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� ¤ ç  ¯à¥¤áâ ¢«¥­¨ï £®«®¬®àä­ëå ®¤­®«¨áâ­ëå äã­ªæ¨© ¢ ¢¨¤¥ ¡¥áª®­¥ç­®© ª®¬¯®§¨æ¨¨
áâ «  ¯à¨¢«¥ª âì ¢­¨¬ ­¨¥ áà ¢­¨â¥«ì­® ­¥¤ ¢­®. � ª, ­ ¯à¨¬¥à, à ¡®âë [1] ¨ [2] ¯®á¢ïé¥­ë
¯à¥¤áâ ¢«¥­¨ï¬ äã­ªæ¨©, ®â®¡à ¦ îé¨å ¥¤¨­¨ç­ë© ªàã£ U = fz : jzj < 1g ­  £¨¯¥à¡®«¨ç¥áª¨
¢ë¯ãª«ë¥ âà¥ã£®«ì­¨ª¨ á ¢­ãâà¥­­¨¬¨ ã£« ¬¨, à ¢­ë¬¨ �=2n ¨ 0, ¨ äã­ªæ¨© ª« áá  �®ââª¨
¢ ¢¨¤¥ f = � � � � k
n�n � � � � � k
1�1 , £¤¥ k
�(z) = ei
k�(e�i
z), 0 < � 6 1, 
 2 R ¨

k�(z) =
2�z

1� z +
p
(1� z)2 + 4�2z

; z 2 U:

�ã­ªæ¨ï k�(z) ®â®¡à ¦ ¥â U ­  £¨¯¥à¡®«¨ç¥áª¨© ¤¢ãã£®«ì­¨ª. � [3] ¡ë«® ¤ ­® ¯®¤®¡­®¥ ¯à¥¤-
áâ ¢«¥­¨¥ ¤«ï «®£ à¨ä¬  ¨ ­¥ª®â®àëå í««¨¯â¨ç¥áª¨å ¨­â¥£à «®¢ ¯¥à¢®£® à®¤ ,   â ª¦¥ ¤«ï
äã­ªæ¨©, ®â®¡à ¦ îé¨å U ­  £¨¯¥à¡®«¨ç¥áª¨ ¢ë¯ãª«ë¥ ¬­®£®ã£®«ì­¨ª¨ á ¢­ãâà¥­­¨¬¨ ã£« -
¬¨, à ¢­ë¬¨ �=2n ¨«¨ 0.

� ¤ ­­®© à ¡®â¥ ¨á¯®«ì§ã¥âáï ­®¢ë© ¯®¤å®¤ ¤«ï ¯à¥¤áâ ¢«¥­¨ï ®¤­®«¨áâ­ëå äã­ªæ¨© ¢
¢¨¤¥ ¡¥áª®­¥ç­ëå ª®¬¯®§¨æ¨©. �¢¥¤¥¬ ­¥ª®â®àë¥ ®¡®§­ ç¥­¨ï. �ãáâìM| ª« áá £®«®¬®àä­ëå
äã­ªæ¨©, ®¤­®«¨áâ­® ®â®¡à ¦ îé¨å U ¢ á¥¡ï á ­®à¬¨à®¢ª®© f(0) = 0 ¨ f 0(0) > 0, ¨ P |
ª« áá äã­ªæ¨© p, £®«®¬®àä­ëå ¢ U, Re p(z) > 0, z 2 U, p(0) = 1. �¡®§­ ç¨¬ ç¥à¥§ S ª« áá
£®«®¬®àä­ëå ®¤­®«¨áâ­ëå äã­ªæ¨© ¢ U á ­®à¬¨à®¢ª®© f(0) = f 0(0) � 1 = 0.

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ��¥¢­¥à 

dw

dt
= �w1� �(t)w

1 + �(t)w
; t > 0; wjt=0 = z; z 2 U; (1)

£¤¥ �(t) | ªãá®ç­®-­¥¯à¥àë¢­ ï äã­ªæ¨ï, j�(t)j = 1, ª®â®àãî ¡ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ­ §ë¢ âì
ã¯à ¢«¥­¨¥¬. �­â¥£à «ë ãà ¢­¥­¨ï ��¥¢­¥à  (1) ®¡à §ãîâ ¢áî¤ã ¯«®â­ë© ¯®¤ª« áá ª« áá M.
� ç áâ­®áâ¨, ¥á«¨ �(t) = const, â® ¯à¨ ª ¦¤®¬ t > 0 ¨­â¥£à « w(z; t) ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-
­¥­¨ï (1) ï¢«ï¥âáï äã­ªæ¨¥© p
�, e

�t = �, ei
 = �, ®â®¡à ¦ îé¥© U ­  ¥¤¨­¨ç­ë© ªàã£ á à ¤¨-
 «ì­ë¬ à §à¥§®¬ á ª®­æ¥¢®© â®çª®© ei
 . �¥è¥­¨¥ ãà ¢­¥­¨ï ��¥¢­¥à  (1) á ªãá®ç­®-¯®áâ®ï­­ë¬
ã¯à ¢«¥­¨¥¬ ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© äã­ªæ¨© p
�.

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ªãá®ç­®-¯®áâ®ï­­ëå äã­ªæ¨© �n(t), ª®â®à ï à ¢­®¬¥à­®
áå®¤¨âáï ª �(t). � ª ª ª 1��w

1+�w
­¥¯à¥àë¢­® § ¢¨á¨â ®â �, â® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© 1��n(t)w

1+�n(t)w

á« ¡® áå®¤¨âáï ¯® t ª äã­ªæ¨¨ 1��(t)w
1+�(t)w

, ¨, á«¥¤®¢ â¥«ì­®, ¨­â¥£à «ë wn(z; t) ãà ¢­¥­¨ï ��¥¢­¥à 
(1) á ã¯à ¢«¥­¨ï¬¨ �n ¯à¨ ª ¦¤®¬ t > 0 à ¢­®¬¥à­® áå®¤ïâáï ª ¨­â¥£à «ã w(z; t) á ã¯à ¢«¥-
­¨¥¬ � [4]. �§ â®£®, çâ® ª« áá ªãá®ç­®-¯®áâ®ï­­ëå ã¯à ¢«¥­¨© � ï¢«ï¥âáï ¯«®â­ë¬ ¯®¤ª« áá®¬
ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨©, ¢ëâ¥ª ¥â, çâ® äã­ªæ¨¨, ¯à¥¤áâ ¢¨¬ë¥ ¢ ¢¨¤¥

f = p
1�1 � � � � � p
n�n; (2)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ £à ­â®¢ INTAS 99-00089 ¨ �®áá¨©áª®£® ä®­¤  äã­¤ -

¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© ò01-01-00123.
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¯«®â­ë ¢ ª« áá¥M.
�®ª ¦¥¬, çâ® ¯«®â­®áâì ¯à¥¤áâ ¢«¥­¨ï (2) ¢ ª« áá¥ M á®åà ­¨âáï ¯à¨ § ¬¥­¥ äã­ªæ¨© p
�

