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�¨áâ¥¬  ��¥áá«¥à 

_x1 = �x2 � x3; _x2 = x1 + ax2; _x3 = c+ x3(x1 � b); (1)

£¤¥ a, b, c| ¯®«®¦¨â¥«ì­ë¥ ç¨á« , ¨§ãç « áì ¢ [1], [2]. � ç áâ­®áâ¨, ¢ [2] ®¯à¥¤¥«¥­® ¬­®¦¥áâ¢®,
¢ ª®â®à®¬ á®¤¥à¦ âáï æ¨ª«ë á¨áâ¥¬ë (1) ¯à¨ ãá«®¢¨¨, çâ® ®­¨ áãé¥áâ¢ãîâ.

� ¤ ­­®© áâ âì¥ áâ ¢¨âáï § ¤ ç  | ®¯à¥¤¥«¨âì ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï ¯¥à¨®¤¨ç¥áª¨å
à¥è¥­¨© á¨áâ¥¬ë (1). � «¥¥ ¢áî¤ã ¯®« £ ¥¬, çâ® ç¨á«  a, b, c ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã
b2 � 4ac � 0. �®£¤  á®áâ®ï­¨ï¬¨ à ¢­®¢¥á¨ï á¨áâ¥¬ë (1) ¡ã¤ãâ â®çª¨ (x+1 ; x

+
2 ; x

+
3 ), (x

�
1 ; x

�
2 ; x

�
3 ),

£¤¥ x�1 = 1
2
(b�pb2 � 4ac), x�3 = 1

2a
(b�pb2 � 4ac), x�2 = �x�3 . �¯à¥¤¥«¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï

¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© á¨áâ¥¬ë (1) ¢ ®ªà¥áâ­®áâ¨ â®çª¨ (x+1 ; x
+
2 ; x

+
3 ). �à®¡«¥¬  ­ å®¦¤¥­¨ï

ãá«®¢¨© áãé¥áâ¢®¢ ­¨ï ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© ¢ ®ªà¥áâ­®áâ¨ â®çª¨ (x�1 ; x
�
2 ; x

�
3 ) ¨áá«¥¤ã¥âáï

 ­ «®£¨ç­®.
� ¬¥­®© ¯¥à¥¬¥­­ëå xi = yi + x+i , i = 1; 2; 3, á¨áâ¥¬  (1) á¢®¤¨âáï ª á¨áâ¥¬¥

_y1 = �y2 � y3; _y2 = y1 + ay2; _y3 = x+3 y1 + (x+1 � b)y3 + y1y3: (2)

�®«®¦¨¬ a = a1 + "1, x
+
1 � b = �2 + "2, x

+
3 = �3 + "3, £¤¥ "1, "2, "3 | ¯ à ¬¥âàë. �®£¤  á¨áâ¥¬ 

(2) ¯à¨¬¥â ¢¨¤

_y = Ay +B(")y + F (y)y; (3)

¢ ª®â®à®© A = [col(0; 1; �3); col(�1; �1; 0); col(�1; 0; �2)], B(") = [col(0; 0; "3); col(0; "1; 0);
col(0; 0; "2)], F (y) = [col(0; 0; 0); col(0; 0; 0); col(0; 0; y1)], y = (y1; y2; y3), " = ("1; "2; "3).

�ãáâì jyj = max
i
jyij, W (�0) = f� : � 2 E3; j�j � �0g, �(�0) = f" : " 2 E3; j"j � �0g, �0 > 0 |

­¥ª®â®à®¥ ç¨á«®, E3 | âà¥å¬¥à­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®, � = (�1; �2; �3). �¨¬¢®«®¬ y(�; �; ")
®¡®§­ ç¨¬ à¥è¥­¨¥ á¨áâ¥¬ë (3), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î y(0; �; ") = �. � ª ª ª y � 0 |
à¥è¥­¨¥ á¨áâ¥¬ë (3), â® ¤«ï «î¡®£® ç¨á«  T0 > 0 áãé¥áâ¢ã¥â â ª®¥ ç¨á«® �0 > 0, çâ® ¤«ï «î¡ëå
¢¥ªâ®à®¢ � 2W (�0), " 2 �(�0) à¥è¥­¨¥ y(�; �; ") ®¯à¥¤¥«¥­® ­  á¥£¬¥­â¥ [0; T0].

