¨© M ¯®â®ª  f . �®£¤  á¢ï§®áâì ¯à®áâà áâ¢  M «®ª «ì®  ää¨®-¨§®¬®àä  ¥¢ª«¨¤®¢®©
á¢ï§®áâ¨,   �� (M;f)  ää¨®-¨§®¬®àä¥ âà¨¢¨ «ì®¬ã ��.

�®ª ¦¥¬ ®¡à â®¥. �ãáâì �� (M;f)  ää¨®-¨§®¬®àä¥ âà¨¢¨ «ì®¬ã ��. �®£¤  á¢ï§-
®áâì � ¯à®áâà áâ¢  á®¡ëâ¨© M ¯®â®ª  f  ää¨®-¨§®¬®àä  ¥¢ª«¨¤®¢®© á¢ï§®áâ¨. �§¢¥áâ-
®, çâ® ¯®« ï  «£¥¡à  �¨  ää¨ëå á¨¬¬¥âà¨© ¯«®áª®© ¥¢ª«¨¤®¢®© á¢ï§®áâ¨ ¨¬¥¥â ¬ ªá¨-
¬ «ìãî à §¬¥à®áâì n2+n, ¨, á«¥¤®¢ â¥«ì®, á ¬ ¯®â®ª (M;f) ¤®¯ãáª ¥â ¯®«ãî  «£¥¡àã �¨
 ää¨ëå á¨¬¬¥âà¨© ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ r = n2 + n.

�¥®à¥¬  13. �á«¨ �� (M;f) ¤®¯ãáª ¥â  «£¥¡àã �¨  ää¨ëå á¨¬¬¥âà¨© à §¬¥à®áâ¨
r > n2, â® f  ää¨®-¨§®¬®àä¥ âà¨¢¨ «ì®¬ã �� (dimM = n� 1).
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�®ª § â¥«ìáâ¢®. �ãáâì (n � 1)-¬¥àë© �� (M;f) ¤®¯ãáª ¥â  «£¥¡àã �¨  ää¨ëå á¨¬-
¬¥âà¨© à §¬¥à®áâ¨ r > n2, â®£¤  á®£« á® â¥®à¥¬¥ 9 ¯®â®ª (M;f) ¨¬¥¥â ã«¥¢ãî ªà¨¢¨§ã ¨,
á«¥¤®¢ â¥«ì®, ¡ã¤¥â «®ª «ì®  ää¨®-¨§®¬®àä¥ âà¨¢¨ «ì®¬ã ��.

�¥®à¥¬  14. �á«¨ (n � 1)-¬¥àë© �� (M;f) ¤®¯ãáª ¥â  «£¥¡àã �¨  ää¨ëå á¨¬¬¥âà¨©

à §¬¥à®áâ¨ r > n2, â® f ï¢«ï¥âáï ¯®«¨®¬¨ «ìë¬ �� ¢â®à®© áâ¥¯¥¨. �á«¨ �� (M;f) ¥
ï¢«ï¥âáï ¯®«¨®¬¨ «ìë¬ ¯®â®ª®¬ ¢â®à®© áâ¥¯¥¨, â® ¬ ªá¨¬ «ì ï à §¬¥à®áâì r  «£¥¡àë
�¨ ¥£®  ää¨ëå á¨¬¬¥âà¨© ¥ ¯à¥¢®áå®¤¨â n2.

�®ª § â¥«ìáâ¢®. �ãáâì (n � 1)-¬¥àë© �� (M;f) ¤®¯ãáª ¥â  «£¥¡àã �¨  ää¨ëå á¨¬-
¬¥âà¨© à §¬¥à®áâ¨ r > n2. �®£« á® â¥®à¥¬¥ 13 f  ää¨®-¨§®¬®àä¥ âà¨¢¨ «ì®¬ã ��.
�«¥¤®¢ â¥«ì®, ¢ á¨«ã ªà¨â¥à¨ï âà¨¢¨ «ì®áâ¨ �� [5] ¯®â®ª f | ¯®«¨®¬¨ «ìë© �� ¢â®à®©
áâ¥¯¥¨.