­  k
�. �¥¬¥©áâ¢® äã­ªæ¨© k
� á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ¨­â¥£à «®¢ w(z; t) ãà ¢­¥­¨ï ��¥¢­¥à 
(1), £¤¥ � = e�t ¨ �
(t) = ei
(eit + i

p
1� e�2t)3 [5]. �  ®âà¥§ª¥ [0; "] ã¯à ¢«¥­¨¥ �
(t) ®â«¨ç ¥âáï

®â ¯®áâ®ï­­®£® ­¥ ¡®«¥¥ ç¥¬ ­  �("), lim
"!0

�(") = 0. �«¥¤®¢ â¥«ì­®, ã¯à ¢«¥­¨ï ¢¨¤ 

�(t) =

8>>>>>><
>>>>>>:

�
1(t); ¥á«¨ 0 < t < t1;
�
2(t� t1); ¥á«¨ t1 < t < t2;
: : :

�
n(t� tn); ¥á«¨ tn < t < tn+1;
: : :

¯«®â­ë ¢ ª« áá¥ ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨©, ¨ ¯®íâ®¬ã äã­ªæ¨¨, ¯à¥¤áâ ¢¨¬ë¥ ¢ ¢¨¤¥ f =
k
1�1 � � � � � k
n�n , ¯«®â­ë ¢ M.

�ãáâì ¤ ­® ­¥ª®â®à®¥ á¥¬¥©áâ¢® äã­ªæ¨© fr� : r� 2Mg�2[0;1]. �¡®§­ ç¨¬ r
�(z) = ei
r�(e�i
z).
�à¨¢¥¤¥¬ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï â®£®, çâ®¡ë äã­ªæ¨¨ ¢¨¤  r
1�1 � � � � � r
n�n ¡ë«¨
¯«®â­ë ¢ ª« áá¥ M. �®¯®áâ ¢¨¬ ª ¦¤®© äã­ªæ¨¨ r� ­¥ª®â®àãî äã­ªæ¨î s� 2 P á«¥¤ãîé¨¬
®¡à §®¬. � ¦¤ ï äã­ªæ¨ï r� á®¢¯ ¤ ¥â á ¨­â¥£à «®¬ w(z; t�) ãà ¢­¥­¨ï ��¥¢­¥à {�ãä à¥¢ 

dw

dt
= �wP�(w; t); (3)

¢ ª®â®à®¬ ï¤à® P�(w; t) ¨§¬¥à¨¬® ¯® t ¨ ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ t > 0 ¯à¨­ ¤«¥¦¨â ª« ááã

P [6]. �®«®¦¨¬ s�(w) = 1
t�

t�R
0

P�(w; t)dt. �®£¤  á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �«ï â®£® çâ®¡ë äã­ªæ¨¨ ¢¨¤  r
1�1 � � � � � r
n�n ¡ë«¨ ¯«®â­ë ¢ M, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «  ¯®á«¥¤®¢ â¥«ì­®áâì r�n, lim
n!1 r�n(z) = z, â ª ï, çâ®

lim
n!1

s�n =
1� ei
w

1 + ei
z
¤«ï ­¥ª®â®à®£® 
 2 R:

�ãáâì á¥¬¥©áâ¢® fr� : r� 2Mg�2[0;1] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
(i) r0 = id, r0�1(0) > r0�2(0) ¯à¨ �1 < �2;
(ii) ¤«ï «î¡®£® � 2 [0; 1] áãé¥áâ¢ã¥â � â ª®¥, çâ® k� � r� 6= id.

� ¤ ­­®© áâ âì¥ ¤®ª § ­ 

�¥®à¥¬  2. �á«¨ á¥¬¥©áâ¢® äã­ªæ¨© fr� : r� 2Mg�2[0;1] ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (i) ¨ (ii),
â® äã­ªæ¨¨ f = r
1�1 � � � � � r
n�n � � � � ¯«®â­ë ¢ ª« áá¥ M.

�«¥¤áâ¢¨¥ 1. �ã­ªæ¨¨, ª®â®àë¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¯® á«¥¤ãîé¥© à¥ªãàà¥­â­®© ä®à¬ã«¥

fn(z) =
fn�1(r


n
�n
(z))

r
n�n
0(0)

; f0 = id;

¯«®â­ë ¢ ª« áá¥ S.

�¥à¢ ï ç áâì áâ âì¨ á®¤¥à¦¨â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �® ¢â®à®© ç áâ¨ ¯à¨¢¥¤¥­® á¢®©-
áâ¢® ¤¢ãå á¥¬¥©áâ¢ äã­ªæ¨©, ®¡¥á¯¥ç¨¢ îé¥¥ á®¢¯ ¤¥­¨¥ § ¬ëª ­¨ï ¬­®¦¥áâ¢ ¨å ¢á¥¢®§¬®¦-
­ëå ª®¬¯®§¨æ¨©. � âà¥âì¥© ç áâ¨ ¤®ª § ­  â¥®à¥¬  1. � ¯®á«¥¤­¥© ç áâ¨ ¯à¨¢¥¤¥­® ®¡®¡é¥­¨¥
à¥§ã«ìâ â  à ¡®âë [1] ® ¯à¥¤áâ ¢«¥­¨¨ ®â®¡à ¦¥­¨© ­  £¨¯¥à¡®«¨ç¥áª¨ ¢ë¯ãª«ë¥ âà¥ã£®«ì­¨-
ª¨.
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1. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®âà¥¡ã¥âáï

�¥¬¬  1. �ãáâì ¤ ­  ¯®á«¥¤®¢ â¥«ì­®áâì £®«®¬®àä­ëå ¢ U äã­ªæ¨© fn(z), lim
n!+1 fn(z) =

f(z), jfn(z)j < L. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¦®à¤ ­®¢ëå ¤ã£ �n á

ª®­æ¥¢ë¬¨ â®çª ¬¨ z1n ¨ z2n, lim
n!+1

z1n = a, lim
n!+1

z2n = b, a 6= b, jaj 6 1, jbj 6 1, ­¥¯¥à¥á¥ª î-

é¨åáï á ­¥ª®â®à®© ®ªà¥áâ­®áâìî ­ã«ï, ¨ â ª ï, çâ® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â n0 â ª®¥,

çâ® ¤«ï ¢á¥å n > n0 ¨ z 2 �n á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® jfn(z)j < ". �®£¤  f(z) � 0.

�®ª § â¥«ìáâ¢®. �¥¬¬  1 ï¢«ï¥âáï ­¥¡®«ìè¨¬ ¢¨¤®¨§¬¥­¥­¨¥¬ «¥¬¬ë ��¥¡¥ (á¬., ­ ¯à.,
[7], á. 35). �¥ ¤®ª § â¥«ìáâ¢® á®¢¯ ¤ ¥â á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë ��¥¡¥ ¢ [7], §  ¨áª«îç¥­¨¥¬
â®£®, çâ® ­¥®¡å®¤¨¬® ®æ¥­¨¢ âì fn ¢¬¥áâ® f ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï ¨, ¯®«ãç¨¢ ®æ¥­ªã
jfn(z)j < "nL

2m�1=2m, ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ n! +1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© k�n â ªãî, çâ®
�n+1 > �n ¨ lim

n!1
�n = 1. �® íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¡à §ã¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

r�n. �ë¡¥à¥¬ r�0 â ª, çâ® k�0 � r�0 6= id. �áâ «ì­ë¥ ç«¥­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¯à¥¤¥«¨¬ ¯®
¨­¤ãªæ¨¨. �ë¡¥à¥¬ � â ª®¥, çâ® k�n+1

� k� 6� r�. �®«®¦¨¬ �n+1 â ª¨¬, çâ® k� � r�n+1
6= id.