�¥£ª® ã¡¥¤¨âìáï, çâ® ¥á«¨ ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë A ¨¬¥îâ ®â«¨ç­ë¥ ®â ­ã«ï
¤¥©áâ¢¨â¥«ì­ë¥ ç áâ¨, â® áãé¥áâ¢ã¥â ç¨á«® � > 0, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î: ¯à¨ «î¡®¬ " 2
�(�0) ¨ «î¡®¬ � 2 W (�0), � 6= 0, à¥è¥­¨¥ y(�; �; ") á¨áâ¥¬ë (3) ­¥ ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª¨¬.
�®íâ®¬ã ¤ «¥¥ ¯à¥¤¯®« £ ¥¬, çâ® å®âï ¡ë ®¤­® ¨§ á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æë A ¨¬¥¥â
­ã«¥¢ãî ¤¥©áâ¢¨â¥«ì­ãî ç áâì.

� ª ª ª á¨áâ¥¬  (3) ï¢«ï¥âáï  ¢â®­®¬­®©, â® ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â â®â á«ãç ©, ª®£¤  ¬ -
âà¨æ  A ¨¬¥¥â ç¨áâ® ¬­¨¬ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï.

�¨­¥©­ë¬ ­¥®á®¡¥­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ á¨áâ¥¬ã (3) á¢¥¤¥¬ ª á¨áâ¥¬¥

_y = Amy +Bm(")y + Fm(y)y; (4)

¢ ª®â®à®© ¬ âà¨æ  Am ¨¬¥¥â ¦®à¤ ­®¢ã ä®à¬ã. �ãáâì Ym(t) | äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á¨-
áâ¥¬ë _y = Amy, Ym(0) = E, E | ¥¤¨­¨ç­ ï ¬ âà¨æ . �¥è¥­¨¥ y(�; �; ") á¨áâ¥¬ë (4) ¬®¦­®
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¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
y(�; �; ") = (Ym(�) + �m(�; �; "))�;

£¤¥ �m(�; �; ") | à¥è¥­¨¥ ¬ âà¨ç­®£® ãà ¢­¥­¨ï

_� = [Am +Bm(") + Fm(y(t; �; "))]� + [Bm(") + Fm(y(t; �; "))]Ym(t);

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ �(0; �; "), �m(t; �; ") ! 0, à ¢­®¬¥à­® ®â­®á¨â¥«ì­® t 2 [0; T0],
¥á«¨ � = maxfj�j; j"jg ! 0. �¥è¥­¨¥ y(�; �; ") á¨áâ¥¬ë (4) â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï
Tm-¯¥à¨®¤¨ç¥áª¨¬, 0 < Tm < T0, ª®£¤  ¢¥ªâ®àë � ¨ " ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ã

(Ym(Tm)�E)� + Ym(Tm)
Z Tm

0
Y �1
m (Bm(") + Fm(y))y dt = 0; (5)

¢ ª®â®à®¬ y = (Ym(t) + �m(t; �; "))�.
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

Qm(") =
Z Tm

0
Y �1
m (t)Bm(")Ym(t)Lmdt;

Rm("; 
) =
Z Tm

0

Y �1
m (t)Bm(")�(t; Lm; 
; ")Lmdt;

(6)

£¤¥ Lm | ­¥ª®â®à ï ¨§¢¥áâ­ ï ¬ âà¨æ .

1. �ãáâì ¬ âà¨æ  A ¨¬¥¥â ®¤­® ­¥­ã«¥¢®¥ ¨ ¤¢  ç¨áâ® ¬­¨¬ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©.
�®£¤  ­¥®á®¡¥­­ë¬ «¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ á¨áâ¥¬ã (3) ¬®¦­® á¢¥áâ¨ ª á¨áâ¥¬¥ (4) (¯®-
«®¦¨¢ ¢ ­¥© m = 1), ¢ ª®â®à®© ¬ âà¨æ  A1 = [col(0;�!; 0); col(!; 0; 0); col(0; 0; a)], a 6= 0,
! > 0. �ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  Y1(t) á¨áâ¥¬ë _y = A1y ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ Y1(t) =
[col(cos!t;� sin!t; 0); col(sin!t; cos!t; 0); col(0; 0; exp at)].