�á«¨ �� (M;f) ¥ ï¢«ï¥âáï ¯®«¨®¬¨ «ìë¬ ¯®â®ª®¬ ¢â®à®© áâ¥¯¥¨, â® ¢ á¨«ã â®£® ¦¥
ªà¨â¥à¨ï âà¨¢¨ «ì®áâ¨ f ¥ ï¢«ï¥âáï  ää¨®-¨§®¬®àäë¬ âà¨¢¨ «ì®¬ã ¯®â®ªã ¨, á«¥¤®-
¢ â¥«ì®, ¨¬¥¥â ¥ã«¥¢ãî ªà¨¢¨§ã. �§ â¥®à¥¬ë 9 á«¥¤ã¥â, çâ® ¬ ªá¨¬ «ì ï à §¬¥à®áâì ¥£®
 «£¥¡àë �¨  ää¨ëå ¤¢¨¦¥¨© ¥ ¯à¥¢®áå®¤¨â n2.

x6. � à¨¬ ®¢ëå ®¤®¬¥àëå ª¢ §¨£¥®¤¥§¨ç¥áª¨å ¯®â®ª å

�ãáâì, ª ª ¨ ¯à¥¦¤¥, f � (M;f) | ��, ® ¢ ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¨å ¯ à £à ä®¢ 1{5 (£¤¥
¯à¥¤¯®« £ «®áì, çâ® n = dimM + 1 � 4) ¡ã¤¥¬ áç¨â âì, çâ® n = 2, â. ¥. dimM = 1.

�á«¨ d2x=dt2 = f(x; t; dx=dt) | ª®®à¤¨ â®¥ ¢ëà ¦¥¨¥ �� f , â® ¢ ¯à®áâà áâ¢¥M =M�R
á®¡ëâ¨© �� (M;f) ®¯à¥¤¥«¥  (áâ ¤ àâ ï) á¢ï§®áâì � �� f ä®à¬ã« ¬¨ ([5], á. 27)(

�
1

11 = � 1
2
f11; �

1

12 = �
1

21 = � 1
2
f1 + 1

2
f11�;

�
1

22 = �f + f1�
1 � 1

2
f11(�)2; �

2

11 = �
2

21 � 0;

¢ ª®â®àëå � = dx=dt, f1 = @f=@�, f11 = @2f=@�2.
� ¬¥â¨¬, çâ® á¢ï§®áâì � �� f ï¢«ï¥âáï ¢ ®¡é¥¬ á«ãç ¥ ®¡®¡é¥®©  ää¨®© á¢ï§®áâìî,

ª®íää¨æ¨¥âë ª®â®à®© �
�

� | ®¤®à®¤ë¥ äãªæ¨¨ ã«¥¢®© áâ¥¯¥¨ ¯® ¢¥ªâ®à®¬ã  à£ã¬¥âã
(dx; dt): �

�

� = �
�

�(x
"; �"), £¤¥ x1 = x, x2 = t, �1 = dx, �2 = dt, �; �; ; " = 1; 2.

�¯à¥¤¥«¥¨¥ 5. � §®¢¥¬ �� (M;f) à¨¬ ®¢ë¬, ¥á«¨ ¥£® á¢ï§®áâì � ï¢«ï¥âáï à¨¬ ®¢®©
á¢ï§®áâìî, ¨«¨, çâ® ®¤® ¨ â® ¦¥, á¢ï§®áâìî �¥¢¨{�¨¢¨âa ¥ª®â®à®© à¨¬ ®¢®© ¬¥âà¨ª¨
g�� = g��(x).

� ª ¨§¢¥áâ® ([16], c. 445), à¨¬ ®¢  á¢ï§®áâì ��� = ���(x
") ï¢«ï¥âáï á¨¬¬¥âà¨ç®© ¨ ®¤-

®§ ç® ®¯à¥¤¥«ï¥âáï à¨¬ ®¢ë¬ ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ g�� ¨§ á¨áâ¥¬ë ãà ¢¥¨©

@g��
@x

= g���
�
� + g���

�
� : (13)

�à¥¤¯®« £ ï á¢ï§®áâì � § ¤ ®©, ¢ëïá¨¬, ª®£¤  ®  ¡ã¤¥â à¨¬ ®¢®©. � ç¥ £®¢®àï, ¢ë-
ïá¨¬, ª®£¤  á¨áâ¥¬  ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå (13) ¡ã¤¥â ¨¬¥âì ¢ ª ç¥áâ¢¥ à¥è¥¨ï
 ¡®à äãªæ¨© g�� = g��(x"), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ á¨¬¬¥âà¨ç®áâ¨ g�� = g�� ¨ ¥¢ëà®-
¦¤¥®áâ¨ det(g��) 6= 0, â. ¥. â¥¬ ãá«®¢¨ï¬, ª®â®àë¥ ¯® ®¯à¥¤¥«¥¨î ¤®«¦ë ¢ë¯®«ïâìáï ¤«ï
à¨¬ ®¢  â¥§®à  g�� .