� ª®¥ �n+1 áãé¥áâ¢ã¥â ¯® ãá«®¢¨î (ii). �®£¤  ¯® ãá«®¢¨î (i) ¤®«¦­® ¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢®
�n+1 < �n ¨, ªà®¬¥ â®£®, r�n+1

� r�n+1
. �¡®§­ ç¨¬ ¤ ­­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ç¥à¥§ Q.

�¯à¥¤¥«¨¬ ª« áá G § ¬ª­ãâëå á¯àï¬«ï¥¬ëå ¦®à¤ ­®¢ëå ªà¨¢ëå �, ®¡« ¤ îé¨å â¥¬ á¢®©-
áâ¢®¬, çâ® ¤«ï «î¡®© â®çª¨ z 2 � ­ ©¤¥âáï â ª ï ¥¥ ®ªà¥áâ­®áâì, çâ® «î¡ ï ®ªàã¦­®áâì á
æ¥­âà®¬ ¢ íâ®© â®çª¥ ¨ «¥¦ é ï ¢ íâ®© ®ªà¥áâ­®áâ¨ ¯¥à¥á¥ª ¥â � à®¢­® ¢ ¤¢ãå â®çª å. � ¯à¨-
¬¥à, íâ®¬ã ãá«®¢¨î ã¤®¢«¥â¢®àïîâ «®¬ ­ë¥ á ª®­¥ç­ë¬ ç¨á«®¬ §¢¥­ì¥¢.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­® ¯®ª § âì, çâ® «î¡ ï äã­ªæ¨ï f 2 M; @f(U) 2 G,
¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ ¡¥áª®­¥ç­®© ª®¬¯®§¨æ¨¨ äã­ªæ¨© r
�.

�«ï f ¯à¨¢¥¤¥¬ á«¥¤ãîé¨©  «£®à¨â¬ ¢ë¡®à  �n ¨ 
n. �®«®¦¨¬ r
1�1 à ¢­®© ­¥ª®â®à®© äã­ª-
æ¨¨ r
� , r� 2 Q, á ¬ ªá¨¬ «ì­ë¬ �, ¤«ï ª®â®à®© ¢ë¯®«­ï¥âáï f � r
�. � ª ï äã­ªæ¨ï áãé¥áâ¢ã¥â
¢ á¨«ã ª®­¥ç­®áâ¨ ¬­®¦¥áâ¢  äã­ªæ¨© fr� : r� 2 Q; � > k > 0g. �®«®¦¨¬ f = r
1�1�f1. �­ «®£¨ç-
­® ¯®¤¡¨à ¥¬ äã­ªæ¨î r
2�2 ¤«ï äã­ªæ¨¨ f1. �à®¤®«¦ ï íâã ®¯¥à æ¨î ¯® ¨­¤ãªæ¨¨, ¯®«ãç¨¬
¯®á«¥¤®¢ â¥«ì­®áâì fr
n�ng+1n=0. �¡®§­ ç¨¬ gn = r
1�1 � � � � � r
n�n . �«ï gn á¯à ¢¥¤«¨¢® ¯®¤ç¨­¥­¨¥
f � � � � � gn � � � � � g1. � ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì ®¡« áâ¥© gn(U) ¬®­®â®­­  ¯® ¢ª«îç¥­¨î,
â® ¯® â¥®à¥¬¥ � à â¥®¤®à¨ (­ ¯à., [7], á. 56) lim

n!1
gn(z) = g1(z).

�à¥¤¯®«®¦¨¬, çâ® g1 6= f . �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â r
� â ª®¥, çâ® g�1
1 � f � r
�. �­âã-

¨â¨¢­® ¯®­ïâ­®, çâ® �, 
 ¬®¦­® ¢ë¡à âì â ª, çâ® ¯®¤ç¨­¥­¨¥ á®åà ­¨âáï ¤«ï g�1
n � f � r
� ¨

¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ n, çâ® ¢ á¢®î ®ç¥à¥¤ì ¡ã¤¥â ¯à®â¨¢®à¥ç¨âì ¢ë¡®àã ­  ª ¦¤®¬ è £¥
¬ ªá¨¬ «ì­®£® �. �®ª ¦¥¬ íâ® áâà®£®.

� ª ª ª g1 6= f , â® ­  @f(U) áãé¥áâ¢ã¥â â®çª  z0 â ª ï, çâ® ¥¥ ®ªà¥áâ­®áâì ­¥ á®¤¥à¦¨â â®ç¥ª
¬­®¦¥áâ¢ @gn(U). �ãáâì Vn = gn(U) \ (C n f(U)), n = 0; 1; : : : ;1. �®£¤  V1 � � � � � Vn � � � � � V1.

�«ï ª ¦¤®£® n = 0; 1; � � � ;1 ®¯à¥¤¥«¨¬ ªà¨¢ãî ln. � §®¡ì¥¬ £à ­¨æã ®¡« áâ¨ f(U) ­  ¤¢¥
ç áâ¨ â ª, çâ®¡ë ®¤­  ¨§ ­¨å ¡ë«  ¯¥à¥á¥ç¥­¨¥¬ £à ­¨æ ®¡« áâ¥© f(U) ¨ gn(U),   ¤àã£ ï á®áâ®ï« 
¨§ ¦®à¤ ­®¢ëå ¤ã£ sni, «¥¦ é¨å ¢­ãâà¨ ®¡« áâ¨ gn(U) §  ¨áª«îç¥­¨¥¬ á¢®¨å ª®­æ®¢, ª®â®àë¥
¯à¨­ ¤«¥¦ â £à ­¨æ¥ íâ®© ®¡« áâ¨. �®«®¦¨¬ ln = sni, ¥á«¨ z0 2 sni. �® ¯®áâà®¥­¨î l1 � l2 �
l3 � � � � � l1. �¯à¥¤¥«¨¬ V �

n ª ª ª®¬¯®­¥­âã á¢ï§­®áâ¨ ¬­®¦¥áâ¢  Vn, £à ­¨æ  ª®â®à®© á®¤¥à¦¨â
ªà¨¢ãî ln.