�ë¡¥à¥¬ ç¨á«® T0, ã¤®¢«¥â¢®àïîé¨¬ ­¥à ¢¥­áâ¢ã T1 = 2�
!

< T0. � ª ª ª í«¥¬¥­âë ¬ -
âà¨æë B(") «¨­¥©­® § ¢¨áïâ ®â ª®®à¤¨­ â ¢¥ªâ®à  ", â®, ¯®«®¦¨¢ ¢ à ¢¥­áâ¢ å (6) m = 1,
L1 = [col(1; 0; 0); col(0; 1; 0], ¯®«ãç¨¬ Q1(") = [col(a111"1+ b111"2+ c111"3; a

1
21"1+ b121"2+ c121"3; a

1
31"1+

b131"2+ c131"3); col(a
1
12"1+ b112"2+ c112"3; a

1
22"1+ b122"2+ c122"3; a

1
32"1+ b132"2+ c132"3)], £¤¥ a

1
ij , b

1
ij , c

1
ij |

¨§¢¥áâ­ë¥ ç¨á« .

�¥®à¥¬  1. �ãáâì 1) ¢ à ¢¥­áâ¢ å (6) m = 1,
2) áãé¥áâ¢ã¥â ¢¥ªâ®à e = (e1; e2) â ª®©, çâ® jej = 1, ¬ âà¨æ 

D1(e) = [ col(a111e1 + a112e2; a
1
21e1 + a122e2; a

1
31e1 + a132e2);

col(b111e1 + b112e2; b
1
21e1 + b122e2; b

1
31e1 + b132e2);

col(c111e1 + c112e2; c
1
21e1 + c122e2; c

1
31e1 + c132e2)] (7)

­¥®á®¡¥­­ ï.

�®£¤  á¨áâ¥¬  (4) ¨¬¥¥â ­¥­ã«¥¢®¥ T1 = 2�
!
-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. � ¬¥­®© ¯¥à¥¬¥­­ëå � = L1
, 
 = (
1; 
2) à ¢¥­áâ¢® (5) ¯à¥®¡à §ã¥âáï ¢
à ¢¥­áâ¢®

Q1(")
 +R1("; 
)
 + o(j
j) = 0; (8)

¢ ª®â®à®¬ lim

!0

o(j
j)=j
j = 0, Q1(") | (3 � 2)-¬ âà¨æ . �¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á«¥­¨¥¬ ãáâ -

­ ¢«¨¢ ¥¬ Q1(")
 = D1(
)", ¬ âà¨æ  D1(
) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ (7), ¥á«¨ ¢ ­¥¬ ¢¥ªâ®à
e = (e1; e2) § ¬¥­¨âì ¢¥ªâ®à®¬ 
.

�ãáâì � = jyj. �®£¤ , ¯®«®¦¨¢ ¯à¨ «î¡®¬ i 2 f1; 2g ei =

i
�
, e = (e1; e2), ¯®«ãç¨¬ jej = 1.

�ë¡¥à¥¬ ¢¥ªâ®à e� â ª¨¬ ®¡à §®¬, çâ®¡ë detD1(e�) 6= 0. � ¢¥­áâ¢® (8) § ¯¨è¥¬ ¢ ¢¨¤¥

D1(e�)"+R1("; �e�)e� +O(�) = 0:
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�¯¥à â®à �1 ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ �1" = �D�1
1 (e�)[R1("; �e�)e� + O(�)]. �§ ®¯à¥¤¥«¥­¨ï

R1("; �e�)e� á«¥¤ã¥â R1("; �e�)e� = o(�). �®íâ®¬ã ç¨á«® �1 > 0 ¬®¦­® ¢ë¡à âì â ª¨¬ ®¡à §®¬,
çâ® ¯à¨ «î¡®¬ � � �1 jR1("; �e�)e�j < �1

2kD�1(e�)k
. �à®¬¥ â®£®, áãé¥áâ¢ã¥â ç¨á«® �2 2]0; �1] â ª®¥,

çâ® jO(�)j < �1
2kD�1(e�)k

, ª ª â®«ìª® � < �2.
�«¥¤®¢ â¥«ì­®, j�1(")j < �1 ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® � < �2 ¨ «î¡®£® ", ã¤®¢«¥â¢®àïîé¥£®