� ç¥¬ á ®¡é¥£® á«ãç ï: ��� | ¯à®¨§¢®«ì ï á¨¬¬¥âà¨ç ï  ää¨ ï á¢ï§®áâì   M .
� ç áâ®áâ¨, ®  ¬®¦¥â á®¢¯ áâì (çâ® ¥ ®¡ï§ â¥«ì®) á® á¢ï§®áâìî �� (M;f). �¥®¡å®¤¨¬®
®â¬¥â¨âì, çâ® ¢áïª ï à¨¬ ®¢  á¢ï§®áâì ¯® ®¯à¥¤¥«¥¨î ï¢«ï¥âáï (á®¡áâ¢¥®)  ää¨®©.

� ª ¨§¢¥áâ® (á¬. [12], x1; [13], x1), ¯¥à¢ ï á¥à¨ï ãá«®¢¨© ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢¥¨©
(13) ¯®«ãç ¥âáï ¨§ à ¢¥áâ¢  ¢â®àëå á¬¥è ëå ¯à®¨§¢®¤ëå ®â ¨áª®¬ëå äãªæ¨©. �¥¯®áà¥¤-
áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® íâ  á¥à¨ï ãá«®¢¨©,  §ë¢ ¥¬ ï â ª¦¥ ãá«®¢¨ï¬¨ ¯®«®©
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¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë (13), ¨¬¥¥â ¢¨¤

g��R
�
"� + g��R

�
"� = 0: (14)

�â®á¨â¥«ì® ¥¨§¢¥áâëå äãªæ¨© g11 = g11(x; t), g12 = g21 = g12(x; t), g22 = g22(x; t) à -
¢¥áâ¢  (14) ¯à¥¤áâ ¢«ïîâ á®¡®©  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© á
à áè¨à¥®© ¬ âà¨æ¥© 0

@R1
121 R2

121 0 0
R1

122 R1
121 +R2

122 R2
121 0

0 R1
122 R2

122 0

1
A : (15)

�«ï áãé¥áâ¢®¢ ¨ï ¥âà¨¢¨ «ì®£® à¥è¥¨ï à £ ¬ âà¨æë á¨áâ¥¬ë (15) ¤®«¦¥ ¡ëâì ¬¥ìè¥ 3.

�à¥¤«®¦¥¨¥ 1. �®§¬®¦ë ¤¢  á«ãç ï :
1) p £ r ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (15) à ¢¥ ã«î;
2) p £ r ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (15) à ¢¥ 2.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® à £ r � 1. �®£¤  ¢á¥ ¬¨®àë 2-£® ¯®àï¤ª  íâ®© ¬ -
âà¨æë à ¢ë ã«î. �¡®§ ç ï R�

� = R�
12�, ¯®«ãç¨¬(

R1
2 � R

1
2 = 0; R2

1 � R
2
1 = 0; R1

1 �R
2
2 = 0;

R1
1(R

1
1 +R2

2)�R1
2R

2
1 = 0; R2

2(R
1
1 +R2

2)�R1
2R

2
1 = 0;

¨, á«¥¤®¢ â¥«ì®, R1
2 = R2

1 = R1
1 = R2

2 = 0.
� ª¨¬ ®¡à §®¬, à ¢¥áâ¢® r = 1 ¥¢®§¬®¦®. �à¥¤«®¦¥¨¥ 1 ¤®ª § ®, ¥á«¨ § ¬¥â¨âì, çâ®

á«ãç ¨ 1) ¨ 2) ¤¥©áâ¢¨â¥«ì® ¬®£ãâ ¨¬¥âì ¬¥áâ® ¯à¨ R�
�� = 0 ¨ á®®â¢¥âáâ¢¥® ¯à¨ ¢ë¯®«¥¨¨

ãá«®¢¨©

� =

������
R1

1 0 R1
2

0 R1
1 +R2

2 0
R2

1 0 R2
2

������ = 0; (16)

R�
��; 6= 0:

�¥à¢®¥ à ¢¥áâ¢® ¨§ (16) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ (R1
1 +R2

2)(R
1
1R

2
2 �R1

2R
2
1) = 0.