� áá¬®âà¨¬ á«¥¤ãîé¨¥ âà¨ ¢®§¬®¦­ëå ¢ à¨ ­â :
1) ªà¨¢ ï l1 ¯®«­®áâìî «¥¦¨â ¢­ãâà¨ ®¡« áâ¨ g1(U);
2) ªà¨¢ ï l1 ¨¬¥¥â â®«ìª® ®¤­ã â®çªã z1, ®¡éãî á @g1(U);
3) ªà¨¢ ï l1 ¨¬¥¥â â®«ìª® ¤¢¥ â®çª¨ z2 ¨ z1, ®¡é¨¥ á @g1(U).
�á«¨ ¢ë¯®«­ïîâáï ¯¥à¢ë¥ ¤¢  ¢ à¨ ­â , â® l1 = l2 = � � � = l1.
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1) � ª ª ª l1 � g1(U), â® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â n â ª®¥, çâ® ªà¨¢ ï g�1
n (l1) ¯®«-

­®áâìî «¥¦¨â ¢ "-®ªà¥áâ­®áâ¨ ªà¨¢®© g�1
1 (l1). �«¥¤®¢ â¥«ì­®, ­  ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨ áã-

é¥áâ¢ã¥â â®çª  z� ¨ ­ ©¤¥âáï " > 0, ¤«ï ª®â®àëå U \ fjz � z�j < "g � g�1
n (Vn). �«¥¤®¢ â¥«ì­®,

áãé¥áâ¢ãîâ � > 0 ¨ 
 2 R â ª¨¥, çâ® gn � r
�. � ¤àã£®© áâ®à®­ë, â. ª. lim
n!1

gn = g1, â® lim
n!1

�n = 0.

�â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® gn � r
�, ¨ ¢ë¡®àã ­  ª ¦¤®¬ è £¥ ¬ ªá¨¬ «ì­®£® �n. �¥¬ á ¬ë¬
¬ë ¯®ª § «¨, çâ® ¯¥à¢ë© ¢ à¨ ­â ­¥¢®§¬®¦¥­.

2) �®ª ¦¥¬, çâ®, ­ ç¨­ ï á ­¥ª®â®à®£® n, ªà¨¢ë¥ l0n = g�1
n (l1) «¥¦ â ¢ "-®ªà¥áâ­®áâ¨ U ªà¨-

¢®© g�1
1 (l1). �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �¡®§­ ç¨¬ "=2-®ªà¥áâ­®áâì ªà¨¢®© g�1

1 (l1) ç¥à¥§ U 0. � ª
ª ª lim

n!1
g�1
n (z) = g�1

1 , â®, ­ ç¨­ ï á ­¥ª®â®à®£® n, ç áâì ªà¨¢®© l0n, ®¡à § ª®â®à®© ­¥ ¯®¯ ¤ ¥â ¢

U 0, «¥¦¨â ¯®«­®áâìî ¢ "-®ªà¥áâ­®áâ¨ â®çª¨ z1. �® ¯à¥¤¯®«®¦¥­¨î áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-
­®áâì ªà¨¢ëå �n � l0n â ª¨å, çâ® ®¤¨­ ª®­¥æ �n «¥¦¨â ¢­¥ U ,   ¤àã£®© ¢ U 0. �ë¡¨à ï, ¥á«¨
­ ¤®, ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨, ¬®¦¥¬ ãâ¢¥à¦¤ âì, çâ® íâ¨ ¤ã£¨ ¨¬¥îâ
á¢®¨¬¨ ª®­æ ¬¨ â®çª¨ z1n ¨ z2n, áå®¤ïé¨¥áï ª à §«¨ç­ë¬ â®çª ¬, ¨ lim

n!1
max
z2�n

jg�1
n (z) � z1j = 0.

� ¬¥­ïï ¢ «¥¬¬¥ 1 äã­ªæ¨î f ¨ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fn ­  äã­ªæ¨î g�1
1 � z1 ¨ ¯®-

á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© g�1
n � z1, ¯®«ãç¨¬, çâ® g�1

1 (z) � z1. �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® g1
ï¢«ï¥âáï ®¤­®«¨áâ­®© äã­ªæ¨¥©.

�® ¯®áâà®¥­¨î £à ­¨æ  ¬­®¦¥áâ¢  g�1
n (V �

n ) á®áâ®¨â ¨§ ªà¨¢®© l0n ¨ ¤ã£¨ ¥¤¨­¨ç­®© ®ªàã¦-
­®áâ¨. �®ª ¦¥¬, çâ®, ­ ç¨­ ï á ­¥ª®â®à®£® n, £à ­¨æ  ®¡« áâ¨ g�1

n (V �
n ) á®¤¥à¦¨â «î¡ãî

â®çªã z ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨, ¯à¨­ ¤«¥¦ éãî ¬­®¦¥áâ¢ã @g�1
1 (V �

1) n l00. �ë¡¥à¥¬ â®çªã
z� 2 V �

n \V1, ª®â®à ï ¯à¨­ ¤«¥¦¨â ¢á¥¬ V �
n , ¨ à áá¬®âà¨¬ ¥¥ ®ªà¥áâ­®áâì V � V �

n \V1. � ª ª ª
lim
n!1

g�1
n (z) = g�1

1 (z), â®, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  n, g�1
1 (V) \ g�1

n (V) á®¤¥à¦¨â § ¬ª­ãâë©
ªàã£ B ¯®«®¦¨â¥«ì­®£® ¤¨ ¬¥âà  á æ¥­âà®¬ ¢ â®çª¥ z�. � áá¬®âà¨¬ ªà¨¢ãî s � V �

1, ­¥ á®¤¥à¦ -
éãî â®ç¥ª l1 ¨ á®¥¤¨­ïîéãî â®çª¨ z ¨ z�. �ë¡¥à¥¬ ®ªà¥áâ­®áâì U ªà¨¢®© l0n, ­¥ á®¤¥à¦ éãî
â®ç¥ª ªà¨¢®© s. �® ¯®áâà®¥­¨î, ­ ç¨­ ï á ­¥ª®â®à®£® n, ¤ ­­ ï ªà¨¢ ï ­¥ ¯¥à¥á¥ª ¥â ªà¨¢ë¥
l0n. � ª ª ª â®çª  z� ¯à¨­ ¤«¥¦¨â ®¡« áâ¨ g�1

n (Vn), â® â®çª  z «¥¦¨â ­  £à ­¨æ¥ íâ®© ®¡« áâ¨.
�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â "-®ªà¥áâ­®áâì â®çª¨ z 2 @g�1

1 (V �
n ) n l00 â ª ï, çâ® ¥¥ ¯¥à¥á¥ç¥­¨¥

W á ¥¤¨­¨ç­ë¬ ªàã£®¬ ­¥ á®¤¥à¦¨â â®ç¥ª ªà¨¢®© g�1
n (l1). �®íâ®¬ã áãé¥áâ¢ãîâ � > 0 ¨ 
 â ª¨¥,

çâ® gn � r
�. �®, á ¤àã£®© áâ®à®­ë, â. ª. ¯®á«¥¤®¢ â¥«ì­®áâì gn áå®¤¨âáï, â® lim
n!+1�n = 0, çâ®

¯à®â¨¢®à¥ç¨â ¢ë¡®àã ¬ ªá¨¬ «ì­®£® �n ­  ª ¦¤®¬ è £¥. �¥¬ á ¬ë¬ ¬ë ¯®ª § «¨, çâ® ¢â®à®©
¢ à¨ ­â ­¥¢®§¬®¦¥­.