­¥à ¢¥­áâ¢ã j"j � �1. �®íâ®¬ã ®¯¥à â®à �1 ­  ¬­®¦¥áâ¢¥ f" : j"j � �1g ¨¬¥¥â ­¥¯®¤¢¨¦­ãî â®çªã
"�. �®£¤ , ¯®« £ ï 
� = �e� ¨ ãç¨âë¢ ï, çâ® �� = L1


�, ¯à¨å®¤¨¬ ª § ª«îç¥­¨î, çâ® �� 6= 0
¨ ¯ à  (��; "�) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (5). �­ ç¨â, y(t; ��; "�) | ­¥­ã«¥¢®¥ 2�

!
-¯¥à¨®¤¨ç¥áª®¥

à¥è¥­¨¥ á¨áâ¥¬ë (4).

2. �ãáâì ¬ âà¨æ  A ¨¬¥¥â ®¤­® ­¥­ã«¥¢®¥ ¨ ¤¢  ç¨áâ® ¬­¨¬ëå á®¡áâ¢¥­­ëå §­ ç¥­¨ï. �®£¤ 
­¥®á®¡¥­­ë¬ «¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ á¨áâ¥¬ã (3) ¬®¦­® á¢¥áâ¨ ª á¨áâ¥¬¥ (4) (¯®«®¦¨¢ ¢
­¥© m = 2), ¢ ª®â®à®© ¬ âà¨æ  A2 = [col(0;�!; 0); col(!; 0; 0); col(0; 0; 0)], ! > 0. �ã­¤ ¬¥­-
â «ì­ ï ¬ âà¨æ  Y2(t) á¨áâ¥¬ë _y = A2y ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ Y2(t) = [col(cos!t;� sin!t; 0);
col(sin!t; cos!t; 0); col(0; 0; 1)]. � ª ¨ ¢ ¯. 1, ¢ë¡¥à¥¬ ç¨á«® T0, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã
T2 = 2�

!
< T0. � á¨«ã «¨­¥©­®© § ¢¨á¨¬®áâ¨ í«¥¬¥­â®¢ ¬ âà¨æë B(") ®â ª®®à¤¨­ â ¢¥ªâ®à  " ¨§

à ¢¥­áâ¢ (6) ¯à¨ m = 2, L2 = E á«¥¤ã¥â

Q2(") = [ col(a211"1 + b211"2 + c211"3; a
2
21"1 + b221"1 + c221"3; a

2
31"1 + b231"2 + c231"3);

col(a212"1 + b212"2 + c212"3; a
2
22"1 + b222"2 + c222"3; a

2
32"1 + b232"2 + c232"3);

col(a213"1 + b213"2 + c213"3; a
2
23"1 + b223"2 + c223"3; a

2
33"1 + b233"2 + c233"3)];

£¤¥ a2ij , b
2
ij , c

2
ij | ¨§¢¥áâ­ë¥ ç¨á« . �®£¤  Q2(")� = D2(�)",

D2(�) = [ col(a211�1 + a212�2 + a213�3; a
2
21�1 + a222�2 + a223�3; a

2
31�1 + a232�2 + a233�3);

col(b211�1 + b212�2 + b213�3; b
2
21�1 + b222�2 + b223�3; b

2
31�1 + b232�2 + b233�3);

col(c211�1 + c212�2 + c213�3; c
2
21�1 + c222�2 + c223�3; c

2
31�1 + c232�2 + c233�3)]:

�¥®à¥¬  2. �ãáâì 1) ¢ à ¢¥­áâ¢ å (6) m = 2, L2 = E,
2) áãé¥áâ¢ã¥â ¢¥ªâ®à e = col(e1; e2; e3) â ª®©, çâ® jej = 1, ¬ âà¨æ  D2(e) ­¥®á®¡¥­­ ï.
�®£¤  á¨áâ¥¬  (4) ¨¬¥¥â ­¥­ã«¥¢®¥ 2�

!
-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì � = j�j, ei = �i
�
, e = col(e1; e2; e3). �¥ªâ®à e� ¢ë¡¥à¥¬ â ª¨¬ ®¡à §®¬,

çâ®¡ë je�j = 1 ¨ detD2(e�) 6= 0. � ª ª ª L2 = E, â®, ¯®« £ ï 
 = �, à ¢¥­áâ¢® (5) ¯à¨ m = 2
§ ¯¨è¥¬ ¢ ¢¨¤¥