�à¥¤«®¦¥¨¥ 2. �¥«¨ç¨ë R = R12 = R1
1 +R2

2 = trace(R�
� ) ¨ d = det(R�

� ) ï¢«ïîâáï ®â®-

á¨â¥«ìë¬¨ áª «ïàë¬¨ ¨¢ à¨ â ¬¨ á¢ï§®áâ¨ ��� ¢¥á  1 ¨ 2 á®®â¢¥âáâ¢¥®.

�®ª § â¥«ìáâ¢®. � ª® ¯à¥®¡à §®¢ ¨ï R�� ¨¬¥¥â ¢¨¤ R�0�0 = R�0

�0�0�0 =
@x�

@x�
0
@x�

@x�
0R�

���. �®-

íâ®¬ã R1020 = @x1

@x1
0
@x2

@x2
0R12 �

@x2

@x1
0
@x1

@x2
0R12, â. ¥. R1020 = R12

�� @x
@x0

��. � ª¨¬ ®¡à §®¬, R = R12 | ®â®á¨-
â¥«ìë© ¨¢ à¨ â ¢¥á  1.

� áá¬®âà¨¬ â¥¯¥àì ¢¥«¨ç¨ã d0 = R10

10R
20

20 � R10

20R
20

10 . �á¯®«ì§ãï § ª® ¯à¥®¡à §®¢ ¨ï ª®¬¯®-
¥â®¢ â¥§®à  ªà¨¢¨§ë, ¯®«ãç¨¬ d0 =

�� @x
@x0

��2d.
�«¥¤áâ¢¨¥. �¯à¥¤¥«¨â¥«ì � = R � d ï¢«ï¥âáï ®â®á¨â¥«ìë¬ áª «ïàë¬ ¨¢ à¨ â®¬ ¢¥-

á  3.

� á«ãç ¥ ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥¨© (13) ãá«®¢¨ï (15) ¤®«¦ë ¢ë¯®«ïâìáï ¯à¨
«î¡ëå g��. �â® ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à £ ¬ âà¨æë á¨áâ¥¬ë (15) à ¢¥
ã«î, çâ® à ¢®á¨«ì® ®¡à é¥¨î ¢ ã«ì â¥§®à  ªà¨¢¨§ë R�

��;.
�â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  15. �¨áâ¥¬  ãà ¢¥¨© (13) ¢¯®«¥ ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

á¢ï§®áâì ��� ¨¬¥¥â ã«¥¢ãî ªà¨¢¨§ã R�
�� � 0.

�«¥¤áâ¢¨¥. �«ï â®£® çâ®¡ë á¢ï§®áâì � ¡ë«  à¨¬ ®¢ , ¤®áâ â®ç®, çâ®¡ë ¥¥ â¥§®à ªà¨-
¢¨§ë ¡ë« â®¦¤¥áâ¢¥® à ¢¥ ã«î.
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� ª ª ª â¥§®à ªà¨¢¨§ë à ¢¥ ã«î, â®, ª ª ¤®ª § ®,  ¯à¨¬¥à, ¢ ([16], á. 519), á¢ï§®áâì
«®ª «ì®  ää¨®-¥¢ª«¨¤®¢  ¨, á«¥¤®¢ â¥«ì®, à¨¬ ®¢ . � ª¨¬ ®¡à §®¬, � | à¨¬ ®¢  á¢ï§-
®áâì.

� § ª«îç¥¨¥ à áá¬®âà¨¬ ç áâë© á«ãç ©, ª®£¤  § ¤  ï á¢ï§®áâì ��� ï¢«ï¥âáï á¢ï§®-
áâìî �� (M;f), â. ¥. ��� = �

�

�.
� íâ®¬ á«ãç ¥ ãá«®¢¨ï ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ (15) ¯à¨¨¬ îâ ¢¨¤

0
@R1

121 0 0 0
R1

122 R1
121 0 0

0 R1
122 0 0

1
A : (17)

� ¬¥â¨¬, çâ® ®â®á¨â¥«ìë© ¨¢ à¨ â d à ¢¥ ã«î ¤«ï á¢ï§®áâ¨ �� f .
�á«®¢¨ï (17) ¯®ª §ë¢ îâ, çâ® á¨áâ¥¬  ãà ¢¥¨© (13) ®â®á¨â¥«ì® ¨áª®¬ëå ª®¬¯®¥â®¢

g�� ¬¥âà¨ç¥áª®£® â¥§®à  «¨¡® ¢¯®«¥ ¨â¥£à¨àã¥¬ , «¨¡® ¢®®¡é¥ ¥ ¨â¥£à¨àã¥¬  ¢ ª« áá¥
á¨¬¬¥âà¨çëå ¨ ¥¢ëà®¦¤¥ëå â¥§®à®¢ g��.