3) �ãáâì f"ng1n=0 | ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥«, lim
n!1

"n = 0. � áá¬®âà¨¬

"n-®ªà¥áâ­®áâ¨ W1n ¨ W2n â®ç¥ª z1 ¨ z2. �¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® @gn(U)
¯¥à¥á¥ª ¥â W1n ¨ W2n. �ë¡¥à¥¬ k ¤®áâ â®ç­® ¡®«ìè¨¬, çâ®¡ë @f(U) ¨¬¥«  à®¢­® ¤¢¥ â®çª¨
¯¥à¥á¥ç¥­¨ï á ª ¦¤ë¬ W1n ¨ W2n, n = k; k + 1; : : :

�ãáâì ª®¬¯®­¥­â  á¢ï§­®áâ¨ %1n ¬­®¦¥áâ¢  lnnl1 á®¤¥à¦¨â â®çªã z1. �®§¬®¦­ë ¤¢  á«ãç ï:
(A) o¤¨­ ¨§ ª®­æ®¢ ªà¨¢®© %1n «¥¦¨â ¢­¥ W1n;
(B) ªà¨¢ ï %1n �W1n.
C«ãç © (A). Kà¨¢ ï %1n ¨¬¥¥â ®¤­ã ®¡éãî â®çªã bn á ®ªàã¦­®áâìî jz � z1j = "n. �ãáâì

�n | ¤ã£  ®ªàã¦­®áâ¨ jz1 � zj = "n, æ¥«¨ª®¬ «¥¦ é ï ¢ Vn §  ¨áª«îç¥­¨¥¬ ª®­æ®¢, ®¤¨­ ¨§
ª®â®àëå bn,   ¤àã£®© an 2 @gn(U). �¡®§­ ç¨¬ ç¥à¥§ %01n ªà¨¢ãî, á®áâ ¢«¥­­ãî ¨§ ç áâ¨ ªà¨¢®©
%1n, § ª«îç¥­­®© ¬¥¦¤ã â®çª ¬¨ z1, bn ¨ �n.

� á«ãç ¥ (B) ªà¨¢ãî %01n ®â®¦¤¥áâ¢¨¬ á ªà¨¢®© %1n. �«ï â®çª¨ z2  ­ «®£¨ç­® ®¯à¥¤¥«¨¬
ªà¨¢ãî %02n. �ãáâì ªà¨¢ ï l�n á®áâ ¢«¥­  ¨§ ªà¨¢ëå l1, %01n ¨ %02n. � ª¨¬ ®¡à §®¬, ªà¨¢ ï l1
á®¤¥à¦¨â ªà¨¢ë¥ l�n, §  ¨áª«îç¥­¨¥¬ ­¥ª®â®à®© ¨å ç áâ¨, ª®â®à ï, ­ ç¨­ ï á ­¥ª®â®à®£® n,
«¥¦¨â ¢ ­ ¯¥à¥¤ § ¤ ­­®© ®ªà¥áâ­®áâ¨ ª®­æ®¢ ªà¨¢®© l1.

�¥¯¥àì ¯®ª ¦¥¬, çâ® ¤«ï «î¡®£® ", ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  n, ªà¨¢ë¥ l0n = g�1
n (l�n),

n = 1; 2; : : : , «¥¦ â ¢ "-®ªà¥áâ­®áâ¨ U ªà¨¢®© l� = g�1
1 (l1). �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥.

� ª ª ª lim
n!1 g�1

n (z) = g�1
1 (z), â®, ­ ç¨­ ï á ­¥ª®â®à®£® n, ç áâì l�n, ®¡à § ª®â®à®© ­¥ ¯®-

¯ ¤ ¥â ¢ U 0, ¯®«­®áâìî «¥¦¨â ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª z1 ¨ z2. �® ¯à¥¤¯®«®¦¥­¨î ¢ U ­ ©¤¥âáï
¯®á«¥¤®¢ â¥«ì­®áâì ªà¨¢ëå �n � l0n â ª¨å, çâ® ®¤¨­ ¨§ ª®­æ®¢ �n «¥¦¨â ¢­¥ U ,   ¤àã£®© ¢ U 0.
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�ë¡¨à ï, ¥á«¨ ­ ¤®, ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ ªà¨¢ëå �n, ¬®¦¥¬ ãâ¢¥à¦¤ âì,
çâ® íâ¨ ¤ã£¨ ¨¬¥îâ á¢®¨¬¨ ª®­æ ¬¨ â®çª¨ z1n ¨ z2n, áå®¤ïé¨¥áï ª à §«¨ç­ë¬ â®çª ¬, ¨ «¨¡®
lim
n!1

max
z2�n

jg�1
n (z)�z1j = 0, «¨¡® lim

n!1
max
z2�n

jg�1
n (z)�z2j = 0. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¢ë¯®«­ï¥âáï

¯¥à¢®¥ ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥. � ¬¥­ïï ¢ «¥¬¬¥ 1 äã­ªæ¨î f ¨ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©
fn ­  äã­ªæ¨î g�1

1 � z1 ¨ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© g�1
n � z1, ¯®«ãç¨¬, çâ® g�1

1 (z) � z1. �â®
¯à®â¨¢®à¥ç¨â ®¤­®«¨áâ­®áâ¨ äã­ªæ¨¨ g1.

� áá¬®âà¨¬ ®¡« áâì V 0
n 63 0, ®£à ­¨ç¥­­ãî ªà¨¢®© l�n ¨ ¬­®¦¥áâ¢®¬ @gn(U). �® ¯®áâà®¥­¨î

V 0
n � V �

n , £à ­¨æ  ¬­®¦¥áâ¢  g
�1
n (V 0

n) á®áâ®¨â ¨§ ªà¨¢®© l0n ¨ ¤ã£¨ ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨. �ãáâì
z 2 V �

1 ¨ z ¯à¨­ ¤«¥¦¨â ¢á¥¬ V 0
n. � ª¨¬ ®¡à §®¬, ¯à¨¬¥­ïï  à£ã¬¥­âë, ¯à¨¢¥¤¥­­ë¥ ¢ à §¡®à¥

¢â®à®£® ¢ à¨ ­â , ¯®«ãç¨¬, çâ® £à ­¨æ  ®¡« áâ¨ g�1
n (V 0

n), ­ ç¨­ ï á ­¥ª®â®à®£® n, á®¤¥à¦¨â
«î¡ãî â®çªã z ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨, ¯à¨­ ¤«¥¦ éãî ¬­®¦¥áâ¢ã @g�1

1 (V �
1) n l01.

�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â "-®ªà¥áâ­®áâì â®çª¨ z 2 @g�1
1 (V �

1) n l01 â ª ï, çâ®, ­ ç¨­ ï á
­¥ª®â®à®£® n, ¥¥ ¯¥à¥á¥ç¥­¨¥W á ¥¤¨­¨ç­ë¬ ªàã£®¬ ­¥ á®¤¥à¦¨â â®ç¥ª ªà¨¢®© g�1

n (l1). �®íâ®¬ã
áãé¥áâ¢ãîâ � > 0 ¨ 
 2 R â ª¨¥, çâ® gn � r
�. � ¤àã£®© áâ®à®­ë, â. ª. ¯®á«¥¤®¢ â¥«ì­®áâì gn
áå®¤¨âáï, â® lim

n!+1
�n = 0, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã ¬ ªá¨¬ «ì­®£® �n ­  ª ¦¤®¬ è £¥. �¥¬

á ¬ë¬ ¯®ª § ­  ­¥¢®§¬®¦­®áâì ¢á¥å âà¥å ¢ à¨ ­â®¢, ¨, â ª¨¬ ®¡à §®¬, g1(z) = f(z).

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 1. �¬¥áâ® f = r
1�1 � � � � � r
n�n � � � � à áá¬®âà¨¬ äã­ªæ¨î f(z)

f 0(0)
.

�­®¦¥áâ¢® â ª¨å äã­ªæ¨© ¯«®â­® ¢ ª« áá¥ S. �®«®¦¨¬ fn(z) = 1
r

1
�1

0

(0):::r
n
�n

0(0)
r
1�1 � � � � � r
n�n(z),

â®£¤  á¯à ¢¥¤«¨¢® à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥

fn(z) =
fn�1(p
n�n(z))

p
n�n
0(0)

; f0 = id : (4)

� ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì fn áå®¤¨âáï ª f(z)
f 0(0)

, â® äã­ªæ¨¨, ¯à¥¤áâ ¢¨¬ë¥ à¥ªãàà¥­â­ë¬ á®-
®â­®è¥­¨¥¬ (4), ¯«®â­ë ¢ ª« áá¥ S.

2. �ª¢¨¢ «¥­â­®áâ¨ ¯à¥¤áâ ¢«¥­¨©

� áá¬®âà¨¬ ¢®¯à®á ® ¢®§¬®¦­®áâ¨ ¨á¯®«ì§®¢ ­¨ï á¥¬¥©áâ¢ , ¡«¨§ª®£® ª á¥¬¥©áâ¢ã äã­ªæ¨©
¨§ â¥®à¥¬ë 2, ¤«ï ¯à¥¤áâ ¢«¥­¨ï ¯«®â­®£® ¯®¤ª« áá  ª« áá M.

�ãáâì ¤ ­ë ¤¢  á¥¬¥©áâ¢  äã­ªæ¨© r
;t ¨ h
;t, t 2 [0;+1), 
 2 R, â ª¨¥, çâ® r0
;t(0) =
e�t ¨ h0
;t(0) = e�t. �¡®§­ ç¨¬ ç¥à¥§ R ¨ H § ¬ëª ­¨¥ ¬­®¦¥áâ¢ ¢á¥¢®§¬®¦­ëå ª®¬¯®§¨æ¨©
äã­ªæ¨© r
;t ¨ h
;t á®®â¢¥âáâ¢¥­­®. � íâ®© ç áâ¨ ­ á ¡ã¤¥â ¨­â¥à¥á®¢ âì á«¥¤ãîé¨© ¢®¯à®á: ¯à¨
ª ª¨å ãá«®¢¨ïå R ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ H? � «®¦¨¬ ­  á¥¬¥©áâ¢® äã­ªæ¨© r
 á«¥¤ãîé¥¥
ãá«®¢¨¥. �ãáâì ¤«ï «î¡®£® " > 0 ª®¬¯®§¨æ¨¨ äã­ªæ¨© fr
;t : t 2 [0; "]g â ª¦¥ ®¡à §ãîâ ¯«®â­®¥
¯®¤¬­®¦¥áâ¢® R. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �ãáâì áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¤«ï ¢á¥å t 2 [0; �] ­ ©¤ãâáï �1; t1; : : : ; �n; tn
â ª¨¥, çâ® á¯à ¢¥¤«¨¢  ®æ¥­ª 

max
jzj<3�p8

jr�;t(z)� h�1;t1 � � � � � h�n;tn(z)j < f(t)t; (5)

£¤¥ f(t) > 0, lim
t!0

f(t) = 0. �®£¤  H á®¤¥à¦¨â R.
�®ª § â¥«ìáâ¢®. � ª ª ª ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ äã­ªæ¨¨ ¯à¨­ ¤«¥¦ â ª« ááã M, â® ¯®

â¥®à¥¬¥ �¨â «¨ ¤®áâ â®ç­® ãª § âì ¯®á«¥¤®¢ â¥«ì­®áâì ª®¬¯®§¨æ¨© äã­ªæ¨© h�;t, ª®â®à ï à ¢-
­®¬¥à­® áå®¤¨âáï ¢ ªàã£¥ jzj < 3 � p8 ª äã­ªæ¨¨ f 2 R. � ª ª ª ¬­®¦¥áâ¢® H ¨­¢ à¨ ­â­®
®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨, â®, ­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦¥¬ áç¨â âì, çâ® á¯à ¢¥¤«¨¢® ­¥à -
¢¥­áâ¢® max

jzj<3�p8
jr�;t(z) � h�;t(z)j < f(t)t. �­ ç¥ ¢¬¥áâ® h
;t à áá¬ âà¨¢ «¨áì ¡ë ¨å ª®¬¯®§¨-

æ¨¨. �® ãá«®¢¨î ¤«ï g 2 R áãé¥áâ¢ã¥â â ª ï ª®¬¯®§¨æ¨ï äã­ªæ¨© fr�n;tngmn=1, çâ® f(tn) < ",

max
jzj63�p8

jr�1;t1 � � � � � r�n;tn � gj < " ¨
��� nP
k=0

tk � log g0(0)
��� < ".
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�æ¥­¨¬ à §­®áâì

jr
1;t1 � � � � � r
n;tn � h
1;t1 � � � � � h
n;tnj (6)

¢ ªàã£¥ jzj 6 3 � p
8. � ª ª ª ¯® «¥¬¬¥ �¢ àæ  «î¡®© äã­ªæ¨¥© f 2 M ªàã£ jzj 6 3 � p8

®â®¡à ¦ ¥âáï ¢ á¥¡ï, â® ¬®¦¥¬ ¯®«ãç¨âì ®æ¥­ªã

jr
1;t1 � r
2;t2 � h
1;t1 � r
2;t2 j < f(t1)t1: (7)

�¯ïâì ¯à¨¬¥­ïï â®, çâ® ªàã£ jzj 6 3�p8 ®â®¡à ¦ ¥âáï ¢ á¥¡ï, ¨ â®, çâ® ¤«ï ¢á¥å jzj 6 3 �p8
¨¬¥¥â ¬¥áâ® jh0(z)j < 1 (­ ¯à., [7], á. 364), ¯®«ãç ¥¬ ®æ¥­ªã

jh
1;t1 � r
2;t2 � h
1;t1 � h
2;t2 j < f(t2)t2: (8)