D2(e
�)"+R2("; �e

�)e� +O(�) = 0:

�¯¥à â®à �2 ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬ �2" = �D�1
2 (e�)[R2("; �e�)e�+O(�)]. � «¥¥, à ááã¦¤ ï â ª

¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ãáâ ­ ¢«¨¢ ¥¬, çâ® áãé¥áâ¢ãîâ ç¨á«  �1 > 0 ¨ �2 2]0; �1]
â ª¨¥, çâ® ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ �� 2]0; �2] ®¯¥à â®à �2 ­  ¬­®¦¥áâ¢¥ f" : j"j � �1g ¨¬¥¥â
­¥¯®¤¢¨¦­ãî â®çªã "�. �«¥¤®¢ â¥«ì­®, �� = ��e� 6= 0, ¯ à  (��; "�) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (5),
  y(t; ��; "�) | ­¥­ã«¥¢®¥ 2�

!
-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ á¨áâ¥¬ë (4).

�à¨¬¥à. �ãáâì ¢ á¨áâ¥¬¥ (3) ¬ âà¨æ  A ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ A = [col(0; 1; 3=2);
col(�1; 1; 0); col(�1; 0;�1=2)]. �®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ ¬ âà¨æë A ï¢«ïîâáï ç¨á«  1=2, �ip2.
�¥®á®¡¥­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ Z = Sy, S = [col(�p2=2; 2;�1); col(

p
2=2; 1;�2); col(

p
2; 0; 1)],

S�1 = [col(�p2=9; 2p2=9; 3p2=9); col(5=9;�1=9; 3=9); col(2=9;�4=9; 3=9)] á¨áâ¥¬  (3) á¢®¤¨âáï ª
á¨áâ¥¬¥ (4) ¯à¨ m = 1 á ¬ âà¨æ¥© A1 = SAS�1 = [col(0;�p2; 0); col(

p
2; 0; 0); col(0; 0; 1=2)].

�ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  Y1(t) á¨áâ¥¬ë _y = A1y ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ Y1(t) = [col(cos
p
2t;

� sin
p
2t; 0); col(sin

p
2t; cos

p
2t; 0); col(0; 0; exp(t=2))]. �¥¯®áà¥¤áâ¢¥­­ë¬ ¢ëç¨á«¥­¨¥¬ ãáâ ­ -

¢«¨¢ ¥¬, çâ® ¯à¨ e� = (1; 0) ¬ âà¨æ  D1(e�) ­¥®á®¡¥­­ ï.
� ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1. �®íâ®¬ã áãé¥áâ¢ã¥â 2�=

p
2-¯¥à¨®¤¨ç¥áª®¥

à¥è¥­¨¥ y(t; ��; "�) á¨áâ¥¬ë (4).
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�§ à ¢¥­áâ¢ a = �1+"1, x
+
1 �b = �2+"2, x

+
3 = �3+"3 á«¥¤ã¥â, çâo b = (�1+"1)(�3+"3)��2�"2,

c = �x+3 (x+1 � b) = �(�3 + "3)(�2 + "2). �®íâ®¬ã ¯à¨ "1 = "2 = "3 = 0 ¨ �1 = 1, �2 = 1=2,
�3 = 3=2 ¢ë¯®«­¥­ë à ¢¥­áâ¢  a = 1, b = 2, c = 3=4. �«¥¤®¢ â¥«ì­®, ç¨á«  �1 > 0 ¨ �2 2
]0; �1] ¬®¦­® ¢ë¡à âì â ª, çâ® ¯à¨ �� 2]0; �2], j"�j < �1 ç¨á«  a, b, c ¡ã¤ãâ ¯®«®¦¨â¥«ì­ë¬¨,  
y(t; ��; "�) | ­¥­ã«¥¢ë¬ 2�=

p
2-¯¥à¨®¤¨ç¥áª¨¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (4) (�� = ��(1; 0; 0) ). �® â®£¤ 

¯à¨ íâ¨å §­ ç¥­¨ïå ç¨á¥« a, b, c á¨áâ¥¬  (1) ¨¬¥¥â ¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥, ­¥ á®¢¯ ¤ îé¥¥ á ¥¥
á®áâ®ï­¨¥¬ à ¢­®¢¥á¨ï.
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