� ¨â®£¥ ¯®«ãç ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  16. �ãáâì (M;f) | ®¤®¬¥àë© ��. �®¯ à® íª¢¨¢ «¥âë á«¥¤ãîé¨¥ ãâ¢¥à-

¦¤¥¨ï :

1) �� (M;f) ï¢«ï¥âáï à¨¬ ®¢ë¬;
2) â¥§®à ªà¨¢¨§ë �� (M;f) à ¢¥ ã«î;
3) �� (M;f) «®ª «ì®  ää¨®-¨§®¬®àä¥ âà¨¢¨ «ì®¬ã ;
4) �� (M;f) ¤®¯ãáª ¥â 6-¬¥àãî  «£¥¡àã �¨  ää¨ëå ¤¢¨¦¥¨©, ¯®¤®¡ãî  «£¥¡à¥ á

®¡à §ãîé¨¬¨ @=@x, @=@t, x(@=@x), x(@=@t), t(@=@x), t(@=@t);
5) �� (M;f) ï¢«ï¥âáï ª¢ ¤à â¨çë¬, â. ¥. ¯®â®ª®¬ ¢¨¤  d2x=dt2 = �C(x; t)(dx=dt)2 �

2B(x; t)(dx=dt) �A(x; t), ¯à¨ íâ®¬ ¤®«¦ë ¢ë¯®«ïâìáï ãá«®¢¨ï

(
@B=@x� @C=@t = 0;
@A=@x� @B=@t+ (AC �B2) = 0:

�®ª § â¥«ìáâ¢®. �ª¢¨¢ «¥â®áâì ãâ¢¥à¦¤¥¨© 1) ¨ 2) á«¥¤ã¥â ¨§ (17). �ª¢¨¢ «¥â®áâì 2)
¨ 3) á«¥¤ã¥â ¨§ á®®â¢¥âáâ¢ãîé¥£® à¥§ã«ìâ â  ¢ ([16], á. 519). �ª¢¨¢ «¥â®áâì 3) ¨ 4) ¥¯®áà¥¤-
áâ¢¥® ¯à®¢¥àï¥âáï ¯ãâ¥¬ à¥è¥¨ï ãà ¢¥¨© �.�¨ L

X
�
�

� = 0, ¨«¨, ¯®¤à®¡¥¥,

@�X
� +X�@��

�

� +X�@��
�

� +X�@�
�

�� �X�@��
�

� = 0: (18)

�¥©áâ¢¨â¥«ì®, ¥á«¨ �� (M;f) âà¨¢¨ «¥, â. ¥. ¨¬¥¥â ª®®à¤¨ â®¥ ¢ëà ¦¥¨¥ d2x=dt2 = 0,
â® �

�

� = 0 ¨ (18) á¢®¤¨âáï ª ãà ¢¥¨ï¬ @�X
� = 0, ¢ ª®â®àëå X = (X1;X2) = X1(@=@x) +

X2(@=@t) | ¥¨§¢¥áâë¥ ¨ä¨¨â¥§¨¬ «ìë¥ ¤¢¨¦¥¨ï. �â¥£à¨àãï, ¯®«ãç¨¬

X1 = ax+ bt+ c;

X2 = a1x+ b1t+ c1;

£¤¥ a, b, c, a1, b1, c1 | ¯®áâ®ïë¥. � ª ç¥áâ¢¥ ®¡à §ãîé¨å ¬®¦® ¢§ïâì ¢¥ªâ®àë¥ ¯®«ï X1 =
(1; 0); X2 = (0; 1); X3 = (x; 0); X4 = (0; t); X5 = (0; x); X6 = (t; 0). � ®¡®à®â, ¥á«¨ § ¤   6-¬¥à ï
 «£¥¡à  �¨  ää¨ëå ¤¢¨¦¥¨© �� (M;f), ¯®¤®¡ ï  «£¥¡à¥ á ®¡à §ãîé¨¬¨ X1{X6, â® (18)
¯à¨¢®¤ïâ ª âà¨¢¨ «ì®¬ã �� (M;f): d2x=dt2 = 0.

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ®áâ ¥âáï § ¬¥â¨âì, çâ® íª¢¨¢ «¥â®áâì 3) ¨ 5) ¤®ª §   ¢
[5].
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