�à¥®¡à §ãï (6) ¨ ¯à¨¬¥­ïï ®æ¥­ª¨ (7) ¨ (8), ¯®«ãç ¥¬

jr
1;t1 � r
2;t2 � h
1;t1 � h
2;t2 j = jr
1;t1 � r
2;t2 � h
1;t1 � r
2;t2 + h
1;t1 � r
2;t2 � h
1;t1 � h
2;t2 j 6
6 jr
1;t1 � r
2;t2 � h
1;t1 � r
2;t2 j+ jh
1;t1 � r
2;t2 � h
1;t1 � h
2;t2 j < f(t1)t1 + f(t2)t2:

�à®¤®«¦ ï íâã ®¯¥à æ¨î ¯® ¨­¤ãªæ¨¨, ¯®«ãç ¥¬, çâ® jr
1;t1 � � � � � r
n�n � h
1;t1 � � � � � h
n�n j 6
max
k

f(tk)
nP

k=0
tk. � ª ª ª

nP
k=0

tk ­¥ ¯à¥¢®áå®¤¨â g0(0)+" ¨ f(tk) < ", â® max
k

f(tk)
nP

k=0
tk < "(g0(0)+").

� ª«îç¥­¨¥ â¥®à¥¬ë 3 á«¥¤ã¥â ¨§ ¯à®¨§¢®«ì­®áâ¨ " > 0.

�«¥¤áâ¢¨¥ 2. �ãáâì á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

max
jzj<3�p8

jr�(z)� h�(z)j < log2 r0�(0);

£¤¥ á¥¬¥©áâ¢® äã­ªæ¨© ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë 2. �®£¤  ¢á¥¢®§¬®¦­ë¥ ª®¬¯®§¨æ¨¨
äã­ªæ¨© h�;
 ¯«®â­ë ¢ ª« áá¥ M.

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¢§ïâì ­®¢ãî ¯ à ¬¥âà¨§ æ¨î á¥¬¥©áâ¢ r� ¨ h� ¨ ¯à¨¬¥­¨âì
â¥®à¥¬ã 3. �

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

�®á¯®«ì§ã¥¬áï ¨­â¥£à «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ ª« áá  P. �ã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â P â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­ ï ¬¥à  �(t), t 2 [0; 2�],
2�R
0

d� = 1, â ª ï, çâ®

f(z) =
Z 2�

0

1� eitw

1 + eitw
d�

(­ ¯à., [8], á. 22). P ï¢«ï¥âáï ¢ë¯ãª«ë¬ ª®¬¯ ªâ­ë¬ ¯®¤¬­®¦¥áâ¢®¬ ¢á¥å £®«®¬®àä­ëå ¢ U

äã­ªæ¨©. � ª ª ª ªà ©­¨¬¨ â®çª ¬¨ ¬­®¦¥áâ¢  ¯®«®¦¨â¥«ì­ëå ¬¥à � ï¢«ïîâáï ¬¥àë á ­®á¨-
â¥«¥¬ ¢ ¥¤¨­áâ¢¥­­®© â®çª¥, â® äã­ªæ¨¨ 1�eitw

1+eitw
ï¢«ïîâáï ªà ©­¨¬¨ â®çª ¬¨ P.

�à¥¤¢ à¨â¥«ì­® ¤®ª ¦¥¬ «¥¬¬ã.

�¥¬¬  2. �«ï «î¡®£® à¥è¥­¨ï ãà ¢­¥­¨ï ��¥¢­¥à -�ãä à¥¢  (3) ¢ ªàã£¥ jzj < 3�p8 á¯à -

¢¥¤«¨¢® ­¥à ¢¥­áâ¢® jw(z; t) � zj < Kt, £¤¥ ª®­áâ ­â  K ­¥ § ¢¨á¨â ®â P (w; t).

�®ª § â¥«ìáâ¢®. �¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ ¢ ¨­â¥£à «ì­®¬ ¢¨¤¥

w(z; t) = z +
Z t

0
w(z; t0)P (w; t0)dt0:

�à¨¬¥­ïï ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï äã­ªæ¨¨ ¨§ ª« áá  P, ¯®«ãç ¥¬, çâ® ¢ ªàã£¥
jzj < 3 � p

8 á¯à ¢¥¤«¨¢  ®æ¥­ª  jP (z; t)j < K. �® «¥¬¬¥ �¢ àæ  ¨¬¥¥¬ jw(z; t)j < z, ¯®íâ®-
¬ã ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ­¥ ¯à¥¢®áå®¤¨â K. � ª¨¬ ®¡à §®¬, jw(z; t) � zj < Kt.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. H¥®¡å®¤¨¬®áâì. �® ãá«®¢¨î áãé¥áâ¢ã¥â äã­ªæ¨ï g� =
r
1��1�

� � � � � r
k��k�
â ª ï, çâ® ­  ®ªàã¦­®áâ¨ jzj = 1

2
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

jgn(z)� p�j < t2: (9)

�¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® ãâ¢¥à¦¤ âì, çâ® g0�(0) = p0�(0). �¯à ¢¥¤«¨¢® à ¢¥­áâ¢® gn(z) =
w(z; g0n(0)), £¤¥ w(z; t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î ��¥¢­¥à {�ãä à¥¢  (3) á ï¤à®¬, ª®â®à®¥ § ¤ -
¥âáï ¯® ä®à¬ã«¥

P (w; t) =

8>>>><
>>>>:

P�k�(e
i
w; z); 0 < t < t�k� ;

P�(k�1)�(e
i
w; z); t�k� < t < t�k� + t�(k�1)� ;

: : :

P�1�(e
i
w; z); t�k� + � � �+ t�2� < t < t�k� + � � �+ t�2� + t�1� :

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© p�n, lim
n!1

p�n(z) = z, ¨ ª ¦¤®© â ª®© äã­ªæ¨¨

á®¯®áâ ¢¨¬ äã­ªæ¨î g�n . � ª ª ª á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (9),â® ¬®¦­® ãâ¢¥à¦¤ âì, çâ® ­ 
®ªàã¦­®áâ¨ jzj = 1

2
á¯à ¢¥¤«¨¢  ®æ¥­ª  j log g�n=s�n j < Kt2. �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢  ®æ¥­ª 

����
Z t

0

�
p(w; t)� 1� w

1 + w

�
dt

���� < Kt2:

�á¯®«ì§ãï «¥¬¬ã 2 ¨ â®, çâ® ¤«ï «î¡®£® � 2 P á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® j�(z) � �(w(z; t))j 6
jz�w(z;t)j
(1�r)2 , £¤¥ r = maxfjzj; jwjg (­ ¯à., [8], á. 88), ­ å®¤¨¬

����s�1�n (e
i
1�n z)t�1�n + � � � + s�kn�n (e

i
kn�nz)t�kn�n
t

� 1� z

1 + z

���� < Kt: (10)

� ª ª ª
knP
j=0

t�jn�n = t, â® ¯®«ãç ¥¬, çâ® ­  ®ªàã¦­®áâ¨ jzj < 1
2
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

��� knP
j=0

�js�j�n (e
i
j�n z) � 1�z

1+z

��� < t, £¤¥ �j =
t�j�n

t
,

knP
j=0

�j = 1. �à¨¬¥­ïï ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , ¯®-

«ãç ¥¬, çâ® ­¥à ¢¥­áâ¢® (10) á¯à ¢¥¤«¨¢® ¨ ¢ ªàã£¥ jzj < 1
2
. �ç¨âë¢ ï, çâ® 1�z

1+z
| ªà ©-

­ïï â®çª  ¬­®¦¥áâ¢  P, ¯®«ãç ¥¬, çâ® ¤®«¦­  áãé¥áâ¢®¢ âì ¯®á«¥¤®¢ â¥«ì­®áâì s�j�n (ei
j�n z),
lim

n!+1
s�j�n (e

i
j�n z) = 1�z
1+z

. �¥à¥å®¤ï, ¥á«¨ ­ ¤®, ª ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨, ¬®¦¥¬ ãâ¢¥à¦¤ âì,

çâ® lim
n!+1

s�j�n (z) = 1�ei
z
1+ei
z

¤«ï ­¥ª®â®à®£® 
 2 R. � ª ª ª p�n áâà¥¬¨âáï ª â®¦¤¥áâ¢¥­­®¬ã

®â®¡à ¦¥­¨î, â® á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì­®áâì r
� áå®¤¨âáï ª â®¦¤¥áâ¢¥­­®¬ã ®â®¡à -
¦¥­¨î. �¥®¡å®¤¨¬®áâì ¤®ª § ­ .

�®áâ â®ç­®áâì. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© r�n , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î
â¥®à¥¬ë, ¨ ¯ãáâì p�n ã¤®¢«¥â¢®àï¥â ãá«®¢¨î p0�n(0) = r0�n(0). �æ¥­¨¬ ¬®¤ã«ì à §­®áâ¨ jr�n(z)�
p�n(z)j ¢ ªàã£¥ jzj < 3�p8. �«ï íâ®£® ®æ¥­¨¬ j log r�n(z)=p�n(z)j ¢ ªàã£¥ jzj < 3�p8. �¬¥¥¬���� log r�n(z)p�n(z)

���� =
Z t�

0

�
P�(w(z; t); t) � 1� ei
pt(z)

1 + ei
pt(z)

�
dt:

� ª ª ª ¯® «¥¬¬¥ 2 á¯à ¢¥¤«¨¢  ®æ¥­ª  jz�w(z; t)j < Kt, â® ¨­â¥£à « ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥
Z t�

0

�
P�(z; t)� 1� ei
z

1 + ei
z
+ o(1)

�
dt =

Z t�

0

P�(z; t)dt� t
1� ei
z

1 + ei
z
+ o(t�) =

= t�

�
1
t�

Z t�

0

P�(z; t)dt � 1� ei
z

1 + ei
z

�
+ o(t�):

�®£« á­® ãá«®¢¨î â¥®à¥¬ë íâ® ®§­ ç ¥â, çâ®
�� log fn(z)

p�n (z)

�� = o(t�) ¨«¨ ¦¥ jfn(z) � p�n(z)j = o(t).
�§ â¥®à¥¬ë 3 á«¥¤ã¥â âà¥¡ã¥¬ë© à¥§ã«ìâ â.
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4. �à¥¤áâ ¢«¥­¨¥ ®â®¡à ¦¥­¨ï ­  £¨¯¥à¡®«¨ç¥áª¨ ¢ë¯ãª«ë© âà¥ã£®«ì­¨ª

�¥§ã«ìâ â à ¡®âë [1] ® ¯à¥¤áâ ¢«¥­¨¨ äã­ªæ¨©, ®â®¡à ¦ îé¨å U ­  £¨¯¥à¡®«¨ç¥áª¨ ¢ë¯ã-
ª«ë¥ âà¥ã£®«ì­¨ª¨, ®¡®¡é ¥â

�¥®à¥¬  4. �â®¡à ¦¥­¨¥ f ¥¤¨­¨ç­®£® ªàã£  ­  £¨¯¥à¡®«¨ç¥áª¨ ¢ë¯ãª«ë© âà¥ã£®«ì­¨ª

¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ f = T1 � exp �T2 � � � � � k
n�n � � � � � k
1�1 , £¤¥ T1 ¨ T2 | ¤à®¡­®-«¨­¥©­ë¥ ®â®¡à -

¦¥­¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì ¢¥àè¨­  âà¥ã£®«ì­¨ª  ­ å®¤¨âáï ¢ â®çª¥ z1 2 U ¨ ã£®« ¯à¨ íâ®©
¢¥àè¨­¥ à ¢¥­ �. � áá¬®âà¨¬ ¡¥áª®­¥ç­®«¨áâ­ãî à¨¬ ­®¢ã ¯®¢¥àå­®áâì Q á â®çª®© ¢¥â¢«¥­¨ï ¢
z1 ¨ ­ ªàë¢ îéãî U. �â® à¨¬ ­®¢  ¯®¢¥àå­®áâì äã­ªæ¨¨ T1�exp �T2, £¤¥ T2 | ¤à®¡­®-«¨­¥©­®¥
®â®¡à ¦¥­¨¥ U ­  ¯®«ã¯«®áª®áâì fz : Re z < 0g,   T1 |  ¢â®¬®àä¨§¬ U â ª®©, çâ® T1(0) = z1.

�à®¤®«¦¨¬ f ç¥à¥§ ®¤­ã ¨§ áâ®à®­ âà¥ã£®«ì­¨ª , ®àâ®£®­ «ì­ãî ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨,
¯®«ãç¨¬ äã­ªæ¨î f1, ®â®¡à ¦ îéãî U ­  âà¥ã£®«ì­¨ª, «¥¦ é¨© ­  Q, á ã£«®¬ 2� ¯à¨ ¢¥à-
è¨­¥ ¢ â®çª¥ z1. �®£¤  f = f1 � g, £¤¥ äã­ªæ¨ï g ®â®¡à ¦ ¥â C á à §à¥§®¬ ¯® ¤ã£¥ ¥¤¨­¨ç­®©
®ªàã¦­®áâ¨ ­  U. �®¤áç¥â ¯®ª §ë¢ ¥â, çâ® â ª®© äã­ªæ¨¥© ï¢«ï¥âáï k
1�1 ¯à¨ ®¯à¥¤¥«¥­­®¬
¢ë¡®à¥ �1 ¨ 
1.

�®¢¥àè ï ¯® ®ç¥à¥¤­®áâ¨ ¯à®¤®«¦¥­¨ï ç¥à¥§ áâ®à®­ë, ¯®«ãç ¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì ®â®-
¡à ¦¥­¨© fn. �® â¥®à¥¬¥ � àaâe®¤®à¨, ®­  áå®¤¨âáï ª äã­ªæ¨¨, ®â®¡à ¦ îée© U ­  Q. �®, á
¤àã£®© áâ®à®­ë, fn�1 = fn � k
n�n ¨, á«¥¤®¢ â¥«ì­®, f = T1 � exp �T2 � � � � � k
n�n � � � � � k
1�1 .
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